
COMP 414/514: 
Optimization - Algorithms, Complexity 

and Approximations

Lecture 1
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And, always having in mind applications in machine learning,  
AI and signal processing

-Different objective classes 
-Different strategies within each problem 
-Different approaches based on  
    computational capabilities 
—Different approaches based on constraints
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Provable efficiency

(no fancy images included)

Set up algo nicely Converge faster

Use prior knowledge Exploit resources

“What shall we do?”
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- When no theory applies, some intuition

- Both theory and practice

- Recent applications that drive research

- See syllabus
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Topics NOT covered in this course

- Combinatorial optimization algorithms
(E.g., Graph algorithms)

- Randomized algorithms (See Anshu’s course, Maryam’s course)

- Bayesian algorithms

- Deep learning architectures (See Ankit’s course)

- (Mixed) integer programming
(See CMOR)

- Online algorithms, bandits
(See Maryam’s course)
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- Definitely, for PhD students

- Master or even undergraduates that want to start research
(but get in touch with me soon to assess your background)

- Just auditing is fine by me
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What is the vision for this course?

- For starters, this will always be an evolving course

- My purpose and vision is to introduce a series of optimization 
   courses in the CS (and Duncan Hall’s in general) curriculum

(Any feedback is more than welcome)

- The vision is for this course to be part of a sequence of  
   courses that will focus on the theory+practice of methods

(I’m also teaching COMP182)
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Course format

- Lectures (slides) + whiteboard + in-class code running

- Some material inspired from personal research

- “Interlude” lectures to provide some background (if needed)

- Your workload:  
                Graduate         - HWs, final project 
                Undergraduate - HWs, final exam 

(Additional workload: possible midterm, scribing)

(Some lectures have presentations, others will be handwritten)

- Material broad enough to cover range of problems
(But definitely will not cover each individual’s interest at 100%)
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Regarding assignments  

- Weekly assignments

- Some questions are harder than others

- Some questions might not feel intuitive 
(“I’m a computer scientist! Why should I care about optimization?”)

- Try to do the best you can

(There will be a reweighing at the end of the course, only if necessary)
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Goals + outcomes

- Learn about research in related fields

- Make connections between areas,  
   understand how research advances in such areas..

- Consider possible extensions of these works (project)

- Comprehend how optimization is key in ML/AI/SP

- Read and review recent papers
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My goals

- Not to judge you on small details in HWs

- Spark your interest in research 
   where math and practice are combined together

(But judge whether you have thought about solving the questions)



Prerequisites

- If you have taken any ML class, you are good to go



Prerequisites

- If you have taken any ML class, you are good to go

- Basics of calculus, linear algebra, basic knowledge of ML topics



Prerequisites

- If you have taken any ML class, you are good to go

- Basics of calculus, linear algebra, basic knowledge of ML topics

- Programming skills are not necessary
(but might be required, depending on the project selected)



Prerequisites

- If you have taken any ML class, you are good to go

- Basics of calculus, linear algebra, basic knowledge of ML topics

- A quiz was usually provided for self-assessment, but I  
   decided to make it an additional HW

- Programming skills are not necessary
(but might be required, depending on the project selected)
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Grading policy

- 50% HWs 

- 50% project/final exam
Usually there is scaling in final grades.  
For me, a good grade is given based  
on the overall performance of the  
students: I value self-motivation,  
being proactive and enthusiasm.- 5%: scribing notes (bonus)

(If there will be a midterm, this will change)
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Participation + scribing

- “Παν μετρον αριστον”

- Piazza is set up but also an email account is available
(I have set up an email for the course - see the syllabus)

- Scribing is useful for you to understand better the material
(or even get a better intuition than what was instructed)

- Individuals or groups (2-3) of volunteers for each lecture
(it will depend on the attendance)

- Deliverable in LaTEX
(template available online)

(Moderation is key)

- A slack channel will be set up for those doing a project



HWs 

- Deliverable in LaTEX
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Reviews

- Single page reviews, similar to NIPS/ICML standards:

- Comment on novelty, clarity, importance

- Strengths and weaknesses

(but not random as it usually is now)

- Main comments + your overall score

- Select papers from a pile of .pdfs that will be provided
(Reviews will be related to the topics currently taught)

(when applicable)
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Presentations (for final projects)

- How does a project report look like?

- Final exams: necessary for undergrads/optional for grads(?)

- There might be some discussions during the lectures 
   Take advantage by asking questions

(depending on the size of the class)

- Grading: slides quality, clarity of main ideas

- Presentation should be at most XX minutes
(tentative - depends on the class size)
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Final Project

(Course website)

Please come find me the earliest to discuss projects

You should start reading papers soon, so that around mid-way 
you have a good project proposal

https://akyrillidis.github.io/comp414-514/
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Communication

- I can handle emails in a very responsive way

- Course email: ricecomp414514@gmail.com 
             (please avoid sending emails to my personal account)

- e-Mailing list: We canvas + Piazza now 
             (So if you are not registered, you will not get updates)

- HWs: will be sent to you via Canvas every week. 
             (please do not distribute)
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Notes

- I have started preparing notes for this course

- Every week I will try to update every chapter; however 
   I would appreciate any help with scribing throughout the semester

(Course website)

https://akyrillidis.github.io/comp414-514/
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Length of each session

- There will be longer or shorter sessions

- Any feedback is more than welcome  
       (e.g., too much material vs. too little material)

- In case I don’t have the time to cover fully a session, I will decide 
   whether you will read it yourself, or I will teach it the next time.

- Each week represents a Chapter
(This might be a optimistic/delusional; some chapters have more “meat” than others)



Any questions? 



Setting up the background



Vectors
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Vectors
- Notation convention: vectors = lowercase, matrices = uppercase

x =
⇥
x1, x2, . . . , xp

⇤>
<latexit sha1_base64="xUqRDgxO3ZplYL0R2xWoJkgk8h8=">AAACJHicbVDLSgMxFM34rPVVdekmWAQXpcyIoCBC0Y3LCrYKnbFk0tsazGSG5I60DP0YN/6KGxc+cOHGbzFTi2j1QMLhnHuTe0+YSGHQdd+dqemZ2bn5wkJxcWl5ZbW0tt40cao5NHgsY30ZMgNSKGigQAmXiQYWhRIuwpuT3L+4BW1ErM5xkEAQsZ4SXcEZWqldOuzTI+qH0BMqCyOGWvSHtN/2KvbarVC/E6PJeUJ9UJ3vkisf46RdKrtVdwT6l3hjUiZj1NulF/seTyNQyCUzpuW5CQYZ0yi4hGHRTw0kjN+wHrQsVSwCE2SjJYd02yod2o21PQrpSP3ZkbHImEEU2ko75LWZ9HLxP6+VYvcgyIRKUgTFvz7qppJiTPPEaEdo4CgHljCuhZ2V8mumGUeba9GG4E2u/Jc0d6ueW/XO9sq143EcBbJJtsgO8cg+qZFTUicNwskdeSBP5Nm5dx6dV+ftq3TKGfdskF9wPj4B3DmkXw==</latexit><latexit sha1_base64="xUqRDgxO3ZplYL0R2xWoJkgk8h8=">AAACJHicbVDLSgMxFM34rPVVdekmWAQXpcyIoCBC0Y3LCrYKnbFk0tsazGSG5I60DP0YN/6KGxc+cOHGbzFTi2j1QMLhnHuTe0+YSGHQdd+dqemZ2bn5wkJxcWl5ZbW0tt40cao5NHgsY30ZMgNSKGigQAmXiQYWhRIuwpuT3L+4BW1ErM5xkEAQsZ4SXcEZWqldOuzTI+qH0BMqCyOGWvSHtN/2KvbarVC/E6PJeUJ9UJ3vkisf46RdKrtVdwT6l3hjUiZj1NulF/seTyNQyCUzpuW5CQYZ0yi4hGHRTw0kjN+wHrQsVSwCE2SjJYd02yod2o21PQrpSP3ZkbHImEEU2ko75LWZ9HLxP6+VYvcgyIRKUgTFvz7qppJiTPPEaEdo4CgHljCuhZ2V8mumGUeba9GG4E2u/Jc0d6ueW/XO9sq143EcBbJJtsgO8cg+qZFTUicNwskdeSBP5Nm5dx6dV+ftq3TKGfdskF9wPj4B3DmkXw==</latexit><latexit sha1_base64="xUqRDgxO3ZplYL0R2xWoJkgk8h8=">AAACJHicbVDLSgMxFM34rPVVdekmWAQXpcyIoCBC0Y3LCrYKnbFk0tsazGSG5I60DP0YN/6KGxc+cOHGbzFTi2j1QMLhnHuTe0+YSGHQdd+dqemZ2bn5wkJxcWl5ZbW0tt40cao5NHgsY30ZMgNSKGigQAmXiQYWhRIuwpuT3L+4BW1ErM5xkEAQsZ4SXcEZWqldOuzTI+qH0BMqCyOGWvSHtN/2KvbarVC/E6PJeUJ9UJ3vkisf46RdKrtVdwT6l3hjUiZj1NulF/seTyNQyCUzpuW5CQYZ0yi4hGHRTw0kjN+wHrQsVSwCE2SjJYd02yod2o21PQrpSP3ZkbHImEEU2ko75LWZ9HLxP6+VYvcgyIRKUgTFvz7qppJiTPPEaEdo4CgHljCuhZ2V8mumGUeba9GG4E2u/Jc0d6ueW/XO9sq143EcBbJJtsgO8cg+qZFTUicNwskdeSBP5Nm5dx6dV+ftq3TKGfdskF9wPj4B3DmkXw==</latexit><latexit sha1_base64="xUqRDgxO3ZplYL0R2xWoJkgk8h8=">AAACJHicbVDLSgMxFM34rPVVdekmWAQXpcyIoCBC0Y3LCrYKnbFk0tsazGSG5I60DP0YN/6KGxc+cOHGbzFTi2j1QMLhnHuTe0+YSGHQdd+dqemZ2bn5wkJxcWl5ZbW0tt40cao5NHgsY30ZMgNSKGigQAmXiQYWhRIuwpuT3L+4BW1ErM5xkEAQsZ4SXcEZWqldOuzTI+qH0BMqCyOGWvSHtN/2KvbarVC/E6PJeUJ9UJ3vkisf46RdKrtVdwT6l3hjUiZj1NulF/seTyNQyCUzpuW5CQYZ0yi4hGHRTw0kjN+wHrQsVSwCE2SjJYd02yod2o21PQrpSP3ZkbHImEEU2ko75LWZ9HLxP6+VYvcgyIRKUgTFvz7qppJiTPPEaEdo4CgHljCuhZ2V8mumGUeba9GG4E2u/Jc0d6ueW/XO9sq143EcBbJJtsgO8cg+qZFTUicNwskdeSBP5Nm5dx6dV+ftq3TKGfdskF9wPj4B3DmkXw==</latexit>

- Vector in p-dimensions: x 2 Rp
<latexit sha1_base64="pV6kYKYSFHH+vC+VFdq9vgk8zeE=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFtLJPppB06mYSZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOH3OmtON8W6W19Y3NrfJ2ZWd3b//APqy2VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONPbnK/80SlYpF40LOYeiEeCRYwgrWRBnZ1ivpMoH6I9dj30/vsMR7YNafuzIFWiVuQGhRoDuyv/jAiSUiFJhwr1XOdWHsplpoRTrNKP1E0xmSCR7RnqMAhVV46z56hU6MMURBJ84RGc/X3RopDpWahbybzjGrZy8X/vF6igysvZSJONBVkcShIONIRyotAQyYp0XxmCCaSmayIjLHERJu6KqYEd/nLq6R9Xnedunt3UWtcF3WU4RhO4AxcuIQG3EITWkBgCs/wCm9WZr1Y79bHYrRkFTtH8AfW5w+izZQs</latexit><latexit sha1_base64="pV6kYKYSFHH+vC+VFdq9vgk8zeE=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFtLJPppB06mYSZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOH3OmtON8W6W19Y3NrfJ2ZWd3b//APqy2VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONPbnK/80SlYpF40LOYeiEeCRYwgrWRBnZ1ivpMoH6I9dj30/vsMR7YNafuzIFWiVuQGhRoDuyv/jAiSUiFJhwr1XOdWHsplpoRTrNKP1E0xmSCR7RnqMAhVV46z56hU6MMURBJ84RGc/X3RopDpWahbybzjGrZy8X/vF6igysvZSJONBVkcShIONIRyotAQyYp0XxmCCaSmayIjLHERJu6KqYEd/nLq6R9Xnedunt3UWtcF3WU4RhO4AxcuIQG3EITWkBgCs/wCm9WZr1Y79bHYrRkFTtH8AfW5w+izZQs</latexit><latexit sha1_base64="pV6kYKYSFHH+vC+VFdq9vgk8zeE=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFtLJPppB06mYSZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOH3OmtON8W6W19Y3NrfJ2ZWd3b//APqy2VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONPbnK/80SlYpF40LOYeiEeCRYwgrWRBnZ1ivpMoH6I9dj30/vsMR7YNafuzIFWiVuQGhRoDuyv/jAiSUiFJhwr1XOdWHsplpoRTrNKP1E0xmSCR7RnqMAhVV46z56hU6MMURBJ84RGc/X3RopDpWahbybzjGrZy8X/vF6igysvZSJONBVkcShIONIRyotAQyYp0XxmCCaSmayIjLHERJu6KqYEd/nLq6R9Xnedunt3UWtcF3WU4RhO4AxcuIQG3EITWkBgCs/wCm9WZr1Y79bHYrRkFTtH8AfW5w+izZQs</latexit><latexit sha1_base64="pV6kYKYSFHH+vC+VFdq9vgk8zeE=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFtLJPppB06mYSZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOH3OmtON8W6W19Y3NrfJ2ZWd3b//APqy2VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONPbnK/80SlYpF40LOYeiEeCRYwgrWRBnZ1ivpMoH6I9dj30/vsMR7YNafuzIFWiVuQGhRoDuyv/jAiSUiFJhwr1XOdWHsplpoRTrNKP1E0xmSCR7RnqMAhVV46z56hU6MMURBJ84RGc/X3RopDpWahbybzjGrZy8X/vF6igysvZSJONBVkcShIONIRyotAQyYp0XxmCCaSmayIjLHERJu6KqYEd/nLq6R9Xnedunt3UWtcF3WU4RhO4AxcuIQG3EITWkBgCs/wCm9WZr1Y79bHYrRkFTtH8AfW5w+izZQs</latexit>



Vectors
- Notation convention: vectors = lowercase, matrices = uppercase

x =
⇥
x1, x2, . . . , xp

⇤>
<latexit sha1_base64="xUqRDgxO3ZplYL0R2xWoJkgk8h8=">AAACJHicbVDLSgMxFM34rPVVdekmWAQXpcyIoCBC0Y3LCrYKnbFk0tsazGSG5I60DP0YN/6KGxc+cOHGbzFTi2j1QMLhnHuTe0+YSGHQdd+dqemZ2bn5wkJxcWl5ZbW0tt40cao5NHgsY30ZMgNSKGigQAmXiQYWhRIuwpuT3L+4BW1ErM5xkEAQsZ4SXcEZWqldOuzTI+qH0BMqCyOGWvSHtN/2KvbarVC/E6PJeUJ9UJ3vkisf46RdKrtVdwT6l3hjUiZj1NulF/seTyNQyCUzpuW5CQYZ0yi4hGHRTw0kjN+wHrQsVSwCE2SjJYd02yod2o21PQrpSP3ZkbHImEEU2ko75LWZ9HLxP6+VYvcgyIRKUgTFvz7qppJiTPPEaEdo4CgHljCuhZ2V8mumGUeba9GG4E2u/Jc0d6ueW/XO9sq143EcBbJJtsgO8cg+qZFTUicNwskdeSBP5Nm5dx6dV+ftq3TKGfdskF9wPj4B3DmkXw==</latexit><latexit sha1_base64="xUqRDgxO3ZplYL0R2xWoJkgk8h8=">AAACJHicbVDLSgMxFM34rPVVdekmWAQXpcyIoCBC0Y3LCrYKnbFk0tsazGSG5I60DP0YN/6KGxc+cOHGbzFTi2j1QMLhnHuTe0+YSGHQdd+dqemZ2bn5wkJxcWl5ZbW0tt40cao5NHgsY30ZMgNSKGigQAmXiQYWhRIuwpuT3L+4BW1ErM5xkEAQsZ4SXcEZWqldOuzTI+qH0BMqCyOGWvSHtN/2KvbarVC/E6PJeUJ9UJ3vkisf46RdKrtVdwT6l3hjUiZj1NulF/seTyNQyCUzpuW5CQYZ0yi4hGHRTw0kjN+wHrQsVSwCE2SjJYd02yod2o21PQrpSP3ZkbHImEEU2ko75LWZ9HLxP6+VYvcgyIRKUgTFvz7qppJiTPPEaEdo4CgHljCuhZ2V8mumGUeba9GG4E2u/Jc0d6ueW/XO9sq143EcBbJJtsgO8cg+qZFTUicNwskdeSBP5Nm5dx6dV+ftq3TKGfdskF9wPj4B3DmkXw==</latexit><latexit sha1_base64="xUqRDgxO3ZplYL0R2xWoJkgk8h8=">AAACJHicbVDLSgMxFM34rPVVdekmWAQXpcyIoCBC0Y3LCrYKnbFk0tsazGSG5I60DP0YN/6KGxc+cOHGbzFTi2j1QMLhnHuTe0+YSGHQdd+dqemZ2bn5wkJxcWl5ZbW0tt40cao5NHgsY30ZMgNSKGigQAmXiQYWhRIuwpuT3L+4BW1ErM5xkEAQsZ4SXcEZWqldOuzTI+qH0BMqCyOGWvSHtN/2KvbarVC/E6PJeUJ9UJ3vkisf46RdKrtVdwT6l3hjUiZj1NulF/seTyNQyCUzpuW5CQYZ0yi4hGHRTw0kjN+wHrQsVSwCE2SjJYd02yod2o21PQrpSP3ZkbHImEEU2ko75LWZ9HLxP6+VYvcgyIRKUgTFvz7qppJiTPPEaEdo4CgHljCuhZ2V8mumGUeba9GG4E2u/Jc0d6ueW/XO9sq143EcBbJJtsgO8cg+qZFTUicNwskdeSBP5Nm5dx6dV+ftq3TKGfdskF9wPj4B3DmkXw==</latexit><latexit sha1_base64="xUqRDgxO3ZplYL0R2xWoJkgk8h8=">AAACJHicbVDLSgMxFM34rPVVdekmWAQXpcyIoCBC0Y3LCrYKnbFk0tsazGSG5I60DP0YN/6KGxc+cOHGbzFTi2j1QMLhnHuTe0+YSGHQdd+dqemZ2bn5wkJxcWl5ZbW0tt40cao5NHgsY30ZMgNSKGigQAmXiQYWhRIuwpuT3L+4BW1ErM5xkEAQsZ4SXcEZWqldOuzTI+qH0BMqCyOGWvSHtN/2KvbarVC/E6PJeUJ9UJ3vkisf46RdKrtVdwT6l3hjUiZj1NulF/seTyNQyCUzpuW5CQYZ0yi4hGHRTw0kjN+wHrQsVSwCE2SjJYd02yod2o21PQrpSP3ZkbHImEEU2ko75LWZ9HLxP6+VYvcgyIRKUgTFvz7qppJiTPPEaEdo4CgHljCuhZ2V8mumGUeba9GG4E2u/Jc0d6ueW/XO9sq143EcBbJJtsgO8cg+qZFTUicNwskdeSBP5Nm5dx6dV+ftq3TKGfdskF9wPj4B3DmkXw==</latexit>

- Vector in p-dimensions: x 2 Rp
<latexit sha1_base64="pV6kYKYSFHH+vC+VFdq9vgk8zeE=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFtLJPppB06mYSZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOH3OmtON8W6W19Y3NrfJ2ZWd3b//APqy2VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONPbnK/80SlYpF40LOYeiEeCRYwgrWRBnZ1ivpMoH6I9dj30/vsMR7YNafuzIFWiVuQGhRoDuyv/jAiSUiFJhwr1XOdWHsplpoRTrNKP1E0xmSCR7RnqMAhVV46z56hU6MMURBJ84RGc/X3RopDpWahbybzjGrZy8X/vF6igysvZSJONBVkcShIONIRyotAQyYp0XxmCCaSmayIjLHERJu6KqYEd/nLq6R9Xnedunt3UWtcF3WU4RhO4AxcuIQG3EITWkBgCs/wCm9WZr1Y79bHYrRkFTtH8AfW5w+izZQs</latexit><latexit sha1_base64="pV6kYKYSFHH+vC+VFdq9vgk8zeE=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFtLJPppB06mYSZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOH3OmtON8W6W19Y3NrfJ2ZWd3b//APqy2VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONPbnK/80SlYpF40LOYeiEeCRYwgrWRBnZ1ivpMoH6I9dj30/vsMR7YNafuzIFWiVuQGhRoDuyv/jAiSUiFJhwr1XOdWHsplpoRTrNKP1E0xmSCR7RnqMAhVV46z56hU6MMURBJ84RGc/X3RopDpWahbybzjGrZy8X/vF6igysvZSJONBVkcShIONIRyotAQyYp0XxmCCaSmayIjLHERJu6KqYEd/nLq6R9Xnedunt3UWtcF3WU4RhO4AxcuIQG3EITWkBgCs/wCm9WZr1Y79bHYrRkFTtH8AfW5w+izZQs</latexit><latexit sha1_base64="pV6kYKYSFHH+vC+VFdq9vgk8zeE=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFtLJPppB06mYSZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOH3OmtON8W6W19Y3NrfJ2ZWd3b//APqy2VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONPbnK/80SlYpF40LOYeiEeCRYwgrWRBnZ1ivpMoH6I9dj30/vsMR7YNafuzIFWiVuQGhRoDuyv/jAiSUiFJhwr1XOdWHsplpoRTrNKP1E0xmSCR7RnqMAhVV46z56hU6MMURBJ84RGc/X3RopDpWahbybzjGrZy8X/vF6igysvZSJONBVkcShIONIRyotAQyYp0XxmCCaSmayIjLHERJu6KqYEd/nLq6R9Xnedunt3UWtcF3WU4RhO4AxcuIQG3EITWkBgCs/wCm9WZr1Y79bHYrRkFTtH8AfW5w+izZQs</latexit><latexit sha1_base64="pV6kYKYSFHH+vC+VFdq9vgk8zeE=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFtLJPppB06mYSZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOH3OmtON8W6W19Y3NrfJ2ZWd3b//APqy2VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONPbnK/80SlYpF40LOYeiEeCRYwgrWRBnZ1ivpMoH6I9dj30/vsMR7YNafuzIFWiVuQGhRoDuyv/jAiSUiFJhwr1XOdWHsplpoRTrNKP1E0xmSCR7RnqMAhVV46z56hU6MMURBJ84RGc/X3RopDpWahbybzjGrZy8X/vF6igysvZSJONBVkcShIONIRyotAQyYp0XxmCCaSmayIjLHERJu6KqYEd/nLq6R9Xnedunt3UWtcF3WU4RhO4AxcuIQG3EITWkBgCs/wCm9WZr1Y79bHYrRkFTtH8AfW5w+izZQs</latexit>

- Some properties of vectors:

x+ y = y + x, x, y 2 Rp
<latexit sha1_base64="OFgRhEbB5Jrz4yAOoFxtg0Vizak=">AAACE3icbVDLSsNAFJ34rPUVdelmsAhipSQi6EYounFZxT6giWUymbZDJ5M4M5GG0H9w46+4caGIWzfu/BsnbRbaeuDC4Zx7ufceL2JUKsv6NubmFxaXlgsrxdW19Y1Nc2u7IcNYYFLHIQtFy0OSMMpJXVHFSCsSBAUeI01vcJn5zQciJA35rUoi4gaox2mXYqS01DEPh7AME3iuqwyHR9C5j5GfkQQ6lEMnQKrveenN6C7qmCWrYo0BZ4mdkxLIUeuYX44f4jggXGGGpGzbVqTcFAlFMSOjohNLEiE8QD3S1pSjgEg3Hf80gvta8WE3FLq4gmP190SKAimTwNOd2Y1y2svE/7x2rLpnbkp5FCvC8WRRN2ZQhTALCPpUEKxYognCgupbIe4jgbDSMRZ1CPb0y7OkcVyxrYp9fVKqXuRxFMAu2AMHwAanoAquQA3UAQaP4Bm8gjfjyXgx3o2PSeuckc/sgD8wPn8AmR+biQ==</latexit><latexit sha1_base64="OFgRhEbB5Jrz4yAOoFxtg0Vizak=">AAACE3icbVDLSsNAFJ34rPUVdelmsAhipSQi6EYounFZxT6giWUymbZDJ5M4M5GG0H9w46+4caGIWzfu/BsnbRbaeuDC4Zx7ufceL2JUKsv6NubmFxaXlgsrxdW19Y1Nc2u7IcNYYFLHIQtFy0OSMMpJXVHFSCsSBAUeI01vcJn5zQciJA35rUoi4gaox2mXYqS01DEPh7AME3iuqwyHR9C5j5GfkQQ6lEMnQKrveenN6C7qmCWrYo0BZ4mdkxLIUeuYX44f4jggXGGGpGzbVqTcFAlFMSOjohNLEiE8QD3S1pSjgEg3Hf80gvta8WE3FLq4gmP190SKAimTwNOd2Y1y2svE/7x2rLpnbkp5FCvC8WRRN2ZQhTALCPpUEKxYognCgupbIe4jgbDSMRZ1CPb0y7OkcVyxrYp9fVKqXuRxFMAu2AMHwAanoAquQA3UAQaP4Bm8gjfjyXgx3o2PSeuckc/sgD8wPn8AmR+biQ==</latexit><latexit sha1_base64="OFgRhEbB5Jrz4yAOoFxtg0Vizak=">AAACE3icbVDLSsNAFJ34rPUVdelmsAhipSQi6EYounFZxT6giWUymbZDJ5M4M5GG0H9w46+4caGIWzfu/BsnbRbaeuDC4Zx7ufceL2JUKsv6NubmFxaXlgsrxdW19Y1Nc2u7IcNYYFLHIQtFy0OSMMpJXVHFSCsSBAUeI01vcJn5zQciJA35rUoi4gaox2mXYqS01DEPh7AME3iuqwyHR9C5j5GfkQQ6lEMnQKrveenN6C7qmCWrYo0BZ4mdkxLIUeuYX44f4jggXGGGpGzbVqTcFAlFMSOjohNLEiE8QD3S1pSjgEg3Hf80gvta8WE3FLq4gmP190SKAimTwNOd2Y1y2svE/7x2rLpnbkp5FCvC8WRRN2ZQhTALCPpUEKxYognCgupbIe4jgbDSMRZ1CPb0y7OkcVyxrYp9fVKqXuRxFMAu2AMHwAanoAquQA3UAQaP4Bm8gjfjyXgx3o2PSeuckc/sgD8wPn8AmR+biQ==</latexit><latexit sha1_base64="OFgRhEbB5Jrz4yAOoFxtg0Vizak=">AAACE3icbVDLSsNAFJ34rPUVdelmsAhipSQi6EYounFZxT6giWUymbZDJ5M4M5GG0H9w46+4caGIWzfu/BsnbRbaeuDC4Zx7ufceL2JUKsv6NubmFxaXlgsrxdW19Y1Nc2u7IcNYYFLHIQtFy0OSMMpJXVHFSCsSBAUeI01vcJn5zQciJA35rUoi4gaox2mXYqS01DEPh7AME3iuqwyHR9C5j5GfkQQ6lEMnQKrveenN6C7qmCWrYo0BZ4mdkxLIUeuYX44f4jggXGGGpGzbVqTcFAlFMSOjohNLEiE8QD3S1pSjgEg3Hf80gvta8WE3FLq4gmP190SKAimTwNOd2Y1y2svE/7x2rLpnbkp5FCvC8WRRN2ZQhTALCPpUEKxYognCgupbIe4jgbDSMRZ1CPb0y7OkcVyxrYp9fVKqXuRxFMAu2AMHwAanoAquQA3UAQaP4Bm8gjfjyXgx3o2PSeuckc/sgD8wPn8AmR+biQ==</latexit>

(Commutative)



Vectors
- Notation convention: vectors = lowercase, matrices = uppercase

x =
⇥
x1, x2, . . . , xp

⇤>
<latexit sha1_base64="xUqRDgxO3ZplYL0R2xWoJkgk8h8=">AAACJHicbVDLSgMxFM34rPVVdekmWAQXpcyIoCBC0Y3LCrYKnbFk0tsazGSG5I60DP0YN/6KGxc+cOHGbzFTi2j1QMLhnHuTe0+YSGHQdd+dqemZ2bn5wkJxcWl5ZbW0tt40cao5NHgsY30ZMgNSKGigQAmXiQYWhRIuwpuT3L+4BW1ErM5xkEAQsZ4SXcEZWqldOuzTI+qH0BMqCyOGWvSHtN/2KvbarVC/E6PJeUJ9UJ3vkisf46RdKrtVdwT6l3hjUiZj1NulF/seTyNQyCUzpuW5CQYZ0yi4hGHRTw0kjN+wHrQsVSwCE2SjJYd02yod2o21PQrpSP3ZkbHImEEU2ko75LWZ9HLxP6+VYvcgyIRKUgTFvz7qppJiTPPEaEdo4CgHljCuhZ2V8mumGUeba9GG4E2u/Jc0d6ueW/XO9sq143EcBbJJtsgO8cg+qZFTUicNwskdeSBP5Nm5dx6dV+ftq3TKGfdskF9wPj4B3DmkXw==</latexit><latexit sha1_base64="xUqRDgxO3ZplYL0R2xWoJkgk8h8=">AAACJHicbVDLSgMxFM34rPVVdekmWAQXpcyIoCBC0Y3LCrYKnbFk0tsazGSG5I60DP0YN/6KGxc+cOHGbzFTi2j1QMLhnHuTe0+YSGHQdd+dqemZ2bn5wkJxcWl5ZbW0tt40cao5NHgsY30ZMgNSKGigQAmXiQYWhRIuwpuT3L+4BW1ErM5xkEAQsZ4SXcEZWqldOuzTI+qH0BMqCyOGWvSHtN/2KvbarVC/E6PJeUJ9UJ3vkisf46RdKrtVdwT6l3hjUiZj1NulF/seTyNQyCUzpuW5CQYZ0yi4hGHRTw0kjN+wHrQsVSwCE2SjJYd02yod2o21PQrpSP3ZkbHImEEU2ko75LWZ9HLxP6+VYvcgyIRKUgTFvz7qppJiTPPEaEdo4CgHljCuhZ2V8mumGUeba9GG4E2u/Jc0d6ueW/XO9sq143EcBbJJtsgO8cg+qZFTUicNwskdeSBP5Nm5dx6dV+ftq3TKGfdskF9wPj4B3DmkXw==</latexit><latexit sha1_base64="xUqRDgxO3ZplYL0R2xWoJkgk8h8=">AAACJHicbVDLSgMxFM34rPVVdekmWAQXpcyIoCBC0Y3LCrYKnbFk0tsazGSG5I60DP0YN/6KGxc+cOHGbzFTi2j1QMLhnHuTe0+YSGHQdd+dqemZ2bn5wkJxcWl5ZbW0tt40cao5NHgsY30ZMgNSKGigQAmXiQYWhRIuwpuT3L+4BW1ErM5xkEAQsZ4SXcEZWqldOuzTI+qH0BMqCyOGWvSHtN/2KvbarVC/E6PJeUJ9UJ3vkisf46RdKrtVdwT6l3hjUiZj1NulF/seTyNQyCUzpuW5CQYZ0yi4hGHRTw0kjN+wHrQsVSwCE2SjJYd02yod2o21PQrpSP3ZkbHImEEU2ko75LWZ9HLxP6+VYvcgyIRKUgTFvz7qppJiTPPEaEdo4CgHljCuhZ2V8mumGUeba9GG4E2u/Jc0d6ueW/XO9sq143EcBbJJtsgO8cg+qZFTUicNwskdeSBP5Nm5dx6dV+ftq3TKGfdskF9wPj4B3DmkXw==</latexit><latexit sha1_base64="xUqRDgxO3ZplYL0R2xWoJkgk8h8=">AAACJHicbVDLSgMxFM34rPVVdekmWAQXpcyIoCBC0Y3LCrYKnbFk0tsazGSG5I60DP0YN/6KGxc+cOHGbzFTi2j1QMLhnHuTe0+YSGHQdd+dqemZ2bn5wkJxcWl5ZbW0tt40cao5NHgsY30ZMgNSKGigQAmXiQYWhRIuwpuT3L+4BW1ErM5xkEAQsZ4SXcEZWqldOuzTI+qH0BMqCyOGWvSHtN/2KvbarVC/E6PJeUJ9UJ3vkisf46RdKrtVdwT6l3hjUiZj1NulF/seTyNQyCUzpuW5CQYZ0yi4hGHRTw0kjN+wHrQsVSwCE2SjJYd02yod2o21PQrpSP3ZkbHImEEU2ko75LWZ9HLxP6+VYvcgyIRKUgTFvz7qppJiTPPEaEdo4CgHljCuhZ2V8mumGUeba9GG4E2u/Jc0d6ueW/XO9sq143EcBbJJtsgO8cg+qZFTUicNwskdeSBP5Nm5dx6dV+ftq3TKGfdskF9wPj4B3DmkXw==</latexit>

- Vector in p-dimensions: x 2 Rp
<latexit sha1_base64="pV6kYKYSFHH+vC+VFdq9vgk8zeE=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFtLJPppB06mYSZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOH3OmtON8W6W19Y3NrfJ2ZWd3b//APqy2VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONPbnK/80SlYpF40LOYeiEeCRYwgrWRBnZ1ivpMoH6I9dj30/vsMR7YNafuzIFWiVuQGhRoDuyv/jAiSUiFJhwr1XOdWHsplpoRTrNKP1E0xmSCR7RnqMAhVV46z56hU6MMURBJ84RGc/X3RopDpWahbybzjGrZy8X/vF6igysvZSJONBVkcShIONIRyotAQyYp0XxmCCaSmayIjLHERJu6KqYEd/nLq6R9Xnedunt3UWtcF3WU4RhO4AxcuIQG3EITWkBgCs/wCm9WZr1Y79bHYrRkFTtH8AfW5w+izZQs</latexit><latexit sha1_base64="pV6kYKYSFHH+vC+VFdq9vgk8zeE=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFtLJPppB06mYSZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOH3OmtON8W6W19Y3NrfJ2ZWd3b//APqy2VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONPbnK/80SlYpF40LOYeiEeCRYwgrWRBnZ1ivpMoH6I9dj30/vsMR7YNafuzIFWiVuQGhRoDuyv/jAiSUiFJhwr1XOdWHsplpoRTrNKP1E0xmSCR7RnqMAhVV46z56hU6MMURBJ84RGc/X3RopDpWahbybzjGrZy8X/vF6igysvZSJONBVkcShIONIRyotAQyYp0XxmCCaSmayIjLHERJu6KqYEd/nLq6R9Xnedunt3UWtcF3WU4RhO4AxcuIQG3EITWkBgCs/wCm9WZr1Y79bHYrRkFTtH8AfW5w+izZQs</latexit><latexit sha1_base64="pV6kYKYSFHH+vC+VFdq9vgk8zeE=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFtLJPppB06mYSZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOH3OmtON8W6W19Y3NrfJ2ZWd3b//APqy2VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONPbnK/80SlYpF40LOYeiEeCRYwgrWRBnZ1ivpMoH6I9dj30/vsMR7YNafuzIFWiVuQGhRoDuyv/jAiSUiFJhwr1XOdWHsplpoRTrNKP1E0xmSCR7RnqMAhVV46z56hU6MMURBJ84RGc/X3RopDpWahbybzjGrZy8X/vF6igysvZSJONBVkcShIONIRyotAQyYp0XxmCCaSmayIjLHERJu6KqYEd/nLq6R9Xnedunt3UWtcF3WU4RhO4AxcuIQG3EITWkBgCs/wCm9WZr1Y79bHYrRkFTtH8AfW5w+izZQs</latexit><latexit sha1_base64="pV6kYKYSFHH+vC+VFdq9vgk8zeE=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFtLJPppB06mYSZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOH3OmtON8W6W19Y3NrfJ2ZWd3b//APqy2VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONPbnK/80SlYpF40LOYeiEeCRYwgrWRBnZ1ivpMoH6I9dj30/vsMR7YNafuzIFWiVuQGhRoDuyv/jAiSUiFJhwr1XOdWHsplpoRTrNKP1E0xmSCR7RnqMAhVV46z56hU6MMURBJ84RGc/X3RopDpWahbybzjGrZy8X/vF6igysvZSJONBVkcShIONIRyotAQyYp0XxmCCaSmayIjLHERJu6KqYEd/nLq6R9Xnedunt3UWtcF3WU4RhO4AxcuIQG3EITWkBgCs/wCm9WZr1Y79bHYrRkFTtH8AfW5w+izZQs</latexit>

- Some properties of vectors:

x+ y = y + x, x, y 2 Rp
<latexit sha1_base64="OFgRhEbB5Jrz4yAOoFxtg0Vizak=">AAACE3icbVDLSsNAFJ34rPUVdelmsAhipSQi6EYounFZxT6giWUymbZDJ5M4M5GG0H9w46+4caGIWzfu/BsnbRbaeuDC4Zx7ufceL2JUKsv6NubmFxaXlgsrxdW19Y1Nc2u7IcNYYFLHIQtFy0OSMMpJXVHFSCsSBAUeI01vcJn5zQciJA35rUoi4gaox2mXYqS01DEPh7AME3iuqwyHR9C5j5GfkQQ6lEMnQKrveenN6C7qmCWrYo0BZ4mdkxLIUeuYX44f4jggXGGGpGzbVqTcFAlFMSOjohNLEiE8QD3S1pSjgEg3Hf80gvta8WE3FLq4gmP190SKAimTwNOd2Y1y2svE/7x2rLpnbkp5FCvC8WRRN2ZQhTALCPpUEKxYognCgupbIe4jgbDSMRZ1CPb0y7OkcVyxrYp9fVKqXuRxFMAu2AMHwAanoAquQA3UAQaP4Bm8gjfjyXgx3o2PSeuckc/sgD8wPn8AmR+biQ==</latexit><latexit sha1_base64="OFgRhEbB5Jrz4yAOoFxtg0Vizak=">AAACE3icbVDLSsNAFJ34rPUVdelmsAhipSQi6EYounFZxT6giWUymbZDJ5M4M5GG0H9w46+4caGIWzfu/BsnbRbaeuDC4Zx7ufceL2JUKsv6NubmFxaXlgsrxdW19Y1Nc2u7IcNYYFLHIQtFy0OSMMpJXVHFSCsSBAUeI01vcJn5zQciJA35rUoi4gaox2mXYqS01DEPh7AME3iuqwyHR9C5j5GfkQQ6lEMnQKrveenN6C7qmCWrYo0BZ4mdkxLIUeuYX44f4jggXGGGpGzbVqTcFAlFMSOjohNLEiE8QD3S1pSjgEg3Hf80gvta8WE3FLq4gmP190SKAimTwNOd2Y1y2svE/7x2rLpnbkp5FCvC8WRRN2ZQhTALCPpUEKxYognCgupbIe4jgbDSMRZ1CPb0y7OkcVyxrYp9fVKqXuRxFMAu2AMHwAanoAquQA3UAQaP4Bm8gjfjyXgx3o2PSeuckc/sgD8wPn8AmR+biQ==</latexit><latexit sha1_base64="OFgRhEbB5Jrz4yAOoFxtg0Vizak=">AAACE3icbVDLSsNAFJ34rPUVdelmsAhipSQi6EYounFZxT6giWUymbZDJ5M4M5GG0H9w46+4caGIWzfu/BsnbRbaeuDC4Zx7ufceL2JUKsv6NubmFxaXlgsrxdW19Y1Nc2u7IcNYYFLHIQtFy0OSMMpJXVHFSCsSBAUeI01vcJn5zQciJA35rUoi4gaox2mXYqS01DEPh7AME3iuqwyHR9C5j5GfkQQ6lEMnQKrveenN6C7qmCWrYo0BZ4mdkxLIUeuYX44f4jggXGGGpGzbVqTcFAlFMSOjohNLEiE8QD3S1pSjgEg3Hf80gvta8WE3FLq4gmP190SKAimTwNOd2Y1y2svE/7x2rLpnbkp5FCvC8WRRN2ZQhTALCPpUEKxYognCgupbIe4jgbDSMRZ1CPb0y7OkcVyxrYp9fVKqXuRxFMAu2AMHwAanoAquQA3UAQaP4Bm8gjfjyXgx3o2PSeuckc/sgD8wPn8AmR+biQ==</latexit><latexit sha1_base64="OFgRhEbB5Jrz4yAOoFxtg0Vizak=">AAACE3icbVDLSsNAFJ34rPUVdelmsAhipSQi6EYounFZxT6giWUymbZDJ5M4M5GG0H9w46+4caGIWzfu/BsnbRbaeuDC4Zx7ufceL2JUKsv6NubmFxaXlgsrxdW19Y1Nc2u7IcNYYFLHIQtFy0OSMMpJXVHFSCsSBAUeI01vcJn5zQciJA35rUoi4gaox2mXYqS01DEPh7AME3iuqwyHR9C5j5GfkQQ6lEMnQKrveenN6C7qmCWrYo0BZ4mdkxLIUeuYX44f4jggXGGGpGzbVqTcFAlFMSOjohNLEiE8QD3S1pSjgEg3Hf80gvta8WE3FLq4gmP190SKAimTwNOd2Y1y2svE/7x2rLpnbkp5FCvC8WRRN2ZQhTALCPpUEKxYognCgupbIe4jgbDSMRZ1CPb0y7OkcVyxrYp9fVKqXuRxFMAu2AMHwAanoAquQA3UAQaP4Bm8gjfjyXgx3o2PSeuckc/sgD8wPn8AmR+biQ==</latexit>

(Commutative)

(x+ y) + x = x+ (y + z), x, y, z 2 Rp
<latexit sha1_base64="nwUlhc945BT21VgSiUDUslmkRMs="></latexit><latexit sha1_base64="nwUlhc945BT21VgSiUDUslmkRMs="></latexit><latexit sha1_base64="nwUlhc945BT21VgSiUDUslmkRMs="></latexit><latexit sha1_base64="nwUlhc945BT21VgSiUDUslmkRMs="></latexit>

(Associative)



Vectors
- Notation convention: vectors = lowercase, matrices = uppercase

x =
⇥
x1, x2, . . . , xp

⇤>
<latexit sha1_base64="xUqRDgxO3ZplYL0R2xWoJkgk8h8=">AAACJHicbVDLSgMxFM34rPVVdekmWAQXpcyIoCBC0Y3LCrYKnbFk0tsazGSG5I60DP0YN/6KGxc+cOHGbzFTi2j1QMLhnHuTe0+YSGHQdd+dqemZ2bn5wkJxcWl5ZbW0tt40cao5NHgsY30ZMgNSKGigQAmXiQYWhRIuwpuT3L+4BW1ErM5xkEAQsZ4SXcEZWqldOuzTI+qH0BMqCyOGWvSHtN/2KvbarVC/E6PJeUJ9UJ3vkisf46RdKrtVdwT6l3hjUiZj1NulF/seTyNQyCUzpuW5CQYZ0yi4hGHRTw0kjN+wHrQsVSwCE2SjJYd02yod2o21PQrpSP3ZkbHImEEU2ko75LWZ9HLxP6+VYvcgyIRKUgTFvz7qppJiTPPEaEdo4CgHljCuhZ2V8mumGUeba9GG4E2u/Jc0d6ueW/XO9sq143EcBbJJtsgO8cg+qZFTUicNwskdeSBP5Nm5dx6dV+ftq3TKGfdskF9wPj4B3DmkXw==</latexit><latexit sha1_base64="xUqRDgxO3ZplYL0R2xWoJkgk8h8=">AAACJHicbVDLSgMxFM34rPVVdekmWAQXpcyIoCBC0Y3LCrYKnbFk0tsazGSG5I60DP0YN/6KGxc+cOHGbzFTi2j1QMLhnHuTe0+YSGHQdd+dqemZ2bn5wkJxcWl5ZbW0tt40cao5NHgsY30ZMgNSKGigQAmXiQYWhRIuwpuT3L+4BW1ErM5xkEAQsZ4SXcEZWqldOuzTI+qH0BMqCyOGWvSHtN/2KvbarVC/E6PJeUJ9UJ3vkisf46RdKrtVdwT6l3hjUiZj1NulF/seTyNQyCUzpuW5CQYZ0yi4hGHRTw0kjN+wHrQsVSwCE2SjJYd02yod2o21PQrpSP3ZkbHImEEU2ko75LWZ9HLxP6+VYvcgyIRKUgTFvz7qppJiTPPEaEdo4CgHljCuhZ2V8mumGUeba9GG4E2u/Jc0d6ueW/XO9sq143EcBbJJtsgO8cg+qZFTUicNwskdeSBP5Nm5dx6dV+ftq3TKGfdskF9wPj4B3DmkXw==</latexit><latexit sha1_base64="xUqRDgxO3ZplYL0R2xWoJkgk8h8=">AAACJHicbVDLSgMxFM34rPVVdekmWAQXpcyIoCBC0Y3LCrYKnbFk0tsazGSG5I60DP0YN/6KGxc+cOHGbzFTi2j1QMLhnHuTe0+YSGHQdd+dqemZ2bn5wkJxcWl5ZbW0tt40cao5NHgsY30ZMgNSKGigQAmXiQYWhRIuwpuT3L+4BW1ErM5xkEAQsZ4SXcEZWqldOuzTI+qH0BMqCyOGWvSHtN/2KvbarVC/E6PJeUJ9UJ3vkisf46RdKrtVdwT6l3hjUiZj1NulF/seTyNQyCUzpuW5CQYZ0yi4hGHRTw0kjN+wHrQsVSwCE2SjJYd02yod2o21PQrpSP3ZkbHImEEU2ko75LWZ9HLxP6+VYvcgyIRKUgTFvz7qppJiTPPEaEdo4CgHljCuhZ2V8mumGUeba9GG4E2u/Jc0d6ueW/XO9sq143EcBbJJtsgO8cg+qZFTUicNwskdeSBP5Nm5dx6dV+ftq3TKGfdskF9wPj4B3DmkXw==</latexit><latexit sha1_base64="xUqRDgxO3ZplYL0R2xWoJkgk8h8=">AAACJHicbVDLSgMxFM34rPVVdekmWAQXpcyIoCBC0Y3LCrYKnbFk0tsazGSG5I60DP0YN/6KGxc+cOHGbzFTi2j1QMLhnHuTe0+YSGHQdd+dqemZ2bn5wkJxcWl5ZbW0tt40cao5NHgsY30ZMgNSKGigQAmXiQYWhRIuwpuT3L+4BW1ErM5xkEAQsZ4SXcEZWqldOuzTI+qH0BMqCyOGWvSHtN/2KvbarVC/E6PJeUJ9UJ3vkisf46RdKrtVdwT6l3hjUiZj1NulF/seTyNQyCUzpuW5CQYZ0yi4hGHRTw0kjN+wHrQsVSwCE2SjJYd02yod2o21PQrpSP3ZkbHImEEU2ko75LWZ9HLxP6+VYvcgyIRKUgTFvz7qppJiTPPEaEdo4CgHljCuhZ2V8mumGUeba9GG4E2u/Jc0d6ueW/XO9sq143EcBbJJtsgO8cg+qZFTUicNwskdeSBP5Nm5dx6dV+ftq3TKGfdskF9wPj4B3DmkXw==</latexit>

- Vector in p-dimensions: x 2 Rp
<latexit sha1_base64="pV6kYKYSFHH+vC+VFdq9vgk8zeE=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFtLJPppB06mYSZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOH3OmtON8W6W19Y3NrfJ2ZWd3b//APqy2VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONPbnK/80SlYpF40LOYeiEeCRYwgrWRBnZ1ivpMoH6I9dj30/vsMR7YNafuzIFWiVuQGhRoDuyv/jAiSUiFJhwr1XOdWHsplpoRTrNKP1E0xmSCR7RnqMAhVV46z56hU6MMURBJ84RGc/X3RopDpWahbybzjGrZy8X/vF6igysvZSJONBVkcShIONIRyotAQyYp0XxmCCaSmayIjLHERJu6KqYEd/nLq6R9Xnedunt3UWtcF3WU4RhO4AxcuIQG3EITWkBgCs/wCm9WZr1Y79bHYrRkFTtH8AfW5w+izZQs</latexit><latexit sha1_base64="pV6kYKYSFHH+vC+VFdq9vgk8zeE=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFtLJPppB06mYSZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOH3OmtON8W6W19Y3NrfJ2ZWd3b//APqy2VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONPbnK/80SlYpF40LOYeiEeCRYwgrWRBnZ1ivpMoH6I9dj30/vsMR7YNafuzIFWiVuQGhRoDuyv/jAiSUiFJhwr1XOdWHsplpoRTrNKP1E0xmSCR7RnqMAhVV46z56hU6MMURBJ84RGc/X3RopDpWahbybzjGrZy8X/vF6igysvZSJONBVkcShIONIRyotAQyYp0XxmCCaSmayIjLHERJu6KqYEd/nLq6R9Xnedunt3UWtcF3WU4RhO4AxcuIQG3EITWkBgCs/wCm9WZr1Y79bHYrRkFTtH8AfW5w+izZQs</latexit><latexit sha1_base64="pV6kYKYSFHH+vC+VFdq9vgk8zeE=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFtLJPppB06mYSZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOH3OmtON8W6W19Y3NrfJ2ZWd3b//APqy2VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONPbnK/80SlYpF40LOYeiEeCRYwgrWRBnZ1ivpMoH6I9dj30/vsMR7YNafuzIFWiVuQGhRoDuyv/jAiSUiFJhwr1XOdWHsplpoRTrNKP1E0xmSCR7RnqMAhVV46z56hU6MMURBJ84RGc/X3RopDpWahbybzjGrZy8X/vF6igysvZSJONBVkcShIONIRyotAQyYp0XxmCCaSmayIjLHERJu6KqYEd/nLq6R9Xnedunt3UWtcF3WU4RhO4AxcuIQG3EITWkBgCs/wCm9WZr1Y79bHYrRkFTtH8AfW5w+izZQs</latexit><latexit sha1_base64="pV6kYKYSFHH+vC+VFdq9vgk8zeE=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFtLJPppB06mYSZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOH3OmtON8W6W19Y3NrfJ2ZWd3b//APqy2VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONPbnK/80SlYpF40LOYeiEeCRYwgrWRBnZ1ivpMoH6I9dj30/vsMR7YNafuzIFWiVuQGhRoDuyv/jAiSUiFJhwr1XOdWHsplpoRTrNKP1E0xmSCR7RnqMAhVV46z56hU6MMURBJ84RGc/X3RopDpWahbybzjGrZy8X/vF6igysvZSJONBVkcShIONIRyotAQyYp0XxmCCaSmayIjLHERJu6KqYEd/nLq6R9Xnedunt3UWtcF3WU4RhO4AxcuIQG3EITWkBgCs/wCm9WZr1Y79bHYrRkFTtH8AfW5w+izZQs</latexit>

0 + x = x, x 2 Rp
<latexit sha1_base64="k54SXwLVayyouAhdkPlS/CrKs1Q=">AAACDHicbVDLSgMxFL3js9ZX1aWbYBEEpcyIoBuh6MZlFfuATi2ZTKYNzWTGJCMtQz/Ajb/ixoUibv0Ad/6NmbYLbT0QODnnXu69x4s5U9q2v625+YXFpeXcSn51bX1js7C1XVNRIgmtkohHsuFhRTkTtKqZ5rQRS4pDj9O617vM/PoDlYpF4lYPYtoKcUewgBGsjdQuFG10iProHPWPkHufYN98XCaQG2Ld9bz0ZngXZ1UlewQ0S5wJKcIElXbhy/UjkoRUaMKxUk3HjnUrxVIzwukw7yaKxpj0cIc2DRU4pKqVjo4Zon2j+CiIpHlCo5H6uyPFoVKD0DOV2Y5q2svE/7xmooOzVspEnGgqyHhQkHCkI5Qlg3wmKdF8YAgmkpldEeliiYk2+eVNCM70ybOkdlxy7JJzfVIsX0ziyMEu7MEBOHAKZbiCClSBwCM8wyu8WU/Wi/VufYxL56xJzw78gfX5A1YfmVE=</latexit><latexit sha1_base64="k54SXwLVayyouAhdkPlS/CrKs1Q=">AAACDHicbVDLSgMxFL3js9ZX1aWbYBEEpcyIoBuh6MZlFfuATi2ZTKYNzWTGJCMtQz/Ajb/ixoUibv0Ad/6NmbYLbT0QODnnXu69x4s5U9q2v625+YXFpeXcSn51bX1js7C1XVNRIgmtkohHsuFhRTkTtKqZ5rQRS4pDj9O617vM/PoDlYpF4lYPYtoKcUewgBGsjdQuFG10iProHPWPkHufYN98XCaQG2Ld9bz0ZngXZ1UlewQ0S5wJKcIElXbhy/UjkoRUaMKxUk3HjnUrxVIzwukw7yaKxpj0cIc2DRU4pKqVjo4Zon2j+CiIpHlCo5H6uyPFoVKD0DOV2Y5q2svE/7xmooOzVspEnGgqyHhQkHCkI5Qlg3wmKdF8YAgmkpldEeliiYk2+eVNCM70ybOkdlxy7JJzfVIsX0ziyMEu7MEBOHAKZbiCClSBwCM8wyu8WU/Wi/VufYxL56xJzw78gfX5A1YfmVE=</latexit><latexit sha1_base64="k54SXwLVayyouAhdkPlS/CrKs1Q=">AAACDHicbVDLSgMxFL3js9ZX1aWbYBEEpcyIoBuh6MZlFfuATi2ZTKYNzWTGJCMtQz/Ajb/ixoUibv0Ad/6NmbYLbT0QODnnXu69x4s5U9q2v625+YXFpeXcSn51bX1js7C1XVNRIgmtkohHsuFhRTkTtKqZ5rQRS4pDj9O617vM/PoDlYpF4lYPYtoKcUewgBGsjdQuFG10iProHPWPkHufYN98XCaQG2Ld9bz0ZngXZ1UlewQ0S5wJKcIElXbhy/UjkoRUaMKxUk3HjnUrxVIzwukw7yaKxpj0cIc2DRU4pKqVjo4Zon2j+CiIpHlCo5H6uyPFoVKD0DOV2Y5q2svE/7xmooOzVspEnGgqyHhQkHCkI5Qlg3wmKdF8YAgmkpldEeliiYk2+eVNCM70ybOkdlxy7JJzfVIsX0ziyMEu7MEBOHAKZbiCClSBwCM8wyu8WU/Wi/VufYxL56xJzw78gfX5A1YfmVE=</latexit><latexit sha1_base64="k54SXwLVayyouAhdkPlS/CrKs1Q=">AAACDHicbVDLSgMxFL3js9ZX1aWbYBEEpcyIoBuh6MZlFfuATi2ZTKYNzWTGJCMtQz/Ajb/ixoUibv0Ad/6NmbYLbT0QODnnXu69x4s5U9q2v625+YXFpeXcSn51bX1js7C1XVNRIgmtkohHsuFhRTkTtKqZ5rQRS4pDj9O617vM/PoDlYpF4lYPYtoKcUewgBGsjdQuFG10iProHPWPkHufYN98XCaQG2Ld9bz0ZngXZ1UlewQ0S5wJKcIElXbhy/UjkoRUaMKxUk3HjnUrxVIzwukw7yaKxpj0cIc2DRU4pKqVjo4Zon2j+CiIpHlCo5H6uyPFoVKD0DOV2Y5q2svE/7xmooOzVspEnGgqyHhQkHCkI5Qlg3wmKdF8YAgmkpldEeliiYk2+eVNCM70ybOkdlxy7JJzfVIsX0ziyMEu7MEBOHAKZbiCClSBwCM8wyu8WU/Wi/VufYxL56xJzw78gfX5A1YfmVE=</latexit>

- Some properties of vectors:

x+ y = y + x, x, y 2 Rp
<latexit sha1_base64="OFgRhEbB5Jrz4yAOoFxtg0Vizak=">AAACE3icbVDLSsNAFJ34rPUVdelmsAhipSQi6EYounFZxT6giWUymbZDJ5M4M5GG0H9w46+4caGIWzfu/BsnbRbaeuDC4Zx7ufceL2JUKsv6NubmFxaXlgsrxdW19Y1Nc2u7IcNYYFLHIQtFy0OSMMpJXVHFSCsSBAUeI01vcJn5zQciJA35rUoi4gaox2mXYqS01DEPh7AME3iuqwyHR9C5j5GfkQQ6lEMnQKrveenN6C7qmCWrYo0BZ4mdkxLIUeuYX44f4jggXGGGpGzbVqTcFAlFMSOjohNLEiE8QD3S1pSjgEg3Hf80gvta8WE3FLq4gmP190SKAimTwNOd2Y1y2svE/7x2rLpnbkp5FCvC8WRRN2ZQhTALCPpUEKxYognCgupbIe4jgbDSMRZ1CPb0y7OkcVyxrYp9fVKqXuRxFMAu2AMHwAanoAquQA3UAQaP4Bm8gjfjyXgx3o2PSeuckc/sgD8wPn8AmR+biQ==</latexit><latexit sha1_base64="OFgRhEbB5Jrz4yAOoFxtg0Vizak=">AAACE3icbVDLSsNAFJ34rPUVdelmsAhipSQi6EYounFZxT6giWUymbZDJ5M4M5GG0H9w46+4caGIWzfu/BsnbRbaeuDC4Zx7ufceL2JUKsv6NubmFxaXlgsrxdW19Y1Nc2u7IcNYYFLHIQtFy0OSMMpJXVHFSCsSBAUeI01vcJn5zQciJA35rUoi4gaox2mXYqS01DEPh7AME3iuqwyHR9C5j5GfkQQ6lEMnQKrveenN6C7qmCWrYo0BZ4mdkxLIUeuYX44f4jggXGGGpGzbVqTcFAlFMSOjohNLEiE8QD3S1pSjgEg3Hf80gvta8WE3FLq4gmP190SKAimTwNOd2Y1y2svE/7x2rLpnbkp5FCvC8WRRN2ZQhTALCPpUEKxYognCgupbIe4jgbDSMRZ1CPb0y7OkcVyxrYp9fVKqXuRxFMAu2AMHwAanoAquQA3UAQaP4Bm8gjfjyXgx3o2PSeuckc/sgD8wPn8AmR+biQ==</latexit><latexit sha1_base64="OFgRhEbB5Jrz4yAOoFxtg0Vizak=">AAACE3icbVDLSsNAFJ34rPUVdelmsAhipSQi6EYounFZxT6giWUymbZDJ5M4M5GG0H9w46+4caGIWzfu/BsnbRbaeuDC4Zx7ufceL2JUKsv6NubmFxaXlgsrxdW19Y1Nc2u7IcNYYFLHIQtFy0OSMMpJXVHFSCsSBAUeI01vcJn5zQciJA35rUoi4gaox2mXYqS01DEPh7AME3iuqwyHR9C5j5GfkQQ6lEMnQKrveenN6C7qmCWrYo0BZ4mdkxLIUeuYX44f4jggXGGGpGzbVqTcFAlFMSOjohNLEiE8QD3S1pSjgEg3Hf80gvta8WE3FLq4gmP190SKAimTwNOd2Y1y2svE/7x2rLpnbkp5FCvC8WRRN2ZQhTALCPpUEKxYognCgupbIe4jgbDSMRZ1CPb0y7OkcVyxrYp9fVKqXuRxFMAu2AMHwAanoAquQA3UAQaP4Bm8gjfjyXgx3o2PSeuckc/sgD8wPn8AmR+biQ==</latexit><latexit sha1_base64="OFgRhEbB5Jrz4yAOoFxtg0Vizak=">AAACE3icbVDLSsNAFJ34rPUVdelmsAhipSQi6EYounFZxT6giWUymbZDJ5M4M5GG0H9w46+4caGIWzfu/BsnbRbaeuDC4Zx7ufceL2JUKsv6NubmFxaXlgsrxdW19Y1Nc2u7IcNYYFLHIQtFy0OSMMpJXVHFSCsSBAUeI01vcJn5zQciJA35rUoi4gaox2mXYqS01DEPh7AME3iuqwyHR9C5j5GfkQQ6lEMnQKrveenN6C7qmCWrYo0BZ4mdkxLIUeuYX44f4jggXGGGpGzbVqTcFAlFMSOjohNLEiE8QD3S1pSjgEg3Hf80gvta8WE3FLq4gmP190SKAimTwNOd2Y1y2svE/7x2rLpnbkp5FCvC8WRRN2ZQhTALCPpUEKxYognCgupbIe4jgbDSMRZ1CPb0y7OkcVyxrYp9fVKqXuRxFMAu2AMHwAanoAquQA3UAQaP4Bm8gjfjyXgx3o2PSeuckc/sgD8wPn8AmR+biQ==</latexit>

(Commutative)

(x+ y) + x = x+ (y + z), x, y, z 2 Rp
<latexit sha1_base64="nwUlhc945BT21VgSiUDUslmkRMs="></latexit><latexit sha1_base64="nwUlhc945BT21VgSiUDUslmkRMs="></latexit><latexit sha1_base64="nwUlhc945BT21VgSiUDUslmkRMs="></latexit><latexit sha1_base64="nwUlhc945BT21VgSiUDUslmkRMs="></latexit>

(Associative)



Vectors
- Notation convention: vectors = lowercase, matrices = uppercase

x =
⇥
x1, x2, . . . , xp

⇤>
<latexit sha1_base64="xUqRDgxO3ZplYL0R2xWoJkgk8h8=">AAACJHicbVDLSgMxFM34rPVVdekmWAQXpcyIoCBC0Y3LCrYKnbFk0tsazGSG5I60DP0YN/6KGxc+cOHGbzFTi2j1QMLhnHuTe0+YSGHQdd+dqemZ2bn5wkJxcWl5ZbW0tt40cao5NHgsY30ZMgNSKGigQAmXiQYWhRIuwpuT3L+4BW1ErM5xkEAQsZ4SXcEZWqldOuzTI+qH0BMqCyOGWvSHtN/2KvbarVC/E6PJeUJ9UJ3vkisf46RdKrtVdwT6l3hjUiZj1NulF/seTyNQyCUzpuW5CQYZ0yi4hGHRTw0kjN+wHrQsVSwCE2SjJYd02yod2o21PQrpSP3ZkbHImEEU2ko75LWZ9HLxP6+VYvcgyIRKUgTFvz7qppJiTPPEaEdo4CgHljCuhZ2V8mumGUeba9GG4E2u/Jc0d6ueW/XO9sq143EcBbJJtsgO8cg+qZFTUicNwskdeSBP5Nm5dx6dV+ftq3TKGfdskF9wPj4B3DmkXw==</latexit><latexit sha1_base64="xUqRDgxO3ZplYL0R2xWoJkgk8h8=">AAACJHicbVDLSgMxFM34rPVVdekmWAQXpcyIoCBC0Y3LCrYKnbFk0tsazGSG5I60DP0YN/6KGxc+cOHGbzFTi2j1QMLhnHuTe0+YSGHQdd+dqemZ2bn5wkJxcWl5ZbW0tt40cao5NHgsY30ZMgNSKGigQAmXiQYWhRIuwpuT3L+4BW1ErM5xkEAQsZ4SXcEZWqldOuzTI+qH0BMqCyOGWvSHtN/2KvbarVC/E6PJeUJ9UJ3vkisf46RdKrtVdwT6l3hjUiZj1NulF/seTyNQyCUzpuW5CQYZ0yi4hGHRTw0kjN+wHrQsVSwCE2SjJYd02yod2o21PQrpSP3ZkbHImEEU2ko75LWZ9HLxP6+VYvcgyIRKUgTFvz7qppJiTPPEaEdo4CgHljCuhZ2V8mumGUeba9GG4E2u/Jc0d6ueW/XO9sq143EcBbJJtsgO8cg+qZFTUicNwskdeSBP5Nm5dx6dV+ftq3TKGfdskF9wPj4B3DmkXw==</latexit><latexit sha1_base64="xUqRDgxO3ZplYL0R2xWoJkgk8h8=">AAACJHicbVDLSgMxFM34rPVVdekmWAQXpcyIoCBC0Y3LCrYKnbFk0tsazGSG5I60DP0YN/6KGxc+cOHGbzFTi2j1QMLhnHuTe0+YSGHQdd+dqemZ2bn5wkJxcWl5ZbW0tt40cao5NHgsY30ZMgNSKGigQAmXiQYWhRIuwpuT3L+4BW1ErM5xkEAQsZ4SXcEZWqldOuzTI+qH0BMqCyOGWvSHtN/2KvbarVC/E6PJeUJ9UJ3vkisf46RdKrtVdwT6l3hjUiZj1NulF/seTyNQyCUzpuW5CQYZ0yi4hGHRTw0kjN+wHrQsVSwCE2SjJYd02yod2o21PQrpSP3ZkbHImEEU2ko75LWZ9HLxP6+VYvcgyIRKUgTFvz7qppJiTPPEaEdo4CgHljCuhZ2V8mumGUeba9GG4E2u/Jc0d6ueW/XO9sq143EcBbJJtsgO8cg+qZFTUicNwskdeSBP5Nm5dx6dV+ftq3TKGfdskF9wPj4B3DmkXw==</latexit><latexit sha1_base64="xUqRDgxO3ZplYL0R2xWoJkgk8h8=">AAACJHicbVDLSgMxFM34rPVVdekmWAQXpcyIoCBC0Y3LCrYKnbFk0tsazGSG5I60DP0YN/6KGxc+cOHGbzFTi2j1QMLhnHuTe0+YSGHQdd+dqemZ2bn5wkJxcWl5ZbW0tt40cao5NHgsY30ZMgNSKGigQAmXiQYWhRIuwpuT3L+4BW1ErM5xkEAQsZ4SXcEZWqldOuzTI+qH0BMqCyOGWvSHtN/2KvbarVC/E6PJeUJ9UJ3vkisf46RdKrtVdwT6l3hjUiZj1NulF/seTyNQyCUzpuW5CQYZ0yi4hGHRTw0kjN+wHrQsVSwCE2SjJYd02yod2o21PQrpSP3ZkbHImEEU2ko75LWZ9HLxP6+VYvcgyIRKUgTFvz7qppJiTPPEaEdo4CgHljCuhZ2V8mumGUeba9GG4E2u/Jc0d6ueW/XO9sq143EcBbJJtsgO8cg+qZFTUicNwskdeSBP5Nm5dx6dV+ftq3TKGfdskF9wPj4B3DmkXw==</latexit>

- Vector in p-dimensions: x 2 Rp
<latexit sha1_base64="pV6kYKYSFHH+vC+VFdq9vgk8zeE=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFtLJPppB06mYSZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOH3OmtON8W6W19Y3NrfJ2ZWd3b//APqy2VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONPbnK/80SlYpF40LOYeiEeCRYwgrWRBnZ1ivpMoH6I9dj30/vsMR7YNafuzIFWiVuQGhRoDuyv/jAiSUiFJhwr1XOdWHsplpoRTrNKP1E0xmSCR7RnqMAhVV46z56hU6MMURBJ84RGc/X3RopDpWahbybzjGrZy8X/vF6igysvZSJONBVkcShIONIRyotAQyYp0XxmCCaSmayIjLHERJu6KqYEd/nLq6R9Xnedunt3UWtcF3WU4RhO4AxcuIQG3EITWkBgCs/wCm9WZr1Y79bHYrRkFTtH8AfW5w+izZQs</latexit><latexit sha1_base64="pV6kYKYSFHH+vC+VFdq9vgk8zeE=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFtLJPppB06mYSZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOH3OmtON8W6W19Y3NrfJ2ZWd3b//APqy2VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONPbnK/80SlYpF40LOYeiEeCRYwgrWRBnZ1ivpMoH6I9dj30/vsMR7YNafuzIFWiVuQGhRoDuyv/jAiSUiFJhwr1XOdWHsplpoRTrNKP1E0xmSCR7RnqMAhVV46z56hU6MMURBJ84RGc/X3RopDpWahbybzjGrZy8X/vF6igysvZSJONBVkcShIONIRyotAQyYp0XxmCCaSmayIjLHERJu6KqYEd/nLq6R9Xnedunt3UWtcF3WU4RhO4AxcuIQG3EITWkBgCs/wCm9WZr1Y79bHYrRkFTtH8AfW5w+izZQs</latexit><latexit sha1_base64="pV6kYKYSFHH+vC+VFdq9vgk8zeE=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFtLJPppB06mYSZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOH3OmtON8W6W19Y3NrfJ2ZWd3b//APqy2VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONPbnK/80SlYpF40LOYeiEeCRYwgrWRBnZ1ivpMoH6I9dj30/vsMR7YNafuzIFWiVuQGhRoDuyv/jAiSUiFJhwr1XOdWHsplpoRTrNKP1E0xmSCR7RnqMAhVV46z56hU6MMURBJ84RGc/X3RopDpWahbybzjGrZy8X/vF6igysvZSJONBVkcShIONIRyotAQyYp0XxmCCaSmayIjLHERJu6KqYEd/nLq6R9Xnedunt3UWtcF3WU4RhO4AxcuIQG3EITWkBgCs/wCm9WZr1Y79bHYrRkFTtH8AfW5w+izZQs</latexit><latexit sha1_base64="pV6kYKYSFHH+vC+VFdq9vgk8zeE=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFtLJPppB06mYSZibSE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOH3OmtON8W6W19Y3NrfJ2ZWd3b//APqy2VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONPbnK/80SlYpF40LOYeiEeCRYwgrWRBnZ1ivpMoH6I9dj30/vsMR7YNafuzIFWiVuQGhRoDuyv/jAiSUiFJhwr1XOdWHsplpoRTrNKP1E0xmSCR7RnqMAhVV46z56hU6MMURBJ84RGc/X3RopDpWahbybzjGrZy8X/vF6igysvZSJONBVkcShIONIRyotAQyYp0XxmCCaSmayIjLHERJu6KqYEd/nLq6R9Xnedunt3UWtcF3WU4RhO4AxcuIQG3EITWkBgCs/wCm9WZr1Y79bHYrRkFTtH8AfW5w+izZQs</latexit>

0 + x = x, x 2 Rp
<latexit sha1_base64="k54SXwLVayyouAhdkPlS/CrKs1Q=">AAACDHicbVDLSgMxFL3js9ZX1aWbYBEEpcyIoBuh6MZlFfuATi2ZTKYNzWTGJCMtQz/Ajb/ixoUibv0Ad/6NmbYLbT0QODnnXu69x4s5U9q2v625+YXFpeXcSn51bX1js7C1XVNRIgmtkohHsuFhRTkTtKqZ5rQRS4pDj9O617vM/PoDlYpF4lYPYtoKcUewgBGsjdQuFG10iProHPWPkHufYN98XCaQG2Ld9bz0ZngXZ1UlewQ0S5wJKcIElXbhy/UjkoRUaMKxUk3HjnUrxVIzwukw7yaKxpj0cIc2DRU4pKqVjo4Zon2j+CiIpHlCo5H6uyPFoVKD0DOV2Y5q2svE/7xmooOzVspEnGgqyHhQkHCkI5Qlg3wmKdF8YAgmkpldEeliiYk2+eVNCM70ybOkdlxy7JJzfVIsX0ziyMEu7MEBOHAKZbiCClSBwCM8wyu8WU/Wi/VufYxL56xJzw78gfX5A1YfmVE=</latexit><latexit sha1_base64="k54SXwLVayyouAhdkPlS/CrKs1Q=">AAACDHicbVDLSgMxFL3js9ZX1aWbYBEEpcyIoBuh6MZlFfuATi2ZTKYNzWTGJCMtQz/Ajb/ixoUibv0Ad/6NmbYLbT0QODnnXu69x4s5U9q2v625+YXFpeXcSn51bX1js7C1XVNRIgmtkohHsuFhRTkTtKqZ5rQRS4pDj9O617vM/PoDlYpF4lYPYtoKcUewgBGsjdQuFG10iProHPWPkHufYN98XCaQG2Ld9bz0ZngXZ1UlewQ0S5wJKcIElXbhy/UjkoRUaMKxUk3HjnUrxVIzwukw7yaKxpj0cIc2DRU4pKqVjo4Zon2j+CiIpHlCo5H6uyPFoVKD0DOV2Y5q2svE/7xmooOzVspEnGgqyHhQkHCkI5Qlg3wmKdF8YAgmkpldEeliiYk2+eVNCM70ybOkdlxy7JJzfVIsX0ziyMEu7MEBOHAKZbiCClSBwCM8wyu8WU/Wi/VufYxL56xJzw78gfX5A1YfmVE=</latexit><latexit sha1_base64="k54SXwLVayyouAhdkPlS/CrKs1Q=">AAACDHicbVDLSgMxFL3js9ZX1aWbYBEEpcyIoBuh6MZlFfuATi2ZTKYNzWTGJCMtQz/Ajb/ixoUibv0Ad/6NmbYLbT0QODnnXu69x4s5U9q2v625+YXFpeXcSn51bX1js7C1XVNRIgmtkohHsuFhRTkTtKqZ5rQRS4pDj9O617vM/PoDlYpF4lYPYtoKcUewgBGsjdQuFG10iProHPWPkHufYN98XCaQG2Ld9bz0ZngXZ1UlewQ0S5wJKcIElXbhy/UjkoRUaMKxUk3HjnUrxVIzwukw7yaKxpj0cIc2DRU4pKqVjo4Zon2j+CiIpHlCo5H6uyPFoVKD0DOV2Y5q2svE/7xmooOzVspEnGgqyHhQkHCkI5Qlg3wmKdF8YAgmkpldEeliiYk2+eVNCM70ybOkdlxy7JJzfVIsX0ziyMEu7MEBOHAKZbiCClSBwCM8wyu8WU/Wi/VufYxL56xJzw78gfX5A1YfmVE=</latexit><latexit sha1_base64="k54SXwLVayyouAhdkPlS/CrKs1Q=">AAACDHicbVDLSgMxFL3js9ZX1aWbYBEEpcyIoBuh6MZlFfuATi2ZTKYNzWTGJCMtQz/Ajb/ixoUibv0Ad/6NmbYLbT0QODnnXu69x4s5U9q2v625+YXFpeXcSn51bX1js7C1XVNRIgmtkohHsuFhRTkTtKqZ5rQRS4pDj9O617vM/PoDlYpF4lYPYtoKcUewgBGsjdQuFG10iProHPWPkHufYN98XCaQG2Ld9bz0ZngXZ1UlewQ0S5wJKcIElXbhy/UjkoRUaMKxUk3HjnUrxVIzwukw7yaKxpj0cIc2DRU4pKqVjo4Zon2j+CiIpHlCo5H6uyPFoVKD0DOV2Y5q2svE/7xmooOzVspEnGgqyHhQkHCkI5Qlg3wmKdF8YAgmkpldEeliiYk2+eVNCM70ybOkdlxy7JJzfVIsX0ziyMEu7MEBOHAKZbiCClSBwCM8wyu8WU/Wi/VufYxL56xJzw78gfX5A1YfmVE=</latexit>

- Some properties of vectors:

x+ y = y + x, x, y 2 Rp
<latexit sha1_base64="OFgRhEbB5Jrz4yAOoFxtg0Vizak=">AAACE3icbVDLSsNAFJ34rPUVdelmsAhipSQi6EYounFZxT6giWUymbZDJ5M4M5GG0H9w46+4caGIWzfu/BsnbRbaeuDC4Zx7ufceL2JUKsv6NubmFxaXlgsrxdW19Y1Nc2u7IcNYYFLHIQtFy0OSMMpJXVHFSCsSBAUeI01vcJn5zQciJA35rUoi4gaox2mXYqS01DEPh7AME3iuqwyHR9C5j5GfkQQ6lEMnQKrveenN6C7qmCWrYo0BZ4mdkxLIUeuYX44f4jggXGGGpGzbVqTcFAlFMSOjohNLEiE8QD3S1pSjgEg3Hf80gvta8WE3FLq4gmP190SKAimTwNOd2Y1y2svE/7x2rLpnbkp5FCvC8WRRN2ZQhTALCPpUEKxYognCgupbIe4jgbDSMRZ1CPb0y7OkcVyxrYp9fVKqXuRxFMAu2AMHwAanoAquQA3UAQaP4Bm8gjfjyXgx3o2PSeuckc/sgD8wPn8AmR+biQ==</latexit><latexit sha1_base64="OFgRhEbB5Jrz4yAOoFxtg0Vizak=">AAACE3icbVDLSsNAFJ34rPUVdelmsAhipSQi6EYounFZxT6giWUymbZDJ5M4M5GG0H9w46+4caGIWzfu/BsnbRbaeuDC4Zx7ufceL2JUKsv6NubmFxaXlgsrxdW19Y1Nc2u7IcNYYFLHIQtFy0OSMMpJXVHFSCsSBAUeI01vcJn5zQciJA35rUoi4gaox2mXYqS01DEPh7AME3iuqwyHR9C5j5GfkQQ6lEMnQKrveenN6C7qmCWrYo0BZ4mdkxLIUeuYX44f4jggXGGGpGzbVqTcFAlFMSOjohNLEiE8QD3S1pSjgEg3Hf80gvta8WE3FLq4gmP190SKAimTwNOd2Y1y2svE/7x2rLpnbkp5FCvC8WRRN2ZQhTALCPpUEKxYognCgupbIe4jgbDSMRZ1CPb0y7OkcVyxrYp9fVKqXuRxFMAu2AMHwAanoAquQA3UAQaP4Bm8gjfjyXgx3o2PSeuckc/sgD8wPn8AmR+biQ==</latexit><latexit sha1_base64="OFgRhEbB5Jrz4yAOoFxtg0Vizak=">AAACE3icbVDLSsNAFJ34rPUVdelmsAhipSQi6EYounFZxT6giWUymbZDJ5M4M5GG0H9w46+4caGIWzfu/BsnbRbaeuDC4Zx7ufceL2JUKsv6NubmFxaXlgsrxdW19Y1Nc2u7IcNYYFLHIQtFy0OSMMpJXVHFSCsSBAUeI01vcJn5zQciJA35rUoi4gaox2mXYqS01DEPh7AME3iuqwyHR9C5j5GfkQQ6lEMnQKrveenN6C7qmCWrYo0BZ4mdkxLIUeuYX44f4jggXGGGpGzbVqTcFAlFMSOjohNLEiE8QD3S1pSjgEg3Hf80gvta8WE3FLq4gmP190SKAimTwNOd2Y1y2svE/7x2rLpnbkp5FCvC8WRRN2ZQhTALCPpUEKxYognCgupbIe4jgbDSMRZ1CPb0y7OkcVyxrYp9fVKqXuRxFMAu2AMHwAanoAquQA3UAQaP4Bm8gjfjyXgx3o2PSeuckc/sgD8wPn8AmR+biQ==</latexit><latexit sha1_base64="OFgRhEbB5Jrz4yAOoFxtg0Vizak=">AAACE3icbVDLSsNAFJ34rPUVdelmsAhipSQi6EYounFZxT6giWUymbZDJ5M4M5GG0H9w46+4caGIWzfu/BsnbRbaeuDC4Zx7ufceL2JUKsv6NubmFxaXlgsrxdW19Y1Nc2u7IcNYYFLHIQtFy0OSMMpJXVHFSCsSBAUeI01vcJn5zQciJA35rUoi4gaox2mXYqS01DEPh7AME3iuqwyHR9C5j5GfkQQ6lEMnQKrveenN6C7qmCWrYo0BZ4mdkxLIUeuYX44f4jggXGGGpGzbVqTcFAlFMSOjohNLEiE8QD3S1pSjgEg3Hf80gvta8WE3FLq4gmP190SKAimTwNOd2Y1y2svE/7x2rLpnbkp5FCvC8WRRN2ZQhTALCPpUEKxYognCgupbIe4jgbDSMRZ1CPb0y7OkcVyxrYp9fVKqXuRxFMAu2AMHwAanoAquQA3UAQaP4Bm8gjfjyXgx3o2PSeuckc/sgD8wPn8AmR+biQ==</latexit>

(Commutative)

(x+ y) + x = x+ (y + z), x, y, z 2 Rp
<latexit sha1_base64="nwUlhc945BT21VgSiUDUslmkRMs="></latexit><latexit sha1_base64="nwUlhc945BT21VgSiUDUslmkRMs="></latexit><latexit sha1_base64="nwUlhc945BT21VgSiUDUslmkRMs="></latexit><latexit sha1_base64="nwUlhc945BT21VgSiUDUslmkRMs="></latexit>

(Associative)

↵(x+ y) = ↵x+ ↵y, x, y 2 Rp
<latexit sha1_base64="big65NoSvqjuoWkF8ZK4nskFE2s="></latexit><latexit sha1_base64="big65NoSvqjuoWkF8ZK4nskFE2s="></latexit><latexit sha1_base64="big65NoSvqjuoWkF8ZK4nskFE2s="></latexit><latexit sha1_base64="big65NoSvqjuoWkF8ZK4nskFE2s="></latexit>

(Distributive)



Vectors
- Span of a set of vectors:

span {x1, x2, . . . , xk} = {↵1x1 + ↵2x2 + · · ·+ ↵kxk | ↵i 2 R, i = [1, k]}
<latexit sha1_base64="jYzScHcJllG/zV8+LZ5t1Rg0umU="></latexit><latexit sha1_base64="jYzScHcJllG/zV8+LZ5t1Rg0umU="></latexit><latexit sha1_base64="jYzScHcJllG/zV8+LZ5t1Rg0umU="></latexit><latexit sha1_base64="jYzScHcJllG/zV8+LZ5t1Rg0umU="></latexit>
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<latexit sha1_base64="jYzScHcJllG/zV8+LZ5t1Rg0umU="></latexit><latexit sha1_base64="jYzScHcJllG/zV8+LZ5t1Rg0umU="></latexit><latexit sha1_base64="jYzScHcJllG/zV8+LZ5t1Rg0umU="></latexit><latexit sha1_base64="jYzScHcJllG/zV8+LZ5t1Rg0umU="></latexit>

- Linear independence:

↵1x1 + ↵2x2 + · · ·+ ↵kxk = 0 ) ↵i = 0, 8i
<latexit sha1_base64="1cb+YYnCt14ghSXRVIWJBMZ7Ndo="></latexit><latexit sha1_base64="1cb+YYnCt14ghSXRVIWJBMZ7Ndo="></latexit><latexit sha1_base64="1cb+YYnCt14ghSXRVIWJBMZ7Ndo="></latexit><latexit sha1_base64="1cb+YYnCt14ghSXRVIWJBMZ7Ndo="></latexit>
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span {x1, x2, . . . , xk} = {↵1x1 + ↵2x2 + · · ·+ ↵kxk | ↵i 2 R, i = [1, k]}
<latexit sha1_base64="jYzScHcJllG/zV8+LZ5t1Rg0umU="></latexit><latexit sha1_base64="jYzScHcJllG/zV8+LZ5t1Rg0umU="></latexit><latexit sha1_base64="jYzScHcJllG/zV8+LZ5t1Rg0umU="></latexit><latexit sha1_base64="jYzScHcJllG/zV8+LZ5t1Rg0umU="></latexit>

- Linear independence:

↵1x1 + ↵2x2 + · · ·+ ↵kxk = 0 ) ↵i = 0, 8i
<latexit sha1_base64="1cb+YYnCt14ghSXRVIWJBMZ7Ndo="></latexit><latexit sha1_base64="1cb+YYnCt14ghSXRVIWJBMZ7Ndo="></latexit><latexit sha1_base64="1cb+YYnCt14ghSXRVIWJBMZ7Ndo="></latexit><latexit sha1_base64="1cb+YYnCt14ghSXRVIWJBMZ7Ndo="></latexit>

- How does     compare to    , the vector dimension? k
<latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit> p

<latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit>
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span {x1, x2, . . . , xk} = {↵1x1 + ↵2x2 + · · ·+ ↵kxk | ↵i 2 R, i = [1, k]}
<latexit sha1_base64="jYzScHcJllG/zV8+LZ5t1Rg0umU="></latexit><latexit sha1_base64="jYzScHcJllG/zV8+LZ5t1Rg0umU="></latexit><latexit sha1_base64="jYzScHcJllG/zV8+LZ5t1Rg0umU="></latexit><latexit sha1_base64="jYzScHcJllG/zV8+LZ5t1Rg0umU="></latexit>

- Linear independence:

↵1x1 + ↵2x2 + · · ·+ ↵kxk = 0 ) ↵i = 0, 8i
<latexit sha1_base64="1cb+YYnCt14ghSXRVIWJBMZ7Ndo="></latexit><latexit sha1_base64="1cb+YYnCt14ghSXRVIWJBMZ7Ndo="></latexit><latexit sha1_base64="1cb+YYnCt14ghSXRVIWJBMZ7Ndo="></latexit><latexit sha1_base64="1cb+YYnCt14ghSXRVIWJBMZ7Ndo="></latexit>

- How does     compare to    , the vector dimension? k
<latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit> p

<latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit>

- Inner product:

x>y = hx, yi =
pX

i=1

xi · yi
<latexit sha1_base64="hwf1qeWkkXHbH0wHYIgLioCPhZY="></latexit><latexit sha1_base64="hwf1qeWkkXHbH0wHYIgLioCPhZY="></latexit><latexit sha1_base64="hwf1qeWkkXHbH0wHYIgLioCPhZY="></latexit><latexit sha1_base64="hwf1qeWkkXHbH0wHYIgLioCPhZY="></latexit>



Vectors
- Inner production interpretation:

hx, yi = kxk · kyk · cos ✓
<latexit sha1_base64="Erkef27IuCLz13CGlmdw2LKnN48=">AAACL3icbZDLSgMxFIYz3q23qks3wSK4EJkRQTeCKIhLBatCU0omPdMGM8mQnJEOrW/kxldxI6KIW9/C9AJeDwQ+vnNCcv44U9JhGD4HY+MTk1PTM7OlufmFxaXy8sqlM7kVUBVGGXsdcwdKaqiiRAXXmQWexgqu4pvjfv/qFqyTRl9gkUE95S0tEyk4etUonzAFCVKmuG4poJ0tWlBmZavtnR26A8p6HdajTDSNt73ii4VxDNuAvFGuhNvhoOhfiEZQIaM6a5QfWdOIPAWNQnHnalGYYb3LLUqh4K7EcgcZFze8BTWPmqfg6t3Bvnd0w5smTYz1RyMd2O83ujx1rkhjP5lybLvfvb78r1fLMdmvd6XOcgQthg8luaJoaD882pQWBKrCAxdW+r9S0eaWC/QRl3wI0e+V/8Llznbk+Xy3cng0imOGrJF1skkiskcOySk5I1UiyD15JC/kNXgInoK34H04OhaM7qySHxV8fAJp7Ki2</latexit><latexit sha1_base64="Erkef27IuCLz13CGlmdw2LKnN48=">AAACL3icbZDLSgMxFIYz3q23qks3wSK4EJkRQTeCKIhLBatCU0omPdMGM8mQnJEOrW/kxldxI6KIW9/C9AJeDwQ+vnNCcv44U9JhGD4HY+MTk1PTM7OlufmFxaXy8sqlM7kVUBVGGXsdcwdKaqiiRAXXmQWexgqu4pvjfv/qFqyTRl9gkUE95S0tEyk4etUonzAFCVKmuG4poJ0tWlBmZavtnR26A8p6HdajTDSNt73ii4VxDNuAvFGuhNvhoOhfiEZQIaM6a5QfWdOIPAWNQnHnalGYYb3LLUqh4K7EcgcZFze8BTWPmqfg6t3Bvnd0w5smTYz1RyMd2O83ujx1rkhjP5lybLvfvb78r1fLMdmvd6XOcgQthg8luaJoaD882pQWBKrCAxdW+r9S0eaWC/QRl3wI0e+V/8Llznbk+Xy3cng0imOGrJF1skkiskcOySk5I1UiyD15JC/kNXgInoK34H04OhaM7qySHxV8fAJp7Ki2</latexit><latexit sha1_base64="Erkef27IuCLz13CGlmdw2LKnN48=">AAACL3icbZDLSgMxFIYz3q23qks3wSK4EJkRQTeCKIhLBatCU0omPdMGM8mQnJEOrW/kxldxI6KIW9/C9AJeDwQ+vnNCcv44U9JhGD4HY+MTk1PTM7OlufmFxaXy8sqlM7kVUBVGGXsdcwdKaqiiRAXXmQWexgqu4pvjfv/qFqyTRl9gkUE95S0tEyk4etUonzAFCVKmuG4poJ0tWlBmZavtnR26A8p6HdajTDSNt73ii4VxDNuAvFGuhNvhoOhfiEZQIaM6a5QfWdOIPAWNQnHnalGYYb3LLUqh4K7EcgcZFze8BTWPmqfg6t3Bvnd0w5smTYz1RyMd2O83ujx1rkhjP5lybLvfvb78r1fLMdmvd6XOcgQthg8luaJoaD882pQWBKrCAxdW+r9S0eaWC/QRl3wI0e+V/8Llznbk+Xy3cng0imOGrJF1skkiskcOySk5I1UiyD15JC/kNXgInoK34H04OhaM7qySHxV8fAJp7Ki2</latexit><latexit sha1_base64="Erkef27IuCLz13CGlmdw2LKnN48=">AAACL3icbZDLSgMxFIYz3q23qks3wSK4EJkRQTeCKIhLBatCU0omPdMGM8mQnJEOrW/kxldxI6KIW9/C9AJeDwQ+vnNCcv44U9JhGD4HY+MTk1PTM7OlufmFxaXy8sqlM7kVUBVGGXsdcwdKaqiiRAXXmQWexgqu4pvjfv/qFqyTRl9gkUE95S0tEyk4etUonzAFCVKmuG4poJ0tWlBmZavtnR26A8p6HdajTDSNt73ii4VxDNuAvFGuhNvhoOhfiEZQIaM6a5QfWdOIPAWNQnHnalGYYb3LLUqh4K7EcgcZFze8BTWPmqfg6t3Bvnd0w5smTYz1RyMd2O83ujx1rkhjP5lybLvfvb78r1fLMdmvd6XOcgQthg8luaJoaD882pQWBKrCAxdW+r9S0eaWC/QRl3wI0e+V/8Llznbk+Xy3cng0imOGrJF1skkiskcOySk5I1UiyD15JC/kNXgInoK34H04OhaM7qySHxV8fAJp7Ki2</latexit>



Vectors
- Inner production interpretation:

x
<latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit>

y
<latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit><latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit><latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit><latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit>

hx, yi = kxk · kyk · cos ✓
<latexit sha1_base64="Erkef27IuCLz13CGlmdw2LKnN48=">AAACL3icbZDLSgMxFIYz3q23qks3wSK4EJkRQTeCKIhLBatCU0omPdMGM8mQnJEOrW/kxldxI6KIW9/C9AJeDwQ+vnNCcv44U9JhGD4HY+MTk1PTM7OlufmFxaXy8sqlM7kVUBVGGXsdcwdKaqiiRAXXmQWexgqu4pvjfv/qFqyTRl9gkUE95S0tEyk4etUonzAFCVKmuG4poJ0tWlBmZavtnR26A8p6HdajTDSNt73ii4VxDNuAvFGuhNvhoOhfiEZQIaM6a5QfWdOIPAWNQnHnalGYYb3LLUqh4K7EcgcZFze8BTWPmqfg6t3Bvnd0w5smTYz1RyMd2O83ujx1rkhjP5lybLvfvb78r1fLMdmvd6XOcgQthg8luaJoaD882pQWBKrCAxdW+r9S0eaWC/QRl3wI0e+V/8Llznbk+Xy3cng0imOGrJF1skkiskcOySk5I1UiyD15JC/kNXgInoK34H04OhaM7qySHxV8fAJp7Ki2</latexit><latexit sha1_base64="Erkef27IuCLz13CGlmdw2LKnN48=">AAACL3icbZDLSgMxFIYz3q23qks3wSK4EJkRQTeCKIhLBatCU0omPdMGM8mQnJEOrW/kxldxI6KIW9/C9AJeDwQ+vnNCcv44U9JhGD4HY+MTk1PTM7OlufmFxaXy8sqlM7kVUBVGGXsdcwdKaqiiRAXXmQWexgqu4pvjfv/qFqyTRl9gkUE95S0tEyk4etUonzAFCVKmuG4poJ0tWlBmZavtnR26A8p6HdajTDSNt73ii4VxDNuAvFGuhNvhoOhfiEZQIaM6a5QfWdOIPAWNQnHnalGYYb3LLUqh4K7EcgcZFze8BTWPmqfg6t3Bvnd0w5smTYz1RyMd2O83ujx1rkhjP5lybLvfvb78r1fLMdmvd6XOcgQthg8luaJoaD882pQWBKrCAxdW+r9S0eaWC/QRl3wI0e+V/8Llznbk+Xy3cng0imOGrJF1skkiskcOySk5I1UiyD15JC/kNXgInoK34H04OhaM7qySHxV8fAJp7Ki2</latexit><latexit sha1_base64="Erkef27IuCLz13CGlmdw2LKnN48=">AAACL3icbZDLSgMxFIYz3q23qks3wSK4EJkRQTeCKIhLBatCU0omPdMGM8mQnJEOrW/kxldxI6KIW9/C9AJeDwQ+vnNCcv44U9JhGD4HY+MTk1PTM7OlufmFxaXy8sqlM7kVUBVGGXsdcwdKaqiiRAXXmQWexgqu4pvjfv/qFqyTRl9gkUE95S0tEyk4etUonzAFCVKmuG4poJ0tWlBmZavtnR26A8p6HdajTDSNt73ii4VxDNuAvFGuhNvhoOhfiEZQIaM6a5QfWdOIPAWNQnHnalGYYb3LLUqh4K7EcgcZFze8BTWPmqfg6t3Bvnd0w5smTYz1RyMd2O83ujx1rkhjP5lybLvfvb78r1fLMdmvd6XOcgQthg8luaJoaD882pQWBKrCAxdW+r9S0eaWC/QRl3wI0e+V/8Llznbk+Xy3cng0imOGrJF1skkiskcOySk5I1UiyD15JC/kNXgInoK34H04OhaM7qySHxV8fAJp7Ki2</latexit><latexit sha1_base64="Erkef27IuCLz13CGlmdw2LKnN48=">AAACL3icbZDLSgMxFIYz3q23qks3wSK4EJkRQTeCKIhLBatCU0omPdMGM8mQnJEOrW/kxldxI6KIW9/C9AJeDwQ+vnNCcv44U9JhGD4HY+MTk1PTM7OlufmFxaXy8sqlM7kVUBVGGXsdcwdKaqiiRAXXmQWexgqu4pvjfv/qFqyTRl9gkUE95S0tEyk4etUonzAFCVKmuG4poJ0tWlBmZavtnR26A8p6HdajTDSNt73ii4VxDNuAvFGuhNvhoOhfiEZQIaM6a5QfWdOIPAWNQnHnalGYYb3LLUqh4K7EcgcZFze8BTWPmqfg6t3Bvnd0w5smTYz1RyMd2O83ujx1rkhjP5lybLvfvb78r1fLMdmvd6XOcgQthg8luaJoaD882pQWBKrCAxdW+r9S0eaWC/QRl3wI0e+V/8Llznbk+Xy3cng0imOGrJF1skkiskcOySk5I1UiyD15JC/kNXgInoK34H04OhaM7qySHxV8fAJp7Ki2</latexit>



Vectors
- Inner production interpretation:

x
<latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit>

y
<latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit><latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit><latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit><latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit>✓

<latexit sha1_base64="+2a+YdAkK5gXAKPWKNIZ/6djIOk=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanZxxJH2yhW/6s9FViHIoQK56r3yV7evWRpzhUxSazuBn2CYUYOCST4tdVPLE8rGdMg7DhWNuQ2z+bZTcuacPhlo455CMnd/T2Q0tnYSR64zpjiyy7WZ+V+tk+LgOsyESlLkii0+GqSSoCaz00lfGM5QThxQZoTblbARNZShC6jkQgiWT16F5kU1cHx/Wand5HEU4QRO4RwCuIIa3EEdGsDgEZ7hFd487b14797HorXg5TPH8Efe5w+j+Y8o</latexit><latexit sha1_base64="+2a+YdAkK5gXAKPWKNIZ/6djIOk=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanZxxJH2yhW/6s9FViHIoQK56r3yV7evWRpzhUxSazuBn2CYUYOCST4tdVPLE8rGdMg7DhWNuQ2z+bZTcuacPhlo455CMnd/T2Q0tnYSR64zpjiyy7WZ+V+tk+LgOsyESlLkii0+GqSSoCaz00lfGM5QThxQZoTblbARNZShC6jkQgiWT16F5kU1cHx/Wand5HEU4QRO4RwCuIIa3EEdGsDgEZ7hFd487b14797HorXg5TPH8Efe5w+j+Y8o</latexit><latexit sha1_base64="+2a+YdAkK5gXAKPWKNIZ/6djIOk=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanZxxJH2yhW/6s9FViHIoQK56r3yV7evWRpzhUxSazuBn2CYUYOCST4tdVPLE8rGdMg7DhWNuQ2z+bZTcuacPhlo455CMnd/T2Q0tnYSR64zpjiyy7WZ+V+tk+LgOsyESlLkii0+GqSSoCaz00lfGM5QThxQZoTblbARNZShC6jkQgiWT16F5kU1cHx/Wand5HEU4QRO4RwCuIIa3EEdGsDgEZ7hFd487b14797HorXg5TPH8Efe5w+j+Y8o</latexit><latexit sha1_base64="+2a+YdAkK5gXAKPWKNIZ/6djIOk=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanZxxJH2yhW/6s9FViHIoQK56r3yV7evWRpzhUxSazuBn2CYUYOCST4tdVPLE8rGdMg7DhWNuQ2z+bZTcuacPhlo455CMnd/T2Q0tnYSR64zpjiyy7WZ+V+tk+LgOsyESlLkii0+GqSSoCaz00lfGM5QThxQZoTblbARNZShC6jkQgiWT16F5kU1cHx/Wand5HEU4QRO4RwCuIIa3EEdGsDgEZ7hFd487b14797HorXg5TPH8Efe5w+j+Y8o</latexit>

hx, yi = kxk · kyk · cos ✓
<latexit sha1_base64="Erkef27IuCLz13CGlmdw2LKnN48=">AAACL3icbZDLSgMxFIYz3q23qks3wSK4EJkRQTeCKIhLBatCU0omPdMGM8mQnJEOrW/kxldxI6KIW9/C9AJeDwQ+vnNCcv44U9JhGD4HY+MTk1PTM7OlufmFxaXy8sqlM7kVUBVGGXsdcwdKaqiiRAXXmQWexgqu4pvjfv/qFqyTRl9gkUE95S0tEyk4etUonzAFCVKmuG4poJ0tWlBmZavtnR26A8p6HdajTDSNt73ii4VxDNuAvFGuhNvhoOhfiEZQIaM6a5QfWdOIPAWNQnHnalGYYb3LLUqh4K7EcgcZFze8BTWPmqfg6t3Bvnd0w5smTYz1RyMd2O83ujx1rkhjP5lybLvfvb78r1fLMdmvd6XOcgQthg8luaJoaD882pQWBKrCAxdW+r9S0eaWC/QRl3wI0e+V/8Llznbk+Xy3cng0imOGrJF1skkiskcOySk5I1UiyD15JC/kNXgInoK34H04OhaM7qySHxV8fAJp7Ki2</latexit><latexit sha1_base64="Erkef27IuCLz13CGlmdw2LKnN48=">AAACL3icbZDLSgMxFIYz3q23qks3wSK4EJkRQTeCKIhLBatCU0omPdMGM8mQnJEOrW/kxldxI6KIW9/C9AJeDwQ+vnNCcv44U9JhGD4HY+MTk1PTM7OlufmFxaXy8sqlM7kVUBVGGXsdcwdKaqiiRAXXmQWexgqu4pvjfv/qFqyTRl9gkUE95S0tEyk4etUonzAFCVKmuG4poJ0tWlBmZavtnR26A8p6HdajTDSNt73ii4VxDNuAvFGuhNvhoOhfiEZQIaM6a5QfWdOIPAWNQnHnalGYYb3LLUqh4K7EcgcZFze8BTWPmqfg6t3Bvnd0w5smTYz1RyMd2O83ujx1rkhjP5lybLvfvb78r1fLMdmvd6XOcgQthg8luaJoaD882pQWBKrCAxdW+r9S0eaWC/QRl3wI0e+V/8Llznbk+Xy3cng0imOGrJF1skkiskcOySk5I1UiyD15JC/kNXgInoK34H04OhaM7qySHxV8fAJp7Ki2</latexit><latexit sha1_base64="Erkef27IuCLz13CGlmdw2LKnN48=">AAACL3icbZDLSgMxFIYz3q23qks3wSK4EJkRQTeCKIhLBatCU0omPdMGM8mQnJEOrW/kxldxI6KIW9/C9AJeDwQ+vnNCcv44U9JhGD4HY+MTk1PTM7OlufmFxaXy8sqlM7kVUBVGGXsdcwdKaqiiRAXXmQWexgqu4pvjfv/qFqyTRl9gkUE95S0tEyk4etUonzAFCVKmuG4poJ0tWlBmZavtnR26A8p6HdajTDSNt73ii4VxDNuAvFGuhNvhoOhfiEZQIaM6a5QfWdOIPAWNQnHnalGYYb3LLUqh4K7EcgcZFze8BTWPmqfg6t3Bvnd0w5smTYz1RyMd2O83ujx1rkhjP5lybLvfvb78r1fLMdmvd6XOcgQthg8luaJoaD882pQWBKrCAxdW+r9S0eaWC/QRl3wI0e+V/8Llznbk+Xy3cng0imOGrJF1skkiskcOySk5I1UiyD15JC/kNXgInoK34H04OhaM7qySHxV8fAJp7Ki2</latexit><latexit sha1_base64="Erkef27IuCLz13CGlmdw2LKnN48=">AAACL3icbZDLSgMxFIYz3q23qks3wSK4EJkRQTeCKIhLBatCU0omPdMGM8mQnJEOrW/kxldxI6KIW9/C9AJeDwQ+vnNCcv44U9JhGD4HY+MTk1PTM7OlufmFxaXy8sqlM7kVUBVGGXsdcwdKaqiiRAXXmQWexgqu4pvjfv/qFqyTRl9gkUE95S0tEyk4etUonzAFCVKmuG4poJ0tWlBmZavtnR26A8p6HdajTDSNt73ii4VxDNuAvFGuhNvhoOhfiEZQIaM6a5QfWdOIPAWNQnHnalGYYb3LLUqh4K7EcgcZFze8BTWPmqfg6t3Bvnd0w5smTYz1RyMd2O83ujx1rkhjP5lybLvfvb78r1fLMdmvd6XOcgQthg8luaJoaD882pQWBKrCAxdW+r9S0eaWC/QRl3wI0e+V/8Llznbk+Xy3cng0imOGrJF1skkiskcOySk5I1UiyD15JC/kNXgInoK34H04OhaM7qySHxV8fAJp7Ki2</latexit>



Vectors
- Inner production interpretation:

x
<latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit>

y
<latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit><latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit><latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit><latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit>✓

<latexit sha1_base64="+2a+YdAkK5gXAKPWKNIZ/6djIOk=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanZxxJH2yhW/6s9FViHIoQK56r3yV7evWRpzhUxSazuBn2CYUYOCST4tdVPLE8rGdMg7DhWNuQ2z+bZTcuacPhlo455CMnd/T2Q0tnYSR64zpjiyy7WZ+V+tk+LgOsyESlLkii0+GqSSoCaz00lfGM5QThxQZoTblbARNZShC6jkQgiWT16F5kU1cHx/Wand5HEU4QRO4RwCuIIa3EEdGsDgEZ7hFd487b14797HorXg5TPH8Efe5w+j+Y8o</latexit><latexit sha1_base64="+2a+YdAkK5gXAKPWKNIZ/6djIOk=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanZxxJH2yhW/6s9FViHIoQK56r3yV7evWRpzhUxSazuBn2CYUYOCST4tdVPLE8rGdMg7DhWNuQ2z+bZTcuacPhlo455CMnd/T2Q0tnYSR64zpjiyy7WZ+V+tk+LgOsyESlLkii0+GqSSoCaz00lfGM5QThxQZoTblbARNZShC6jkQgiWT16F5kU1cHx/Wand5HEU4QRO4RwCuIIa3EEdGsDgEZ7hFd487b14797HorXg5TPH8Efe5w+j+Y8o</latexit><latexit sha1_base64="+2a+YdAkK5gXAKPWKNIZ/6djIOk=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanZxxJH2yhW/6s9FViHIoQK56r3yV7evWRpzhUxSazuBn2CYUYOCST4tdVPLE8rGdMg7DhWNuQ2z+bZTcuacPhlo455CMnd/T2Q0tnYSR64zpjiyy7WZ+V+tk+LgOsyESlLkii0+GqSSoCaz00lfGM5QThxQZoTblbARNZShC6jkQgiWT16F5kU1cHx/Wand5HEU4QRO4RwCuIIa3EEdGsDgEZ7hFd487b14797HorXg5TPH8Efe5w+j+Y8o</latexit><latexit sha1_base64="+2a+YdAkK5gXAKPWKNIZ/6djIOk=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanZxxJH2yhW/6s9FViHIoQK56r3yV7evWRpzhUxSazuBn2CYUYOCST4tdVPLE8rGdMg7DhWNuQ2z+bZTcuacPhlo455CMnd/T2Q0tnYSR64zpjiyy7WZ+V+tk+LgOsyESlLkii0+GqSSoCaz00lfGM5QThxQZoTblbARNZShC6jkQgiWT16F5kU1cHx/Wand5HEU4QRO4RwCuIIa3EEdGsDgEZ7hFd487b14797HorXg5TPH8Efe5w+j+Y8o</latexit>

kxk cos ✓
<latexit sha1_base64="l948m21HmgBSkPWPzlTrden6Ts0=">AAAB+XicbZDNSgMxFIUz9a/Wv1GXboJFcFVmRNBl0Y3LCrYVOkPJpJk2NJMMyZ1imfZN3LhQxK1v4s63MW1noa0HAh/n3su9OVEquAHP+3ZKa+sbm1vl7crO7t7+gXt41DIq05Q1qRJKP0bEMMElawIHwR5TzUgSCdaOhrezenvEtOFKPsA4ZWFC+pLHnBKwVtd1g8lTMMEBVSaAAQPSdatezZsLr4JfQBUVanTdr6CnaJYwCVQQYzq+l0KYEw2cCjatBJlhKaFD0mcdi5IkzIT5/PIpPrNOD8dK2ycBz93fEzlJjBknke1MCAzMcm1m/lfrZBBfhzmXaQZM0sWiOBMYFJ7FgHtcMwpibIFQze2tmA6IJhRsWBUbgr/85VVoXdR8y/eX1fpNEUcZnaBTdI58dIXq6A41UBNRNELP6BW9Obnz4rw7H4vWklPMHKM/cj5/AKRGk6Y=</latexit><latexit sha1_base64="l948m21HmgBSkPWPzlTrden6Ts0=">AAAB+XicbZDNSgMxFIUz9a/Wv1GXboJFcFVmRNBl0Y3LCrYVOkPJpJk2NJMMyZ1imfZN3LhQxK1v4s63MW1noa0HAh/n3su9OVEquAHP+3ZKa+sbm1vl7crO7t7+gXt41DIq05Q1qRJKP0bEMMElawIHwR5TzUgSCdaOhrezenvEtOFKPsA4ZWFC+pLHnBKwVtd1g8lTMMEBVSaAAQPSdatezZsLr4JfQBUVanTdr6CnaJYwCVQQYzq+l0KYEw2cCjatBJlhKaFD0mcdi5IkzIT5/PIpPrNOD8dK2ycBz93fEzlJjBknke1MCAzMcm1m/lfrZBBfhzmXaQZM0sWiOBMYFJ7FgHtcMwpibIFQze2tmA6IJhRsWBUbgr/85VVoXdR8y/eX1fpNEUcZnaBTdI58dIXq6A41UBNRNELP6BW9Obnz4rw7H4vWklPMHKM/cj5/AKRGk6Y=</latexit><latexit sha1_base64="l948m21HmgBSkPWPzlTrden6Ts0=">AAAB+XicbZDNSgMxFIUz9a/Wv1GXboJFcFVmRNBl0Y3LCrYVOkPJpJk2NJMMyZ1imfZN3LhQxK1v4s63MW1noa0HAh/n3su9OVEquAHP+3ZKa+sbm1vl7crO7t7+gXt41DIq05Q1qRJKP0bEMMElawIHwR5TzUgSCdaOhrezenvEtOFKPsA4ZWFC+pLHnBKwVtd1g8lTMMEBVSaAAQPSdatezZsLr4JfQBUVanTdr6CnaJYwCVQQYzq+l0KYEw2cCjatBJlhKaFD0mcdi5IkzIT5/PIpPrNOD8dK2ycBz93fEzlJjBknke1MCAzMcm1m/lfrZBBfhzmXaQZM0sWiOBMYFJ7FgHtcMwpibIFQze2tmA6IJhRsWBUbgr/85VVoXdR8y/eX1fpNEUcZnaBTdI58dIXq6A41UBNRNELP6BW9Obnz4rw7H4vWklPMHKM/cj5/AKRGk6Y=</latexit><latexit sha1_base64="l948m21HmgBSkPWPzlTrden6Ts0=">AAAB+XicbZDNSgMxFIUz9a/Wv1GXboJFcFVmRNBl0Y3LCrYVOkPJpJk2NJMMyZ1imfZN3LhQxK1v4s63MW1noa0HAh/n3su9OVEquAHP+3ZKa+sbm1vl7crO7t7+gXt41DIq05Q1qRJKP0bEMMElawIHwR5TzUgSCdaOhrezenvEtOFKPsA4ZWFC+pLHnBKwVtd1g8lTMMEBVSaAAQPSdatezZsLr4JfQBUVanTdr6CnaJYwCVQQYzq+l0KYEw2cCjatBJlhKaFD0mcdi5IkzIT5/PIpPrNOD8dK2ycBz93fEzlJjBknke1MCAzMcm1m/lfrZBBfhzmXaQZM0sWiOBMYFJ7FgHtcMwpibIFQze2tmA6IJhRsWBUbgr/85VVoXdR8y/eX1fpNEUcZnaBTdI58dIXq6A41UBNRNELP6BW9Obnz4rw7H4vWklPMHKM/cj5/AKRGk6Y=</latexit>

hx, yi = kxk · kyk · cos ✓
<latexit sha1_base64="Erkef27IuCLz13CGlmdw2LKnN48=">AAACL3icbZDLSgMxFIYz3q23qks3wSK4EJkRQTeCKIhLBatCU0omPdMGM8mQnJEOrW/kxldxI6KIW9/C9AJeDwQ+vnNCcv44U9JhGD4HY+MTk1PTM7OlufmFxaXy8sqlM7kVUBVGGXsdcwdKaqiiRAXXmQWexgqu4pvjfv/qFqyTRl9gkUE95S0tEyk4etUonzAFCVKmuG4poJ0tWlBmZavtnR26A8p6HdajTDSNt73ii4VxDNuAvFGuhNvhoOhfiEZQIaM6a5QfWdOIPAWNQnHnalGYYb3LLUqh4K7EcgcZFze8BTWPmqfg6t3Bvnd0w5smTYz1RyMd2O83ujx1rkhjP5lybLvfvb78r1fLMdmvd6XOcgQthg8luaJoaD882pQWBKrCAxdW+r9S0eaWC/QRl3wI0e+V/8Llznbk+Xy3cng0imOGrJF1skkiskcOySk5I1UiyD15JC/kNXgInoK34H04OhaM7qySHxV8fAJp7Ki2</latexit><latexit sha1_base64="Erkef27IuCLz13CGlmdw2LKnN48=">AAACL3icbZDLSgMxFIYz3q23qks3wSK4EJkRQTeCKIhLBatCU0omPdMGM8mQnJEOrW/kxldxI6KIW9/C9AJeDwQ+vnNCcv44U9JhGD4HY+MTk1PTM7OlufmFxaXy8sqlM7kVUBVGGXsdcwdKaqiiRAXXmQWexgqu4pvjfv/qFqyTRl9gkUE95S0tEyk4etUonzAFCVKmuG4poJ0tWlBmZavtnR26A8p6HdajTDSNt73ii4VxDNuAvFGuhNvhoOhfiEZQIaM6a5QfWdOIPAWNQnHnalGYYb3LLUqh4K7EcgcZFze8BTWPmqfg6t3Bvnd0w5smTYz1RyMd2O83ujx1rkhjP5lybLvfvb78r1fLMdmvd6XOcgQthg8luaJoaD882pQWBKrCAxdW+r9S0eaWC/QRl3wI0e+V/8Llznbk+Xy3cng0imOGrJF1skkiskcOySk5I1UiyD15JC/kNXgInoK34H04OhaM7qySHxV8fAJp7Ki2</latexit><latexit sha1_base64="Erkef27IuCLz13CGlmdw2LKnN48=">AAACL3icbZDLSgMxFIYz3q23qks3wSK4EJkRQTeCKIhLBatCU0omPdMGM8mQnJEOrW/kxldxI6KIW9/C9AJeDwQ+vnNCcv44U9JhGD4HY+MTk1PTM7OlufmFxaXy8sqlM7kVUBVGGXsdcwdKaqiiRAXXmQWexgqu4pvjfv/qFqyTRl9gkUE95S0tEyk4etUonzAFCVKmuG4poJ0tWlBmZavtnR26A8p6HdajTDSNt73ii4VxDNuAvFGuhNvhoOhfiEZQIaM6a5QfWdOIPAWNQnHnalGYYb3LLUqh4K7EcgcZFze8BTWPmqfg6t3Bvnd0w5smTYz1RyMd2O83ujx1rkhjP5lybLvfvb78r1fLMdmvd6XOcgQthg8luaJoaD882pQWBKrCAxdW+r9S0eaWC/QRl3wI0e+V/8Llznbk+Xy3cng0imOGrJF1skkiskcOySk5I1UiyD15JC/kNXgInoK34H04OhaM7qySHxV8fAJp7Ki2</latexit><latexit sha1_base64="Erkef27IuCLz13CGlmdw2LKnN48=">AAACL3icbZDLSgMxFIYz3q23qks3wSK4EJkRQTeCKIhLBatCU0omPdMGM8mQnJEOrW/kxldxI6KIW9/C9AJeDwQ+vnNCcv44U9JhGD4HY+MTk1PTM7OlufmFxaXy8sqlM7kVUBVGGXsdcwdKaqiiRAXXmQWexgqu4pvjfv/qFqyTRl9gkUE95S0tEyk4etUonzAFCVKmuG4poJ0tWlBmZavtnR26A8p6HdajTDSNt73ii4VxDNuAvFGuhNvhoOhfiEZQIaM6a5QfWdOIPAWNQnHnalGYYb3LLUqh4K7EcgcZFze8BTWPmqfg6t3Bvnd0w5smTYz1RyMd2O83ujx1rkhjP5lybLvfvb78r1fLMdmvd6XOcgQthg8luaJoaD882pQWBKrCAxdW+r9S0eaWC/QRl3wI0e+V/8Llznbk+Xy3cng0imOGrJF1skkiskcOySk5I1UiyD15JC/kNXgInoK34H04OhaM7qySHxV8fAJp7Ki2</latexit>



Vectors
- Norms = notion of distance in multiple dimensions

kxk � 0, 8x 2 Rp

kxk = 0, i↵ x = 0

k↵xk = |↵|kxk, 8↵ 2 R
kx+ yk  kxk+ kyk
|x>y|  kxkkyk

<latexit sha1_base64="W/Pp3/QdtCjJ9K5BM4nG+Z/x/0E="></latexit><latexit sha1_base64="W/Pp3/QdtCjJ9K5BM4nG+Z/x/0E="></latexit><latexit sha1_base64="W/Pp3/QdtCjJ9K5BM4nG+Z/x/0E="></latexit><latexit sha1_base64="W/Pp3/QdtCjJ9K5BM4nG+Z/x/0E="></latexit>

Properties: 
(Triangle inequality)

(Cauchy-Schwarz)



Vectors
- Norms = notion of distance in multiple dimensions

kxk � 0, 8x 2 Rp

kxk = 0, i↵ x = 0

k↵xk = |↵|kxk, 8↵ 2 R
kx+ yk  kxk+ kyk
|x>y|  kxkkyk

<latexit sha1_base64="W/Pp3/QdtCjJ9K5BM4nG+Z/x/0E="></latexit><latexit sha1_base64="W/Pp3/QdtCjJ9K5BM4nG+Z/x/0E="></latexit><latexit sha1_base64="W/Pp3/QdtCjJ9K5BM4nG+Z/x/0E="></latexit><latexit sha1_base64="W/Pp3/QdtCjJ9K5BM4nG+Z/x/0E="></latexit>

- Standard vector norms:

kxk2 =

sX

i

x2
i

<latexit sha1_base64="AC2cb8APmYTx7Pqme6BxFnO0Kk8=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUmKoBuh6MZlBfuAJobJdNIOnUzizERa0izd+CtuXCji1k9w5984bbPQ1gMXDufcy733+DGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29powSgUkDRywSbR9JwignDUUVI+1YEBT6jLT8wdXEbz0QIWnEb9UoJm6IepwGFCOlJc88dMZDZ+xV4QV05L1QqSOT0EtpBocevatmnlm2KtYUcJHYOSmDHHXP/HK6EU5CwhVmSMqObcXKTZFQFDOSlZxEkhjhAeqRjqYchUS66fSRDB5rpQuDSOjiCk7V3xMpCqUchb7uDJHqy3lvIv7ndRIVnLsp5XGiCMezRUHCoIrgJBXYpYJgxUaaICyovhXiPhIIK51dSYdgz7+8SJrVim1V7JvTcu0yj6MIDsAROAE2OAM1cA3qoAEweATP4BW8GU/Gi/FufMxaC0Y+sw/+wPj8AWzzmZY=</latexit><latexit sha1_base64="AC2cb8APmYTx7Pqme6BxFnO0Kk8=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUmKoBuh6MZlBfuAJobJdNIOnUzizERa0izd+CtuXCji1k9w5984bbPQ1gMXDufcy733+DGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29powSgUkDRywSbR9JwignDUUVI+1YEBT6jLT8wdXEbz0QIWnEb9UoJm6IepwGFCOlJc88dMZDZ+xV4QV05L1QqSOT0EtpBocevatmnlm2KtYUcJHYOSmDHHXP/HK6EU5CwhVmSMqObcXKTZFQFDOSlZxEkhjhAeqRjqYchUS66fSRDB5rpQuDSOjiCk7V3xMpCqUchb7uDJHqy3lvIv7ndRIVnLsp5XGiCMezRUHCoIrgJBXYpYJgxUaaICyovhXiPhIIK51dSYdgz7+8SJrVim1V7JvTcu0yj6MIDsAROAE2OAM1cA3qoAEweATP4BW8GU/Gi/FufMxaC0Y+sw/+wPj8AWzzmZY=</latexit><latexit sha1_base64="AC2cb8APmYTx7Pqme6BxFnO0Kk8=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUmKoBuh6MZlBfuAJobJdNIOnUzizERa0izd+CtuXCji1k9w5984bbPQ1gMXDufcy733+DGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29powSgUkDRywSbR9JwignDUUVI+1YEBT6jLT8wdXEbz0QIWnEb9UoJm6IepwGFCOlJc88dMZDZ+xV4QV05L1QqSOT0EtpBocevatmnlm2KtYUcJHYOSmDHHXP/HK6EU5CwhVmSMqObcXKTZFQFDOSlZxEkhjhAeqRjqYchUS66fSRDB5rpQuDSOjiCk7V3xMpCqUchb7uDJHqy3lvIv7ndRIVnLsp5XGiCMezRUHCoIrgJBXYpYJgxUaaICyovhXiPhIIK51dSYdgz7+8SJrVim1V7JvTcu0yj6MIDsAROAE2OAM1cA3qoAEweATP4BW8GU/Gi/FufMxaC0Y+sw/+wPj8AWzzmZY=</latexit><latexit sha1_base64="AC2cb8APmYTx7Pqme6BxFnO0Kk8=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUmKoBuh6MZlBfuAJobJdNIOnUzizERa0izd+CtuXCji1k9w5984bbPQ1gMXDufcy733+DGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29powSgUkDRywSbR9JwignDUUVI+1YEBT6jLT8wdXEbz0QIWnEb9UoJm6IepwGFCOlJc88dMZDZ+xV4QV05L1QqSOT0EtpBocevatmnlm2KtYUcJHYOSmDHHXP/HK6EU5CwhVmSMqObcXKTZFQFDOSlZxEkhjhAeqRjqYchUS66fSRDB5rpQuDSOjiCk7V3xMpCqUchb7uDJHqy3lvIv7ndRIVnLsp5XGiCMezRUHCoIrgJBXYpYJgxUaaICyovhXiPhIIK51dSYdgz7+8SJrVim1V7JvTcu0yj6MIDsAROAE2OAM1cA3qoAEweATP4BW8GU/Gi/FufMxaC0Y+sw/+wPj8AWzzmZY=</latexit>

kxk1 =
X

i

|xi|
<latexit sha1_base64="niwUbMm1kl6rOKF+leJaJfpL/uc=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEBN0IRTcuK9gHNCFMppN26MwkzEykJenCX3HjQhG3/oY7/8Zpm4W2HrhwOOde7r0nTBhV2nG+rdLK6tr6RnmzsrW9s7tn7x+0VJxKTJo4ZrHshEgRRgVpaqoZ6SSSIB4y0g6Ht1O//UikorF40OOE+Bz1BY0oRtpIgX3k5SMvD1x4DT2V8oDCfBTQPLCrTs2ZAS4TtyBVUKAR2F9eL8YpJ0JjhpTquk6i/QxJTTEjk4qXKpIgPER90jVUIE6Un83un8BTo/RgFEtTQsOZ+nsiQ1ypMQ9NJ0d6oBa9qfif1011dOVnVCSpJgLPF0UpgzqG0zBgj0qCNRsbgrCk5laIB0girE1kFROCu/jyMmmd11yn5t5fVOs3RRxlcAxOwBlwwSWogzvQAE2AQQ6ewSt4s56sF+vd+pi3lqxi5hD8gfX5Ay1slY0=</latexit><latexit sha1_base64="niwUbMm1kl6rOKF+leJaJfpL/uc=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEBN0IRTcuK9gHNCFMppN26MwkzEykJenCX3HjQhG3/oY7/8Zpm4W2HrhwOOde7r0nTBhV2nG+rdLK6tr6RnmzsrW9s7tn7x+0VJxKTJo4ZrHshEgRRgVpaqoZ6SSSIB4y0g6Ht1O//UikorF40OOE+Bz1BY0oRtpIgX3k5SMvD1x4DT2V8oDCfBTQPLCrTs2ZAS4TtyBVUKAR2F9eL8YpJ0JjhpTquk6i/QxJTTEjk4qXKpIgPER90jVUIE6Un83un8BTo/RgFEtTQsOZ+nsiQ1ypMQ9NJ0d6oBa9qfif1011dOVnVCSpJgLPF0UpgzqG0zBgj0qCNRsbgrCk5laIB0girE1kFROCu/jyMmmd11yn5t5fVOs3RRxlcAxOwBlwwSWogzvQAE2AQQ6ewSt4s56sF+vd+pi3lqxi5hD8gfX5Ay1slY0=</latexit><latexit sha1_base64="niwUbMm1kl6rOKF+leJaJfpL/uc=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEBN0IRTcuK9gHNCFMppN26MwkzEykJenCX3HjQhG3/oY7/8Zpm4W2HrhwOOde7r0nTBhV2nG+rdLK6tr6RnmzsrW9s7tn7x+0VJxKTJo4ZrHshEgRRgVpaqoZ6SSSIB4y0g6Ht1O//UikorF40OOE+Bz1BY0oRtpIgX3k5SMvD1x4DT2V8oDCfBTQPLCrTs2ZAS4TtyBVUKAR2F9eL8YpJ0JjhpTquk6i/QxJTTEjk4qXKpIgPER90jVUIE6Un83un8BTo/RgFEtTQsOZ+nsiQ1ypMQ9NJ0d6oBa9qfif1011dOVnVCSpJgLPF0UpgzqG0zBgj0qCNRsbgrCk5laIB0girE1kFROCu/jyMmmd11yn5t5fVOs3RRxlcAxOwBlwwSWogzvQAE2AQQ6ewSt4s56sF+vd+pi3lqxi5hD8gfX5Ay1slY0=</latexit><latexit sha1_base64="niwUbMm1kl6rOKF+leJaJfpL/uc=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEBN0IRTcuK9gHNCFMppN26MwkzEykJenCX3HjQhG3/oY7/8Zpm4W2HrhwOOde7r0nTBhV2nG+rdLK6tr6RnmzsrW9s7tn7x+0VJxKTJo4ZrHshEgRRgVpaqoZ6SSSIB4y0g6Ht1O//UikorF40OOE+Bz1BY0oRtpIgX3k5SMvD1x4DT2V8oDCfBTQPLCrTs2ZAS4TtyBVUKAR2F9eL8YpJ0JjhpTquk6i/QxJTTEjk4qXKpIgPER90jVUIE6Un83un8BTo/RgFEtTQsOZ+nsiQ1ypMQ9NJ0d6oBa9qfif1011dOVnVCSpJgLPF0UpgzqG0zBgj0qCNRsbgrCk5laIB0girE1kFROCu/jyMmmd11yn5t5fVOs3RRxlcAxOwBlwwSWogzvQAE2AQQ6ewSt4s56sF+vd+pi3lqxi5hD8gfX5Ay1slY0=</latexit>

kxk1 = max
i

|xi|
<latexit sha1_base64="ZwiIv/rroBMMfIMttUrsCBYwCTw=">AAACBnicbVDLSgMxFM34rPU16lKEYBFclRkRdCMU3bisYB/QGYZMmmlDk8yQZKTDtCs3/oobF4q49Rvc+Tem7Sy09cC9HM65l+SeMGFUacf5tpaWV1bX1ksb5c2t7Z1de2+/qeJUYtLAMYtlO0SKMCpIQ1PNSDuRBPGQkVY4uJn4rQciFY3Fvc4S4nPUEzSiGGkjBfaRNxp6oyD3qIh0NoZX0ONoGFA4Mm0U2BWn6kwBF4lbkAooUA/sL68b45QToTFDSnVcJ9F+jqSmmJFx2UsVSRAeoB7pGCoQJ8rPp2eM4YlRujCKpSmh4VT9vZEjrlTGQzPJke6reW8i/ud1Uh1d+jkVSaqJwLOHopRBHcNJJrBLJcGaZYYgLKn5K8R9JBHWJrmyCcGdP3mRNM+qrlN1784rtesijhI4BMfgFLjgAtTALaiDBsDgETyDV/BmPVkv1rv1MRtdsoqdA/AH1ucPapyZEQ==</latexit><latexit sha1_base64="ZwiIv/rroBMMfIMttUrsCBYwCTw=">AAACBnicbVDLSgMxFM34rPU16lKEYBFclRkRdCMU3bisYB/QGYZMmmlDk8yQZKTDtCs3/oobF4q49Rvc+Tem7Sy09cC9HM65l+SeMGFUacf5tpaWV1bX1ksb5c2t7Z1de2+/qeJUYtLAMYtlO0SKMCpIQ1PNSDuRBPGQkVY4uJn4rQciFY3Fvc4S4nPUEzSiGGkjBfaRNxp6oyD3qIh0NoZX0ONoGFA4Mm0U2BWn6kwBF4lbkAooUA/sL68b45QToTFDSnVcJ9F+jqSmmJFx2UsVSRAeoB7pGCoQJ8rPp2eM4YlRujCKpSmh4VT9vZEjrlTGQzPJke6reW8i/ud1Uh1d+jkVSaqJwLOHopRBHcNJJrBLJcGaZYYgLKn5K8R9JBHWJrmyCcGdP3mRNM+qrlN1784rtesijhI4BMfgFLjgAtTALaiDBsDgETyDV/BmPVkv1rv1MRtdsoqdA/AH1ucPapyZEQ==</latexit><latexit sha1_base64="ZwiIv/rroBMMfIMttUrsCBYwCTw=">AAACBnicbVDLSgMxFM34rPU16lKEYBFclRkRdCMU3bisYB/QGYZMmmlDk8yQZKTDtCs3/oobF4q49Rvc+Tem7Sy09cC9HM65l+SeMGFUacf5tpaWV1bX1ksb5c2t7Z1de2+/qeJUYtLAMYtlO0SKMCpIQ1PNSDuRBPGQkVY4uJn4rQciFY3Fvc4S4nPUEzSiGGkjBfaRNxp6oyD3qIh0NoZX0ONoGFA4Mm0U2BWn6kwBF4lbkAooUA/sL68b45QToTFDSnVcJ9F+jqSmmJFx2UsVSRAeoB7pGCoQJ8rPp2eM4YlRujCKpSmh4VT9vZEjrlTGQzPJke6reW8i/ud1Uh1d+jkVSaqJwLOHopRBHcNJJrBLJcGaZYYgLKn5K8R9JBHWJrmyCcGdP3mRNM+qrlN1784rtesijhI4BMfgFLjgAtTALaiDBsDgETyDV/BmPVkv1rv1MRtdsoqdA/AH1ucPapyZEQ==</latexit><latexit sha1_base64="ZwiIv/rroBMMfIMttUrsCBYwCTw=">AAACBnicbVDLSgMxFM34rPU16lKEYBFclRkRdCMU3bisYB/QGYZMmmlDk8yQZKTDtCs3/oobF4q49Rvc+Tem7Sy09cC9HM65l+SeMGFUacf5tpaWV1bX1ksb5c2t7Z1de2+/qeJUYtLAMYtlO0SKMCpIQ1PNSDuRBPGQkVY4uJn4rQciFY3Fvc4S4nPUEzSiGGkjBfaRNxp6oyD3qIh0NoZX0ONoGFA4Mm0U2BWn6kwBF4lbkAooUA/sL68b45QToTFDSnVcJ9F+jqSmmJFx2UsVSRAeoB7pGCoQJ8rPp2eM4YlRujCKpSmh4VT9vZEjrlTGQzPJke6reW8i/ud1Uh1d+jkVSaqJwLOHopRBHcNJJrBLJcGaZYYgLKn5K8R9JBHWJrmyCcGdP3mRNM+qrlN1784rtesijhI4BMfgFLjgAtTALaiDBsDgETyDV/BmPVkv1rv1MRtdsoqdA/AH1ucPapyZEQ==</latexit>

Properties: 
(Triangle inequality)

(Cauchy-Schwarz)



Vectors
- Norms = notion of distance in multiple dimensions

kxk � 0, 8x 2 Rp

kxk = 0, i↵ x = 0

k↵xk = |↵|kxk, 8↵ 2 R
kx+ yk  kxk+ kyk
|x>y|  kxkkyk

<latexit sha1_base64="W/Pp3/QdtCjJ9K5BM4nG+Z/x/0E="></latexit><latexit sha1_base64="W/Pp3/QdtCjJ9K5BM4nG+Z/x/0E="></latexit><latexit sha1_base64="W/Pp3/QdtCjJ9K5BM4nG+Z/x/0E="></latexit><latexit sha1_base64="W/Pp3/QdtCjJ9K5BM4nG+Z/x/0E="></latexit>

- Standard vector norms:

kxk2 =

sX

i

x2
i

<latexit sha1_base64="AC2cb8APmYTx7Pqme6BxFnO0Kk8=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUmKoBuh6MZlBfuAJobJdNIOnUzizERa0izd+CtuXCji1k9w5984bbPQ1gMXDufcy733+DGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29powSgUkDRywSbR9JwignDUUVI+1YEBT6jLT8wdXEbz0QIWnEb9UoJm6IepwGFCOlJc88dMZDZ+xV4QV05L1QqSOT0EtpBocevatmnlm2KtYUcJHYOSmDHHXP/HK6EU5CwhVmSMqObcXKTZFQFDOSlZxEkhjhAeqRjqYchUS66fSRDB5rpQuDSOjiCk7V3xMpCqUchb7uDJHqy3lvIv7ndRIVnLsp5XGiCMezRUHCoIrgJBXYpYJgxUaaICyovhXiPhIIK51dSYdgz7+8SJrVim1V7JvTcu0yj6MIDsAROAE2OAM1cA3qoAEweATP4BW8GU/Gi/FufMxaC0Y+sw/+wPj8AWzzmZY=</latexit><latexit sha1_base64="AC2cb8APmYTx7Pqme6BxFnO0Kk8=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUmKoBuh6MZlBfuAJobJdNIOnUzizERa0izd+CtuXCji1k9w5984bbPQ1gMXDufcy733+DGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29powSgUkDRywSbR9JwignDUUVI+1YEBT6jLT8wdXEbz0QIWnEb9UoJm6IepwGFCOlJc88dMZDZ+xV4QV05L1QqSOT0EtpBocevatmnlm2KtYUcJHYOSmDHHXP/HK6EU5CwhVmSMqObcXKTZFQFDOSlZxEkhjhAeqRjqYchUS66fSRDB5rpQuDSOjiCk7V3xMpCqUchb7uDJHqy3lvIv7ndRIVnLsp5XGiCMezRUHCoIrgJBXYpYJgxUaaICyovhXiPhIIK51dSYdgz7+8SJrVim1V7JvTcu0yj6MIDsAROAE2OAM1cA3qoAEweATP4BW8GU/Gi/FufMxaC0Y+sw/+wPj8AWzzmZY=</latexit><latexit sha1_base64="AC2cb8APmYTx7Pqme6BxFnO0Kk8=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUmKoBuh6MZlBfuAJobJdNIOnUzizERa0izd+CtuXCji1k9w5984bbPQ1gMXDufcy733+DGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29powSgUkDRywSbR9JwignDUUVI+1YEBT6jLT8wdXEbz0QIWnEb9UoJm6IepwGFCOlJc88dMZDZ+xV4QV05L1QqSOT0EtpBocevatmnlm2KtYUcJHYOSmDHHXP/HK6EU5CwhVmSMqObcXKTZFQFDOSlZxEkhjhAeqRjqYchUS66fSRDB5rpQuDSOjiCk7V3xMpCqUchb7uDJHqy3lvIv7ndRIVnLsp5XGiCMezRUHCoIrgJBXYpYJgxUaaICyovhXiPhIIK51dSYdgz7+8SJrVim1V7JvTcu0yj6MIDsAROAE2OAM1cA3qoAEweATP4BW8GU/Gi/FufMxaC0Y+sw/+wPj8AWzzmZY=</latexit><latexit sha1_base64="AC2cb8APmYTx7Pqme6BxFnO0Kk8=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUmKoBuh6MZlBfuAJobJdNIOnUzizERa0izd+CtuXCji1k9w5984bbPQ1gMXDufcy733+DGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29powSgUkDRywSbR9JwignDUUVI+1YEBT6jLT8wdXEbz0QIWnEb9UoJm6IepwGFCOlJc88dMZDZ+xV4QV05L1QqSOT0EtpBocevatmnlm2KtYUcJHYOSmDHHXP/HK6EU5CwhVmSMqObcXKTZFQFDOSlZxEkhjhAeqRjqYchUS66fSRDB5rpQuDSOjiCk7V3xMpCqUchb7uDJHqy3lvIv7ndRIVnLsp5XGiCMezRUHCoIrgJBXYpYJgxUaaICyovhXiPhIIK51dSYdgz7+8SJrVim1V7JvTcu0yj6MIDsAROAE2OAM1cA3qoAEweATP4BW8GU/Gi/FufMxaC0Y+sw/+wPj8AWzzmZY=</latexit>

kxk1 =
X

i

|xi|
<latexit sha1_base64="niwUbMm1kl6rOKF+leJaJfpL/uc=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEBN0IRTcuK9gHNCFMppN26MwkzEykJenCX3HjQhG3/oY7/8Zpm4W2HrhwOOde7r0nTBhV2nG+rdLK6tr6RnmzsrW9s7tn7x+0VJxKTJo4ZrHshEgRRgVpaqoZ6SSSIB4y0g6Ht1O//UikorF40OOE+Bz1BY0oRtpIgX3k5SMvD1x4DT2V8oDCfBTQPLCrTs2ZAS4TtyBVUKAR2F9eL8YpJ0JjhpTquk6i/QxJTTEjk4qXKpIgPER90jVUIE6Un83un8BTo/RgFEtTQsOZ+nsiQ1ypMQ9NJ0d6oBa9qfif1011dOVnVCSpJgLPF0UpgzqG0zBgj0qCNRsbgrCk5laIB0girE1kFROCu/jyMmmd11yn5t5fVOs3RRxlcAxOwBlwwSWogzvQAE2AQQ6ewSt4s56sF+vd+pi3lqxi5hD8gfX5Ay1slY0=</latexit><latexit sha1_base64="niwUbMm1kl6rOKF+leJaJfpL/uc=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEBN0IRTcuK9gHNCFMppN26MwkzEykJenCX3HjQhG3/oY7/8Zpm4W2HrhwOOde7r0nTBhV2nG+rdLK6tr6RnmzsrW9s7tn7x+0VJxKTJo4ZrHshEgRRgVpaqoZ6SSSIB4y0g6Ht1O//UikorF40OOE+Bz1BY0oRtpIgX3k5SMvD1x4DT2V8oDCfBTQPLCrTs2ZAS4TtyBVUKAR2F9eL8YpJ0JjhpTquk6i/QxJTTEjk4qXKpIgPER90jVUIE6Un83un8BTo/RgFEtTQsOZ+nsiQ1ypMQ9NJ0d6oBa9qfif1011dOVnVCSpJgLPF0UpgzqG0zBgj0qCNRsbgrCk5laIB0girE1kFROCu/jyMmmd11yn5t5fVOs3RRxlcAxOwBlwwSWogzvQAE2AQQ6ewSt4s56sF+vd+pi3lqxi5hD8gfX5Ay1slY0=</latexit><latexit sha1_base64="niwUbMm1kl6rOKF+leJaJfpL/uc=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEBN0IRTcuK9gHNCFMppN26MwkzEykJenCX3HjQhG3/oY7/8Zpm4W2HrhwOOde7r0nTBhV2nG+rdLK6tr6RnmzsrW9s7tn7x+0VJxKTJo4ZrHshEgRRgVpaqoZ6SSSIB4y0g6Ht1O//UikorF40OOE+Bz1BY0oRtpIgX3k5SMvD1x4DT2V8oDCfBTQPLCrTs2ZAS4TtyBVUKAR2F9eL8YpJ0JjhpTquk6i/QxJTTEjk4qXKpIgPER90jVUIE6Un83un8BTo/RgFEtTQsOZ+nsiQ1ypMQ9NJ0d6oBa9qfif1011dOVnVCSpJgLPF0UpgzqG0zBgj0qCNRsbgrCk5laIB0girE1kFROCu/jyMmmd11yn5t5fVOs3RRxlcAxOwBlwwSWogzvQAE2AQQ6ewSt4s56sF+vd+pi3lqxi5hD8gfX5Ay1slY0=</latexit><latexit sha1_base64="niwUbMm1kl6rOKF+leJaJfpL/uc=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEBN0IRTcuK9gHNCFMppN26MwkzEykJenCX3HjQhG3/oY7/8Zpm4W2HrhwOOde7r0nTBhV2nG+rdLK6tr6RnmzsrW9s7tn7x+0VJxKTJo4ZrHshEgRRgVpaqoZ6SSSIB4y0g6Ht1O//UikorF40OOE+Bz1BY0oRtpIgX3k5SMvD1x4DT2V8oDCfBTQPLCrTs2ZAS4TtyBVUKAR2F9eL8YpJ0JjhpTquk6i/QxJTTEjk4qXKpIgPER90jVUIE6Un83un8BTo/RgFEtTQsOZ+nsiQ1ypMQ9NJ0d6oBa9qfif1011dOVnVCSpJgLPF0UpgzqG0zBgj0qCNRsbgrCk5laIB0girE1kFROCu/jyMmmd11yn5t5fVOs3RRxlcAxOwBlwwSWogzvQAE2AQQ6ewSt4s56sF+vd+pi3lqxi5hD8gfX5Ay1slY0=</latexit>

kxk1 = max
i

|xi|
<latexit sha1_base64="ZwiIv/rroBMMfIMttUrsCBYwCTw=">AAACBnicbVDLSgMxFM34rPU16lKEYBFclRkRdCMU3bisYB/QGYZMmmlDk8yQZKTDtCs3/oobF4q49Rvc+Tem7Sy09cC9HM65l+SeMGFUacf5tpaWV1bX1ksb5c2t7Z1de2+/qeJUYtLAMYtlO0SKMCpIQ1PNSDuRBPGQkVY4uJn4rQciFY3Fvc4S4nPUEzSiGGkjBfaRNxp6oyD3qIh0NoZX0ONoGFA4Mm0U2BWn6kwBF4lbkAooUA/sL68b45QToTFDSnVcJ9F+jqSmmJFx2UsVSRAeoB7pGCoQJ8rPp2eM4YlRujCKpSmh4VT9vZEjrlTGQzPJke6reW8i/ud1Uh1d+jkVSaqJwLOHopRBHcNJJrBLJcGaZYYgLKn5K8R9JBHWJrmyCcGdP3mRNM+qrlN1784rtesijhI4BMfgFLjgAtTALaiDBsDgETyDV/BmPVkv1rv1MRtdsoqdA/AH1ucPapyZEQ==</latexit><latexit sha1_base64="ZwiIv/rroBMMfIMttUrsCBYwCTw=">AAACBnicbVDLSgMxFM34rPU16lKEYBFclRkRdCMU3bisYB/QGYZMmmlDk8yQZKTDtCs3/oobF4q49Rvc+Tem7Sy09cC9HM65l+SeMGFUacf5tpaWV1bX1ksb5c2t7Z1de2+/qeJUYtLAMYtlO0SKMCpIQ1PNSDuRBPGQkVY4uJn4rQciFY3Fvc4S4nPUEzSiGGkjBfaRNxp6oyD3qIh0NoZX0ONoGFA4Mm0U2BWn6kwBF4lbkAooUA/sL68b45QToTFDSnVcJ9F+jqSmmJFx2UsVSRAeoB7pGCoQJ8rPp2eM4YlRujCKpSmh4VT9vZEjrlTGQzPJke6reW8i/ud1Uh1d+jkVSaqJwLOHopRBHcNJJrBLJcGaZYYgLKn5K8R9JBHWJrmyCcGdP3mRNM+qrlN1784rtesijhI4BMfgFLjgAtTALaiDBsDgETyDV/BmPVkv1rv1MRtdsoqdA/AH1ucPapyZEQ==</latexit><latexit sha1_base64="ZwiIv/rroBMMfIMttUrsCBYwCTw=">AAACBnicbVDLSgMxFM34rPU16lKEYBFclRkRdCMU3bisYB/QGYZMmmlDk8yQZKTDtCs3/oobF4q49Rvc+Tem7Sy09cC9HM65l+SeMGFUacf5tpaWV1bX1ksb5c2t7Z1de2+/qeJUYtLAMYtlO0SKMCpIQ1PNSDuRBPGQkVY4uJn4rQciFY3Fvc4S4nPUEzSiGGkjBfaRNxp6oyD3qIh0NoZX0ONoGFA4Mm0U2BWn6kwBF4lbkAooUA/sL68b45QToTFDSnVcJ9F+jqSmmJFx2UsVSRAeoB7pGCoQJ8rPp2eM4YlRujCKpSmh4VT9vZEjrlTGQzPJke6reW8i/ud1Uh1d+jkVSaqJwLOHopRBHcNJJrBLJcGaZYYgLKn5K8R9JBHWJrmyCcGdP3mRNM+qrlN1784rtesijhI4BMfgFLjgAtTALaiDBsDgETyDV/BmPVkv1rv1MRtdsoqdA/AH1ucPapyZEQ==</latexit><latexit sha1_base64="ZwiIv/rroBMMfIMttUrsCBYwCTw=">AAACBnicbVDLSgMxFM34rPU16lKEYBFclRkRdCMU3bisYB/QGYZMmmlDk8yQZKTDtCs3/oobF4q49Rvc+Tem7Sy09cC9HM65l+SeMGFUacf5tpaWV1bX1ksb5c2t7Z1de2+/qeJUYtLAMYtlO0SKMCpIQ1PNSDuRBPGQkVY4uJn4rQciFY3Fvc4S4nPUEzSiGGkjBfaRNxp6oyD3qIh0NoZX0ONoGFA4Mm0U2BWn6kwBF4lbkAooUA/sL68b45QToTFDSnVcJ9F+jqSmmJFx2UsVSRAeoB7pGCoQJ8rPp2eM4YlRujCKpSmh4VT9vZEjrlTGQzPJke6reW8i/ud1Uh1d+jkVSaqJwLOHopRBHcNJJrBLJcGaZYYgLKn5K8R9JBHWJrmyCcGdP3mRNM+qrlN1784rtesijhI4BMfgFLjgAtTALaiDBsDgETyDV/BmPVkv1rv1MRtdsoqdA/AH1ucPapyZEQ==</latexit>

Properties: 

- Famous wanna-be norms: kxk0 = card(x)
<latexit sha1_base64="V8N2LDBf8pfyaovMMrDvIIdFRV8=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSxC3ZREBN0IRTcuK9gHNCFMJtN26OTBzI20pHXjr7hxoYhb/8Kdf+O0zUJbD1w4nHMv997jJ4IrsKxvY2l5ZXVtvbBR3Nza3tk19/YbKk4lZXUai1i2fKKY4BGrAwfBWolkJPQFa/r9m4nffGBS8Ti6h2HC3JB0I97hlICWPPPQGQ2ckWfhK+wAG0BGiQzG5cGpZ5asijUFXiR2TkooR80zv5wgpmnIIqCCKNW2rQTcjEjgVLBx0UkVSwjtky5raxqRkCk3m34wxidaCXAnlroiwFP190RGQqWGoa87QwI9Ne9NxP+8dgqdSzfjUZICi+hsUScVGGI8iQMHXDIKYqgJoZLrWzHtEUko6NCKOgR7/uVF0jir2FbFvjsvVa/zOAroCB2jMrLRBaqiW1RDdUTRI3pGr+jNeDJejHfjY9a6ZOQzB+gPjM8fi8aWSw==</latexit><latexit sha1_base64="V8N2LDBf8pfyaovMMrDvIIdFRV8=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSxC3ZREBN0IRTcuK9gHNCFMJtN26OTBzI20pHXjr7hxoYhb/8Kdf+O0zUJbD1w4nHMv997jJ4IrsKxvY2l5ZXVtvbBR3Nza3tk19/YbKk4lZXUai1i2fKKY4BGrAwfBWolkJPQFa/r9m4nffGBS8Ti6h2HC3JB0I97hlICWPPPQGQ2ckWfhK+wAG0BGiQzG5cGpZ5asijUFXiR2TkooR80zv5wgpmnIIqCCKNW2rQTcjEjgVLBx0UkVSwjtky5raxqRkCk3m34wxidaCXAnlroiwFP190RGQqWGoa87QwI9Ne9NxP+8dgqdSzfjUZICi+hsUScVGGI8iQMHXDIKYqgJoZLrWzHtEUko6NCKOgR7/uVF0jir2FbFvjsvVa/zOAroCB2jMrLRBaqiW1RDdUTRI3pGr+jNeDJejHfjY9a6ZOQzB+gPjM8fi8aWSw==</latexit><latexit sha1_base64="V8N2LDBf8pfyaovMMrDvIIdFRV8=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSxC3ZREBN0IRTcuK9gHNCFMJtN26OTBzI20pHXjr7hxoYhb/8Kdf+O0zUJbD1w4nHMv997jJ4IrsKxvY2l5ZXVtvbBR3Nza3tk19/YbKk4lZXUai1i2fKKY4BGrAwfBWolkJPQFa/r9m4nffGBS8Ti6h2HC3JB0I97hlICWPPPQGQ2ckWfhK+wAG0BGiQzG5cGpZ5asijUFXiR2TkooR80zv5wgpmnIIqCCKNW2rQTcjEjgVLBx0UkVSwjtky5raxqRkCk3m34wxidaCXAnlroiwFP190RGQqWGoa87QwI9Ne9NxP+8dgqdSzfjUZICi+hsUScVGGI8iQMHXDIKYqgJoZLrWzHtEUko6NCKOgR7/uVF0jir2FbFvjsvVa/zOAroCB2jMrLRBaqiW1RDdUTRI3pGr+jNeDJejHfjY9a6ZOQzB+gPjM8fi8aWSw==</latexit><latexit sha1_base64="V8N2LDBf8pfyaovMMrDvIIdFRV8=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSxC3ZREBN0IRTcuK9gHNCFMJtN26OTBzI20pHXjr7hxoYhb/8Kdf+O0zUJbD1w4nHMv997jJ4IrsKxvY2l5ZXVtvbBR3Nza3tk19/YbKk4lZXUai1i2fKKY4BGrAwfBWolkJPQFa/r9m4nffGBS8Ti6h2HC3JB0I97hlICWPPPQGQ2ckWfhK+wAG0BGiQzG5cGpZ5asijUFXiR2TkooR80zv5wgpmnIIqCCKNW2rQTcjEjgVLBx0UkVSwjtky5raxqRkCk3m34wxidaCXAnlroiwFP190RGQqWGoa87QwI9Ne9NxP+8dgqdSzfjUZICi+hsUScVGGI8iQMHXDIKYqgJoZLrWzHtEUko6NCKOgR7/uVF0jir2FbFvjsvVa/zOAroCB2jMrLRBaqiW1RDdUTRI3pGr+jNeDJejHfjY9a6ZOQzB+gPjM8fi8aWSw==</latexit>

(Triangle inequality)

(Cauchy-Schwarz)



Matrices
- Matrix in m, n dimensions: A 2 Rm⇥n

<latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit><latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit><latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit><latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit>

A =

2

6664

A11 A12 · · · A1n

A21 A22 · · · A2n
...

. . .
...

Am1 Am2 · · · Amn

3

7775

<latexit sha1_base64="ieGb1JmyBV2I55sToSwTGJNADeY="></latexit><latexit sha1_base64="ieGb1JmyBV2I55sToSwTGJNADeY="></latexit><latexit sha1_base64="ieGb1JmyBV2I55sToSwTGJNADeY="></latexit><latexit sha1_base64="ieGb1JmyBV2I55sToSwTGJNADeY="></latexit>



Matrices
- Matrix in m, n dimensions: A 2 Rm⇥n

<latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit><latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit><latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit><latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit>

A =

2

6664

A11 A12 · · · A1n

A21 A22 · · · A2n
...

. . .
...

Am1 Am2 · · · Amn

3

7775

<latexit sha1_base64="ieGb1JmyBV2I55sToSwTGJNADeY="></latexit><latexit sha1_base64="ieGb1JmyBV2I55sToSwTGJNADeY="></latexit><latexit sha1_base64="ieGb1JmyBV2I55sToSwTGJNADeY="></latexit><latexit sha1_base64="ieGb1JmyBV2I55sToSwTGJNADeY="></latexit>

- Names: Square, tall, fat, zero, identity, diagonal



Matrices
- Matrix in m, n dimensions: A 2 Rm⇥n

<latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit><latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit><latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit><latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit>

A =

2

6664

A11 A12 · · · A1n

A21 A22 · · · A2n
...

. . .
...

Am1 Am2 · · · Amn

3

7775

<latexit sha1_base64="ieGb1JmyBV2I55sToSwTGJNADeY="></latexit><latexit sha1_base64="ieGb1JmyBV2I55sToSwTGJNADeY="></latexit><latexit sha1_base64="ieGb1JmyBV2I55sToSwTGJNADeY="></latexit><latexit sha1_base64="ieGb1JmyBV2I55sToSwTGJNADeY="></latexit>

- Names: Square, tall, fat, zero, identity, diagonal

- Properties:

A+B = B +A, 8A,B 2 Rm⇥n

(A+B) + C = A+ (B + C), 8A,B,C 2 Rm⇥n

A+ 0 = 0 +A, 8A 2 Rm⇥n

(A+B)> = A> +B>, 8A,B 2 Rm⇥n
<latexit sha1_base64="gPB9DfbR9R5TLw3fFm/nRbobVPw="></latexit><latexit sha1_base64="gPB9DfbR9R5TLw3fFm/nRbobVPw="></latexit><latexit sha1_base64="gPB9DfbR9R5TLw3fFm/nRbobVPw="></latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="ahN4TQBSEImK4F6LI5jv4Ni8hig="></latexit><latexit sha1_base64="ahN4TQBSEImK4F6LI5jv4Ni8hig="></latexit><latexit sha1_base64="9Q+iZUr1Rs0yF8g0EId0BrAHyHQ="></latexit><latexit sha1_base64="gPB9DfbR9R5TLw3fFm/nRbobVPw="></latexit><latexit sha1_base64="gPB9DfbR9R5TLw3fFm/nRbobVPw="></latexit><latexit sha1_base64="gPB9DfbR9R5TLw3fFm/nRbobVPw="></latexit><latexit sha1_base64="gPB9DfbR9R5TLw3fFm/nRbobVPw="></latexit><latexit sha1_base64="gPB9DfbR9R5TLw3fFm/nRbobVPw="></latexit><latexit sha1_base64="gPB9DfbR9R5TLw3fFm/nRbobVPw="></latexit>



Matrices
- Matrix multiplication:               where                ,               , and   C = AB

<latexit sha1_base64="MpSDp7T1X4ao1rjnAJ3SssogNAI=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCozIuhGqO3GZQV7gXYomTTTxmaSIckIZeg7uHGhiFvfx51vYzqdhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGprmShCW0RyqboB1pQzQVuGGU67saI4CjjtBJPGvN55okozKR7MNKZ+hEeChYxgY612A92g2/qgXHGrbia0Cl4OFcjVHJS/+kNJkogKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGeRYEjqv0023aGzqwzRKFU9gmDMvf3RIojradRYDsjbMZ6uTY3/6v1EhNe+ykTcWKoIIuPwoQjI9H8dDRkihLDpxYwUczuisgYK0yMDahkQ/CWT16F9kXVs3x/WanV8ziKcAKncA4eXEEN7qAJLSDwCM/wCm+OdF6cd+dj0Vpw8plj+CPn8wfVlI35</latexit><latexit sha1_base64="MpSDp7T1X4ao1rjnAJ3SssogNAI=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCozIuhGqO3GZQV7gXYomTTTxmaSIckIZeg7uHGhiFvfx51vYzqdhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGprmShCW0RyqboB1pQzQVuGGU67saI4CjjtBJPGvN55okozKR7MNKZ+hEeChYxgY612A92g2/qgXHGrbia0Cl4OFcjVHJS/+kNJkogKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGeRYEjqv0023aGzqwzRKFU9gmDMvf3RIojradRYDsjbMZ6uTY3/6v1EhNe+ykTcWKoIIuPwoQjI9H8dDRkihLDpxYwUczuisgYK0yMDahkQ/CWT16F9kXVs3x/WanV8ziKcAKncA4eXEEN7qAJLSDwCM/wCm+OdF6cd+dj0Vpw8plj+CPn8wfVlI35</latexit><latexit sha1_base64="MpSDp7T1X4ao1rjnAJ3SssogNAI=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCozIuhGqO3GZQV7gXYomTTTxmaSIckIZeg7uHGhiFvfx51vYzqdhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGprmShCW0RyqboB1pQzQVuGGU67saI4CjjtBJPGvN55okozKR7MNKZ+hEeChYxgY612A92g2/qgXHGrbia0Cl4OFcjVHJS/+kNJkogKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGeRYEjqv0023aGzqwzRKFU9gmDMvf3RIojradRYDsjbMZ6uTY3/6v1EhNe+ykTcWKoIIuPwoQjI9H8dDRkihLDpxYwUczuisgYK0yMDahkQ/CWT16F9kXVs3x/WanV8ziKcAKncA4eXEEN7qAJLSDwCM/wCm+OdF6cd+dj0Vpw8plj+CPn8wfVlI35</latexit><latexit sha1_base64="MpSDp7T1X4ao1rjnAJ3SssogNAI=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCozIuhGqO3GZQV7gXYomTTTxmaSIckIZeg7uHGhiFvfx51vYzqdhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGprmShCW0RyqboB1pQzQVuGGU67saI4CjjtBJPGvN55okozKR7MNKZ+hEeChYxgY612A92g2/qgXHGrbia0Cl4OFcjVHJS/+kNJkogKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGeRYEjqv0023aGzqwzRKFU9gmDMvf3RIojradRYDsjbMZ6uTY3/6v1EhNe+ykTcWKoIIuPwoQjI9H8dDRkihLDpxYwUczuisgYK0yMDahkQ/CWT16F9kXVs3x/WanV8ziKcAKncA4eXEEN7qAJLSDwCM/wCm+OdF6cd+dj0Vpw8plj+CPn8wfVlI35</latexit>

C 2 Rm⇥p
<latexit sha1_base64="+CqQuVHMZT19nMiKQttiPx5YtbA=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9FjsxWMV+wFNLJvtpl262YTdjVBCTl78K148KOLV3+DNf+Om7UFbHww83pthZl6QcKa043xbS8srq2vrpY3y5tb2zq69t99ScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjCqF377gUrFYnGnxwn1IzwQLGQEayP17KM68phAXoT1MAiy2/w+i5CnWUQVSvKeXXGqzgRokbgzUoEZGj37y+vHJI2o0IRjpbquk2g/w1Izwmle9lJFE0xGeEC7hgps9vjZ5I0cnRilj8JYmhIaTdTfExmOlBpHgekszlXzXiH+53VTHV76GRNJqqkg00VhypGOUZEJ6jNJieZjQzCRzNyKyBBLTLRJrmxCcOdfXiSts6pr+M15pXY1i6MEh3AMp+DCBdTgGhrQBAKP8Ayv8GY9WS/Wu/UxbV2yZjMH8AfW5w+KIpiI</latexit><latexit sha1_base64="+CqQuVHMZT19nMiKQttiPx5YtbA=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9FjsxWMV+wFNLJvtpl262YTdjVBCTl78K148KOLV3+DNf+Om7UFbHww83pthZl6QcKa043xbS8srq2vrpY3y5tb2zq69t99ScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjCqF377gUrFYnGnxwn1IzwQLGQEayP17KM68phAXoT1MAiy2/w+i5CnWUQVSvKeXXGqzgRokbgzUoEZGj37y+vHJI2o0IRjpbquk2g/w1Izwmle9lJFE0xGeEC7hgps9vjZ5I0cnRilj8JYmhIaTdTfExmOlBpHgekszlXzXiH+53VTHV76GRNJqqkg00VhypGOUZEJ6jNJieZjQzCRzNyKyBBLTLRJrmxCcOdfXiSts6pr+M15pXY1i6MEh3AMp+DCBdTgGhrQBAKP8Ayv8GY9WS/Wu/UxbV2yZjMH8AfW5w+KIpiI</latexit><latexit sha1_base64="+CqQuVHMZT19nMiKQttiPx5YtbA=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9FjsxWMV+wFNLJvtpl262YTdjVBCTl78K148KOLV3+DNf+Om7UFbHww83pthZl6QcKa043xbS8srq2vrpY3y5tb2zq69t99ScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjCqF377gUrFYnGnxwn1IzwQLGQEayP17KM68phAXoT1MAiy2/w+i5CnWUQVSvKeXXGqzgRokbgzUoEZGj37y+vHJI2o0IRjpbquk2g/w1Izwmle9lJFE0xGeEC7hgps9vjZ5I0cnRilj8JYmhIaTdTfExmOlBpHgekszlXzXiH+53VTHV76GRNJqqkg00VhypGOUZEJ6jNJieZjQzCRzNyKyBBLTLRJrmxCcOdfXiSts6pr+M15pXY1i6MEh3AMp+DCBdTgGhrQBAKP8Ayv8GY9WS/Wu/UxbV2yZjMH8AfW5w+KIpiI</latexit><latexit sha1_base64="+CqQuVHMZT19nMiKQttiPx5YtbA=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9FjsxWMV+wFNLJvtpl262YTdjVBCTl78K148KOLV3+DNf+Om7UFbHww83pthZl6QcKa043xbS8srq2vrpY3y5tb2zq69t99ScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjCqF377gUrFYnGnxwn1IzwQLGQEayP17KM68phAXoT1MAiy2/w+i5CnWUQVSvKeXXGqzgRokbgzUoEZGj37y+vHJI2o0IRjpbquk2g/w1Izwmle9lJFE0xGeEC7hgps9vjZ5I0cnRilj8JYmhIaTdTfExmOlBpHgekszlXzXiH+53VTHV76GRNJqqkg00VhypGOUZEJ6jNJieZjQzCRzNyKyBBLTLRJrmxCcOdfXiSts6pr+M15pXY1i6MEh3AMp+DCBdTgGhrQBAKP8Ayv8GY9WS/Wu/UxbV2yZjMH8AfW5w+KIpiI</latexit>

A 2 Rm⇥n
<latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit><latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit><latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit><latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit>

B 2 Rn⇥p
<latexit sha1_base64="EXB3w9wWi16rdVHdgvQBZlzMJFo=">AAACBnicbVDLSsNAFL3xWesr6lKEwSK4KokIuix147KKfUATy2Q6aYdOJmFmIpSQlRt/xY0LRdz6De78GydtF9p6YODMOfdy7z1BwpnSjvNtLS2vrK6tlzbKm1vbO7v23n5LxakktEliHstOgBXlTNCmZprTTiIpjgJO28HoqvDbD1QqFos7PU6oH+GBYCEjWBupZx/VkccE8iKsh0GQ3eb3mflpFlGFkrxnV5yqMwFaJO6MVGCGRs/+8voxSSMqNOFYqa7rJNrPsNSMcJqXvVTRBJMRHtCuoQKbOX42OSNHJ0bpozCW5gmNJurvjgxHSo2jwFQW66p5rxD/87qpDi/9jIkk1VSQ6aAw5UjHqMgE9ZmkRPOxIZhIZnZFZIglJtokVzYhuPMnL5LWWdU1/Oa8UqvP4ijBIRzDKbhwATW4hgY0gcAjPMMrvFlP1ov1bn1MS5esWc8B/IH1+QOKEJiI</latexit><latexit sha1_base64="EXB3w9wWi16rdVHdgvQBZlzMJFo=">AAACBnicbVDLSsNAFL3xWesr6lKEwSK4KokIuix147KKfUATy2Q6aYdOJmFmIpSQlRt/xY0LRdz6De78GydtF9p6YODMOfdy7z1BwpnSjvNtLS2vrK6tlzbKm1vbO7v23n5LxakktEliHstOgBXlTNCmZprTTiIpjgJO28HoqvDbD1QqFos7PU6oH+GBYCEjWBupZx/VkccE8iKsh0GQ3eb3mflpFlGFkrxnV5yqMwFaJO6MVGCGRs/+8voxSSMqNOFYqa7rJNrPsNSMcJqXvVTRBJMRHtCuoQKbOX42OSNHJ0bpozCW5gmNJurvjgxHSo2jwFQW66p5rxD/87qpDi/9jIkk1VSQ6aAw5UjHqMgE9ZmkRPOxIZhIZnZFZIglJtokVzYhuPMnL5LWWdU1/Oa8UqvP4ijBIRzDKbhwATW4hgY0gcAjPMMrvFlP1ov1bn1MS5esWc8B/IH1+QOKEJiI</latexit><latexit sha1_base64="EXB3w9wWi16rdVHdgvQBZlzMJFo=">AAACBnicbVDLSsNAFL3xWesr6lKEwSK4KokIuix147KKfUATy2Q6aYdOJmFmIpSQlRt/xY0LRdz6De78GydtF9p6YODMOfdy7z1BwpnSjvNtLS2vrK6tlzbKm1vbO7v23n5LxakktEliHstOgBXlTNCmZprTTiIpjgJO28HoqvDbD1QqFos7PU6oH+GBYCEjWBupZx/VkccE8iKsh0GQ3eb3mflpFlGFkrxnV5yqMwFaJO6MVGCGRs/+8voxSSMqNOFYqa7rJNrPsNSMcJqXvVTRBJMRHtCuoQKbOX42OSNHJ0bpozCW5gmNJurvjgxHSo2jwFQW66p5rxD/87qpDi/9jIkk1VSQ6aAw5UjHqMgE9ZmkRPOxIZhIZnZFZIglJtokVzYhuPMnL5LWWdU1/Oa8UqvP4ijBIRzDKbhwATW4hgY0gcAjPMMrvFlP1ov1bn1MS5esWc8B/IH1+QOKEJiI</latexit><latexit sha1_base64="EXB3w9wWi16rdVHdgvQBZlzMJFo=">AAACBnicbVDLSsNAFL3xWesr6lKEwSK4KokIuix147KKfUATy2Q6aYdOJmFmIpSQlRt/xY0LRdz6De78GydtF9p6YODMOfdy7z1BwpnSjvNtLS2vrK6tlzbKm1vbO7v23n5LxakktEliHstOgBXlTNCmZprTTiIpjgJO28HoqvDbD1QqFos7PU6oH+GBYCEjWBupZx/VkccE8iKsh0GQ3eb3mflpFlGFkrxnV5yqMwFaJO6MVGCGRs/+8voxSSMqNOFYqa7rJNrPsNSMcJqXvVTRBJMRHtCuoQKbOX42OSNHJ0bpozCW5gmNJurvjgxHSo2jwFQW66p5rxD/87qpDi/9jIkk1VSQ6aAw5UjHqMgE9ZmkRPOxIZhIZnZFZIglJtokVzYhuPMnL5LWWdU1/Oa8UqvP4ijBIRzDKbhwATW4hgY0gcAjPMMrvFlP1ov1bn1MS5esWc8B/IH1+QOKEJiI</latexit>

<latexit sha1_base64="hfRm/dkx6hM/0KpRtYEuroYj530="></latexit>2
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C11 C12 · · · C1p

C21 C22 · · · C2p
...

. . .
...

Cm1 Cm2 · · · Cmp

3
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A11 A12 · · · A1n

A21 A22 · · · A2n
...

. . .
...

Am1 Am2 · · · Amn

3
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B11 B12 · · · B1p

B21 B22 · · · B2p
...

. . .
...

Bn1 Bn2 · · · Bnp

3

7775



Matrices
- Matrix multiplication:               where                ,               , and   

- Special cases: vector inner product, matrix-vector mult., outer product

C = AB
<latexit sha1_base64="MpSDp7T1X4ao1rjnAJ3SssogNAI=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCozIuhGqO3GZQV7gXYomTTTxmaSIckIZeg7uHGhiFvfx51vYzqdhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGprmShCW0RyqboB1pQzQVuGGU67saI4CjjtBJPGvN55okozKR7MNKZ+hEeChYxgY612A92g2/qgXHGrbia0Cl4OFcjVHJS/+kNJkogKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGeRYEjqv0023aGzqwzRKFU9gmDMvf3RIojradRYDsjbMZ6uTY3/6v1EhNe+ykTcWKoIIuPwoQjI9H8dDRkihLDpxYwUczuisgYK0yMDahkQ/CWT16F9kXVs3x/WanV8ziKcAKncA4eXEEN7qAJLSDwCM/wCm+OdF6cd+dj0Vpw8plj+CPn8wfVlI35</latexit><latexit sha1_base64="MpSDp7T1X4ao1rjnAJ3SssogNAI=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCozIuhGqO3GZQV7gXYomTTTxmaSIckIZeg7uHGhiFvfx51vYzqdhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGprmShCW0RyqboB1pQzQVuGGU67saI4CjjtBJPGvN55okozKR7MNKZ+hEeChYxgY612A92g2/qgXHGrbia0Cl4OFcjVHJS/+kNJkogKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGeRYEjqv0023aGzqwzRKFU9gmDMvf3RIojradRYDsjbMZ6uTY3/6v1EhNe+ykTcWKoIIuPwoQjI9H8dDRkihLDpxYwUczuisgYK0yMDahkQ/CWT16F9kXVs3x/WanV8ziKcAKncA4eXEEN7qAJLSDwCM/wCm+OdF6cd+dj0Vpw8plj+CPn8wfVlI35</latexit><latexit sha1_base64="MpSDp7T1X4ao1rjnAJ3SssogNAI=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCozIuhGqO3GZQV7gXYomTTTxmaSIckIZeg7uHGhiFvfx51vYzqdhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGprmShCW0RyqboB1pQzQVuGGU67saI4CjjtBJPGvN55okozKR7MNKZ+hEeChYxgY612A92g2/qgXHGrbia0Cl4OFcjVHJS/+kNJkogKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGeRYEjqv0023aGzqwzRKFU9gmDMvf3RIojradRYDsjbMZ6uTY3/6v1EhNe+ykTcWKoIIuPwoQjI9H8dDRkihLDpxYwUczuisgYK0yMDahkQ/CWT16F9kXVs3x/WanV8ziKcAKncA4eXEEN7qAJLSDwCM/wCm+OdF6cd+dj0Vpw8plj+CPn8wfVlI35</latexit><latexit sha1_base64="MpSDp7T1X4ao1rjnAJ3SssogNAI=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCozIuhGqO3GZQV7gXYomTTTxmaSIckIZeg7uHGhiFvfx51vYzqdhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGprmShCW0RyqboB1pQzQVuGGU67saI4CjjtBJPGvN55okozKR7MNKZ+hEeChYxgY612A92g2/qgXHGrbia0Cl4OFcjVHJS/+kNJkogKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGeRYEjqv0023aGzqwzRKFU9gmDMvf3RIojradRYDsjbMZ6uTY3/6v1EhNe+ykTcWKoIIuPwoQjI9H8dDRkihLDpxYwUczuisgYK0yMDahkQ/CWT16F9kXVs3x/WanV8ziKcAKncA4eXEEN7qAJLSDwCM/wCm+OdF6cd+dj0Vpw8plj+CPn8wfVlI35</latexit>

C 2 Rm⇥p
<latexit sha1_base64="+CqQuVHMZT19nMiKQttiPx5YtbA=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9FjsxWMV+wFNLJvtpl262YTdjVBCTl78K148KOLV3+DNf+Om7UFbHww83pthZl6QcKa043xbS8srq2vrpY3y5tb2zq69t99ScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjCqF377gUrFYnGnxwn1IzwQLGQEayP17KM68phAXoT1MAiy2/w+i5CnWUQVSvKeXXGqzgRokbgzUoEZGj37y+vHJI2o0IRjpbquk2g/w1Izwmle9lJFE0xGeEC7hgps9vjZ5I0cnRilj8JYmhIaTdTfExmOlBpHgekszlXzXiH+53VTHV76GRNJqqkg00VhypGOUZEJ6jNJieZjQzCRzNyKyBBLTLRJrmxCcOdfXiSts6pr+M15pXY1i6MEh3AMp+DCBdTgGhrQBAKP8Ayv8GY9WS/Wu/UxbV2yZjMH8AfW5w+KIpiI</latexit><latexit sha1_base64="+CqQuVHMZT19nMiKQttiPx5YtbA=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9FjsxWMV+wFNLJvtpl262YTdjVBCTl78K148KOLV3+DNf+Om7UFbHww83pthZl6QcKa043xbS8srq2vrpY3y5tb2zq69t99ScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjCqF377gUrFYnGnxwn1IzwQLGQEayP17KM68phAXoT1MAiy2/w+i5CnWUQVSvKeXXGqzgRokbgzUoEZGj37y+vHJI2o0IRjpbquk2g/w1Izwmle9lJFE0xGeEC7hgps9vjZ5I0cnRilj8JYmhIaTdTfExmOlBpHgekszlXzXiH+53VTHV76GRNJqqkg00VhypGOUZEJ6jNJieZjQzCRzNyKyBBLTLRJrmxCcOdfXiSts6pr+M15pXY1i6MEh3AMp+DCBdTgGhrQBAKP8Ayv8GY9WS/Wu/UxbV2yZjMH8AfW5w+KIpiI</latexit><latexit sha1_base64="+CqQuVHMZT19nMiKQttiPx5YtbA=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9FjsxWMV+wFNLJvtpl262YTdjVBCTl78K148KOLV3+DNf+Om7UFbHww83pthZl6QcKa043xbS8srq2vrpY3y5tb2zq69t99ScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjCqF377gUrFYnGnxwn1IzwQLGQEayP17KM68phAXoT1MAiy2/w+i5CnWUQVSvKeXXGqzgRokbgzUoEZGj37y+vHJI2o0IRjpbquk2g/w1Izwmle9lJFE0xGeEC7hgps9vjZ5I0cnRilj8JYmhIaTdTfExmOlBpHgekszlXzXiH+53VTHV76GRNJqqkg00VhypGOUZEJ6jNJieZjQzCRzNyKyBBLTLRJrmxCcOdfXiSts6pr+M15pXY1i6MEh3AMp+DCBdTgGhrQBAKP8Ayv8GY9WS/Wu/UxbV2yZjMH8AfW5w+KIpiI</latexit><latexit sha1_base64="+CqQuVHMZT19nMiKQttiPx5YtbA=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9FjsxWMV+wFNLJvtpl262YTdjVBCTl78K148KOLV3+DNf+Om7UFbHww83pthZl6QcKa043xbS8srq2vrpY3y5tb2zq69t99ScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjCqF377gUrFYnGnxwn1IzwQLGQEayP17KM68phAXoT1MAiy2/w+i5CnWUQVSvKeXXGqzgRokbgzUoEZGj37y+vHJI2o0IRjpbquk2g/w1Izwmle9lJFE0xGeEC7hgps9vjZ5I0cnRilj8JYmhIaTdTfExmOlBpHgekszlXzXiH+53VTHV76GRNJqqkg00VhypGOUZEJ6jNJieZjQzCRzNyKyBBLTLRJrmxCcOdfXiSts6pr+M15pXY1i6MEh3AMp+DCBdTgGhrQBAKP8Ayv8GY9WS/Wu/UxbV2yZjMH8AfW5w+KIpiI</latexit>

A 2 Rm⇥n
<latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit><latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit><latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit><latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit>

B 2 Rn⇥p
<latexit sha1_base64="EXB3w9wWi16rdVHdgvQBZlzMJFo=">AAACBnicbVDLSsNAFL3xWesr6lKEwSK4KokIuix147KKfUATy2Q6aYdOJmFmIpSQlRt/xY0LRdz6De78GydtF9p6YODMOfdy7z1BwpnSjvNtLS2vrK6tlzbKm1vbO7v23n5LxakktEliHstOgBXlTNCmZprTTiIpjgJO28HoqvDbD1QqFos7PU6oH+GBYCEjWBupZx/VkccE8iKsh0GQ3eb3mflpFlGFkrxnV5yqMwFaJO6MVGCGRs/+8voxSSMqNOFYqa7rJNrPsNSMcJqXvVTRBJMRHtCuoQKbOX42OSNHJ0bpozCW5gmNJurvjgxHSo2jwFQW66p5rxD/87qpDi/9jIkk1VSQ6aAw5UjHqMgE9ZmkRPOxIZhIZnZFZIglJtokVzYhuPMnL5LWWdU1/Oa8UqvP4ijBIRzDKbhwATW4hgY0gcAjPMMrvFlP1ov1bn1MS5esWc8B/IH1+QOKEJiI</latexit><latexit sha1_base64="EXB3w9wWi16rdVHdgvQBZlzMJFo=">AAACBnicbVDLSsNAFL3xWesr6lKEwSK4KokIuix147KKfUATy2Q6aYdOJmFmIpSQlRt/xY0LRdz6De78GydtF9p6YODMOfdy7z1BwpnSjvNtLS2vrK6tlzbKm1vbO7v23n5LxakktEliHstOgBXlTNCmZprTTiIpjgJO28HoqvDbD1QqFos7PU6oH+GBYCEjWBupZx/VkccE8iKsh0GQ3eb3mflpFlGFkrxnV5yqMwFaJO6MVGCGRs/+8voxSSMqNOFYqa7rJNrPsNSMcJqXvVTRBJMRHtCuoQKbOX42OSNHJ0bpozCW5gmNJurvjgxHSo2jwFQW66p5rxD/87qpDi/9jIkk1VSQ6aAw5UjHqMgE9ZmkRPOxIZhIZnZFZIglJtokVzYhuPMnL5LWWdU1/Oa8UqvP4ijBIRzDKbhwATW4hgY0gcAjPMMrvFlP1ov1bn1MS5esWc8B/IH1+QOKEJiI</latexit><latexit sha1_base64="EXB3w9wWi16rdVHdgvQBZlzMJFo=">AAACBnicbVDLSsNAFL3xWesr6lKEwSK4KokIuix147KKfUATy2Q6aYdOJmFmIpSQlRt/xY0LRdz6De78GydtF9p6YODMOfdy7z1BwpnSjvNtLS2vrK6tlzbKm1vbO7v23n5LxakktEliHstOgBXlTNCmZprTTiIpjgJO28HoqvDbD1QqFos7PU6oH+GBYCEjWBupZx/VkccE8iKsh0GQ3eb3mflpFlGFkrxnV5yqMwFaJO6MVGCGRs/+8voxSSMqNOFYqa7rJNrPsNSMcJqXvVTRBJMRHtCuoQKbOX42OSNHJ0bpozCW5gmNJurvjgxHSo2jwFQW66p5rxD/87qpDi/9jIkk1VSQ6aAw5UjHqMgE9ZmkRPOxIZhIZnZFZIglJtokVzYhuPMnL5LWWdU1/Oa8UqvP4ijBIRzDKbhwATW4hgY0gcAjPMMrvFlP1ov1bn1MS5esWc8B/IH1+QOKEJiI</latexit><latexit sha1_base64="EXB3w9wWi16rdVHdgvQBZlzMJFo=">AAACBnicbVDLSsNAFL3xWesr6lKEwSK4KokIuix147KKfUATy2Q6aYdOJmFmIpSQlRt/xY0LRdz6De78GydtF9p6YODMOfdy7z1BwpnSjvNtLS2vrK6tlzbKm1vbO7v23n5LxakktEliHstOgBXlTNCmZprTTiIpjgJO28HoqvDbD1QqFos7PU6oH+GBYCEjWBupZx/VkccE8iKsh0GQ3eb3mflpFlGFkrxnV5yqMwFaJO6MVGCGRs/+8voxSSMqNOFYqa7rJNrPsNSMcJqXvVTRBJMRHtCuoQKbOX42OSNHJ0bpozCW5gmNJurvjgxHSo2jwFQW66p5rxD/87qpDi/9jIkk1VSQ6aAw5UjHqMgE9ZmkRPOxIZhIZnZFZIglJtokVzYhuPMnL5LWWdU1/Oa8UqvP4ijBIRzDKbhwATW4hgY0gcAjPMMrvFlP1ov1bn1MS5esWc8B/IH1+QOKEJiI</latexit>

<latexit sha1_base64="hfRm/dkx6hM/0KpRtYEuroYj530="></latexit>2
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C11 C12 · · · C1p

C21 C22 · · · C2p
...

. . .
...

Cm1 Cm2 · · · Cmp

3
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A11 A12 · · · A1n

A21 A22 · · · A2n
...

. . .
...

Am1 Am2 · · · Amn

3

7775
·

2
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B11 B12 · · · B1p

B21 B22 · · · B2p
...

. . .
...

Bn1 Bn2 · · · Bnp

3

7775



Matrices
- Matrix multiplication:               where                ,               , and   

- Special cases: vector inner product, matrix-vector mult., outer product

C = AB
<latexit sha1_base64="MpSDp7T1X4ao1rjnAJ3SssogNAI=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCozIuhGqO3GZQV7gXYomTTTxmaSIckIZeg7uHGhiFvfx51vYzqdhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGprmShCW0RyqboB1pQzQVuGGU67saI4CjjtBJPGvN55okozKR7MNKZ+hEeChYxgY612A92g2/qgXHGrbia0Cl4OFcjVHJS/+kNJkogKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGeRYEjqv0023aGzqwzRKFU9gmDMvf3RIojradRYDsjbMZ6uTY3/6v1EhNe+ykTcWKoIIuPwoQjI9H8dDRkihLDpxYwUczuisgYK0yMDahkQ/CWT16F9kXVs3x/WanV8ziKcAKncA4eXEEN7qAJLSDwCM/wCm+OdF6cd+dj0Vpw8plj+CPn8wfVlI35</latexit><latexit sha1_base64="MpSDp7T1X4ao1rjnAJ3SssogNAI=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCozIuhGqO3GZQV7gXYomTTTxmaSIckIZeg7uHGhiFvfx51vYzqdhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGprmShCW0RyqboB1pQzQVuGGU67saI4CjjtBJPGvN55okozKR7MNKZ+hEeChYxgY612A92g2/qgXHGrbia0Cl4OFcjVHJS/+kNJkogKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGeRYEjqv0023aGzqwzRKFU9gmDMvf3RIojradRYDsjbMZ6uTY3/6v1EhNe+ykTcWKoIIuPwoQjI9H8dDRkihLDpxYwUczuisgYK0yMDahkQ/CWT16F9kXVs3x/WanV8ziKcAKncA4eXEEN7qAJLSDwCM/wCm+OdF6cd+dj0Vpw8plj+CPn8wfVlI35</latexit><latexit sha1_base64="MpSDp7T1X4ao1rjnAJ3SssogNAI=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCozIuhGqO3GZQV7gXYomTTTxmaSIckIZeg7uHGhiFvfx51vYzqdhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGprmShCW0RyqboB1pQzQVuGGU67saI4CjjtBJPGvN55okozKR7MNKZ+hEeChYxgY612A92g2/qgXHGrbia0Cl4OFcjVHJS/+kNJkogKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGeRYEjqv0023aGzqwzRKFU9gmDMvf3RIojradRYDsjbMZ6uTY3/6v1EhNe+ykTcWKoIIuPwoQjI9H8dDRkihLDpxYwUczuisgYK0yMDahkQ/CWT16F9kXVs3x/WanV8ziKcAKncA4eXEEN7qAJLSDwCM/wCm+OdF6cd+dj0Vpw8plj+CPn8wfVlI35</latexit><latexit sha1_base64="MpSDp7T1X4ao1rjnAJ3SssogNAI=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCozIuhGqO3GZQV7gXYomTTTxmaSIckIZeg7uHGhiFvfx51vYzqdhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGprmShCW0RyqboB1pQzQVuGGU67saI4CjjtBJPGvN55okozKR7MNKZ+hEeChYxgY612A92g2/qgXHGrbia0Cl4OFcjVHJS/+kNJkogKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGeRYEjqv0023aGzqwzRKFU9gmDMvf3RIojradRYDsjbMZ6uTY3/6v1EhNe+ykTcWKoIIuPwoQjI9H8dDRkihLDpxYwUczuisgYK0yMDahkQ/CWT16F9kXVs3x/WanV8ziKcAKncA4eXEEN7qAJLSDwCM/wCm+OdF6cd+dj0Vpw8plj+CPn8wfVlI35</latexit>

C 2 Rm⇥p
<latexit sha1_base64="+CqQuVHMZT19nMiKQttiPx5YtbA=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9FjsxWMV+wFNLJvtpl262YTdjVBCTl78K148KOLV3+DNf+Om7UFbHww83pthZl6QcKa043xbS8srq2vrpY3y5tb2zq69t99ScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjCqF377gUrFYnGnxwn1IzwQLGQEayP17KM68phAXoT1MAiy2/w+i5CnWUQVSvKeXXGqzgRokbgzUoEZGj37y+vHJI2o0IRjpbquk2g/w1Izwmle9lJFE0xGeEC7hgps9vjZ5I0cnRilj8JYmhIaTdTfExmOlBpHgekszlXzXiH+53VTHV76GRNJqqkg00VhypGOUZEJ6jNJieZjQzCRzNyKyBBLTLRJrmxCcOdfXiSts6pr+M15pXY1i6MEh3AMp+DCBdTgGhrQBAKP8Ayv8GY9WS/Wu/UxbV2yZjMH8AfW5w+KIpiI</latexit><latexit sha1_base64="+CqQuVHMZT19nMiKQttiPx5YtbA=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9FjsxWMV+wFNLJvtpl262YTdjVBCTl78K148KOLV3+DNf+Om7UFbHww83pthZl6QcKa043xbS8srq2vrpY3y5tb2zq69t99ScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjCqF377gUrFYnGnxwn1IzwQLGQEayP17KM68phAXoT1MAiy2/w+i5CnWUQVSvKeXXGqzgRokbgzUoEZGj37y+vHJI2o0IRjpbquk2g/w1Izwmle9lJFE0xGeEC7hgps9vjZ5I0cnRilj8JYmhIaTdTfExmOlBpHgekszlXzXiH+53VTHV76GRNJqqkg00VhypGOUZEJ6jNJieZjQzCRzNyKyBBLTLRJrmxCcOdfXiSts6pr+M15pXY1i6MEh3AMp+DCBdTgGhrQBAKP8Ayv8GY9WS/Wu/UxbV2yZjMH8AfW5w+KIpiI</latexit><latexit sha1_base64="+CqQuVHMZT19nMiKQttiPx5YtbA=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9FjsxWMV+wFNLJvtpl262YTdjVBCTl78K148KOLV3+DNf+Om7UFbHww83pthZl6QcKa043xbS8srq2vrpY3y5tb2zq69t99ScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjCqF377gUrFYnGnxwn1IzwQLGQEayP17KM68phAXoT1MAiy2/w+i5CnWUQVSvKeXXGqzgRokbgzUoEZGj37y+vHJI2o0IRjpbquk2g/w1Izwmle9lJFE0xGeEC7hgps9vjZ5I0cnRilj8JYmhIaTdTfExmOlBpHgekszlXzXiH+53VTHV76GRNJqqkg00VhypGOUZEJ6jNJieZjQzCRzNyKyBBLTLRJrmxCcOdfXiSts6pr+M15pXY1i6MEh3AMp+DCBdTgGhrQBAKP8Ayv8GY9WS/Wu/UxbV2yZjMH8AfW5w+KIpiI</latexit><latexit sha1_base64="+CqQuVHMZT19nMiKQttiPx5YtbA=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9FjsxWMV+wFNLJvtpl262YTdjVBCTl78K148KOLV3+DNf+Om7UFbHww83pthZl6QcKa043xbS8srq2vrpY3y5tb2zq69t99ScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjCqF377gUrFYnGnxwn1IzwQLGQEayP17KM68phAXoT1MAiy2/w+i5CnWUQVSvKeXXGqzgRokbgzUoEZGj37y+vHJI2o0IRjpbquk2g/w1Izwmle9lJFE0xGeEC7hgps9vjZ5I0cnRilj8JYmhIaTdTfExmOlBpHgekszlXzXiH+53VTHV76GRNJqqkg00VhypGOUZEJ6jNJieZjQzCRzNyKyBBLTLRJrmxCcOdfXiSts6pr+M15pXY1i6MEh3AMp+DCBdTgGhrQBAKP8Ayv8GY9WS/Wu/UxbV2yZjMH8AfW5w+KIpiI</latexit>

A 2 Rm⇥n
<latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit><latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit><latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit><latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit>

B 2 Rn⇥p
<latexit sha1_base64="EXB3w9wWi16rdVHdgvQBZlzMJFo=">AAACBnicbVDLSsNAFL3xWesr6lKEwSK4KokIuix147KKfUATy2Q6aYdOJmFmIpSQlRt/xY0LRdz6De78GydtF9p6YODMOfdy7z1BwpnSjvNtLS2vrK6tlzbKm1vbO7v23n5LxakktEliHstOgBXlTNCmZprTTiIpjgJO28HoqvDbD1QqFos7PU6oH+GBYCEjWBupZx/VkccE8iKsh0GQ3eb3mflpFlGFkrxnV5yqMwFaJO6MVGCGRs/+8voxSSMqNOFYqa7rJNrPsNSMcJqXvVTRBJMRHtCuoQKbOX42OSNHJ0bpozCW5gmNJurvjgxHSo2jwFQW66p5rxD/87qpDi/9jIkk1VSQ6aAw5UjHqMgE9ZmkRPOxIZhIZnZFZIglJtokVzYhuPMnL5LWWdU1/Oa8UqvP4ijBIRzDKbhwATW4hgY0gcAjPMMrvFlP1ov1bn1MS5esWc8B/IH1+QOKEJiI</latexit><latexit sha1_base64="EXB3w9wWi16rdVHdgvQBZlzMJFo=">AAACBnicbVDLSsNAFL3xWesr6lKEwSK4KokIuix147KKfUATy2Q6aYdOJmFmIpSQlRt/xY0LRdz6De78GydtF9p6YODMOfdy7z1BwpnSjvNtLS2vrK6tlzbKm1vbO7v23n5LxakktEliHstOgBXlTNCmZprTTiIpjgJO28HoqvDbD1QqFos7PU6oH+GBYCEjWBupZx/VkccE8iKsh0GQ3eb3mflpFlGFkrxnV5yqMwFaJO6MVGCGRs/+8voxSSMqNOFYqa7rJNrPsNSMcJqXvVTRBJMRHtCuoQKbOX42OSNHJ0bpozCW5gmNJurvjgxHSo2jwFQW66p5rxD/87qpDi/9jIkk1VSQ6aAw5UjHqMgE9ZmkRPOxIZhIZnZFZIglJtokVzYhuPMnL5LWWdU1/Oa8UqvP4ijBIRzDKbhwATW4hgY0gcAjPMMrvFlP1ov1bn1MS5esWc8B/IH1+QOKEJiI</latexit><latexit sha1_base64="EXB3w9wWi16rdVHdgvQBZlzMJFo=">AAACBnicbVDLSsNAFL3xWesr6lKEwSK4KokIuix147KKfUATy2Q6aYdOJmFmIpSQlRt/xY0LRdz6De78GydtF9p6YODMOfdy7z1BwpnSjvNtLS2vrK6tlzbKm1vbO7v23n5LxakktEliHstOgBXlTNCmZprTTiIpjgJO28HoqvDbD1QqFos7PU6oH+GBYCEjWBupZx/VkccE8iKsh0GQ3eb3mflpFlGFkrxnV5yqMwFaJO6MVGCGRs/+8voxSSMqNOFYqa7rJNrPsNSMcJqXvVTRBJMRHtCuoQKbOX42OSNHJ0bpozCW5gmNJurvjgxHSo2jwFQW66p5rxD/87qpDi/9jIkk1VSQ6aAw5UjHqMgE9ZmkRPOxIZhIZnZFZIglJtokVzYhuPMnL5LWWdU1/Oa8UqvP4ijBIRzDKbhwATW4hgY0gcAjPMMrvFlP1ov1bn1MS5esWc8B/IH1+QOKEJiI</latexit><latexit sha1_base64="EXB3w9wWi16rdVHdgvQBZlzMJFo=">AAACBnicbVDLSsNAFL3xWesr6lKEwSK4KokIuix147KKfUATy2Q6aYdOJmFmIpSQlRt/xY0LRdz6De78GydtF9p6YODMOfdy7z1BwpnSjvNtLS2vrK6tlzbKm1vbO7v23n5LxakktEliHstOgBXlTNCmZprTTiIpjgJO28HoqvDbD1QqFos7PU6oH+GBYCEjWBupZx/VkccE8iKsh0GQ3eb3mflpFlGFkrxnV5yqMwFaJO6MVGCGRs/+8voxSSMqNOFYqa7rJNrPsNSMcJqXvVTRBJMRHtCuoQKbOX42OSNHJ0bpozCW5gmNJurvjgxHSo2jwFQW66p5rxD/87qpDi/9jIkk1VSQ6aAw5UjHqMgE9ZmkRPOxIZhIZnZFZIglJtokVzYhuPMnL5LWWdU1/Oa8UqvP4ijBIRzDKbhwATW4hgY0gcAjPMMrvFlP1ov1bn1MS5esWc8B/IH1+QOKEJiI</latexit>

- Properties:
(AB)C = A(BC), 8A,B,C

↵(AB) = (↵A)B, 8A,B

A(B + C) = AB +AC, 8A,B,C

(AB)> = B>A>, 8, A,B
AB 6= BA

<latexit sha1_base64="O0FDJ9gN5tsRKG8Zzmu2iR0fabg="></latexit><latexit sha1_base64="O0FDJ9gN5tsRKG8Zzmu2iR0fabg="></latexit><latexit sha1_base64="O0FDJ9gN5tsRKG8Zzmu2iR0fabg="></latexit><latexit sha1_base64="O0FDJ9gN5tsRKG8Zzmu2iR0fabg="></latexit>

<latexit sha1_base64="hfRm/dkx6hM/0KpRtYEuroYj530="></latexit>2

6664

C11 C12 · · · C1p

C21 C22 · · · C2p
...

. . .
...

Cm1 Cm2 · · · Cmp

3

7775
= C = AB =

2

6664

A11 A12 · · · A1n

A21 A22 · · · A2n
...

. . .
...

Am1 Am2 · · · Amn

3

7775
·

2

6664

B11 B12 · · · B1p

B21 B22 · · · B2p
...

. . .
...

Bn1 Bn2 · · · Bnp

3

7775



Matrices
- Inner product:

hA,Bi = Tr(A>B) = Tr(B>A), 8A,B 2 Rm⇥n
<latexit sha1_base64="8hSszzx+smyLVbIvoGTxVRLNqUw="></latexit><latexit sha1_base64="8hSszzx+smyLVbIvoGTxVRLNqUw="></latexit><latexit sha1_base64="8hSszzx+smyLVbIvoGTxVRLNqUw="></latexit><latexit sha1_base64="8hSszzx+smyLVbIvoGTxVRLNqUw="></latexit>



Matrices
- Inner product:

hA,Bi = Tr(A>B) = Tr(B>A), 8A,B 2 Rm⇥n
<latexit sha1_base64="8hSszzx+smyLVbIvoGTxVRLNqUw="></latexit><latexit sha1_base64="8hSszzx+smyLVbIvoGTxVRLNqUw="></latexit><latexit sha1_base64="8hSszzx+smyLVbIvoGTxVRLNqUw="></latexit><latexit sha1_base64="8hSszzx+smyLVbIvoGTxVRLNqUw="></latexit>

- Example:

<latexit sha1_base64="08VdpfPHvDN0QsxN3EeHOP7Epb4="></latexit>

A =

2

6664

A11 A12 · · · A1n

A21 A22 · · · A2n
...

. . .
...

Am1 Am2 · · · Amn

3

7775

<latexit sha1_base64="+USZw/u70jAQB8GoO/8YyMgtnx0="></latexit>

B =

2

6664

B11 B12 · · · B1n

B21 B22 · · · B2n
...

. . .
...

Bm1 Bn2 · · · Bmn

3

7775



Matrices
- Inner product:

hA,Bi = Tr(A>B) = Tr(B>A), 8A,B 2 Rm⇥n
<latexit sha1_base64="8hSszzx+smyLVbIvoGTxVRLNqUw="></latexit><latexit sha1_base64="8hSszzx+smyLVbIvoGTxVRLNqUw="></latexit><latexit sha1_base64="8hSszzx+smyLVbIvoGTxVRLNqUw="></latexit><latexit sha1_base64="8hSszzx+smyLVbIvoGTxVRLNqUw="></latexit>

- Example:

<latexit sha1_base64="08VdpfPHvDN0QsxN3EeHOP7Epb4="></latexit>

A =

2

6664

A11 A12 · · · A1n

A21 A22 · · · A2n
...

. . .
...

Am1 Am2 · · · Amn

3

7775

<latexit sha1_base64="+USZw/u70jAQB8GoO/8YyMgtnx0="></latexit>

B =

2

6664

B11 B12 · · · B1n

B21 B22 · · · B2n
...

. . .
...

Bm1 Bn2 · · · Bmn

3

7775

<latexit sha1_base64="dZ6E/YMVhgbeC6MuVL2EO/dqSZs="></latexit>

A>B =

2

6664

Pm
i=1 Ai1 ·Bi1 · · · · · · · · ·

· · ·
Pm

i=1 Ai2 ·Bi2 · · · · · ·
...

. . .
...

· · · · · · · · ·
Pm

i=1 Ain ·Bin

3

7775



Matrices
- Inner product:

hA,Bi = Tr(A>B) = Tr(B>A), 8A,B 2 Rm⇥n
<latexit sha1_base64="8hSszzx+smyLVbIvoGTxVRLNqUw="></latexit><latexit sha1_base64="8hSszzx+smyLVbIvoGTxVRLNqUw="></latexit><latexit sha1_base64="8hSszzx+smyLVbIvoGTxVRLNqUw="></latexit><latexit sha1_base64="8hSszzx+smyLVbIvoGTxVRLNqUw="></latexit>

- Example:

<latexit sha1_base64="08VdpfPHvDN0QsxN3EeHOP7Epb4="></latexit>

A =

2

6664

A11 A12 · · · A1n

A21 A22 · · · A2n
...

. . .
...

Am1 Am2 · · · Amn

3

7775

<latexit sha1_base64="+USZw/u70jAQB8GoO/8YyMgtnx0="></latexit>

B =

2

6664

B11 B12 · · · B1n

B21 B22 · · · B2n
...

. . .
...

Bm1 Bn2 · · · Bmn

3

7775

<latexit sha1_base64="fObuId0f5goXS4Wk9l8M7T32cHo="></latexit>

Tr(A>B) =
mX

i=1

Ai1 ·Bi1 +
mX

i=1

Ai2 ·Bi2 + · · ·+
mX

i=1

Ain ·Bin

<latexit sha1_base64="dZ6E/YMVhgbeC6MuVL2EO/dqSZs="></latexit>

A>B =

2

6664

Pm
i=1 Ai1 ·Bi1 · · · · · · · · ·

· · ·
Pm

i=1 Ai2 ·Bi2 · · · · · ·
...

. . .
...

· · · · · · · · ·
Pm

i=1 Ain ·Bin

3

7775



Matrices
- Inner product:

hA,Bi = Tr(A>B) = Tr(B>A), 8A,B 2 Rm⇥n
<latexit sha1_base64="8hSszzx+smyLVbIvoGTxVRLNqUw="></latexit><latexit sha1_base64="8hSszzx+smyLVbIvoGTxVRLNqUw="></latexit><latexit sha1_base64="8hSszzx+smyLVbIvoGTxVRLNqUw="></latexit><latexit sha1_base64="8hSszzx+smyLVbIvoGTxVRLNqUw="></latexit>

- Example:

<latexit sha1_base64="08VdpfPHvDN0QsxN3EeHOP7Epb4="></latexit>

A =

2

6664

A11 A12 · · · A1n

A21 A22 · · · A2n
...

. . .
...

Am1 Am2 · · · Amn

3

7775

<latexit sha1_base64="+USZw/u70jAQB8GoO/8YyMgtnx0="></latexit>

B =

2

6664

B11 B12 · · · B1n

B21 B22 · · · B2n
...

. . .
...

Bm1 Bn2 · · · Bmn

3

7775

<latexit sha1_base64="dZ6E/YMVhgbeC6MuVL2EO/dqSZs="></latexit>

A>B =

2

6664

Pm
i=1 Ai1 ·Bi1 · · · · · · · · ·

· · ·
Pm

i=1 Ai2 ·Bi2 · · · · · ·
...

. . .
...

· · · · · · · · ·
Pm

i=1 Ain ·Bin

3

7775

<latexit sha1_base64="3WgZ9LFNXoLlBeQDfRhSpkRk9rI="></latexit>

Tr(A>B) = vec(A)>vec(B) = hvec(A), vec(B)i



Matrices
- Inner product:

hA,Bi = Tr(A>B) = Tr(B>A), 8A,B 2 Rm⇥n
<latexit sha1_base64="8hSszzx+smyLVbIvoGTxVRLNqUw="></latexit><latexit sha1_base64="8hSszzx+smyLVbIvoGTxVRLNqUw="></latexit><latexit sha1_base64="8hSszzx+smyLVbIvoGTxVRLNqUw="></latexit><latexit sha1_base64="8hSszzx+smyLVbIvoGTxVRLNqUw="></latexit>



Matrices
- Inner product:

hA,Bi = Tr(A>B) = Tr(B>A), 8A,B 2 Rm⇥n
<latexit sha1_base64="8hSszzx+smyLVbIvoGTxVRLNqUw="></latexit><latexit sha1_base64="8hSszzx+smyLVbIvoGTxVRLNqUw="></latexit><latexit sha1_base64="8hSszzx+smyLVbIvoGTxVRLNqUw="></latexit><latexit sha1_base64="8hSszzx+smyLVbIvoGTxVRLNqUw="></latexit>

- Rank of a matrix: maximum # of independent columns or rows



Matrices
- Inner product:

hA,Bi = Tr(A>B) = Tr(B>A), 8A,B 2 Rm⇥n
<latexit sha1_base64="8hSszzx+smyLVbIvoGTxVRLNqUw="></latexit><latexit sha1_base64="8hSszzx+smyLVbIvoGTxVRLNqUw="></latexit><latexit sha1_base64="8hSszzx+smyLVbIvoGTxVRLNqUw="></latexit><latexit sha1_base64="8hSszzx+smyLVbIvoGTxVRLNqUw="></latexit>

- Rank of a matrix: maximum # of independent columns or rows

- Nullspace of a matrix: {x | Ax = 0}
<latexit sha1_base64="ETKq9O6nCwqPcIWtxaE+4CU7rNg=">AAAB+XicbZDLSsNAFIZPvNZ6i7p0M1gEVyURQTdC1Y3LCvYCTSiT6aQdOpmEmUlpie2TuHGhiFvfxJ1v47TNQlt/GPj4zzmcM3+QcKa043xbK6tr6xubha3i9s7u3r59cFhXcSoJrZGYx7IZYEU5E7Smmea0mUiKo4DTRtC/m9YbAyoVi8WjHiXUj3BXsJARrI3Vtm0vG6LJ0wTdDNE1crxx2y45ZWcmtAxuDiXIVW3bX14nJmlEhSYcK9VynUT7GZaaEU7HRS9VNMGkj7u0ZVDgiCo/m10+RqfG6aAwluYJjWbu74kMR0qNosB0Rlj31GJtav5Xa6U6vPIzJpJUU0Hmi8KUIx2jaQyowyQlmo8MYCKZuRWRHpaYaBNW0YTgLn55GernZdfww0WpcpvHUYBjOIEzcOESKnAPVagBgQE8wyu8WZn1Yr1bH/PWFSufOYI/sj5/APu4kpE=</latexit><latexit sha1_base64="ETKq9O6nCwqPcIWtxaE+4CU7rNg=">AAAB+XicbZDLSsNAFIZPvNZ6i7p0M1gEVyURQTdC1Y3LCvYCTSiT6aQdOpmEmUlpie2TuHGhiFvfxJ1v47TNQlt/GPj4zzmcM3+QcKa043xbK6tr6xubha3i9s7u3r59cFhXcSoJrZGYx7IZYEU5E7Smmea0mUiKo4DTRtC/m9YbAyoVi8WjHiXUj3BXsJARrI3Vtm0vG6LJ0wTdDNE1crxx2y45ZWcmtAxuDiXIVW3bX14nJmlEhSYcK9VynUT7GZaaEU7HRS9VNMGkj7u0ZVDgiCo/m10+RqfG6aAwluYJjWbu74kMR0qNosB0Rlj31GJtav5Xa6U6vPIzJpJUU0Hmi8KUIx2jaQyowyQlmo8MYCKZuRWRHpaYaBNW0YTgLn55GernZdfww0WpcpvHUYBjOIEzcOESKnAPVagBgQE8wyu8WZn1Yr1bH/PWFSufOYI/sj5/APu4kpE=</latexit><latexit sha1_base64="ETKq9O6nCwqPcIWtxaE+4CU7rNg=">AAAB+XicbZDLSsNAFIZPvNZ6i7p0M1gEVyURQTdC1Y3LCvYCTSiT6aQdOpmEmUlpie2TuHGhiFvfxJ1v47TNQlt/GPj4zzmcM3+QcKa043xbK6tr6xubha3i9s7u3r59cFhXcSoJrZGYx7IZYEU5E7Smmea0mUiKo4DTRtC/m9YbAyoVi8WjHiXUj3BXsJARrI3Vtm0vG6LJ0wTdDNE1crxx2y45ZWcmtAxuDiXIVW3bX14nJmlEhSYcK9VynUT7GZaaEU7HRS9VNMGkj7u0ZVDgiCo/m10+RqfG6aAwluYJjWbu74kMR0qNosB0Rlj31GJtav5Xa6U6vPIzJpJUU0Hmi8KUIx2jaQyowyQlmo8MYCKZuRWRHpaYaBNW0YTgLn55GernZdfww0WpcpvHUYBjOIEzcOESKnAPVagBgQE8wyu8WZn1Yr1bH/PWFSufOYI/sj5/APu4kpE=</latexit><latexit sha1_base64="ETKq9O6nCwqPcIWtxaE+4CU7rNg=">AAAB+XicbZDLSsNAFIZPvNZ6i7p0M1gEVyURQTdC1Y3LCvYCTSiT6aQdOpmEmUlpie2TuHGhiFvfxJ1v47TNQlt/GPj4zzmcM3+QcKa043xbK6tr6xubha3i9s7u3r59cFhXcSoJrZGYx7IZYEU5E7Smmea0mUiKo4DTRtC/m9YbAyoVi8WjHiXUj3BXsJARrI3Vtm0vG6LJ0wTdDNE1crxx2y45ZWcmtAxuDiXIVW3bX14nJmlEhSYcK9VynUT7GZaaEU7HRS9VNMGkj7u0ZVDgiCo/m10+RqfG6aAwluYJjWbu74kMR0qNosB0Rlj31GJtav5Xa6U6vPIzJpJUU0Hmi8KUIx2jaQyowyQlmo8MYCKZuRWRHpaYaBNW0YTgLn55GernZdfww0WpcpvHUYBjOIEzcOESKnAPVagBgQE8wyu8WZn1Yr1bH/PWFSufOYI/sj5/APu4kpE=</latexit>



Matrices
- Inner product:

hA,Bi = Tr(A>B) = Tr(B>A), 8A,B 2 Rm⇥n
<latexit sha1_base64="8hSszzx+smyLVbIvoGTxVRLNqUw="></latexit><latexit sha1_base64="8hSszzx+smyLVbIvoGTxVRLNqUw="></latexit><latexit sha1_base64="8hSszzx+smyLVbIvoGTxVRLNqUw="></latexit><latexit sha1_base64="8hSszzx+smyLVbIvoGTxVRLNqUw="></latexit>

- Rank of a matrix: maximum # of independent columns or rows

- Nullspace of a matrix: {x | Ax = 0}
<latexit sha1_base64="ETKq9O6nCwqPcIWtxaE+4CU7rNg=">AAAB+XicbZDLSsNAFIZPvNZ6i7p0M1gEVyURQTdC1Y3LCvYCTSiT6aQdOpmEmUlpie2TuHGhiFvfxJ1v47TNQlt/GPj4zzmcM3+QcKa043xbK6tr6xubha3i9s7u3r59cFhXcSoJrZGYx7IZYEU5E7Smmea0mUiKo4DTRtC/m9YbAyoVi8WjHiXUj3BXsJARrI3Vtm0vG6LJ0wTdDNE1crxx2y45ZWcmtAxuDiXIVW3bX14nJmlEhSYcK9VynUT7GZaaEU7HRS9VNMGkj7u0ZVDgiCo/m10+RqfG6aAwluYJjWbu74kMR0qNosB0Rlj31GJtav5Xa6U6vPIzJpJUU0Hmi8KUIx2jaQyowyQlmo8MYCKZuRWRHpaYaBNW0YTgLn55GernZdfww0WpcpvHUYBjOIEzcOESKnAPVagBgQE8wyu8WZn1Yr1bH/PWFSufOYI/sj5/APu4kpE=</latexit><latexit sha1_base64="ETKq9O6nCwqPcIWtxaE+4CU7rNg=">AAAB+XicbZDLSsNAFIZPvNZ6i7p0M1gEVyURQTdC1Y3LCvYCTSiT6aQdOpmEmUlpie2TuHGhiFvfxJ1v47TNQlt/GPj4zzmcM3+QcKa043xbK6tr6xubha3i9s7u3r59cFhXcSoJrZGYx7IZYEU5E7Smmea0mUiKo4DTRtC/m9YbAyoVi8WjHiXUj3BXsJARrI3Vtm0vG6LJ0wTdDNE1crxx2y45ZWcmtAxuDiXIVW3bX14nJmlEhSYcK9VynUT7GZaaEU7HRS9VNMGkj7u0ZVDgiCo/m10+RqfG6aAwluYJjWbu74kMR0qNosB0Rlj31GJtav5Xa6U6vPIzJpJUU0Hmi8KUIx2jaQyowyQlmo8MYCKZuRWRHpaYaBNW0YTgLn55GernZdfww0WpcpvHUYBjOIEzcOESKnAPVagBgQE8wyu8WZn1Yr1bH/PWFSufOYI/sj5/APu4kpE=</latexit><latexit sha1_base64="ETKq9O6nCwqPcIWtxaE+4CU7rNg=">AAAB+XicbZDLSsNAFIZPvNZ6i7p0M1gEVyURQTdC1Y3LCvYCTSiT6aQdOpmEmUlpie2TuHGhiFvfxJ1v47TNQlt/GPj4zzmcM3+QcKa043xbK6tr6xubha3i9s7u3r59cFhXcSoJrZGYx7IZYEU5E7Smmea0mUiKo4DTRtC/m9YbAyoVi8WjHiXUj3BXsJARrI3Vtm0vG6LJ0wTdDNE1crxx2y45ZWcmtAxuDiXIVW3bX14nJmlEhSYcK9VynUT7GZaaEU7HRS9VNMGkj7u0ZVDgiCo/m10+RqfG6aAwluYJjWbu74kMR0qNosB0Rlj31GJtav5Xa6U6vPIzJpJUU0Hmi8KUIx2jaQyowyQlmo8MYCKZuRWRHpaYaBNW0YTgLn55GernZdfww0WpcpvHUYBjOIEzcOESKnAPVagBgQE8wyu8WZn1Yr1bH/PWFSufOYI/sj5/APu4kpE=</latexit><latexit sha1_base64="ETKq9O6nCwqPcIWtxaE+4CU7rNg=">AAAB+XicbZDLSsNAFIZPvNZ6i7p0M1gEVyURQTdC1Y3LCvYCTSiT6aQdOpmEmUlpie2TuHGhiFvfxJ1v47TNQlt/GPj4zzmcM3+QcKa043xbK6tr6xubha3i9s7u3r59cFhXcSoJrZGYx7IZYEU5E7Smmea0mUiKo4DTRtC/m9YbAyoVi8WjHiXUj3BXsJARrI3Vtm0vG6LJ0wTdDNE1crxx2y45ZWcmtAxuDiXIVW3bX14nJmlEhSYcK9VynUT7GZaaEU7HRS9VNMGkj7u0ZVDgiCo/m10+RqfG6aAwluYJjWbu74kMR0qNosB0Rlj31GJtav5Xa6U6vPIzJpJUU0Hmi8KUIx2jaQyowyQlmo8MYCKZuRWRHpaYaBNW0YTgLn55GernZdfww0WpcpvHUYBjOIEzcOESKnAPVagBgQE8wyu8WZn1Yr1bH/PWFSufOYI/sj5/APu4kpE=</latexit>

1. A 2 Rn⇥n

2. A is symmetric

3. x>Ax � 0, 8x 2 Rn, x 6= 0
<latexit sha1_base64="etQJaxVcfVggDpD+GY20/cJ/wkM="></latexit><latexit sha1_base64="etQJaxVcfVggDpD+GY20/cJ/wkM="></latexit><latexit sha1_base64="etQJaxVcfVggDpD+GY20/cJ/wkM="></latexit><latexit sha1_base64="etQJaxVcfVggDpD+GY20/cJ/wkM="></latexit>

- Positive semi-definite matrices: A ⌫ 0
<latexit sha1_base64="ukrBuXjeRn4vzfAcLDRgTtP2vYo=">AAAB8nicbZBNS8NAEIY39avWr6pHL4tF8FQSEfRY9eKxgq2FNJTNdtIu3Wzi7kQooT/DiwdFvPprvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53Syura+kZ5s7K1vbO7V90/aJsk0xxaPJGJ7oTMgBQKWihQQifVwOJQwkM4upnWH55AG5GoexynEMRsoEQkOENr+Ve0azLO4ZG6vWrNrbsz0WXwCqiRQs1e9avbT3gWg0IumTG+56YY5Eyj4BImlW5mIGV8xAbgW1QsBhPks5Un9MQ6fRol2j6FdOb+nshZbMw4Dm1nzHBoFmtT87+an2F0GeRCpRmC4vOPokxSTOj0ftoXGjjKsQXGtbC7Uj5kmnG0KVVsCN7iycvQPqt7lu/Oa43rIo4yOSLH5JR45II0yC1pkhbhJCHP5JW8Oei8OO/Ox7y15BQzh+SPnM8fG+OQeQ==</latexit><latexit sha1_base64="ukrBuXjeRn4vzfAcLDRgTtP2vYo=">AAAB8nicbZBNS8NAEIY39avWr6pHL4tF8FQSEfRY9eKxgq2FNJTNdtIu3Wzi7kQooT/DiwdFvPprvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53Syura+kZ5s7K1vbO7V90/aJsk0xxaPJGJ7oTMgBQKWihQQifVwOJQwkM4upnWH55AG5GoexynEMRsoEQkOENr+Ve0azLO4ZG6vWrNrbsz0WXwCqiRQs1e9avbT3gWg0IumTG+56YY5Eyj4BImlW5mIGV8xAbgW1QsBhPks5Un9MQ6fRol2j6FdOb+nshZbMw4Dm1nzHBoFmtT87+an2F0GeRCpRmC4vOPokxSTOj0ftoXGjjKsQXGtbC7Uj5kmnG0KVVsCN7iycvQPqt7lu/Oa43rIo4yOSLH5JR45II0yC1pkhbhJCHP5JW8Oei8OO/Ox7y15BQzh+SPnM8fG+OQeQ==</latexit><latexit sha1_base64="ukrBuXjeRn4vzfAcLDRgTtP2vYo=">AAAB8nicbZBNS8NAEIY39avWr6pHL4tF8FQSEfRY9eKxgq2FNJTNdtIu3Wzi7kQooT/DiwdFvPprvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53Syura+kZ5s7K1vbO7V90/aJsk0xxaPJGJ7oTMgBQKWihQQifVwOJQwkM4upnWH55AG5GoexynEMRsoEQkOENr+Ve0azLO4ZG6vWrNrbsz0WXwCqiRQs1e9avbT3gWg0IumTG+56YY5Eyj4BImlW5mIGV8xAbgW1QsBhPks5Un9MQ6fRol2j6FdOb+nshZbMw4Dm1nzHBoFmtT87+an2F0GeRCpRmC4vOPokxSTOj0ftoXGjjKsQXGtbC7Uj5kmnG0KVVsCN7iycvQPqt7lu/Oa43rIo4yOSLH5JR45II0yC1pkhbhJCHP5JW8Oei8OO/Ox7y15BQzh+SPnM8fG+OQeQ==</latexit><latexit sha1_base64="ukrBuXjeRn4vzfAcLDRgTtP2vYo=">AAAB8nicbZBNS8NAEIY39avWr6pHL4tF8FQSEfRY9eKxgq2FNJTNdtIu3Wzi7kQooT/DiwdFvPprvPlv3LY5aOsLCw/vzLAzb5hKYdB1v53Syura+kZ5s7K1vbO7V90/aJsk0xxaPJGJ7oTMgBQKWihQQifVwOJQwkM4upnWH55AG5GoexynEMRsoEQkOENr+Ve0azLO4ZG6vWrNrbsz0WXwCqiRQs1e9avbT3gWg0IumTG+56YY5Eyj4BImlW5mIGV8xAbgW1QsBhPks5Un9MQ6fRol2j6FdOb+nshZbMw4Dm1nzHBoFmtT87+an2F0GeRCpRmC4vOPokxSTOj0ftoXGjjKsQXGtbC7Uj5kmnG0KVVsCN7iycvQPqt7lu/Oa43rIo4yOSLH5JR45II0yC1pkhbhJCHP5JW8Oei8OO/Ox7y15BQzh+SPnM8fG+OQeQ==</latexit>



Matrices

- Matrix singular value decomposition:

r  {m,n}
<latexit sha1_base64="RyyT3zeYAEA4tcZj4lBVYOs9IVw=">AAAB+HicbZDLSgMxFIbPeK310lGXboJFcCFlRgRdFt24rGAv0BlKJs20oUlmTDJCHfokblwo4tZHcefbmLaz0NYfAh//OYdz8kcpZ9p43rezsrq2vrFZ2ipv7+zuVdz9g5ZOMkVokyQ8UZ0Ia8qZpE3DDKedVFEsIk7b0ehmWm8/UqVZIu/NOKWhwAPJYkawsVbPrSgUcPqAglycIRlMem7Vq3kzoWXwC6hCoUbP/Qr6CckElYZwrHXX91IT5lgZRjidlINM0xSTER7QrkWJBdVhPjt8gk6s00dxouyTBs3c3xM5FlqPRWQ7BTZDvVibmv/VupmJr8KcyTQzVJL5ojjjyCRomgLqM0WJ4WMLmChmb0VkiBUmxmZVtiH4i19ehtZ5zbd8d1GtXxdxlOAIjuEUfLiEOtxCA5pAIINneIU358l5cd6dj3nrilPMHMIfOZ8/oHqSaA==</latexit><latexit sha1_base64="RyyT3zeYAEA4tcZj4lBVYOs9IVw=">AAAB+HicbZDLSgMxFIbPeK310lGXboJFcCFlRgRdFt24rGAv0BlKJs20oUlmTDJCHfokblwo4tZHcefbmLaz0NYfAh//OYdz8kcpZ9p43rezsrq2vrFZ2ipv7+zuVdz9g5ZOMkVokyQ8UZ0Ia8qZpE3DDKedVFEsIk7b0ehmWm8/UqVZIu/NOKWhwAPJYkawsVbPrSgUcPqAglycIRlMem7Vq3kzoWXwC6hCoUbP/Qr6CckElYZwrHXX91IT5lgZRjidlINM0xSTER7QrkWJBdVhPjt8gk6s00dxouyTBs3c3xM5FlqPRWQ7BTZDvVibmv/VupmJr8KcyTQzVJL5ojjjyCRomgLqM0WJ4WMLmChmb0VkiBUmxmZVtiH4i19ehtZ5zbd8d1GtXxdxlOAIjuEUfLiEOtxCA5pAIINneIU358l5cd6dj3nrilPMHMIfOZ8/oHqSaA==</latexit><latexit sha1_base64="RyyT3zeYAEA4tcZj4lBVYOs9IVw=">AAAB+HicbZDLSgMxFIbPeK310lGXboJFcCFlRgRdFt24rGAv0BlKJs20oUlmTDJCHfokblwo4tZHcefbmLaz0NYfAh//OYdz8kcpZ9p43rezsrq2vrFZ2ipv7+zuVdz9g5ZOMkVokyQ8UZ0Ia8qZpE3DDKedVFEsIk7b0ehmWm8/UqVZIu/NOKWhwAPJYkawsVbPrSgUcPqAglycIRlMem7Vq3kzoWXwC6hCoUbP/Qr6CckElYZwrHXX91IT5lgZRjidlINM0xSTER7QrkWJBdVhPjt8gk6s00dxouyTBs3c3xM5FlqPRWQ7BTZDvVibmv/VupmJr8KcyTQzVJL5ojjjyCRomgLqM0WJ4WMLmChmb0VkiBUmxmZVtiH4i19ehtZ5zbd8d1GtXxdxlOAIjuEUfLiEOtxCA5pAIINneIU358l5cd6dj3nrilPMHMIfOZ8/oHqSaA==</latexit><latexit sha1_base64="RyyT3zeYAEA4tcZj4lBVYOs9IVw=">AAAB+HicbZDLSgMxFIbPeK310lGXboJFcCFlRgRdFt24rGAv0BlKJs20oUlmTDJCHfokblwo4tZHcefbmLaz0NYfAh//OYdz8kcpZ9p43rezsrq2vrFZ2ipv7+zuVdz9g5ZOMkVokyQ8UZ0Ia8qZpE3DDKedVFEsIk7b0ehmWm8/UqVZIu/NOKWhwAPJYkawsVbPrSgUcPqAglycIRlMem7Vq3kzoWXwC6hCoUbP/Qr6CckElYZwrHXX91IT5lgZRjidlINM0xSTER7QrkWJBdVhPjt8gk6s00dxouyTBs3c3xM5FlqPRWQ7BTZDvVibmv/VupmJr8KcyTQzVJL5ojjjyCRomgLqM0WJ4WMLmChmb0VkiBUmxmZVtiH4i19ehtZ5zbd8d1GtXxdxlOAIjuEUfLiEOtxCA5pAIINneIU358l5cd6dj3nrilPMHMIfOZ8/oHqSaA==</latexit>

A 2 Rm⇥n
<latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit><latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit><latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit><latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit>

A = U⌃V > =
rX

i=1

�iuiv
>
i , U 2 Rm⇥r,⌃ 2 Rr⇥r, V 2 Rn⇥r

<latexit sha1_base64="lKyZjiBFpx910sCGQFpkkzLMSmw="></latexit><latexit sha1_base64="lKyZjiBFpx910sCGQFpkkzLMSmw="></latexit><latexit sha1_base64="lKyZjiBFpx910sCGQFpkkzLMSmw="></latexit><latexit sha1_base64="lKyZjiBFpx910sCGQFpkkzLMSmw="></latexit>



Matrices

- Matrix singular value decomposition:

r  {m,n}
<latexit sha1_base64="RyyT3zeYAEA4tcZj4lBVYOs9IVw=">AAAB+HicbZDLSgMxFIbPeK310lGXboJFcCFlRgRdFt24rGAv0BlKJs20oUlmTDJCHfokblwo4tZHcefbmLaz0NYfAh//OYdz8kcpZ9p43rezsrq2vrFZ2ipv7+zuVdz9g5ZOMkVokyQ8UZ0Ia8qZpE3DDKedVFEsIk7b0ehmWm8/UqVZIu/NOKWhwAPJYkawsVbPrSgUcPqAglycIRlMem7Vq3kzoWXwC6hCoUbP/Qr6CckElYZwrHXX91IT5lgZRjidlINM0xSTER7QrkWJBdVhPjt8gk6s00dxouyTBs3c3xM5FlqPRWQ7BTZDvVibmv/VupmJr8KcyTQzVJL5ojjjyCRomgLqM0WJ4WMLmChmb0VkiBUmxmZVtiH4i19ehtZ5zbd8d1GtXxdxlOAIjuEUfLiEOtxCA5pAIINneIU358l5cd6dj3nrilPMHMIfOZ8/oHqSaA==</latexit><latexit sha1_base64="RyyT3zeYAEA4tcZj4lBVYOs9IVw=">AAAB+HicbZDLSgMxFIbPeK310lGXboJFcCFlRgRdFt24rGAv0BlKJs20oUlmTDJCHfokblwo4tZHcefbmLaz0NYfAh//OYdz8kcpZ9p43rezsrq2vrFZ2ipv7+zuVdz9g5ZOMkVokyQ8UZ0Ia8qZpE3DDKedVFEsIk7b0ehmWm8/UqVZIu/NOKWhwAPJYkawsVbPrSgUcPqAglycIRlMem7Vq3kzoWXwC6hCoUbP/Qr6CckElYZwrHXX91IT5lgZRjidlINM0xSTER7QrkWJBdVhPjt8gk6s00dxouyTBs3c3xM5FlqPRWQ7BTZDvVibmv/VupmJr8KcyTQzVJL5ojjjyCRomgLqM0WJ4WMLmChmb0VkiBUmxmZVtiH4i19ehtZ5zbd8d1GtXxdxlOAIjuEUfLiEOtxCA5pAIINneIU358l5cd6dj3nrilPMHMIfOZ8/oHqSaA==</latexit><latexit sha1_base64="RyyT3zeYAEA4tcZj4lBVYOs9IVw=">AAAB+HicbZDLSgMxFIbPeK310lGXboJFcCFlRgRdFt24rGAv0BlKJs20oUlmTDJCHfokblwo4tZHcefbmLaz0NYfAh//OYdz8kcpZ9p43rezsrq2vrFZ2ipv7+zuVdz9g5ZOMkVokyQ8UZ0Ia8qZpE3DDKedVFEsIk7b0ehmWm8/UqVZIu/NOKWhwAPJYkawsVbPrSgUcPqAglycIRlMem7Vq3kzoWXwC6hCoUbP/Qr6CckElYZwrHXX91IT5lgZRjidlINM0xSTER7QrkWJBdVhPjt8gk6s00dxouyTBs3c3xM5FlqPRWQ7BTZDvVibmv/VupmJr8KcyTQzVJL5ojjjyCRomgLqM0WJ4WMLmChmb0VkiBUmxmZVtiH4i19ehtZ5zbd8d1GtXxdxlOAIjuEUfLiEOtxCA5pAIINneIU358l5cd6dj3nrilPMHMIfOZ8/oHqSaA==</latexit><latexit sha1_base64="RyyT3zeYAEA4tcZj4lBVYOs9IVw=">AAAB+HicbZDLSgMxFIbPeK310lGXboJFcCFlRgRdFt24rGAv0BlKJs20oUlmTDJCHfokblwo4tZHcefbmLaz0NYfAh//OYdz8kcpZ9p43rezsrq2vrFZ2ipv7+zuVdz9g5ZOMkVokyQ8UZ0Ia8qZpE3DDKedVFEsIk7b0ehmWm8/UqVZIu/NOKWhwAPJYkawsVbPrSgUcPqAglycIRlMem7Vq3kzoWXwC6hCoUbP/Qr6CckElYZwrHXX91IT5lgZRjidlINM0xSTER7QrkWJBdVhPjt8gk6s00dxouyTBs3c3xM5FlqPRWQ7BTZDvVibmv/VupmJr8KcyTQzVJL5ojjjyCRomgLqM0WJ4WMLmChmb0VkiBUmxmZVtiH4i19ehtZ5zbd8d1GtXxdxlOAIjuEUfLiEOtxCA5pAIINneIU358l5cd6dj3nrilPMHMIfOZ8/oHqSaA==</latexit>

A 2 Rm⇥n
<latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit><latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit><latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit><latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit>
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i , U 2 Rm⇥r,⌃ 2 Rr⇥r, V 2 Rn⇥r

<latexit sha1_base64="lKyZjiBFpx910sCGQFpkkzLMSmw="></latexit><latexit sha1_base64="lKyZjiBFpx910sCGQFpkkzLMSmw="></latexit><latexit sha1_base64="lKyZjiBFpx910sCGQFpkkzLMSmw="></latexit><latexit sha1_base64="lKyZjiBFpx910sCGQFpkkzLMSmw="></latexit>

- rank(A) = r  min{m,n}
<latexit sha1_base64="L/IAKAyqFfjh9StE51AH7q6v9V4=">AAACDXicbZBNSwMxEIazflu/qh69BKtQQWRXBL0IVS8eFWwVuqVk02kbmmTXZFYsS/+AF/+KFw+KePXuzX9j+nHQ6guBh3dmmMwbJVJY9P0vb2Jyanpmdm4+t7C4tLySX12r2Dg1HMo8lrG5iZgFKTSUUaCEm8QAU5GE66hz1q9f34GxItZX2E2gplhLi6bgDJ1Vz2+FCPeYGaY7veLJDj2mhoYSbmmohA4ztUt12KvnC/6ePxD9C8EICmSki3r+M2zEPFWgkUtmbTXwE6xlzKDgEnq5MLWQMN5hLag61EyBrWWDa3p02zkN2oyNexrpwP05kTFlbVdFrlMxbNvxWt/8r1ZNsXlUy4ROUgTNh4uaqaQY0340tCEMcJRdB4wb4f5KeZsZxtEFmHMhBOMn/4XK/l7g+PKgUDodxTFHNsgmKZKAHJISOScXpEw4eSBP5IW8eo/es/fmvQ9bJ7zRzDr5Je/jG7h8mq4=</latexit><latexit sha1_base64="L/IAKAyqFfjh9StE51AH7q6v9V4=">AAACDXicbZBNSwMxEIazflu/qh69BKtQQWRXBL0IVS8eFWwVuqVk02kbmmTXZFYsS/+AF/+KFw+KePXuzX9j+nHQ6guBh3dmmMwbJVJY9P0vb2Jyanpmdm4+t7C4tLySX12r2Dg1HMo8lrG5iZgFKTSUUaCEm8QAU5GE66hz1q9f34GxItZX2E2gplhLi6bgDJ1Vz2+FCPeYGaY7veLJDj2mhoYSbmmohA4ztUt12KvnC/6ePxD9C8EICmSki3r+M2zEPFWgkUtmbTXwE6xlzKDgEnq5MLWQMN5hLag61EyBrWWDa3p02zkN2oyNexrpwP05kTFlbVdFrlMxbNvxWt/8r1ZNsXlUy4ROUgTNh4uaqaQY0340tCEMcJRdB4wb4f5KeZsZxtEFmHMhBOMn/4XK/l7g+PKgUDodxTFHNsgmKZKAHJISOScXpEw4eSBP5IW8eo/es/fmvQ9bJ7zRzDr5Je/jG7h8mq4=</latexit><latexit sha1_base64="L/IAKAyqFfjh9StE51AH7q6v9V4=">AAACDXicbZBNSwMxEIazflu/qh69BKtQQWRXBL0IVS8eFWwVuqVk02kbmmTXZFYsS/+AF/+KFw+KePXuzX9j+nHQ6guBh3dmmMwbJVJY9P0vb2Jyanpmdm4+t7C4tLySX12r2Dg1HMo8lrG5iZgFKTSUUaCEm8QAU5GE66hz1q9f34GxItZX2E2gplhLi6bgDJ1Vz2+FCPeYGaY7veLJDj2mhoYSbmmohA4ztUt12KvnC/6ePxD9C8EICmSki3r+M2zEPFWgkUtmbTXwE6xlzKDgEnq5MLWQMN5hLag61EyBrWWDa3p02zkN2oyNexrpwP05kTFlbVdFrlMxbNvxWt/8r1ZNsXlUy4ROUgTNh4uaqaQY0340tCEMcJRdB4wb4f5KeZsZxtEFmHMhBOMn/4XK/l7g+PKgUDodxTFHNsgmKZKAHJISOScXpEw4eSBP5IW8eo/es/fmvQ9bJ7zRzDr5Je/jG7h8mq4=</latexit><latexit sha1_base64="L/IAKAyqFfjh9StE51AH7q6v9V4=">AAACDXicbZBNSwMxEIazflu/qh69BKtQQWRXBL0IVS8eFWwVuqVk02kbmmTXZFYsS/+AF/+KFw+KePXuzX9j+nHQ6guBh3dmmMwbJVJY9P0vb2Jyanpmdm4+t7C4tLySX12r2Dg1HMo8lrG5iZgFKTSUUaCEm8QAU5GE66hz1q9f34GxItZX2E2gplhLi6bgDJ1Vz2+FCPeYGaY7veLJDj2mhoYSbmmohA4ztUt12KvnC/6ePxD9C8EICmSki3r+M2zEPFWgkUtmbTXwE6xlzKDgEnq5MLWQMN5hLag61EyBrWWDa3p02zkN2oyNexrpwP05kTFlbVdFrlMxbNvxWt/8r1ZNsXlUy4ROUgTNh4uaqaQY0340tCEMcJRdB4wb4f5KeZsZxtEFmHMhBOMn/4XK/l7g+PKgUDodxTFHNsgmKZKAHJISOScXpEw4eSBP5IW8eo/es/fmvQ9bJ7zRzDr5Je/jG7h8mq4=</latexit>



Matrices

- Matrix singular value decomposition:

r  {m,n}
<latexit sha1_base64="RyyT3zeYAEA4tcZj4lBVYOs9IVw=">AAAB+HicbZDLSgMxFIbPeK310lGXboJFcCFlRgRdFt24rGAv0BlKJs20oUlmTDJCHfokblwo4tZHcefbmLaz0NYfAh//OYdz8kcpZ9p43rezsrq2vrFZ2ipv7+zuVdz9g5ZOMkVokyQ8UZ0Ia8qZpE3DDKedVFEsIk7b0ehmWm8/UqVZIu/NOKWhwAPJYkawsVbPrSgUcPqAglycIRlMem7Vq3kzoWXwC6hCoUbP/Qr6CckElYZwrHXX91IT5lgZRjidlINM0xSTER7QrkWJBdVhPjt8gk6s00dxouyTBs3c3xM5FlqPRWQ7BTZDvVibmv/VupmJr8KcyTQzVJL5ojjjyCRomgLqM0WJ4WMLmChmb0VkiBUmxmZVtiH4i19ehtZ5zbd8d1GtXxdxlOAIjuEUfLiEOtxCA5pAIINneIU358l5cd6dj3nrilPMHMIfOZ8/oHqSaA==</latexit><latexit sha1_base64="RyyT3zeYAEA4tcZj4lBVYOs9IVw=">AAAB+HicbZDLSgMxFIbPeK310lGXboJFcCFlRgRdFt24rGAv0BlKJs20oUlmTDJCHfokblwo4tZHcefbmLaz0NYfAh//OYdz8kcpZ9p43rezsrq2vrFZ2ipv7+zuVdz9g5ZOMkVokyQ8UZ0Ia8qZpE3DDKedVFEsIk7b0ehmWm8/UqVZIu/NOKWhwAPJYkawsVbPrSgUcPqAglycIRlMem7Vq3kzoWXwC6hCoUbP/Qr6CckElYZwrHXX91IT5lgZRjidlINM0xSTER7QrkWJBdVhPjt8gk6s00dxouyTBs3c3xM5FlqPRWQ7BTZDvVibmv/VupmJr8KcyTQzVJL5ojjjyCRomgLqM0WJ4WMLmChmb0VkiBUmxmZVtiH4i19ehtZ5zbd8d1GtXxdxlOAIjuEUfLiEOtxCA5pAIINneIU358l5cd6dj3nrilPMHMIfOZ8/oHqSaA==</latexit><latexit sha1_base64="RyyT3zeYAEA4tcZj4lBVYOs9IVw=">AAAB+HicbZDLSgMxFIbPeK310lGXboJFcCFlRgRdFt24rGAv0BlKJs20oUlmTDJCHfokblwo4tZHcefbmLaz0NYfAh//OYdz8kcpZ9p43rezsrq2vrFZ2ipv7+zuVdz9g5ZOMkVokyQ8UZ0Ia8qZpE3DDKedVFEsIk7b0ehmWm8/UqVZIu/NOKWhwAPJYkawsVbPrSgUcPqAglycIRlMem7Vq3kzoWXwC6hCoUbP/Qr6CckElYZwrHXX91IT5lgZRjidlINM0xSTER7QrkWJBdVhPjt8gk6s00dxouyTBs3c3xM5FlqPRWQ7BTZDvVibmv/VupmJr8KcyTQzVJL5ojjjyCRomgLqM0WJ4WMLmChmb0VkiBUmxmZVtiH4i19ehtZ5zbd8d1GtXxdxlOAIjuEUfLiEOtxCA5pAIINneIU358l5cd6dj3nrilPMHMIfOZ8/oHqSaA==</latexit><latexit sha1_base64="RyyT3zeYAEA4tcZj4lBVYOs9IVw=">AAAB+HicbZDLSgMxFIbPeK310lGXboJFcCFlRgRdFt24rGAv0BlKJs20oUlmTDJCHfokblwo4tZHcefbmLaz0NYfAh//OYdz8kcpZ9p43rezsrq2vrFZ2ipv7+zuVdz9g5ZOMkVokyQ8UZ0Ia8qZpE3DDKedVFEsIk7b0ehmWm8/UqVZIu/NOKWhwAPJYkawsVbPrSgUcPqAglycIRlMem7Vq3kzoWXwC6hCoUbP/Qr6CckElYZwrHXX91IT5lgZRjidlINM0xSTER7QrkWJBdVhPjt8gk6s00dxouyTBs3c3xM5FlqPRWQ7BTZDvVibmv/VupmJr8KcyTQzVJL5ojjjyCRomgLqM0WJ4WMLmChmb0VkiBUmxmZVtiH4i19ehtZ5zbd8d1GtXxdxlOAIjuEUfLiEOtxCA5pAIINneIU358l5cd6dj3nrilPMHMIfOZ8/oHqSaA==</latexit>

A 2 Rm⇥n
<latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit><latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit><latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit><latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit>

A = U⌃V > =
rX
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�iuiv
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i , U 2 Rm⇥r,⌃ 2 Rr⇥r, V 2 Rn⇥r

<latexit sha1_base64="lKyZjiBFpx910sCGQFpkkzLMSmw="></latexit><latexit sha1_base64="lKyZjiBFpx910sCGQFpkkzLMSmw="></latexit><latexit sha1_base64="lKyZjiBFpx910sCGQFpkkzLMSmw="></latexit><latexit sha1_base64="lKyZjiBFpx910sCGQFpkkzLMSmw="></latexit>

- rank(A) = r  min{m,n}
<latexit sha1_base64="L/IAKAyqFfjh9StE51AH7q6v9V4=">AAACDXicbZBNSwMxEIazflu/qh69BKtQQWRXBL0IVS8eFWwVuqVk02kbmmTXZFYsS/+AF/+KFw+KePXuzX9j+nHQ6guBh3dmmMwbJVJY9P0vb2Jyanpmdm4+t7C4tLySX12r2Dg1HMo8lrG5iZgFKTSUUaCEm8QAU5GE66hz1q9f34GxItZX2E2gplhLi6bgDJ1Vz2+FCPeYGaY7veLJDj2mhoYSbmmohA4ztUt12KvnC/6ePxD9C8EICmSki3r+M2zEPFWgkUtmbTXwE6xlzKDgEnq5MLWQMN5hLag61EyBrWWDa3p02zkN2oyNexrpwP05kTFlbVdFrlMxbNvxWt/8r1ZNsXlUy4ROUgTNh4uaqaQY0340tCEMcJRdB4wb4f5KeZsZxtEFmHMhBOMn/4XK/l7g+PKgUDodxTFHNsgmKZKAHJISOScXpEw4eSBP5IW8eo/es/fmvQ9bJ7zRzDr5Je/jG7h8mq4=</latexit><latexit sha1_base64="L/IAKAyqFfjh9StE51AH7q6v9V4=">AAACDXicbZBNSwMxEIazflu/qh69BKtQQWRXBL0IVS8eFWwVuqVk02kbmmTXZFYsS/+AF/+KFw+KePXuzX9j+nHQ6guBh3dmmMwbJVJY9P0vb2Jyanpmdm4+t7C4tLySX12r2Dg1HMo8lrG5iZgFKTSUUaCEm8QAU5GE66hz1q9f34GxItZX2E2gplhLi6bgDJ1Vz2+FCPeYGaY7veLJDj2mhoYSbmmohA4ztUt12KvnC/6ePxD9C8EICmSki3r+M2zEPFWgkUtmbTXwE6xlzKDgEnq5MLWQMN5hLag61EyBrWWDa3p02zkN2oyNexrpwP05kTFlbVdFrlMxbNvxWt/8r1ZNsXlUy4ROUgTNh4uaqaQY0340tCEMcJRdB4wb4f5KeZsZxtEFmHMhBOMn/4XK/l7g+PKgUDodxTFHNsgmKZKAHJISOScXpEw4eSBP5IW8eo/es/fmvQ9bJ7zRzDr5Je/jG7h8mq4=</latexit><latexit sha1_base64="L/IAKAyqFfjh9StE51AH7q6v9V4=">AAACDXicbZBNSwMxEIazflu/qh69BKtQQWRXBL0IVS8eFWwVuqVk02kbmmTXZFYsS/+AF/+KFw+KePXuzX9j+nHQ6guBh3dmmMwbJVJY9P0vb2Jyanpmdm4+t7C4tLySX12r2Dg1HMo8lrG5iZgFKTSUUaCEm8QAU5GE66hz1q9f34GxItZX2E2gplhLi6bgDJ1Vz2+FCPeYGaY7veLJDj2mhoYSbmmohA4ztUt12KvnC/6ePxD9C8EICmSki3r+M2zEPFWgkUtmbTXwE6xlzKDgEnq5MLWQMN5hLag61EyBrWWDa3p02zkN2oyNexrpwP05kTFlbVdFrlMxbNvxWt/8r1ZNsXlUy4ROUgTNh4uaqaQY0340tCEMcJRdB4wb4f5KeZsZxtEFmHMhBOMn/4XK/l7g+PKgUDodxTFHNsgmKZKAHJISOScXpEw4eSBP5IW8eo/es/fmvQ9bJ7zRzDr5Je/jG7h8mq4=</latexit><latexit sha1_base64="L/IAKAyqFfjh9StE51AH7q6v9V4=">AAACDXicbZBNSwMxEIazflu/qh69BKtQQWRXBL0IVS8eFWwVuqVk02kbmmTXZFYsS/+AF/+KFw+KePXuzX9j+nHQ6guBh3dmmMwbJVJY9P0vb2Jyanpmdm4+t7C4tLySX12r2Dg1HMo8lrG5iZgFKTSUUaCEm8QAU5GE66hz1q9f34GxItZX2E2gplhLi6bgDJ1Vz2+FCPeYGaY7veLJDj2mhoYSbmmohA4ztUt12KvnC/6ePxD9C8EICmSki3r+M2zEPFWgkUtmbTXwE6xlzKDgEnq5MLWQMN5hLag61EyBrWWDa3p02zkN2oyNexrpwP05kTFlbVdFrlMxbNvxWt/8r1ZNsXlUy4ROUgTNh4uaqaQY0340tCEMcJRdB4wb4f5KeZsZxtEFmHMhBOMn/4XK/l7g+PKgUDodxTFHNsgmKZKAHJISOScXpEw4eSBP5IW8eo/es/fmvQ9bJ7zRzDr5Je/jG7h8mq4=</latexit>

-                          are the left and right singular vectorsui 2 Rm, vi 2 Rn
<latexit sha1_base64="KAAe+IfS96EJriixWDJslYBAwtI=">AAACF3icbZDLSsNAFIYn9VbrLerSzWARXEhJRNBl0Y3LKvYCbQyT6aQdOjMJM5NCCXkLN76KGxeKuNWdb+OkzULb/jDw8Z9zmHP+IGZUacf5sUorq2vrG+XNytb2zu6evX/QUlEiMWniiEWyEyBFGBWkqalmpBNLgnjASDsY3eT19phIRSPxoCcx8TgaCBpSjLSxfLuW+BT2qIA9jvQwCNL77DHl2RkcL/FF5ttVp+ZMBRfBLaAKCjV8+7vXj3DCidCYIaW6rhNrL0VSU8xIVuklisQIj9CAdA0KxIny0uldGTwxTh+GkTRPaDh1/06kiCs14YHpzLdU87XcXFbrJjq88lIq4kQTgWcfhQmDOoJ5SLBPJcGaTQwgLKnZFeIhkghrE2XFhODOn7wIrfOaa/juolq/LuIogyNwDE6BCy5BHdyCBmgCDJ7AC3gD79az9Wp9WJ+z1pJVzByCf7K+fgH9+Z/T</latexit><latexit sha1_base64="KAAe+IfS96EJriixWDJslYBAwtI=">AAACF3icbZDLSsNAFIYn9VbrLerSzWARXEhJRNBl0Y3LKvYCbQyT6aQdOjMJM5NCCXkLN76KGxeKuNWdb+OkzULb/jDw8Z9zmHP+IGZUacf5sUorq2vrG+XNytb2zu6evX/QUlEiMWniiEWyEyBFGBWkqalmpBNLgnjASDsY3eT19phIRSPxoCcx8TgaCBpSjLSxfLuW+BT2qIA9jvQwCNL77DHl2RkcL/FF5ttVp+ZMBRfBLaAKCjV8+7vXj3DCidCYIaW6rhNrL0VSU8xIVuklisQIj9CAdA0KxIny0uldGTwxTh+GkTRPaDh1/06kiCs14YHpzLdU87XcXFbrJjq88lIq4kQTgWcfhQmDOoJ5SLBPJcGaTQwgLKnZFeIhkghrE2XFhODOn7wIrfOaa/juolq/LuIogyNwDE6BCy5BHdyCBmgCDJ7AC3gD79az9Wp9WJ+z1pJVzByCf7K+fgH9+Z/T</latexit><latexit sha1_base64="KAAe+IfS96EJriixWDJslYBAwtI=">AAACF3icbZDLSsNAFIYn9VbrLerSzWARXEhJRNBl0Y3LKvYCbQyT6aQdOjMJM5NCCXkLN76KGxeKuNWdb+OkzULb/jDw8Z9zmHP+IGZUacf5sUorq2vrG+XNytb2zu6evX/QUlEiMWniiEWyEyBFGBWkqalmpBNLgnjASDsY3eT19phIRSPxoCcx8TgaCBpSjLSxfLuW+BT2qIA9jvQwCNL77DHl2RkcL/FF5ttVp+ZMBRfBLaAKCjV8+7vXj3DCidCYIaW6rhNrL0VSU8xIVuklisQIj9CAdA0KxIny0uldGTwxTh+GkTRPaDh1/06kiCs14YHpzLdU87XcXFbrJjq88lIq4kQTgWcfhQmDOoJ5SLBPJcGaTQwgLKnZFeIhkghrE2XFhODOn7wIrfOaa/juolq/LuIogyNwDE6BCy5BHdyCBmgCDJ7AC3gD79az9Wp9WJ+z1pJVzByCf7K+fgH9+Z/T</latexit><latexit sha1_base64="KAAe+IfS96EJriixWDJslYBAwtI=">AAACF3icbZDLSsNAFIYn9VbrLerSzWARXEhJRNBl0Y3LKvYCbQyT6aQdOjMJM5NCCXkLN76KGxeKuNWdb+OkzULb/jDw8Z9zmHP+IGZUacf5sUorq2vrG+XNytb2zu6evX/QUlEiMWniiEWyEyBFGBWkqalmpBNLgnjASDsY3eT19phIRSPxoCcx8TgaCBpSjLSxfLuW+BT2qIA9jvQwCNL77DHl2RkcL/FF5ttVp+ZMBRfBLaAKCjV8+7vXj3DCidCYIaW6rhNrL0VSU8xIVuklisQIj9CAdA0KxIny0uldGTwxTh+GkTRPaDh1/06kiCs14YHpzLdU87XcXFbrJjq88lIq4kQTgWcfhQmDOoJ5SLBPJcGaTQwgLKnZFeIhkghrE2XFhODOn7wIrfOaa/juolq/LuIogyNwDE6BCy5BHdyCBmgCDJ7AC3gD79az9Wp9WJ+z1pJVzByCf7K+fgH9+Z/T</latexit>



Matrices

- Matrix singular value decomposition:

r  {m,n}
<latexit sha1_base64="RyyT3zeYAEA4tcZj4lBVYOs9IVw=">AAAB+HicbZDLSgMxFIbPeK310lGXboJFcCFlRgRdFt24rGAv0BlKJs20oUlmTDJCHfokblwo4tZHcefbmLaz0NYfAh//OYdz8kcpZ9p43rezsrq2vrFZ2ipv7+zuVdz9g5ZOMkVokyQ8UZ0Ia8qZpE3DDKedVFEsIk7b0ehmWm8/UqVZIu/NOKWhwAPJYkawsVbPrSgUcPqAglycIRlMem7Vq3kzoWXwC6hCoUbP/Qr6CckElYZwrHXX91IT5lgZRjidlINM0xSTER7QrkWJBdVhPjt8gk6s00dxouyTBs3c3xM5FlqPRWQ7BTZDvVibmv/VupmJr8KcyTQzVJL5ojjjyCRomgLqM0WJ4WMLmChmb0VkiBUmxmZVtiH4i19ehtZ5zbd8d1GtXxdxlOAIjuEUfLiEOtxCA5pAIINneIU358l5cd6dj3nrilPMHMIfOZ8/oHqSaA==</latexit><latexit sha1_base64="RyyT3zeYAEA4tcZj4lBVYOs9IVw=">AAAB+HicbZDLSgMxFIbPeK310lGXboJFcCFlRgRdFt24rGAv0BlKJs20oUlmTDJCHfokblwo4tZHcefbmLaz0NYfAh//OYdz8kcpZ9p43rezsrq2vrFZ2ipv7+zuVdz9g5ZOMkVokyQ8UZ0Ia8qZpE3DDKedVFEsIk7b0ehmWm8/UqVZIu/NOKWhwAPJYkawsVbPrSgUcPqAglycIRlMem7Vq3kzoWXwC6hCoUbP/Qr6CckElYZwrHXX91IT5lgZRjidlINM0xSTER7QrkWJBdVhPjt8gk6s00dxouyTBs3c3xM5FlqPRWQ7BTZDvVibmv/VupmJr8KcyTQzVJL5ojjjyCRomgLqM0WJ4WMLmChmb0VkiBUmxmZVtiH4i19ehtZ5zbd8d1GtXxdxlOAIjuEUfLiEOtxCA5pAIINneIU358l5cd6dj3nrilPMHMIfOZ8/oHqSaA==</latexit><latexit sha1_base64="RyyT3zeYAEA4tcZj4lBVYOs9IVw=">AAAB+HicbZDLSgMxFIbPeK310lGXboJFcCFlRgRdFt24rGAv0BlKJs20oUlmTDJCHfokblwo4tZHcefbmLaz0NYfAh//OYdz8kcpZ9p43rezsrq2vrFZ2ipv7+zuVdz9g5ZOMkVokyQ8UZ0Ia8qZpE3DDKedVFEsIk7b0ehmWm8/UqVZIu/NOKWhwAPJYkawsVbPrSgUcPqAglycIRlMem7Vq3kzoWXwC6hCoUbP/Qr6CckElYZwrHXX91IT5lgZRjidlINM0xSTER7QrkWJBdVhPjt8gk6s00dxouyTBs3c3xM5FlqPRWQ7BTZDvVibmv/VupmJr8KcyTQzVJL5ojjjyCRomgLqM0WJ4WMLmChmb0VkiBUmxmZVtiH4i19ehtZ5zbd8d1GtXxdxlOAIjuEUfLiEOtxCA5pAIINneIU358l5cd6dj3nrilPMHMIfOZ8/oHqSaA==</latexit><latexit sha1_base64="RyyT3zeYAEA4tcZj4lBVYOs9IVw=">AAAB+HicbZDLSgMxFIbPeK310lGXboJFcCFlRgRdFt24rGAv0BlKJs20oUlmTDJCHfokblwo4tZHcefbmLaz0NYfAh//OYdz8kcpZ9p43rezsrq2vrFZ2ipv7+zuVdz9g5ZOMkVokyQ8UZ0Ia8qZpE3DDKedVFEsIk7b0ehmWm8/UqVZIu/NOKWhwAPJYkawsVbPrSgUcPqAglycIRlMem7Vq3kzoWXwC6hCoUbP/Qr6CckElYZwrHXX91IT5lgZRjidlINM0xSTER7QrkWJBdVhPjt8gk6s00dxouyTBs3c3xM5FlqPRWQ7BTZDvVibmv/VupmJr8KcyTQzVJL5ojjjyCRomgLqM0WJ4WMLmChmb0VkiBUmxmZVtiH4i19ehtZ5zbd8d1GtXxdxlOAIjuEUfLiEOtxCA5pAIINneIU358l5cd6dj3nrilPMHMIfOZ8/oHqSaA==</latexit>

A 2 Rm⇥n
<latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit><latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit><latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit><latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit>

A = U⌃V > =
rX

i=1

�iuiv
>
i , U 2 Rm⇥r,⌃ 2 Rr⇥r, V 2 Rn⇥r

<latexit sha1_base64="lKyZjiBFpx910sCGQFpkkzLMSmw="></latexit><latexit sha1_base64="lKyZjiBFpx910sCGQFpkkzLMSmw="></latexit><latexit sha1_base64="lKyZjiBFpx910sCGQFpkkzLMSmw="></latexit><latexit sha1_base64="lKyZjiBFpx910sCGQFpkkzLMSmw="></latexit>

- rank(A) = r  min{m,n}
<latexit sha1_base64="L/IAKAyqFfjh9StE51AH7q6v9V4=">AAACDXicbZBNSwMxEIazflu/qh69BKtQQWRXBL0IVS8eFWwVuqVk02kbmmTXZFYsS/+AF/+KFw+KePXuzX9j+nHQ6guBh3dmmMwbJVJY9P0vb2Jyanpmdm4+t7C4tLySX12r2Dg1HMo8lrG5iZgFKTSUUaCEm8QAU5GE66hz1q9f34GxItZX2E2gplhLi6bgDJ1Vz2+FCPeYGaY7veLJDj2mhoYSbmmohA4ztUt12KvnC/6ePxD9C8EICmSki3r+M2zEPFWgkUtmbTXwE6xlzKDgEnq5MLWQMN5hLag61EyBrWWDa3p02zkN2oyNexrpwP05kTFlbVdFrlMxbNvxWt/8r1ZNsXlUy4ROUgTNh4uaqaQY0340tCEMcJRdB4wb4f5KeZsZxtEFmHMhBOMn/4XK/l7g+PKgUDodxTFHNsgmKZKAHJISOScXpEw4eSBP5IW8eo/es/fmvQ9bJ7zRzDr5Je/jG7h8mq4=</latexit><latexit sha1_base64="L/IAKAyqFfjh9StE51AH7q6v9V4=">AAACDXicbZBNSwMxEIazflu/qh69BKtQQWRXBL0IVS8eFWwVuqVk02kbmmTXZFYsS/+AF/+KFw+KePXuzX9j+nHQ6guBh3dmmMwbJVJY9P0vb2Jyanpmdm4+t7C4tLySX12r2Dg1HMo8lrG5iZgFKTSUUaCEm8QAU5GE66hz1q9f34GxItZX2E2gplhLi6bgDJ1Vz2+FCPeYGaY7veLJDj2mhoYSbmmohA4ztUt12KvnC/6ePxD9C8EICmSki3r+M2zEPFWgkUtmbTXwE6xlzKDgEnq5MLWQMN5hLag61EyBrWWDa3p02zkN2oyNexrpwP05kTFlbVdFrlMxbNvxWt/8r1ZNsXlUy4ROUgTNh4uaqaQY0340tCEMcJRdB4wb4f5KeZsZxtEFmHMhBOMn/4XK/l7g+PKgUDodxTFHNsgmKZKAHJISOScXpEw4eSBP5IW8eo/es/fmvQ9bJ7zRzDr5Je/jG7h8mq4=</latexit><latexit sha1_base64="L/IAKAyqFfjh9StE51AH7q6v9V4=">AAACDXicbZBNSwMxEIazflu/qh69BKtQQWRXBL0IVS8eFWwVuqVk02kbmmTXZFYsS/+AF/+KFw+KePXuzX9j+nHQ6guBh3dmmMwbJVJY9P0vb2Jyanpmdm4+t7C4tLySX12r2Dg1HMo8lrG5iZgFKTSUUaCEm8QAU5GE66hz1q9f34GxItZX2E2gplhLi6bgDJ1Vz2+FCPeYGaY7veLJDj2mhoYSbmmohA4ztUt12KvnC/6ePxD9C8EICmSki3r+M2zEPFWgkUtmbTXwE6xlzKDgEnq5MLWQMN5hLag61EyBrWWDa3p02zkN2oyNexrpwP05kTFlbVdFrlMxbNvxWt/8r1ZNsXlUy4ROUgTNh4uaqaQY0340tCEMcJRdB4wb4f5KeZsZxtEFmHMhBOMn/4XK/l7g+PKgUDodxTFHNsgmKZKAHJISOScXpEw4eSBP5IW8eo/es/fmvQ9bJ7zRzDr5Je/jG7h8mq4=</latexit><latexit sha1_base64="L/IAKAyqFfjh9StE51AH7q6v9V4=">AAACDXicbZBNSwMxEIazflu/qh69BKtQQWRXBL0IVS8eFWwVuqVk02kbmmTXZFYsS/+AF/+KFw+KePXuzX9j+nHQ6guBh3dmmMwbJVJY9P0vb2Jyanpmdm4+t7C4tLySX12r2Dg1HMo8lrG5iZgFKTSUUaCEm8QAU5GE66hz1q9f34GxItZX2E2gplhLi6bgDJ1Vz2+FCPeYGaY7veLJDj2mhoYSbmmohA4ztUt12KvnC/6ePxD9C8EICmSki3r+M2zEPFWgkUtmbTXwE6xlzKDgEnq5MLWQMN5hLag61EyBrWWDa3p02zkN2oyNexrpwP05kTFlbVdFrlMxbNvxWt/8r1ZNsXlUy4ROUgTNh4uaqaQY0340tCEMcJRdB4wb4f5KeZsZxtEFmHMhBOMn/4XK/l7g+PKgUDodxTFHNsgmKZKAHJISOScXpEw4eSBP5IW8eo/es/fmvQ9bJ7zRzDr5Je/jG7h8mq4=</latexit>

-                          are the left and right singular vectorsui 2 Rm, vi 2 Rn
<latexit sha1_base64="KAAe+IfS96EJriixWDJslYBAwtI=">AAACF3icbZDLSsNAFIYn9VbrLerSzWARXEhJRNBl0Y3LKvYCbQyT6aQdOjMJM5NCCXkLN76KGxeKuNWdb+OkzULb/jDw8Z9zmHP+IGZUacf5sUorq2vrG+XNytb2zu6evX/QUlEiMWniiEWyEyBFGBWkqalmpBNLgnjASDsY3eT19phIRSPxoCcx8TgaCBpSjLSxfLuW+BT2qIA9jvQwCNL77DHl2RkcL/FF5ttVp+ZMBRfBLaAKCjV8+7vXj3DCidCYIaW6rhNrL0VSU8xIVuklisQIj9CAdA0KxIny0uldGTwxTh+GkTRPaDh1/06kiCs14YHpzLdU87XcXFbrJjq88lIq4kQTgWcfhQmDOoJ5SLBPJcGaTQwgLKnZFeIhkghrE2XFhODOn7wIrfOaa/juolq/LuIogyNwDE6BCy5BHdyCBmgCDJ7AC3gD79az9Wp9WJ+z1pJVzByCf7K+fgH9+Z/T</latexit><latexit sha1_base64="KAAe+IfS96EJriixWDJslYBAwtI=">AAACF3icbZDLSsNAFIYn9VbrLerSzWARXEhJRNBl0Y3LKvYCbQyT6aQdOjMJM5NCCXkLN76KGxeKuNWdb+OkzULb/jDw8Z9zmHP+IGZUacf5sUorq2vrG+XNytb2zu6evX/QUlEiMWniiEWyEyBFGBWkqalmpBNLgnjASDsY3eT19phIRSPxoCcx8TgaCBpSjLSxfLuW+BT2qIA9jvQwCNL77DHl2RkcL/FF5ttVp+ZMBRfBLaAKCjV8+7vXj3DCidCYIaW6rhNrL0VSU8xIVuklisQIj9CAdA0KxIny0uldGTwxTh+GkTRPaDh1/06kiCs14YHpzLdU87XcXFbrJjq88lIq4kQTgWcfhQmDOoJ5SLBPJcGaTQwgLKnZFeIhkghrE2XFhODOn7wIrfOaa/juolq/LuIogyNwDE6BCy5BHdyCBmgCDJ7AC3gD79az9Wp9WJ+z1pJVzByCf7K+fgH9+Z/T</latexit><latexit sha1_base64="KAAe+IfS96EJriixWDJslYBAwtI=">AAACF3icbZDLSsNAFIYn9VbrLerSzWARXEhJRNBl0Y3LKvYCbQyT6aQdOjMJM5NCCXkLN76KGxeKuNWdb+OkzULb/jDw8Z9zmHP+IGZUacf5sUorq2vrG+XNytb2zu6evX/QUlEiMWniiEWyEyBFGBWkqalmpBNLgnjASDsY3eT19phIRSPxoCcx8TgaCBpSjLSxfLuW+BT2qIA9jvQwCNL77DHl2RkcL/FF5ttVp+ZMBRfBLaAKCjV8+7vXj3DCidCYIaW6rhNrL0VSU8xIVuklisQIj9CAdA0KxIny0uldGTwxTh+GkTRPaDh1/06kiCs14YHpzLdU87XcXFbrJjq88lIq4kQTgWcfhQmDOoJ5SLBPJcGaTQwgLKnZFeIhkghrE2XFhODOn7wIrfOaa/juolq/LuIogyNwDE6BCy5BHdyCBmgCDJ7AC3gD79az9Wp9WJ+z1pJVzByCf7K+fgH9+Z/T</latexit><latexit sha1_base64="KAAe+IfS96EJriixWDJslYBAwtI=">AAACF3icbZDLSsNAFIYn9VbrLerSzWARXEhJRNBl0Y3LKvYCbQyT6aQdOjMJM5NCCXkLN76KGxeKuNWdb+OkzULb/jDw8Z9zmHP+IGZUacf5sUorq2vrG+XNytb2zu6evX/QUlEiMWniiEWyEyBFGBWkqalmpBNLgnjASDsY3eT19phIRSPxoCcx8TgaCBpSjLSxfLuW+BT2qIA9jvQwCNL77DHl2RkcL/FF5ttVp+ZMBRfBLaAKCjV8+7vXj3DCidCYIaW6rhNrL0VSU8xIVuklisQIj9CAdA0KxIny0uldGTwxTh+GkTRPaDh1/06kiCs14YHpzLdU87XcXFbrJjq88lIq4kQTgWcfhQmDOoJ5SLBPJcGaTQwgLKnZFeIhkghrE2XFhODOn7wIrfOaa/juolq/LuIogyNwDE6BCy5BHdyCBmgCDJ7AC3gD79az9Wp9WJ+z1pJVzByCf7K+fgH9+Z/T</latexit>

-                             contains singular values where ⌃ = diag(�1, . . . ,�r)
<latexit sha1_base64="7m8/hqoL4MJwUt2j/j35KcIRxHw=">AAACGnicbVDLSgMxFM34rPU16tJNsAgVpMyIoBuh6MZlRfuAzlAyaWYamnmQ3BHL0O9w46+4caGIO3Hj35hpZ6GtB0IO59x7k3u8RHAFlvVtLCwuLa+sltbK6xubW9vmzm5LxamkrEljEcuORxQTPGJN4CBYJ5GMhJ5gbW94lfvteyYVj6M7GCXMDUkQcZ9TAlrqmbZzy4OQ4AvsAHsAgKzPSTCuOiqXe/YxdvoxKH1NBXnUMytWzZoAzxO7IBVUoNEzP/UImoYsAiqIUl3bSsDNiAROBRuXnVSxhNAhCVhX04iETLnZZLUxPtRKH/ux1CcCPFF/d2QkVGoUeroyJDBQs14u/ud1U/DP3YxHSQosotOH/FRgiHGeE+5zySiIkSaESq7/iumASEJBp1nWIdizK8+T1knN1vzmtFK/LOIooX10gKrIRmeojq5RAzURRY/oGb2iN+PJeDHejY9p6YJR9OyhPzC+fgD6JqAv</latexit><latexit sha1_base64="7m8/hqoL4MJwUt2j/j35KcIRxHw=">AAACGnicbVDLSgMxFM34rPU16tJNsAgVpMyIoBuh6MZlRfuAzlAyaWYamnmQ3BHL0O9w46+4caGIO3Hj35hpZ6GtB0IO59x7k3u8RHAFlvVtLCwuLa+sltbK6xubW9vmzm5LxamkrEljEcuORxQTPGJN4CBYJ5GMhJ5gbW94lfvteyYVj6M7GCXMDUkQcZ9TAlrqmbZzy4OQ4AvsAHsAgKzPSTCuOiqXe/YxdvoxKH1NBXnUMytWzZoAzxO7IBVUoNEzP/UImoYsAiqIUl3bSsDNiAROBRuXnVSxhNAhCVhX04iETLnZZLUxPtRKH/ux1CcCPFF/d2QkVGoUeroyJDBQs14u/ud1U/DP3YxHSQosotOH/FRgiHGeE+5zySiIkSaESq7/iumASEJBp1nWIdizK8+T1knN1vzmtFK/LOIooX10gKrIRmeojq5RAzURRY/oGb2iN+PJeDHejY9p6YJR9OyhPzC+fgD6JqAv</latexit><latexit sha1_base64="7m8/hqoL4MJwUt2j/j35KcIRxHw=">AAACGnicbVDLSgMxFM34rPU16tJNsAgVpMyIoBuh6MZlRfuAzlAyaWYamnmQ3BHL0O9w46+4caGIO3Hj35hpZ6GtB0IO59x7k3u8RHAFlvVtLCwuLa+sltbK6xubW9vmzm5LxamkrEljEcuORxQTPGJN4CBYJ5GMhJ5gbW94lfvteyYVj6M7GCXMDUkQcZ9TAlrqmbZzy4OQ4AvsAHsAgKzPSTCuOiqXe/YxdvoxKH1NBXnUMytWzZoAzxO7IBVUoNEzP/UImoYsAiqIUl3bSsDNiAROBRuXnVSxhNAhCVhX04iETLnZZLUxPtRKH/ux1CcCPFF/d2QkVGoUeroyJDBQs14u/ud1U/DP3YxHSQosotOH/FRgiHGeE+5zySiIkSaESq7/iumASEJBp1nWIdizK8+T1knN1vzmtFK/LOIooX10gKrIRmeojq5RAzURRY/oGb2iN+PJeDHejY9p6YJR9OyhPzC+fgD6JqAv</latexit><latexit sha1_base64="7m8/hqoL4MJwUt2j/j35KcIRxHw=">AAACGnicbVDLSgMxFM34rPU16tJNsAgVpMyIoBuh6MZlRfuAzlAyaWYamnmQ3BHL0O9w46+4caGIO3Hj35hpZ6GtB0IO59x7k3u8RHAFlvVtLCwuLa+sltbK6xubW9vmzm5LxamkrEljEcuORxQTPGJN4CBYJ5GMhJ5gbW94lfvteyYVj6M7GCXMDUkQcZ9TAlrqmbZzy4OQ4AvsAHsAgKzPSTCuOiqXe/YxdvoxKH1NBXnUMytWzZoAzxO7IBVUoNEzP/UImoYsAiqIUl3bSsDNiAROBRuXnVSxhNAhCVhX04iETLnZZLUxPtRKH/ux1CcCPFF/d2QkVGoUeroyJDBQs14u/ud1U/DP3YxHSQosotOH/FRgiHGeE+5zySiIkSaESq7/iumASEJBp1nWIdizK8+T1knN1vzmtFK/LOIooX10gKrIRmeojq5RAzURRY/oGb2iN+PJeDHejY9p6YJR9OyhPzC+fgD6JqAv</latexit>

�1 � �2 � · · · � �r
<latexit sha1_base64="/CxJoGcpgoJimdf22nG+xk/jFt0=">AAACGHicbVC7TsMwFL3hWcorwMhiUSExlaRCgrGChbFI9CG1UeS4TmrVToLtIFVRP4OFX2FhACHWbvwNbpuBthzJ0rnn3Gv7niDlTGnH+bHW1jc2t7ZLO+Xdvf2DQ/vouKWSTBLaJAlPZCfAinIW06ZmmtNOKikWAaftYHg39dvPVCqWxI96lFJP4ChmISNYG8m3L3uKRQL7LupF9AkVVa2o+olWC4b07YpTdWZAq8QtSAUKNHx7Ym4hmaCxJhwr1XWdVHs5lpoRTsflXqZoiskQR7RraIwFVV4+W2yMzo3SR2EizYk1mql/J3IslBqJwHQKrAdq2ZuK/3ndTIc3Xs7iNNM0JvOHwowjnaBpSqjPJCWajwzBRDLzV0QGWGKiTZZlE4K7vPIqadWqruEPV5X6bRFHCU7hDC7AhWuowz00oAkEXuANPuDTerXerS/re966ZhUzJ7AAa/ILYBCfWw==</latexit><latexit sha1_base64="/CxJoGcpgoJimdf22nG+xk/jFt0=">AAACGHicbVC7TsMwFL3hWcorwMhiUSExlaRCgrGChbFI9CG1UeS4TmrVToLtIFVRP4OFX2FhACHWbvwNbpuBthzJ0rnn3Gv7niDlTGnH+bHW1jc2t7ZLO+Xdvf2DQ/vouKWSTBLaJAlPZCfAinIW06ZmmtNOKikWAaftYHg39dvPVCqWxI96lFJP4ChmISNYG8m3L3uKRQL7LupF9AkVVa2o+olWC4b07YpTdWZAq8QtSAUKNHx7Ym4hmaCxJhwr1XWdVHs5lpoRTsflXqZoiskQR7RraIwFVV4+W2yMzo3SR2EizYk1mql/J3IslBqJwHQKrAdq2ZuK/3ndTIc3Xs7iNNM0JvOHwowjnaBpSqjPJCWajwzBRDLzV0QGWGKiTZZlE4K7vPIqadWqruEPV5X6bRFHCU7hDC7AhWuowz00oAkEXuANPuDTerXerS/re966ZhUzJ7AAa/ILYBCfWw==</latexit><latexit sha1_base64="/CxJoGcpgoJimdf22nG+xk/jFt0=">AAACGHicbVC7TsMwFL3hWcorwMhiUSExlaRCgrGChbFI9CG1UeS4TmrVToLtIFVRP4OFX2FhACHWbvwNbpuBthzJ0rnn3Gv7niDlTGnH+bHW1jc2t7ZLO+Xdvf2DQ/vouKWSTBLaJAlPZCfAinIW06ZmmtNOKikWAaftYHg39dvPVCqWxI96lFJP4ChmISNYG8m3L3uKRQL7LupF9AkVVa2o+olWC4b07YpTdWZAq8QtSAUKNHx7Ym4hmaCxJhwr1XWdVHs5lpoRTsflXqZoiskQR7RraIwFVV4+W2yMzo3SR2EizYk1mql/J3IslBqJwHQKrAdq2ZuK/3ndTIc3Xs7iNNM0JvOHwowjnaBpSqjPJCWajwzBRDLzV0QGWGKiTZZlE4K7vPIqadWqruEPV5X6bRFHCU7hDC7AhWuowz00oAkEXuANPuDTerXerS/re966ZhUzJ7AAa/ILYBCfWw==</latexit><latexit sha1_base64="/CxJoGcpgoJimdf22nG+xk/jFt0=">AAACGHicbVC7TsMwFL3hWcorwMhiUSExlaRCgrGChbFI9CG1UeS4TmrVToLtIFVRP4OFX2FhACHWbvwNbpuBthzJ0rnn3Gv7niDlTGnH+bHW1jc2t7ZLO+Xdvf2DQ/vouKWSTBLaJAlPZCfAinIW06ZmmtNOKikWAaftYHg39dvPVCqWxI96lFJP4ChmISNYG8m3L3uKRQL7LupF9AkVVa2o+olWC4b07YpTdWZAq8QtSAUKNHx7Ym4hmaCxJhwr1XWdVHs5lpoRTsflXqZoiskQR7RraIwFVV4+W2yMzo3SR2EizYk1mql/J3IslBqJwHQKrAdq2ZuK/3ndTIc3Xs7iNNM0JvOHwowjnaBpSqjPJCWajwzBRDLzV0QGWGKiTZZlE4K7vPIqadWqruEPV5X6bRFHCU7hDC7AhWuowz00oAkEXuANPuDTerXerS/re966ZhUzJ7AAa/ILYBCfWw==</latexit>



Matrices

- Matrix singular value decomposition:

r  {m,n}
<latexit sha1_base64="RyyT3zeYAEA4tcZj4lBVYOs9IVw=">AAAB+HicbZDLSgMxFIbPeK310lGXboJFcCFlRgRdFt24rGAv0BlKJs20oUlmTDJCHfokblwo4tZHcefbmLaz0NYfAh//OYdz8kcpZ9p43rezsrq2vrFZ2ipv7+zuVdz9g5ZOMkVokyQ8UZ0Ia8qZpE3DDKedVFEsIk7b0ehmWm8/UqVZIu/NOKWhwAPJYkawsVbPrSgUcPqAglycIRlMem7Vq3kzoWXwC6hCoUbP/Qr6CckElYZwrHXX91IT5lgZRjidlINM0xSTER7QrkWJBdVhPjt8gk6s00dxouyTBs3c3xM5FlqPRWQ7BTZDvVibmv/VupmJr8KcyTQzVJL5ojjjyCRomgLqM0WJ4WMLmChmb0VkiBUmxmZVtiH4i19ehtZ5zbd8d1GtXxdxlOAIjuEUfLiEOtxCA5pAIINneIU358l5cd6dj3nrilPMHMIfOZ8/oHqSaA==</latexit><latexit sha1_base64="RyyT3zeYAEA4tcZj4lBVYOs9IVw=">AAAB+HicbZDLSgMxFIbPeK310lGXboJFcCFlRgRdFt24rGAv0BlKJs20oUlmTDJCHfokblwo4tZHcefbmLaz0NYfAh//OYdz8kcpZ9p43rezsrq2vrFZ2ipv7+zuVdz9g5ZOMkVokyQ8UZ0Ia8qZpE3DDKedVFEsIk7b0ehmWm8/UqVZIu/NOKWhwAPJYkawsVbPrSgUcPqAglycIRlMem7Vq3kzoWXwC6hCoUbP/Qr6CckElYZwrHXX91IT5lgZRjidlINM0xSTER7QrkWJBdVhPjt8gk6s00dxouyTBs3c3xM5FlqPRWQ7BTZDvVibmv/VupmJr8KcyTQzVJL5ojjjyCRomgLqM0WJ4WMLmChmb0VkiBUmxmZVtiH4i19ehtZ5zbd8d1GtXxdxlOAIjuEUfLiEOtxCA5pAIINneIU358l5cd6dj3nrilPMHMIfOZ8/oHqSaA==</latexit><latexit sha1_base64="RyyT3zeYAEA4tcZj4lBVYOs9IVw=">AAAB+HicbZDLSgMxFIbPeK310lGXboJFcCFlRgRdFt24rGAv0BlKJs20oUlmTDJCHfokblwo4tZHcefbmLaz0NYfAh//OYdz8kcpZ9p43rezsrq2vrFZ2ipv7+zuVdz9g5ZOMkVokyQ8UZ0Ia8qZpE3DDKedVFEsIk7b0ehmWm8/UqVZIu/NOKWhwAPJYkawsVbPrSgUcPqAglycIRlMem7Vq3kzoWXwC6hCoUbP/Qr6CckElYZwrHXX91IT5lgZRjidlINM0xSTER7QrkWJBdVhPjt8gk6s00dxouyTBs3c3xM5FlqPRWQ7BTZDvVibmv/VupmJr8KcyTQzVJL5ojjjyCRomgLqM0WJ4WMLmChmb0VkiBUmxmZVtiH4i19ehtZ5zbd8d1GtXxdxlOAIjuEUfLiEOtxCA5pAIINneIU358l5cd6dj3nrilPMHMIfOZ8/oHqSaA==</latexit><latexit sha1_base64="RyyT3zeYAEA4tcZj4lBVYOs9IVw=">AAAB+HicbZDLSgMxFIbPeK310lGXboJFcCFlRgRdFt24rGAv0BlKJs20oUlmTDJCHfokblwo4tZHcefbmLaz0NYfAh//OYdz8kcpZ9p43rezsrq2vrFZ2ipv7+zuVdz9g5ZOMkVokyQ8UZ0Ia8qZpE3DDKedVFEsIk7b0ehmWm8/UqVZIu/NOKWhwAPJYkawsVbPrSgUcPqAglycIRlMem7Vq3kzoWXwC6hCoUbP/Qr6CckElYZwrHXX91IT5lgZRjidlINM0xSTER7QrkWJBdVhPjt8gk6s00dxouyTBs3c3xM5FlqPRWQ7BTZDvVibmv/VupmJr8KcyTQzVJL5ojjjyCRomgLqM0WJ4WMLmChmb0VkiBUmxmZVtiH4i19ehtZ5zbd8d1GtXxdxlOAIjuEUfLiEOtxCA5pAIINneIU358l5cd6dj3nrilPMHMIfOZ8/oHqSaA==</latexit>

A 2 Rm⇥n
<latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit><latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit><latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit><latexit sha1_base64="MxwCSL/gyMr0pbYAXqcODXgj2Pw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIR9Fj14rGK/YAmls120y7dbMLuRighJy/+FS8eFPHqb/Dmv3HT9qCtDwYe780wMy9IOFPacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheFX7rgUrFYnGnRwn1I9wXLGQEayN17YML5DGBvAjrQRBkt/l9FiFPs4gqJPKuXXGqzhhonrhTUoEp6l37y+vFJI2o0IRjpTquk2g/w1Izwmle9lJFE0yGuE87hgps9vjZ+I0cHRmlh8JYmhIajdXfExmOlBpFgekszlWzXiH+53VSHZ77GRNJqqkgk0VhypGOUZEJ6jFJieYjQzCRzNyKyABLTLRJrmxCcGdfnifNk6pr+M1ppXY5jaME+3AIx+DCGdTgGurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w+D2JiE</latexit>

A = U⌃V > =
rX

i=1

�iuiv
>
i , U 2 Rm⇥r,⌃ 2 Rr⇥r, V 2 Rn⇥r

<latexit sha1_base64="lKyZjiBFpx910sCGQFpkkzLMSmw="></latexit><latexit sha1_base64="lKyZjiBFpx910sCGQFpkkzLMSmw="></latexit><latexit sha1_base64="lKyZjiBFpx910sCGQFpkkzLMSmw="></latexit><latexit sha1_base64="lKyZjiBFpx910sCGQFpkkzLMSmw="></latexit>

- rank(A) = r  min{m,n}
<latexit sha1_base64="L/IAKAyqFfjh9StE51AH7q6v9V4=">AAACDXicbZBNSwMxEIazflu/qh69BKtQQWRXBL0IVS8eFWwVuqVk02kbmmTXZFYsS/+AF/+KFw+KePXuzX9j+nHQ6guBh3dmmMwbJVJY9P0vb2Jyanpmdm4+t7C4tLySX12r2Dg1HMo8lrG5iZgFKTSUUaCEm8QAU5GE66hz1q9f34GxItZX2E2gplhLi6bgDJ1Vz2+FCPeYGaY7veLJDj2mhoYSbmmohA4ztUt12KvnC/6ePxD9C8EICmSki3r+M2zEPFWgkUtmbTXwE6xlzKDgEnq5MLWQMN5hLag61EyBrWWDa3p02zkN2oyNexrpwP05kTFlbVdFrlMxbNvxWt/8r1ZNsXlUy4ROUgTNh4uaqaQY0340tCEMcJRdB4wb4f5KeZsZxtEFmHMhBOMn/4XK/l7g+PKgUDodxTFHNsgmKZKAHJISOScXpEw4eSBP5IW8eo/es/fmvQ9bJ7zRzDr5Je/jG7h8mq4=</latexit><latexit sha1_base64="L/IAKAyqFfjh9StE51AH7q6v9V4=">AAACDXicbZBNSwMxEIazflu/qh69BKtQQWRXBL0IVS8eFWwVuqVk02kbmmTXZFYsS/+AF/+KFw+KePXuzX9j+nHQ6guBh3dmmMwbJVJY9P0vb2Jyanpmdm4+t7C4tLySX12r2Dg1HMo8lrG5iZgFKTSUUaCEm8QAU5GE66hz1q9f34GxItZX2E2gplhLi6bgDJ1Vz2+FCPeYGaY7veLJDj2mhoYSbmmohA4ztUt12KvnC/6ePxD9C8EICmSki3r+M2zEPFWgkUtmbTXwE6xlzKDgEnq5MLWQMN5hLag61EyBrWWDa3p02zkN2oyNexrpwP05kTFlbVdFrlMxbNvxWt/8r1ZNsXlUy4ROUgTNh4uaqaQY0340tCEMcJRdB4wb4f5KeZsZxtEFmHMhBOMn/4XK/l7g+PKgUDodxTFHNsgmKZKAHJISOScXpEw4eSBP5IW8eo/es/fmvQ9bJ7zRzDr5Je/jG7h8mq4=</latexit><latexit sha1_base64="L/IAKAyqFfjh9StE51AH7q6v9V4=">AAACDXicbZBNSwMxEIazflu/qh69BKtQQWRXBL0IVS8eFWwVuqVk02kbmmTXZFYsS/+AF/+KFw+KePXuzX9j+nHQ6guBh3dmmMwbJVJY9P0vb2Jyanpmdm4+t7C4tLySX12r2Dg1HMo8lrG5iZgFKTSUUaCEm8QAU5GE66hz1q9f34GxItZX2E2gplhLi6bgDJ1Vz2+FCPeYGaY7veLJDj2mhoYSbmmohA4ztUt12KvnC/6ePxD9C8EICmSki3r+M2zEPFWgkUtmbTXwE6xlzKDgEnq5MLWQMN5hLag61EyBrWWDa3p02zkN2oyNexrpwP05kTFlbVdFrlMxbNvxWt/8r1ZNsXlUy4ROUgTNh4uaqaQY0340tCEMcJRdB4wb4f5KeZsZxtEFmHMhBOMn/4XK/l7g+PKgUDodxTFHNsgmKZKAHJISOScXpEw4eSBP5IW8eo/es/fmvQ9bJ7zRzDr5Je/jG7h8mq4=</latexit><latexit sha1_base64="L/IAKAyqFfjh9StE51AH7q6v9V4=">AAACDXicbZBNSwMxEIazflu/qh69BKtQQWRXBL0IVS8eFWwVuqVk02kbmmTXZFYsS/+AF/+KFw+KePXuzX9j+nHQ6guBh3dmmMwbJVJY9P0vb2Jyanpmdm4+t7C4tLySX12r2Dg1HMo8lrG5iZgFKTSUUaCEm8QAU5GE66hz1q9f34GxItZX2E2gplhLi6bgDJ1Vz2+FCPeYGaY7veLJDj2mhoYSbmmohA4ztUt12KvnC/6ePxD9C8EICmSki3r+M2zEPFWgkUtmbTXwE6xlzKDgEnq5MLWQMN5hLag61EyBrWWDa3p02zkN2oyNexrpwP05kTFlbVdFrlMxbNvxWt/8r1ZNsXlUy4ROUgTNh4uaqaQY0340tCEMcJRdB4wb4f5KeZsZxtEFmHMhBOMn/4XK/l7g+PKgUDodxTFHNsgmKZKAHJISOScXpEw4eSBP5IW8eo/es/fmvQ9bJ7zRzDr5Je/jG7h8mq4=</latexit>

-                          are the left and right singular vectorsui 2 Rm, vi 2 Rn
<latexit sha1_base64="KAAe+IfS96EJriixWDJslYBAwtI=">AAACF3icbZDLSsNAFIYn9VbrLerSzWARXEhJRNBl0Y3LKvYCbQyT6aQdOjMJM5NCCXkLN76KGxeKuNWdb+OkzULb/jDw8Z9zmHP+IGZUacf5sUorq2vrG+XNytb2zu6evX/QUlEiMWniiEWyEyBFGBWkqalmpBNLgnjASDsY3eT19phIRSPxoCcx8TgaCBpSjLSxfLuW+BT2qIA9jvQwCNL77DHl2RkcL/FF5ttVp+ZMBRfBLaAKCjV8+7vXj3DCidCYIaW6rhNrL0VSU8xIVuklisQIj9CAdA0KxIny0uldGTwxTh+GkTRPaDh1/06kiCs14YHpzLdU87XcXFbrJjq88lIq4kQTgWcfhQmDOoJ5SLBPJcGaTQwgLKnZFeIhkghrE2XFhODOn7wIrfOaa/juolq/LuIogyNwDE6BCy5BHdyCBmgCDJ7AC3gD79az9Wp9WJ+z1pJVzByCf7K+fgH9+Z/T</latexit><latexit sha1_base64="KAAe+IfS96EJriixWDJslYBAwtI=">AAACF3icbZDLSsNAFIYn9VbrLerSzWARXEhJRNBl0Y3LKvYCbQyT6aQdOjMJM5NCCXkLN76KGxeKuNWdb+OkzULb/jDw8Z9zmHP+IGZUacf5sUorq2vrG+XNytb2zu6evX/QUlEiMWniiEWyEyBFGBWkqalmpBNLgnjASDsY3eT19phIRSPxoCcx8TgaCBpSjLSxfLuW+BT2qIA9jvQwCNL77DHl2RkcL/FF5ttVp+ZMBRfBLaAKCjV8+7vXj3DCidCYIaW6rhNrL0VSU8xIVuklisQIj9CAdA0KxIny0uldGTwxTh+GkTRPaDh1/06kiCs14YHpzLdU87XcXFbrJjq88lIq4kQTgWcfhQmDOoJ5SLBPJcGaTQwgLKnZFeIhkghrE2XFhODOn7wIrfOaa/juolq/LuIogyNwDE6BCy5BHdyCBmgCDJ7AC3gD79az9Wp9WJ+z1pJVzByCf7K+fgH9+Z/T</latexit><latexit sha1_base64="KAAe+IfS96EJriixWDJslYBAwtI=">AAACF3icbZDLSsNAFIYn9VbrLerSzWARXEhJRNBl0Y3LKvYCbQyT6aQdOjMJM5NCCXkLN76KGxeKuNWdb+OkzULb/jDw8Z9zmHP+IGZUacf5sUorq2vrG+XNytb2zu6evX/QUlEiMWniiEWyEyBFGBWkqalmpBNLgnjASDsY3eT19phIRSPxoCcx8TgaCBpSjLSxfLuW+BT2qIA9jvQwCNL77DHl2RkcL/FF5ttVp+ZMBRfBLaAKCjV8+7vXj3DCidCYIaW6rhNrL0VSU8xIVuklisQIj9CAdA0KxIny0uldGTwxTh+GkTRPaDh1/06kiCs14YHpzLdU87XcXFbrJjq88lIq4kQTgWcfhQmDOoJ5SLBPJcGaTQwgLKnZFeIhkghrE2XFhODOn7wIrfOaa/juolq/LuIogyNwDE6BCy5BHdyCBmgCDJ7AC3gD79az9Wp9WJ+z1pJVzByCf7K+fgH9+Z/T</latexit><latexit sha1_base64="KAAe+IfS96EJriixWDJslYBAwtI=">AAACF3icbZDLSsNAFIYn9VbrLerSzWARXEhJRNBl0Y3LKvYCbQyT6aQdOjMJM5NCCXkLN76KGxeKuNWdb+OkzULb/jDw8Z9zmHP+IGZUacf5sUorq2vrG+XNytb2zu6evX/QUlEiMWniiEWyEyBFGBWkqalmpBNLgnjASDsY3eT19phIRSPxoCcx8TgaCBpSjLSxfLuW+BT2qIA9jvQwCNL77DHl2RkcL/FF5ttVp+ZMBRfBLaAKCjV8+7vXj3DCidCYIaW6rhNrL0VSU8xIVuklisQIj9CAdA0KxIny0uldGTwxTh+GkTRPaDh1/06kiCs14YHpzLdU87XcXFbrJjq88lIq4kQTgWcfhQmDOoJ5SLBPJcGaTQwgLKnZFeIhkghrE2XFhODOn7wIrfOaa/juolq/LuIogyNwDE6BCy5BHdyCBmgCDJ7AC3gD79az9Wp9WJ+z1pJVzByCf7K+fgH9+Z/T</latexit>

-                             contains singular values where ⌃ = diag(�1, . . . ,�r)
<latexit sha1_base64="7m8/hqoL4MJwUt2j/j35KcIRxHw=">AAACGnicbVDLSgMxFM34rPU16tJNsAgVpMyIoBuh6MZlRfuAzlAyaWYamnmQ3BHL0O9w46+4caGIO3Hj35hpZ6GtB0IO59x7k3u8RHAFlvVtLCwuLa+sltbK6xubW9vmzm5LxamkrEljEcuORxQTPGJN4CBYJ5GMhJ5gbW94lfvteyYVj6M7GCXMDUkQcZ9TAlrqmbZzy4OQ4AvsAHsAgKzPSTCuOiqXe/YxdvoxKH1NBXnUMytWzZoAzxO7IBVUoNEzP/UImoYsAiqIUl3bSsDNiAROBRuXnVSxhNAhCVhX04iETLnZZLUxPtRKH/ux1CcCPFF/d2QkVGoUeroyJDBQs14u/ud1U/DP3YxHSQosotOH/FRgiHGeE+5zySiIkSaESq7/iumASEJBp1nWIdizK8+T1knN1vzmtFK/LOIooX10gKrIRmeojq5RAzURRY/oGb2iN+PJeDHejY9p6YJR9OyhPzC+fgD6JqAv</latexit><latexit sha1_base64="7m8/hqoL4MJwUt2j/j35KcIRxHw=">AAACGnicbVDLSgMxFM34rPU16tJNsAgVpMyIoBuh6MZlRfuAzlAyaWYamnmQ3BHL0O9w46+4caGIO3Hj35hpZ6GtB0IO59x7k3u8RHAFlvVtLCwuLa+sltbK6xubW9vmzm5LxamkrEljEcuORxQTPGJN4CBYJ5GMhJ5gbW94lfvteyYVj6M7GCXMDUkQcZ9TAlrqmbZzy4OQ4AvsAHsAgKzPSTCuOiqXe/YxdvoxKH1NBXnUMytWzZoAzxO7IBVUoNEzP/UImoYsAiqIUl3bSsDNiAROBRuXnVSxhNAhCVhX04iETLnZZLUxPtRKH/ux1CcCPFF/d2QkVGoUeroyJDBQs14u/ud1U/DP3YxHSQosotOH/FRgiHGeE+5zySiIkSaESq7/iumASEJBp1nWIdizK8+T1knN1vzmtFK/LOIooX10gKrIRmeojq5RAzURRY/oGb2iN+PJeDHejY9p6YJR9OyhPzC+fgD6JqAv</latexit><latexit sha1_base64="7m8/hqoL4MJwUt2j/j35KcIRxHw=">AAACGnicbVDLSgMxFM34rPU16tJNsAgVpMyIoBuh6MZlRfuAzlAyaWYamnmQ3BHL0O9w46+4caGIO3Hj35hpZ6GtB0IO59x7k3u8RHAFlvVtLCwuLa+sltbK6xubW9vmzm5LxamkrEljEcuORxQTPGJN4CBYJ5GMhJ5gbW94lfvteyYVj6M7GCXMDUkQcZ9TAlrqmbZzy4OQ4AvsAHsAgKzPSTCuOiqXe/YxdvoxKH1NBXnUMytWzZoAzxO7IBVUoNEzP/UImoYsAiqIUl3bSsDNiAROBRuXnVSxhNAhCVhX04iETLnZZLUxPtRKH/ux1CcCPFF/d2QkVGoUeroyJDBQs14u/ud1U/DP3YxHSQosotOH/FRgiHGeE+5zySiIkSaESq7/iumASEJBp1nWIdizK8+T1knN1vzmtFK/LOIooX10gKrIRmeojq5RAzURRY/oGb2iN+PJeDHejY9p6YJR9OyhPzC+fgD6JqAv</latexit><latexit sha1_base64="7m8/hqoL4MJwUt2j/j35KcIRxHw=">AAACGnicbVDLSgMxFM34rPU16tJNsAgVpMyIoBuh6MZlRfuAzlAyaWYamnmQ3BHL0O9w46+4caGIO3Hj35hpZ6GtB0IO59x7k3u8RHAFlvVtLCwuLa+sltbK6xubW9vmzm5LxamkrEljEcuORxQTPGJN4CBYJ5GMhJ5gbW94lfvteyYVj6M7GCXMDUkQcZ9TAlrqmbZzy4OQ4AvsAHsAgKzPSTCuOiqXe/YxdvoxKH1NBXnUMytWzZoAzxO7IBVUoNEzP/UImoYsAiqIUl3bSsDNiAROBRuXnVSxhNAhCVhX04iETLnZZLUxPtRKH/ux1CcCPFF/d2QkVGoUeroyJDBQs14u/ud1U/DP3YxHSQosotOH/FRgiHGeE+5zySiIkSaESq7/iumASEJBp1nWIdizK8+T1knN1vzmtFK/LOIooX10gKrIRmeojq5RAzURRY/oGb2iN+PJeDHejY9p6YJR9OyhPzC+fgD6JqAv</latexit>

�1 � �2 � · · · � �r
<latexit sha1_base64="/CxJoGcpgoJimdf22nG+xk/jFt0=">AAACGHicbVC7TsMwFL3hWcorwMhiUSExlaRCgrGChbFI9CG1UeS4TmrVToLtIFVRP4OFX2FhACHWbvwNbpuBthzJ0rnn3Gv7niDlTGnH+bHW1jc2t7ZLO+Xdvf2DQ/vouKWSTBLaJAlPZCfAinIW06ZmmtNOKikWAaftYHg39dvPVCqWxI96lFJP4ChmISNYG8m3L3uKRQL7LupF9AkVVa2o+olWC4b07YpTdWZAq8QtSAUKNHx7Ym4hmaCxJhwr1XWdVHs5lpoRTsflXqZoiskQR7RraIwFVV4+W2yMzo3SR2EizYk1mql/J3IslBqJwHQKrAdq2ZuK/3ndTIc3Xs7iNNM0JvOHwowjnaBpSqjPJCWajwzBRDLzV0QGWGKiTZZlE4K7vPIqadWqruEPV5X6bRFHCU7hDC7AhWuowz00oAkEXuANPuDTerXerS/re966ZhUzJ7AAa/ILYBCfWw==</latexit><latexit sha1_base64="/CxJoGcpgoJimdf22nG+xk/jFt0=">AAACGHicbVC7TsMwFL3hWcorwMhiUSExlaRCgrGChbFI9CG1UeS4TmrVToLtIFVRP4OFX2FhACHWbvwNbpuBthzJ0rnn3Gv7niDlTGnH+bHW1jc2t7ZLO+Xdvf2DQ/vouKWSTBLaJAlPZCfAinIW06ZmmtNOKikWAaftYHg39dvPVCqWxI96lFJP4ChmISNYG8m3L3uKRQL7LupF9AkVVa2o+olWC4b07YpTdWZAq8QtSAUKNHx7Ym4hmaCxJhwr1XWdVHs5lpoRTsflXqZoiskQR7RraIwFVV4+W2yMzo3SR2EizYk1mql/J3IslBqJwHQKrAdq2ZuK/3ndTIc3Xs7iNNM0JvOHwowjnaBpSqjPJCWajwzBRDLzV0QGWGKiTZZlE4K7vPIqadWqruEPV5X6bRFHCU7hDC7AhWuowz00oAkEXuANPuDTerXerS/re966ZhUzJ7AAa/ILYBCfWw==</latexit><latexit sha1_base64="/CxJoGcpgoJimdf22nG+xk/jFt0=">AAACGHicbVC7TsMwFL3hWcorwMhiUSExlaRCgrGChbFI9CG1UeS4TmrVToLtIFVRP4OFX2FhACHWbvwNbpuBthzJ0rnn3Gv7niDlTGnH+bHW1jc2t7ZLO+Xdvf2DQ/vouKWSTBLaJAlPZCfAinIW06ZmmtNOKikWAaftYHg39dvPVCqWxI96lFJP4ChmISNYG8m3L3uKRQL7LupF9AkVVa2o+olWC4b07YpTdWZAq8QtSAUKNHx7Ym4hmaCxJhwr1XWdVHs5lpoRTsflXqZoiskQR7RraIwFVV4+W2yMzo3SR2EizYk1mql/J3IslBqJwHQKrAdq2ZuK/3ndTIc3Xs7iNNM0JvOHwowjnaBpSqjPJCWajwzBRDLzV0QGWGKiTZZlE4K7vPIqadWqruEPV5X6bRFHCU7hDC7AhWuowz00oAkEXuANPuDTerXerS/re966ZhUzJ7AAa/ILYBCfWw==</latexit><latexit sha1_base64="/CxJoGcpgoJimdf22nG+xk/jFt0=">AAACGHicbVC7TsMwFL3hWcorwMhiUSExlaRCgrGChbFI9CG1UeS4TmrVToLtIFVRP4OFX2FhACHWbvwNbpuBthzJ0rnn3Gv7niDlTGnH+bHW1jc2t7ZLO+Xdvf2DQ/vouKWSTBLaJAlPZCfAinIW06ZmmtNOKikWAaftYHg39dvPVCqWxI96lFJP4ChmISNYG8m3L3uKRQL7LupF9AkVVa2o+olWC4b07YpTdWZAq8QtSAUKNHx7Ym4hmaCxJhwr1XWdVHs5lpoRTsflXqZoiskQR7RraIwFVV4+W2yMzo3SR2EizYk1mql/J3IslBqJwHQKrAdq2ZuK/3ndTIc3Xs7iNNM0JvOHwowjnaBpSqjPJCWajwzBRDLzV0QGWGKiTZZlE4K7vPIqadWqruEPV5X6bRFHCU7hDC7AhWuowz00oAkEXuANPuDTerXerS/re966ZhUzJ7AAa/ILYBCfWw==</latexit>

U>U = I and V >V = I
<latexit sha1_base64="4EUrg+1lvmwxlkQQm0nMTAL+z5o=">AAACD3icbZDNSsNAFIUn9a/Wv6pLN4NFcVUSEXQjFN3oroJpC00tk+mkHTqZhJkbsYS+gRtfxY0LRdy6defbOGmz0NYLAx/n3Mude/xYcA22/W0VFhaXlleKq6W19Y3NrfL2TkNHiaLMpZGIVMsnmgkumQscBGvFipHQF6zpDy8zv3nPlOaRvIVRzDoh6UsecErASN3yoXvnQRRjF5/ja+wBe4AUE9nDY9yYOo3M6ZYrdtWeFJ4HJ4cKyqveLX95vYgmIZNABdG67dgxdFKigFPBxiUv0SwmdEj6rG1QkpDpTjq5Z4wPjNLDQaTMk4An6u+JlIRaj0LfdIYEBnrWy8T/vHYCwVkn5TJOgEk6XRQkAkOEs3BwjytGQYwMEKq4+SumA6IIBRNhyYTgzJ48D43jqmP45qRSu8jjKKI9tI+OkINOUQ1doTpyEUWP6Bm9ojfryXqx3q2PaWvBymd20Z+yPn8AKA6aLw==</latexit><latexit sha1_base64="4EUrg+1lvmwxlkQQm0nMTAL+z5o=">AAACD3icbZDNSsNAFIUn9a/Wv6pLN4NFcVUSEXQjFN3oroJpC00tk+mkHTqZhJkbsYS+gRtfxY0LRdy6defbOGmz0NYLAx/n3Mude/xYcA22/W0VFhaXlleKq6W19Y3NrfL2TkNHiaLMpZGIVMsnmgkumQscBGvFipHQF6zpDy8zv3nPlOaRvIVRzDoh6UsecErASN3yoXvnQRRjF5/ja+wBe4AUE9nDY9yYOo3M6ZYrdtWeFJ4HJ4cKyqveLX95vYgmIZNABdG67dgxdFKigFPBxiUv0SwmdEj6rG1QkpDpTjq5Z4wPjNLDQaTMk4An6u+JlIRaj0LfdIYEBnrWy8T/vHYCwVkn5TJOgEk6XRQkAkOEs3BwjytGQYwMEKq4+SumA6IIBRNhyYTgzJ48D43jqmP45qRSu8jjKKI9tI+OkINOUQ1doTpyEUWP6Bm9ojfryXqx3q2PaWvBymd20Z+yPn8AKA6aLw==</latexit><latexit sha1_base64="4EUrg+1lvmwxlkQQm0nMTAL+z5o=">AAACD3icbZDNSsNAFIUn9a/Wv6pLN4NFcVUSEXQjFN3oroJpC00tk+mkHTqZhJkbsYS+gRtfxY0LRdy6defbOGmz0NYLAx/n3Mude/xYcA22/W0VFhaXlleKq6W19Y3NrfL2TkNHiaLMpZGIVMsnmgkumQscBGvFipHQF6zpDy8zv3nPlOaRvIVRzDoh6UsecErASN3yoXvnQRRjF5/ja+wBe4AUE9nDY9yYOo3M6ZYrdtWeFJ4HJ4cKyqveLX95vYgmIZNABdG67dgxdFKigFPBxiUv0SwmdEj6rG1QkpDpTjq5Z4wPjNLDQaTMk4An6u+JlIRaj0LfdIYEBnrWy8T/vHYCwVkn5TJOgEk6XRQkAkOEs3BwjytGQYwMEKq4+SumA6IIBRNhyYTgzJ48D43jqmP45qRSu8jjKKI9tI+OkINOUQ1doTpyEUWP6Bm9ojfryXqx3q2PaWvBymd20Z+yPn8AKA6aLw==</latexit><latexit sha1_base64="4EUrg+1lvmwxlkQQm0nMTAL+z5o=">AAACD3icbZDNSsNAFIUn9a/Wv6pLN4NFcVUSEXQjFN3oroJpC00tk+mkHTqZhJkbsYS+gRtfxY0LRdy6defbOGmz0NYLAx/n3Mude/xYcA22/W0VFhaXlleKq6W19Y3NrfL2TkNHiaLMpZGIVMsnmgkumQscBGvFipHQF6zpDy8zv3nPlOaRvIVRzDoh6UsecErASN3yoXvnQRRjF5/ja+wBe4AUE9nDY9yYOo3M6ZYrdtWeFJ4HJ4cKyqveLX95vYgmIZNABdG67dgxdFKigFPBxiUv0SwmdEj6rG1QkpDpTjq5Z4wPjNLDQaTMk4An6u+JlIRaj0LfdIYEBnrWy8T/vHYCwVkn5TJOgEk6XRQkAkOEs3BwjytGQYwMEKq4+SumA6IIBRNhyYTgzJ48D43jqmP45qRSu8jjKKI9tI+OkINOUQ1doTpyEUWP6Bm9ojfryXqx3q2PaWvBymd20Z+yPn8AKA6aLw==</latexit>

- Left and right singular vectors are orthogonal: 



Matrices
- Norms:

..there are more norms to worry about (e.g., operator norms) 
but we will skip them here..

kAkF =

sX

ij

A2
ij

<latexit sha1_base64="dMTMUzLKkryq8KkXViysgs90WO4=">AAACDHicbVBPS8MwHE3nvzn/TT16CQ7B02iHoBdhUxCPE9wfWGtJs3SLpmlNUmF0/QBe/CpePCji1Q/gzW9j1vWgmw9CHu+9H8nveRGjUpnmt1FYWFxaXimultbWNza3yts7bRnGApMWDlkouh6ShFFOWooqRrqRICjwGOl4d+cTv/NAhKQhv1ajiDgBGnDqU4yUltxyxR437LF7AU+hLe+FSmwZB25Cb1PYyK6bWqpTZtXMAOeJlZMKyNF0y192P8RxQLjCDEnZs8xIOQkSimJG0pIdSxIhfIcGpKcpRwGRTpItk8IDrfShHwp9uIKZ+nsiQYGUo8DTyQCpoZz1JuJ/Xi9W/omTUB7FinA8fciPGVQhnDQD+1QQrNhIE4QF1X+FeIgEwkr3V9IlWLMrz5N2rWppfnVUqZ/ldRTBHtgHh8ACx6AOLkETtAAGj+AZvII348l4Md6Nj2m0YOQzu+APjM8fX3ObMA==</latexit><latexit sha1_base64="dMTMUzLKkryq8KkXViysgs90WO4=">AAACDHicbVBPS8MwHE3nvzn/TT16CQ7B02iHoBdhUxCPE9wfWGtJs3SLpmlNUmF0/QBe/CpePCji1Q/gzW9j1vWgmw9CHu+9H8nveRGjUpnmt1FYWFxaXimultbWNza3yts7bRnGApMWDlkouh6ShFFOWooqRrqRICjwGOl4d+cTv/NAhKQhv1ajiDgBGnDqU4yUltxyxR437LF7AU+hLe+FSmwZB25Cb1PYyK6bWqpTZtXMAOeJlZMKyNF0y192P8RxQLjCDEnZs8xIOQkSimJG0pIdSxIhfIcGpKcpRwGRTpItk8IDrfShHwp9uIKZ+nsiQYGUo8DTyQCpoZz1JuJ/Xi9W/omTUB7FinA8fciPGVQhnDQD+1QQrNhIE4QF1X+FeIgEwkr3V9IlWLMrz5N2rWppfnVUqZ/ldRTBHtgHh8ACx6AOLkETtAAGj+AZvII348l4Md6Nj2m0YOQzu+APjM8fX3ObMA==</latexit><latexit sha1_base64="dMTMUzLKkryq8KkXViysgs90WO4=">AAACDHicbVBPS8MwHE3nvzn/TT16CQ7B02iHoBdhUxCPE9wfWGtJs3SLpmlNUmF0/QBe/CpePCji1Q/gzW9j1vWgmw9CHu+9H8nveRGjUpnmt1FYWFxaXimultbWNza3yts7bRnGApMWDlkouh6ShFFOWooqRrqRICjwGOl4d+cTv/NAhKQhv1ajiDgBGnDqU4yUltxyxR437LF7AU+hLe+FSmwZB25Cb1PYyK6bWqpTZtXMAOeJlZMKyNF0y192P8RxQLjCDEnZs8xIOQkSimJG0pIdSxIhfIcGpKcpRwGRTpItk8IDrfShHwp9uIKZ+nsiQYGUo8DTyQCpoZz1JuJ/Xi9W/omTUB7FinA8fciPGVQhnDQD+1QQrNhIE4QF1X+FeIgEwkr3V9IlWLMrz5N2rWppfnVUqZ/ldRTBHtgHh8ACx6AOLkETtAAGj+AZvII348l4Md6Nj2m0YOQzu+APjM8fX3ObMA==</latexit><latexit sha1_base64="dMTMUzLKkryq8KkXViysgs90WO4=">AAACDHicbVBPS8MwHE3nvzn/TT16CQ7B02iHoBdhUxCPE9wfWGtJs3SLpmlNUmF0/QBe/CpePCji1Q/gzW9j1vWgmw9CHu+9H8nveRGjUpnmt1FYWFxaXimultbWNza3yts7bRnGApMWDlkouh6ShFFOWooqRrqRICjwGOl4d+cTv/NAhKQhv1ajiDgBGnDqU4yUltxyxR437LF7AU+hLe+FSmwZB25Cb1PYyK6bWqpTZtXMAOeJlZMKyNF0y192P8RxQLjCDEnZs8xIOQkSimJG0pIdSxIhfIcGpKcpRwGRTpItk8IDrfShHwp9uIKZ+nsiQYGUo8DTyQCpoZz1JuJ/Xi9W/omTUB7FinA8fciPGVQhnDQD+1QQrNhIE4QF1X+FeIgEwkr3V9IlWLMrz5N2rWppfnVUqZ/ldRTBHtgHh8ACx6AOLkETtAAGj+AZvII348l4Md6Nj2m0YOQzu+APjM8fX3ObMA==</latexit>

kAk⇤ =
rX

i

�i

<latexit sha1_base64="1wiYa6ilXqAtJc9Uq62veWgQWxs=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEiiIsyI4JuhKoblxXsBTrjkEkzbWiSGZKMUKZdufFV3LhQxK3P4M63MW1noa0/BD7+cw4n5w8TRpV2nG+rsLC4tLxSXC2trW9sbtnbOw0VpxKTOo5ZLFshUoRRQeqaakZaiSSIh4w0w/71uN58IFLRWNzpQUJ8jrqCRhQjbazA3veGl94wOIYX0FMpDzI6upcGaZejgAZ22ak4E8F5cHMog1y1wP7yOjFOOREaM6RU23US7WdIaooZGZW8VJEE4T7qkrZBgThRfjY5YwQPjdOBUSzNExpO3N8TGeJKDXhoOjnSPTVbG5v/1dqpjs79jIok1UTg6aIoZVDHcJwJ7FBJsGYDAwhLav4KcQ9JhLVJrmRCcGdPnofGScU1fHtarl7lcRTBHjgAR8AFZ6AKbkAN1AEGj+AZvII368l6sd6tj2lrwcpndsEfWZ8/QleYWg==</latexit><latexit sha1_base64="1wiYa6ilXqAtJc9Uq62veWgQWxs=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEiiIsyI4JuhKoblxXsBTrjkEkzbWiSGZKMUKZdufFV3LhQxK3P4M63MW1noa0/BD7+cw4n5w8TRpV2nG+rsLC4tLxSXC2trW9sbtnbOw0VpxKTOo5ZLFshUoRRQeqaakZaiSSIh4w0w/71uN58IFLRWNzpQUJ8jrqCRhQjbazA3veGl94wOIYX0FMpDzI6upcGaZejgAZ22ak4E8F5cHMog1y1wP7yOjFOOREaM6RU23US7WdIaooZGZW8VJEE4T7qkrZBgThRfjY5YwQPjdOBUSzNExpO3N8TGeJKDXhoOjnSPTVbG5v/1dqpjs79jIok1UTg6aIoZVDHcJwJ7FBJsGYDAwhLav4KcQ9JhLVJrmRCcGdPnofGScU1fHtarl7lcRTBHjgAR8AFZ6AKbkAN1AEGj+AZvII368l6sd6tj2lrwcpndsEfWZ8/QleYWg==</latexit><latexit sha1_base64="1wiYa6ilXqAtJc9Uq62veWgQWxs=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEiiIsyI4JuhKoblxXsBTrjkEkzbWiSGZKMUKZdufFV3LhQxK3P4M63MW1noa0/BD7+cw4n5w8TRpV2nG+rsLC4tLxSXC2trW9sbtnbOw0VpxKTOo5ZLFshUoRRQeqaakZaiSSIh4w0w/71uN58IFLRWNzpQUJ8jrqCRhQjbazA3veGl94wOIYX0FMpDzI6upcGaZejgAZ22ak4E8F5cHMog1y1wP7yOjFOOREaM6RU23US7WdIaooZGZW8VJEE4T7qkrZBgThRfjY5YwQPjdOBUSzNExpO3N8TGeJKDXhoOjnSPTVbG5v/1dqpjs79jIok1UTg6aIoZVDHcJwJ7FBJsGYDAwhLav4KcQ9JhLVJrmRCcGdPnofGScU1fHtarl7lcRTBHjgAR8AFZ6AKbkAN1AEGj+AZvII368l6sd6tj2lrwcpndsEfWZ8/QleYWg==</latexit><latexit sha1_base64="1wiYa6ilXqAtJc9Uq62veWgQWxs=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEiiIsyI4JuhKoblxXsBTrjkEkzbWiSGZKMUKZdufFV3LhQxK3P4M63MW1noa0/BD7+cw4n5w8TRpV2nG+rsLC4tLxSXC2trW9sbtnbOw0VpxKTOo5ZLFshUoRRQeqaakZaiSSIh4w0w/71uN58IFLRWNzpQUJ8jrqCRhQjbazA3veGl94wOIYX0FMpDzI6upcGaZejgAZ22ak4E8F5cHMog1y1wP7yOjFOOREaM6RU23US7WdIaooZGZW8VJEE4T7qkrZBgThRfjY5YwQPjdOBUSzNExpO3N8TGeJKDXhoOjnSPTVbG5v/1dqpjs79jIok1UTg6aIoZVDHcJwJ7FBJsGYDAwhLav4KcQ9JhLVJrmRCcGdPnofGScU1fHtarl7lcRTBHjgAR8AFZ6AKbkAN1AEGj+AZvII368l6sd6tj2lrwcpndsEfWZ8/QleYWg==</latexit>

(Frobenius norm) (Nuclear norm)

kAk2 = max
i

�i
<latexit sha1_base64="hrsv55uYV2DXHj8IHxEXtOfaE3w=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWwVWZKYJuhKoblxXsBTrDkEkzbWiSGZKMWKbFja/ixoUibn0Kd76NaTsLbf0h8PGfczg5f5gwqrTjfFuFpeWV1bXiemljc2t7x97da6o4lZg0cMxi2Q6RIowK0tBUM9JOJEE8ZKQVDq4n9dY9kYrG4k4PE+Jz1BM0ohhpYwX2gTe69EZBFV5Aj6OHgEJP0R5HAQ3sslNxpoKL4OZQBrnqgf3ldWOcciI0Zkipjusk2s+Q1BQzMi55qSIJwgPUIx2DAnGi/Gx6whgeG6cLo1iaJzScur8nMsSVGvLQdHKk+2q+NjH/q3VSHZ37GRVJqonAs0VRyqCO4SQP2KWSYM2GBhCW1PwV4j6SCGuTWsmE4M6fvAjNasU1fHtarl3lcRTBITgCJ8AFZ6AGbkAdNAAGj+AZvII368l6sd6tj1lrwcpn9sEfWZ8/xq+WYw==</latexit><latexit sha1_base64="hrsv55uYV2DXHj8IHxEXtOfaE3w=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWwVWZKYJuhKoblxXsBTrDkEkzbWiSGZKMWKbFja/ixoUibn0Kd76NaTsLbf0h8PGfczg5f5gwqrTjfFuFpeWV1bXiemljc2t7x97da6o4lZg0cMxi2Q6RIowK0tBUM9JOJEE8ZKQVDq4n9dY9kYrG4k4PE+Jz1BM0ohhpYwX2gTe69EZBFV5Aj6OHgEJP0R5HAQ3sslNxpoKL4OZQBrnqgf3ldWOcciI0Zkipjusk2s+Q1BQzMi55qSIJwgPUIx2DAnGi/Gx6whgeG6cLo1iaJzScur8nMsSVGvLQdHKk+2q+NjH/q3VSHZ37GRVJqonAs0VRyqCO4SQP2KWSYM2GBhCW1PwV4j6SCGuTWsmE4M6fvAjNasU1fHtarl3lcRTBITgCJ8AFZ6AGbkAdNAAGj+AZvII368l6sd6tj1lrwcpn9sEfWZ8/xq+WYw==</latexit><latexit sha1_base64="hrsv55uYV2DXHj8IHxEXtOfaE3w=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWwVWZKYJuhKoblxXsBTrDkEkzbWiSGZKMWKbFja/ixoUibn0Kd76NaTsLbf0h8PGfczg5f5gwqrTjfFuFpeWV1bXiemljc2t7x97da6o4lZg0cMxi2Q6RIowK0tBUM9JOJEE8ZKQVDq4n9dY9kYrG4k4PE+Jz1BM0ohhpYwX2gTe69EZBFV5Aj6OHgEJP0R5HAQ3sslNxpoKL4OZQBrnqgf3ldWOcciI0Zkipjusk2s+Q1BQzMi55qSIJwgPUIx2DAnGi/Gx6whgeG6cLo1iaJzScur8nMsSVGvLQdHKk+2q+NjH/q3VSHZ37GRVJqonAs0VRyqCO4SQP2KWSYM2GBhCW1PwV4j6SCGuTWsmE4M6fvAjNasU1fHtarl3lcRTBITgCJ8AFZ6AGbkAdNAAGj+AZvII368l6sd6tj1lrwcpn9sEfWZ8/xq+WYw==</latexit><latexit sha1_base64="hrsv55uYV2DXHj8IHxEXtOfaE3w=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWwVWZKYJuhKoblxXsBTrDkEkzbWiSGZKMWKbFja/ixoUibn0Kd76NaTsLbf0h8PGfczg5f5gwqrTjfFuFpeWV1bXiemljc2t7x97da6o4lZg0cMxi2Q6RIowK0tBUM9JOJEE8ZKQVDq4n9dY9kYrG4k4PE+Jz1BM0ohhpYwX2gTe69EZBFV5Aj6OHgEJP0R5HAQ3sslNxpoKL4OZQBrnqgf3ldWOcciI0Zkipjusk2s+Q1BQzMi55qSIJwgPUIx2DAnGi/Gx6whgeG6cLo1iaJzScur8nMsSVGvLQdHKk+2q+NjH/q3VSHZ37GRVJqonAs0VRyqCO4SQP2KWSYM2GBhCW1PwV4j6SCGuTWsmE4M6fvAjNasU1fHtarl3lcRTBITgCJ8AFZ6AGbkAdNAAGj+AZvII368l6sd6tj1lrwcpn9sEfWZ8/xq+WYw==</latexit>

(Spectral norm)



Matrices
- Matrix inverses are defined on square matrices



Matrices
- Matrix inverses are defined on square matrices

- Matrix inverse definition as a collection of properties:

-      is full rank A
<latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit>



Matrices
- Matrix inverses are defined on square matrices

- Matrix inverse definition as a collection of properties:

-      is full rank A
<latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit>

-      has empty nullspaceA
<latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit>



Matrices
- Matrix inverses are defined on square matrices

- Matrix inverse definition as a collection of properties:

-      is full rank A
<latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit>

-      has empty nullspaceA
<latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit>

- The equation               has only the trivial solution  Ax = 0
<latexit sha1_base64="yY1xCWv4apZjphe88GtRt86JNMg=">AAAB7XicbZDLSgMxFIZPvNZ6q7p0EyyCqzIjgm6EqhuXFewF2qFk0kwbm0mGJCOWoe/gxoUibn0fd76NaTsLbf0h8PGfc8g5f5gIbqznfaOl5ZXVtfXCRnFza3tnt7S33zAq1ZTVqRJKt0JimOCS1S23grUSzUgcCtYMhzeTevORacOVvLejhAUx6UsecUqssxpXT/gSe91S2at4U+FF8HMoQ65at/TV6SmaxkxaKogxbd9LbJARbTkVbFzspIYlhA5Jn7UdShIzE2TTbcf42Dk9HCntnrR46v6eyEhszCgOXWdM7MDM1ybmf7V2aqOLIOMySS2TdPZRlApsFZ6cjntcM2rFyAGhmrtdMR0QTah1ARVdCP78yYvQOK34ju/OytXrPI4CHMIRnIAP51CFW6hBHSg8wDO8whtS6AW9o49Z6xLKZw7gj9DnDwvHjhw=</latexit><latexit sha1_base64="yY1xCWv4apZjphe88GtRt86JNMg=">AAAB7XicbZDLSgMxFIZPvNZ6q7p0EyyCqzIjgm6EqhuXFewF2qFk0kwbm0mGJCOWoe/gxoUibn0fd76NaTsLbf0h8PGfc8g5f5gIbqznfaOl5ZXVtfXCRnFza3tnt7S33zAq1ZTVqRJKt0JimOCS1S23grUSzUgcCtYMhzeTevORacOVvLejhAUx6UsecUqssxpXT/gSe91S2at4U+FF8HMoQ65at/TV6SmaxkxaKogxbd9LbJARbTkVbFzspIYlhA5Jn7UdShIzE2TTbcf42Dk9HCntnrR46v6eyEhszCgOXWdM7MDM1ybmf7V2aqOLIOMySS2TdPZRlApsFZ6cjntcM2rFyAGhmrtdMR0QTah1ARVdCP78yYvQOK34ju/OytXrPI4CHMIRnIAP51CFW6hBHSg8wDO8whtS6AW9o49Z6xLKZw7gj9DnDwvHjhw=</latexit><latexit sha1_base64="yY1xCWv4apZjphe88GtRt86JNMg=">AAAB7XicbZDLSgMxFIZPvNZ6q7p0EyyCqzIjgm6EqhuXFewF2qFk0kwbm0mGJCOWoe/gxoUibn0fd76NaTsLbf0h8PGfc8g5f5gIbqznfaOl5ZXVtfXCRnFza3tnt7S33zAq1ZTVqRJKt0JimOCS1S23grUSzUgcCtYMhzeTevORacOVvLejhAUx6UsecUqssxpXT/gSe91S2at4U+FF8HMoQ65at/TV6SmaxkxaKogxbd9LbJARbTkVbFzspIYlhA5Jn7UdShIzE2TTbcf42Dk9HCntnrR46v6eyEhszCgOXWdM7MDM1ybmf7V2aqOLIOMySS2TdPZRlApsFZ6cjntcM2rFyAGhmrtdMR0QTah1ARVdCP78yYvQOK34ju/OytXrPI4CHMIRnIAP51CFW6hBHSg8wDO8whtS6AW9o49Z6xLKZw7gj9DnDwvHjhw=</latexit><latexit sha1_base64="yY1xCWv4apZjphe88GtRt86JNMg=">AAAB7XicbZDLSgMxFIZPvNZ6q7p0EyyCqzIjgm6EqhuXFewF2qFk0kwbm0mGJCOWoe/gxoUibn0fd76NaTsLbf0h8PGfc8g5f5gIbqznfaOl5ZXVtfXCRnFza3tnt7S33zAq1ZTVqRJKt0JimOCS1S23grUSzUgcCtYMhzeTevORacOVvLejhAUx6UsecUqssxpXT/gSe91S2at4U+FF8HMoQ65at/TV6SmaxkxaKogxbd9LbJARbTkVbFzspIYlhA5Jn7UdShIzE2TTbcf42Dk9HCntnrR46v6eyEhszCgOXWdM7MDM1ybmf7V2aqOLIOMySS2TdPZRlApsFZ6cjntcM2rFyAGhmrtdMR0QTah1ARVdCP78yYvQOK34ju/OytXrPI4CHMIRnIAP51CFW6hBHSg8wDO8whtS6AW9o49Z6xLKZw7gj9DnDwvHjhw=</latexit>

x = 0
<latexit sha1_base64="TMIHVM7cjPNIpSJEQSU+/pH7FkY=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14rGBqoQ1ls520SzebsLsRS+hv8OJBEa/+IG/+G7dtDtr6wsLDOzPszBumgmvjut9OaWV1bX2jvFnZ2t7Z3avuH7R0kimGPktEotoh1Si4RN9wI7CdKqRxKPAhHN1M6w+PqDRP5L0ZpxjEdCB5xBk11vKfyBVxe9WaW3dnIsvgFVCDQs1e9avbT1gWozRMUK07npuaIKfKcCZwUulmGlPKRnSAHYuSxqiDfLbshJxYp0+iRNknDZm5vydyGms9jkPbGVMz1Iu1qflfrZOZ6DLIuUwzg5LNP4oyQUxCppeTPlfIjBhboExxuythQ6ooMzafig3BWzx5GVpndc/y3XmtcV3EUYYjOIZT8OACGnALTfCBAYdneIU3RzovzrvzMW8tOcXMIfyR8/kDgwON0Q==</latexit><latexit sha1_base64="TMIHVM7cjPNIpSJEQSU+/pH7FkY=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14rGBqoQ1ls520SzebsLsRS+hv8OJBEa/+IG/+G7dtDtr6wsLDOzPszBumgmvjut9OaWV1bX2jvFnZ2t7Z3avuH7R0kimGPktEotoh1Si4RN9wI7CdKqRxKPAhHN1M6w+PqDRP5L0ZpxjEdCB5xBk11vKfyBVxe9WaW3dnIsvgFVCDQs1e9avbT1gWozRMUK07npuaIKfKcCZwUulmGlPKRnSAHYuSxqiDfLbshJxYp0+iRNknDZm5vydyGms9jkPbGVMz1Iu1qflfrZOZ6DLIuUwzg5LNP4oyQUxCppeTPlfIjBhboExxuythQ6ooMzafig3BWzx5GVpndc/y3XmtcV3EUYYjOIZT8OACGnALTfCBAYdneIU3RzovzrvzMW8tOcXMIfyR8/kDgwON0Q==</latexit><latexit sha1_base64="TMIHVM7cjPNIpSJEQSU+/pH7FkY=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14rGBqoQ1ls520SzebsLsRS+hv8OJBEa/+IG/+G7dtDtr6wsLDOzPszBumgmvjut9OaWV1bX2jvFnZ2t7Z3avuH7R0kimGPktEotoh1Si4RN9wI7CdKqRxKPAhHN1M6w+PqDRP5L0ZpxjEdCB5xBk11vKfyBVxe9WaW3dnIsvgFVCDQs1e9avbT1gWozRMUK07npuaIKfKcCZwUulmGlPKRnSAHYuSxqiDfLbshJxYp0+iRNknDZm5vydyGms9jkPbGVMz1Iu1qflfrZOZ6DLIuUwzg5LNP4oyQUxCppeTPlfIjBhboExxuythQ6ooMzafig3BWzx5GVpndc/y3XmtcV3EUYYjOIZT8OACGnALTfCBAYdneIU3RzovzrvzMW8tOcXMIfyR8/kDgwON0Q==</latexit><latexit sha1_base64="TMIHVM7cjPNIpSJEQSU+/pH7FkY=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14rGBqoQ1ls520SzebsLsRS+hv8OJBEa/+IG/+G7dtDtr6wsLDOzPszBumgmvjut9OaWV1bX2jvFnZ2t7Z3avuH7R0kimGPktEotoh1Si4RN9wI7CdKqRxKPAhHN1M6w+PqDRP5L0ZpxjEdCB5xBk11vKfyBVxe9WaW3dnIsvgFVCDQs1e9avbT1gWozRMUK07npuaIKfKcCZwUulmGlPKRnSAHYuSxqiDfLbshJxYp0+iRNknDZm5vydyGms9jkPbGVMz1Iu1qflfrZOZ6DLIuUwzg5LNP4oyQUxCppeTPlfIjBhboExxuythQ6ooMzafig3BWzx5GVpndc/y3XmtcV3EUYYjOIZT8OACGnALTfCBAYdneIU3RzovzrvzMW8tOcXMIfyR8/kDgwON0Q==</latexit>



Matrices
- Matrix inverses are defined on square matrices

- Matrix inverse definition as a collection of properties:

-      is full rank A
<latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit>

-      has empty nullspaceA
<latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit>

- The equation               has only the trivial solution  Ax = 0
<latexit sha1_base64="yY1xCWv4apZjphe88GtRt86JNMg=">AAAB7XicbZDLSgMxFIZPvNZ6q7p0EyyCqzIjgm6EqhuXFewF2qFk0kwbm0mGJCOWoe/gxoUibn0fd76NaTsLbf0h8PGfc8g5f5gIbqznfaOl5ZXVtfXCRnFza3tnt7S33zAq1ZTVqRJKt0JimOCS1S23grUSzUgcCtYMhzeTevORacOVvLejhAUx6UsecUqssxpXT/gSe91S2at4U+FF8HMoQ65at/TV6SmaxkxaKogxbd9LbJARbTkVbFzspIYlhA5Jn7UdShIzE2TTbcf42Dk9HCntnrR46v6eyEhszCgOXWdM7MDM1ybmf7V2aqOLIOMySS2TdPZRlApsFZ6cjntcM2rFyAGhmrtdMR0QTah1ARVdCP78yYvQOK34ju/OytXrPI4CHMIRnIAP51CFW6hBHSg8wDO8whtS6AW9o49Z6xLKZw7gj9DnDwvHjhw=</latexit><latexit sha1_base64="yY1xCWv4apZjphe88GtRt86JNMg=">AAAB7XicbZDLSgMxFIZPvNZ6q7p0EyyCqzIjgm6EqhuXFewF2qFk0kwbm0mGJCOWoe/gxoUibn0fd76NaTsLbf0h8PGfc8g5f5gIbqznfaOl5ZXVtfXCRnFza3tnt7S33zAq1ZTVqRJKt0JimOCS1S23grUSzUgcCtYMhzeTevORacOVvLejhAUx6UsecUqssxpXT/gSe91S2at4U+FF8HMoQ65at/TV6SmaxkxaKogxbd9LbJARbTkVbFzspIYlhA5Jn7UdShIzE2TTbcf42Dk9HCntnrR46v6eyEhszCgOXWdM7MDM1ybmf7V2aqOLIOMySS2TdPZRlApsFZ6cjntcM2rFyAGhmrtdMR0QTah1ARVdCP78yYvQOK34ju/OytXrPI4CHMIRnIAP51CFW6hBHSg8wDO8whtS6AW9o49Z6xLKZw7gj9DnDwvHjhw=</latexit><latexit sha1_base64="yY1xCWv4apZjphe88GtRt86JNMg=">AAAB7XicbZDLSgMxFIZPvNZ6q7p0EyyCqzIjgm6EqhuXFewF2qFk0kwbm0mGJCOWoe/gxoUibn0fd76NaTsLbf0h8PGfc8g5f5gIbqznfaOl5ZXVtfXCRnFza3tnt7S33zAq1ZTVqRJKt0JimOCS1S23grUSzUgcCtYMhzeTevORacOVvLejhAUx6UsecUqssxpXT/gSe91S2at4U+FF8HMoQ65at/TV6SmaxkxaKogxbd9LbJARbTkVbFzspIYlhA5Jn7UdShIzE2TTbcf42Dk9HCntnrR46v6eyEhszCgOXWdM7MDM1ybmf7V2aqOLIOMySS2TdPZRlApsFZ6cjntcM2rFyAGhmrtdMR0QTah1ARVdCP78yYvQOK34ju/OytXrPI4CHMIRnIAP51CFW6hBHSg8wDO8whtS6AW9o49Z6xLKZw7gj9DnDwvHjhw=</latexit><latexit sha1_base64="yY1xCWv4apZjphe88GtRt86JNMg=">AAAB7XicbZDLSgMxFIZPvNZ6q7p0EyyCqzIjgm6EqhuXFewF2qFk0kwbm0mGJCOWoe/gxoUibn0fd76NaTsLbf0h8PGfc8g5f5gIbqznfaOl5ZXVtfXCRnFza3tnt7S33zAq1ZTVqRJKt0JimOCS1S23grUSzUgcCtYMhzeTevORacOVvLejhAUx6UsecUqssxpXT/gSe91S2at4U+FF8HMoQ65at/TV6SmaxkxaKogxbd9LbJARbTkVbFzspIYlhA5Jn7UdShIzE2TTbcf42Dk9HCntnrR46v6eyEhszCgOXWdM7MDM1ybmf7V2aqOLIOMySS2TdPZRlApsFZ6cjntcM2rFyAGhmrtdMR0QTah1ARVdCP78yYvQOK34ju/OytXrPI4CHMIRnIAP51CFW6hBHSg8wDO8whtS6AW9o49Z6xLKZw7gj9DnDwvHjhw=</latexit>

x = 0
<latexit sha1_base64="TMIHVM7cjPNIpSJEQSU+/pH7FkY=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14rGBqoQ1ls520SzebsLsRS+hv8OJBEa/+IG/+G7dtDtr6wsLDOzPszBumgmvjut9OaWV1bX2jvFnZ2t7Z3avuH7R0kimGPktEotoh1Si4RN9wI7CdKqRxKPAhHN1M6w+PqDRP5L0ZpxjEdCB5xBk11vKfyBVxe9WaW3dnIsvgFVCDQs1e9avbT1gWozRMUK07npuaIKfKcCZwUulmGlPKRnSAHYuSxqiDfLbshJxYp0+iRNknDZm5vydyGms9jkPbGVMz1Iu1qflfrZOZ6DLIuUwzg5LNP4oyQUxCppeTPlfIjBhboExxuythQ6ooMzafig3BWzx5GVpndc/y3XmtcV3EUYYjOIZT8OACGnALTfCBAYdneIU3RzovzrvzMW8tOcXMIfyR8/kDgwON0Q==</latexit><latexit sha1_base64="TMIHVM7cjPNIpSJEQSU+/pH7FkY=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14rGBqoQ1ls520SzebsLsRS+hv8OJBEa/+IG/+G7dtDtr6wsLDOzPszBumgmvjut9OaWV1bX2jvFnZ2t7Z3avuH7R0kimGPktEotoh1Si4RN9wI7CdKqRxKPAhHN1M6w+PqDRP5L0ZpxjEdCB5xBk11vKfyBVxe9WaW3dnIsvgFVCDQs1e9avbT1gWozRMUK07npuaIKfKcCZwUulmGlPKRnSAHYuSxqiDfLbshJxYp0+iRNknDZm5vydyGms9jkPbGVMz1Iu1qflfrZOZ6DLIuUwzg5LNP4oyQUxCppeTPlfIjBhboExxuythQ6ooMzafig3BWzx5GVpndc/y3XmtcV3EUYYjOIZT8OACGnALTfCBAYdneIU3RzovzrvzMW8tOcXMIfyR8/kDgwON0Q==</latexit><latexit sha1_base64="TMIHVM7cjPNIpSJEQSU+/pH7FkY=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14rGBqoQ1ls520SzebsLsRS+hv8OJBEa/+IG/+G7dtDtr6wsLDOzPszBumgmvjut9OaWV1bX2jvFnZ2t7Z3avuH7R0kimGPktEotoh1Si4RN9wI7CdKqRxKPAhHN1M6w+PqDRP5L0ZpxjEdCB5xBk11vKfyBVxe9WaW3dnIsvgFVCDQs1e9avbT1gWozRMUK07npuaIKfKcCZwUulmGlPKRnSAHYuSxqiDfLbshJxYp0+iRNknDZm5vydyGms9jkPbGVMz1Iu1qflfrZOZ6DLIuUwzg5LNP4oyQUxCppeTPlfIjBhboExxuythQ6ooMzafig3BWzx5GVpndc/y3XmtcV3EUYYjOIZT8OACGnALTfCBAYdneIU3RzovzrvzMW8tOcXMIfyR8/kDgwON0Q==</latexit><latexit sha1_base64="TMIHVM7cjPNIpSJEQSU+/pH7FkY=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14rGBqoQ1ls520SzebsLsRS+hv8OJBEa/+IG/+G7dtDtr6wsLDOzPszBumgmvjut9OaWV1bX2jvFnZ2t7Z3avuH7R0kimGPktEotoh1Si4RN9wI7CdKqRxKPAhHN1M6w+PqDRP5L0ZpxjEdCB5xBk11vKfyBVxe9WaW3dnIsvgFVCDQs1e9avbT1gWozRMUK07npuaIKfKcCZwUulmGlPKRnSAHYuSxqiDfLbshJxYp0+iRNknDZm5vydyGms9jkPbGVMz1Iu1qflfrZOZ6DLIuUwzg5LNP4oyQUxCppeTPlfIjBhboExxuythQ6ooMzafig3BWzx5GVpndc/y3XmtcV3EUYYjOIZT8OACGnALTfCBAYdneIU3RzovzrvzMW8tOcXMIfyR8/kDgwON0Q==</latexit>

- The linear system               has a unique solutionAx = b
<latexit sha1_base64="8Viwh2D00yJ5mcgJngUqqpm71Gs=">AAAB7XicbZDLSgMxFIZPvNZ6q7p0EyyCqzIjgm6EqhuXFewF2qFk0kwbm0mGJCOWoe/gxoUibn0fd76NaTsLbf0h8PGfc8g5f5gIbqznfaOl5ZXVtfXCRnFza3tnt7S33zAq1ZTVqRJKt0JimOCS1S23grUSzUgcCtYMhzeTevORacOVvLejhAUx6UsecUqssxpXT/gSh91S2at4U+FF8HMoQ65at/TV6SmaxkxaKogxbd9LbJARbTkVbFzspIYlhA5Jn7UdShIzE2TTbcf42Dk9HCntnrR46v6eyEhszCgOXWdM7MDM1ybmf7V2aqOLIOMySS2TdPZRlApsFZ6cjntcM2rFyAGhmrtdMR0QTah1ARVdCP78yYvQOK34ju/OytXrPI4CHMIRnIAP51CFW6hBHSg8wDO8whtS6AW9o49Z6xLKZw7gj9DnD1ePjk4=</latexit><latexit sha1_base64="8Viwh2D00yJ5mcgJngUqqpm71Gs=">AAAB7XicbZDLSgMxFIZPvNZ6q7p0EyyCqzIjgm6EqhuXFewF2qFk0kwbm0mGJCOWoe/gxoUibn0fd76NaTsLbf0h8PGfc8g5f5gIbqznfaOl5ZXVtfXCRnFza3tnt7S33zAq1ZTVqRJKt0JimOCS1S23grUSzUgcCtYMhzeTevORacOVvLejhAUx6UsecUqssxpXT/gSh91S2at4U+FF8HMoQ65at/TV6SmaxkxaKogxbd9LbJARbTkVbFzspIYlhA5Jn7UdShIzE2TTbcf42Dk9HCntnrR46v6eyEhszCgOXWdM7MDM1ybmf7V2aqOLIOMySS2TdPZRlApsFZ6cjntcM2rFyAGhmrtdMR0QTah1ARVdCP78yYvQOK34ju/OytXrPI4CHMIRnIAP51CFW6hBHSg8wDO8whtS6AW9o49Z6xLKZw7gj9DnD1ePjk4=</latexit><latexit sha1_base64="8Viwh2D00yJ5mcgJngUqqpm71Gs=">AAAB7XicbZDLSgMxFIZPvNZ6q7p0EyyCqzIjgm6EqhuXFewF2qFk0kwbm0mGJCOWoe/gxoUibn0fd76NaTsLbf0h8PGfc8g5f5gIbqznfaOl5ZXVtfXCRnFza3tnt7S33zAq1ZTVqRJKt0JimOCS1S23grUSzUgcCtYMhzeTevORacOVvLejhAUx6UsecUqssxpXT/gSh91S2at4U+FF8HMoQ65at/TV6SmaxkxaKogxbd9LbJARbTkVbFzspIYlhA5Jn7UdShIzE2TTbcf42Dk9HCntnrR46v6eyEhszCgOXWdM7MDM1ybmf7V2aqOLIOMySS2TdPZRlApsFZ6cjntcM2rFyAGhmrtdMR0QTah1ARVdCP78yYvQOK34ju/OytXrPI4CHMIRnIAP51CFW6hBHSg8wDO8whtS6AW9o49Z6xLKZw7gj9DnD1ePjk4=</latexit><latexit sha1_base64="8Viwh2D00yJ5mcgJngUqqpm71Gs=">AAAB7XicbZDLSgMxFIZPvNZ6q7p0EyyCqzIjgm6EqhuXFewF2qFk0kwbm0mGJCOWoe/gxoUibn0fd76NaTsLbf0h8PGfc8g5f5gIbqznfaOl5ZXVtfXCRnFza3tnt7S33zAq1ZTVqRJKt0JimOCS1S23grUSzUgcCtYMhzeTevORacOVvLejhAUx6UsecUqssxpXT/gSh91S2at4U+FF8HMoQ65at/TV6SmaxkxaKogxbd9LbJARbTkVbFzspIYlhA5Jn7UdShIzE2TTbcf42Dk9HCntnrR46v6eyEhszCgOXWdM7MDM1ybmf7V2aqOLIOMySS2TdPZRlApsFZ6cjntcM2rFyAGhmrtdMR0QTah1ARVdCP78yYvQOK34ju/OytXrPI4CHMIRnIAP51CFW6hBHSg8wDO8whtS6AW9o49Z6xLKZw7gj9DnD1ePjk4=</latexit>



- The columns and rows of      are linearly independentA
<latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit>

Matrices
- Matrix inverses are defined on square matrices

- Matrix inverse definition as a collection of properties:

-      is full rank A
<latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit>

-      has empty nullspaceA
<latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit>

- The equation               has only the trivial solution  Ax = 0
<latexit sha1_base64="yY1xCWv4apZjphe88GtRt86JNMg=">AAAB7XicbZDLSgMxFIZPvNZ6q7p0EyyCqzIjgm6EqhuXFewF2qFk0kwbm0mGJCOWoe/gxoUibn0fd76NaTsLbf0h8PGfc8g5f5gIbqznfaOl5ZXVtfXCRnFza3tnt7S33zAq1ZTVqRJKt0JimOCS1S23grUSzUgcCtYMhzeTevORacOVvLejhAUx6UsecUqssxpXT/gSe91S2at4U+FF8HMoQ65at/TV6SmaxkxaKogxbd9LbJARbTkVbFzspIYlhA5Jn7UdShIzE2TTbcf42Dk9HCntnrR46v6eyEhszCgOXWdM7MDM1ybmf7V2aqOLIOMySS2TdPZRlApsFZ6cjntcM2rFyAGhmrtdMR0QTah1ARVdCP78yYvQOK34ju/OytXrPI4CHMIRnIAP51CFW6hBHSg8wDO8whtS6AW9o49Z6xLKZw7gj9DnDwvHjhw=</latexit><latexit sha1_base64="yY1xCWv4apZjphe88GtRt86JNMg=">AAAB7XicbZDLSgMxFIZPvNZ6q7p0EyyCqzIjgm6EqhuXFewF2qFk0kwbm0mGJCOWoe/gxoUibn0fd76NaTsLbf0h8PGfc8g5f5gIbqznfaOl5ZXVtfXCRnFza3tnt7S33zAq1ZTVqRJKt0JimOCS1S23grUSzUgcCtYMhzeTevORacOVvLejhAUx6UsecUqssxpXT/gSe91S2at4U+FF8HMoQ65at/TV6SmaxkxaKogxbd9LbJARbTkVbFzspIYlhA5Jn7UdShIzE2TTbcf42Dk9HCntnrR46v6eyEhszCgOXWdM7MDM1ybmf7V2aqOLIOMySS2TdPZRlApsFZ6cjntcM2rFyAGhmrtdMR0QTah1ARVdCP78yYvQOK34ju/OytXrPI4CHMIRnIAP51CFW6hBHSg8wDO8whtS6AW9o49Z6xLKZw7gj9DnDwvHjhw=</latexit><latexit sha1_base64="yY1xCWv4apZjphe88GtRt86JNMg=">AAAB7XicbZDLSgMxFIZPvNZ6q7p0EyyCqzIjgm6EqhuXFewF2qFk0kwbm0mGJCOWoe/gxoUibn0fd76NaTsLbf0h8PGfc8g5f5gIbqznfaOl5ZXVtfXCRnFza3tnt7S33zAq1ZTVqRJKt0JimOCS1S23grUSzUgcCtYMhzeTevORacOVvLejhAUx6UsecUqssxpXT/gSe91S2at4U+FF8HMoQ65at/TV6SmaxkxaKogxbd9LbJARbTkVbFzspIYlhA5Jn7UdShIzE2TTbcf42Dk9HCntnrR46v6eyEhszCgOXWdM7MDM1ybmf7V2aqOLIOMySS2TdPZRlApsFZ6cjntcM2rFyAGhmrtdMR0QTah1ARVdCP78yYvQOK34ju/OytXrPI4CHMIRnIAP51CFW6hBHSg8wDO8whtS6AW9o49Z6xLKZw7gj9DnDwvHjhw=</latexit><latexit sha1_base64="yY1xCWv4apZjphe88GtRt86JNMg=">AAAB7XicbZDLSgMxFIZPvNZ6q7p0EyyCqzIjgm6EqhuXFewF2qFk0kwbm0mGJCOWoe/gxoUibn0fd76NaTsLbf0h8PGfc8g5f5gIbqznfaOl5ZXVtfXCRnFza3tnt7S33zAq1ZTVqRJKt0JimOCS1S23grUSzUgcCtYMhzeTevORacOVvLejhAUx6UsecUqssxpXT/gSe91S2at4U+FF8HMoQ65at/TV6SmaxkxaKogxbd9LbJARbTkVbFzspIYlhA5Jn7UdShIzE2TTbcf42Dk9HCntnrR46v6eyEhszCgOXWdM7MDM1ybmf7V2aqOLIOMySS2TdPZRlApsFZ6cjntcM2rFyAGhmrtdMR0QTah1ARVdCP78yYvQOK34ju/OytXrPI4CHMIRnIAP51CFW6hBHSg8wDO8whtS6AW9o49Z6xLKZw7gj9DnDwvHjhw=</latexit>

x = 0
<latexit sha1_base64="TMIHVM7cjPNIpSJEQSU+/pH7FkY=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14rGBqoQ1ls520SzebsLsRS+hv8OJBEa/+IG/+G7dtDtr6wsLDOzPszBumgmvjut9OaWV1bX2jvFnZ2t7Z3avuH7R0kimGPktEotoh1Si4RN9wI7CdKqRxKPAhHN1M6w+PqDRP5L0ZpxjEdCB5xBk11vKfyBVxe9WaW3dnIsvgFVCDQs1e9avbT1gWozRMUK07npuaIKfKcCZwUulmGlPKRnSAHYuSxqiDfLbshJxYp0+iRNknDZm5vydyGms9jkPbGVMz1Iu1qflfrZOZ6DLIuUwzg5LNP4oyQUxCppeTPlfIjBhboExxuythQ6ooMzafig3BWzx5GVpndc/y3XmtcV3EUYYjOIZT8OACGnALTfCBAYdneIU3RzovzrvzMW8tOcXMIfyR8/kDgwON0Q==</latexit><latexit sha1_base64="TMIHVM7cjPNIpSJEQSU+/pH7FkY=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14rGBqoQ1ls520SzebsLsRS+hv8OJBEa/+IG/+G7dtDtr6wsLDOzPszBumgmvjut9OaWV1bX2jvFnZ2t7Z3avuH7R0kimGPktEotoh1Si4RN9wI7CdKqRxKPAhHN1M6w+PqDRP5L0ZpxjEdCB5xBk11vKfyBVxe9WaW3dnIsvgFVCDQs1e9avbT1gWozRMUK07npuaIKfKcCZwUulmGlPKRnSAHYuSxqiDfLbshJxYp0+iRNknDZm5vydyGms9jkPbGVMz1Iu1qflfrZOZ6DLIuUwzg5LNP4oyQUxCppeTPlfIjBhboExxuythQ6ooMzafig3BWzx5GVpndc/y3XmtcV3EUYYjOIZT8OACGnALTfCBAYdneIU3RzovzrvzMW8tOcXMIfyR8/kDgwON0Q==</latexit><latexit sha1_base64="TMIHVM7cjPNIpSJEQSU+/pH7FkY=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14rGBqoQ1ls520SzebsLsRS+hv8OJBEa/+IG/+G7dtDtr6wsLDOzPszBumgmvjut9OaWV1bX2jvFnZ2t7Z3avuH7R0kimGPktEotoh1Si4RN9wI7CdKqRxKPAhHN1M6w+PqDRP5L0ZpxjEdCB5xBk11vKfyBVxe9WaW3dnIsvgFVCDQs1e9avbT1gWozRMUK07npuaIKfKcCZwUulmGlPKRnSAHYuSxqiDfLbshJxYp0+iRNknDZm5vydyGms9jkPbGVMz1Iu1qflfrZOZ6DLIuUwzg5LNP4oyQUxCppeTPlfIjBhboExxuythQ6ooMzafig3BWzx5GVpndc/y3XmtcV3EUYYjOIZT8OACGnALTfCBAYdneIU3RzovzrvzMW8tOcXMIfyR8/kDgwON0Q==</latexit><latexit sha1_base64="TMIHVM7cjPNIpSJEQSU+/pH7FkY=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14rGBqoQ1ls520SzebsLsRS+hv8OJBEa/+IG/+G7dtDtr6wsLDOzPszBumgmvjut9OaWV1bX2jvFnZ2t7Z3avuH7R0kimGPktEotoh1Si4RN9wI7CdKqRxKPAhHN1M6w+PqDRP5L0ZpxjEdCB5xBk11vKfyBVxe9WaW3dnIsvgFVCDQs1e9avbT1gWozRMUK07npuaIKfKcCZwUulmGlPKRnSAHYuSxqiDfLbshJxYp0+iRNknDZm5vydyGms9jkPbGVMz1Iu1qflfrZOZ6DLIuUwzg5LNP4oyQUxCppeTPlfIjBhboExxuythQ6ooMzafig3BWzx5GVpndc/y3XmtcV3EUYYjOIZT8OACGnALTfCBAYdneIU3RzovzrvzMW8tOcXMIfyR8/kDgwON0Q==</latexit>

- The linear system               has a unique solutionAx = b
<latexit sha1_base64="8Viwh2D00yJ5mcgJngUqqpm71Gs=">AAAB7XicbZDLSgMxFIZPvNZ6q7p0EyyCqzIjgm6EqhuXFewF2qFk0kwbm0mGJCOWoe/gxoUibn0fd76NaTsLbf0h8PGfc8g5f5gIbqznfaOl5ZXVtfXCRnFza3tnt7S33zAq1ZTVqRJKt0JimOCS1S23grUSzUgcCtYMhzeTevORacOVvLejhAUx6UsecUqssxpXT/gSh91S2at4U+FF8HMoQ65at/TV6SmaxkxaKogxbd9LbJARbTkVbFzspIYlhA5Jn7UdShIzE2TTbcf42Dk9HCntnrR46v6eyEhszCgOXWdM7MDM1ybmf7V2aqOLIOMySS2TdPZRlApsFZ6cjntcM2rFyAGhmrtdMR0QTah1ARVdCP78yYvQOK34ju/OytXrPI4CHMIRnIAP51CFW6hBHSg8wDO8whtS6AW9o49Z6xLKZw7gj9DnD1ePjk4=</latexit><latexit sha1_base64="8Viwh2D00yJ5mcgJngUqqpm71Gs=">AAAB7XicbZDLSgMxFIZPvNZ6q7p0EyyCqzIjgm6EqhuXFewF2qFk0kwbm0mGJCOWoe/gxoUibn0fd76NaTsLbf0h8PGfc8g5f5gIbqznfaOl5ZXVtfXCRnFza3tnt7S33zAq1ZTVqRJKt0JimOCS1S23grUSzUgcCtYMhzeTevORacOVvLejhAUx6UsecUqssxpXT/gSh91S2at4U+FF8HMoQ65at/TV6SmaxkxaKogxbd9LbJARbTkVbFzspIYlhA5Jn7UdShIzE2TTbcf42Dk9HCntnrR46v6eyEhszCgOXWdM7MDM1ybmf7V2aqOLIOMySS2TdPZRlApsFZ6cjntcM2rFyAGhmrtdMR0QTah1ARVdCP78yYvQOK34ju/OytXrPI4CHMIRnIAP51CFW6hBHSg8wDO8whtS6AW9o49Z6xLKZw7gj9DnD1ePjk4=</latexit><latexit sha1_base64="8Viwh2D00yJ5mcgJngUqqpm71Gs=">AAAB7XicbZDLSgMxFIZPvNZ6q7p0EyyCqzIjgm6EqhuXFewF2qFk0kwbm0mGJCOWoe/gxoUibn0fd76NaTsLbf0h8PGfc8g5f5gIbqznfaOl5ZXVtfXCRnFza3tnt7S33zAq1ZTVqRJKt0JimOCS1S23grUSzUgcCtYMhzeTevORacOVvLejhAUx6UsecUqssxpXT/gSh91S2at4U+FF8HMoQ65at/TV6SmaxkxaKogxbd9LbJARbTkVbFzspIYlhA5Jn7UdShIzE2TTbcf42Dk9HCntnrR46v6eyEhszCgOXWdM7MDM1ybmf7V2aqOLIOMySS2TdPZRlApsFZ6cjntcM2rFyAGhmrtdMR0QTah1ARVdCP78yYvQOK34ju/OytXrPI4CHMIRnIAP51CFW6hBHSg8wDO8whtS6AW9o49Z6xLKZw7gj9DnD1ePjk4=</latexit><latexit sha1_base64="8Viwh2D00yJ5mcgJngUqqpm71Gs=">AAAB7XicbZDLSgMxFIZPvNZ6q7p0EyyCqzIjgm6EqhuXFewF2qFk0kwbm0mGJCOWoe/gxoUibn0fd76NaTsLbf0h8PGfc8g5f5gIbqznfaOl5ZXVtfXCRnFza3tnt7S33zAq1ZTVqRJKt0JimOCS1S23grUSzUgcCtYMhzeTevORacOVvLejhAUx6UsecUqssxpXT/gSh91S2at4U+FF8HMoQ65at/TV6SmaxkxaKogxbd9LbJARbTkVbFzspIYlhA5Jn7UdShIzE2TTbcf42Dk9HCntnrR46v6eyEhszCgOXWdM7MDM1ybmf7V2aqOLIOMySS2TdPZRlApsFZ6cjntcM2rFyAGhmrtdMR0QTah1ARVdCP78yYvQOK34ju/OytXrPI4CHMIRnIAP51CFW6hBHSg8wDO8whtS6AW9o49Z6xLKZw7gj9DnD1ePjk4=</latexit>



- The columns and rows of      are linearly independentA
<latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit>

Matrices
- Matrix inverses are defined on square matrices

- Matrix inverse definition as a collection of properties:

-      is full rank A
<latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit>

-      has empty nullspaceA
<latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit>

- The equation               has only the trivial solution  Ax = 0
<latexit sha1_base64="yY1xCWv4apZjphe88GtRt86JNMg=">AAAB7XicbZDLSgMxFIZPvNZ6q7p0EyyCqzIjgm6EqhuXFewF2qFk0kwbm0mGJCOWoe/gxoUibn0fd76NaTsLbf0h8PGfc8g5f5gIbqznfaOl5ZXVtfXCRnFza3tnt7S33zAq1ZTVqRJKt0JimOCS1S23grUSzUgcCtYMhzeTevORacOVvLejhAUx6UsecUqssxpXT/gSe91S2at4U+FF8HMoQ65at/TV6SmaxkxaKogxbd9LbJARbTkVbFzspIYlhA5Jn7UdShIzE2TTbcf42Dk9HCntnrR46v6eyEhszCgOXWdM7MDM1ybmf7V2aqOLIOMySS2TdPZRlApsFZ6cjntcM2rFyAGhmrtdMR0QTah1ARVdCP78yYvQOK34ju/OytXrPI4CHMIRnIAP51CFW6hBHSg8wDO8whtS6AW9o49Z6xLKZw7gj9DnDwvHjhw=</latexit><latexit sha1_base64="yY1xCWv4apZjphe88GtRt86JNMg=">AAAB7XicbZDLSgMxFIZPvNZ6q7p0EyyCqzIjgm6EqhuXFewF2qFk0kwbm0mGJCOWoe/gxoUibn0fd76NaTsLbf0h8PGfc8g5f5gIbqznfaOl5ZXVtfXCRnFza3tnt7S33zAq1ZTVqRJKt0JimOCS1S23grUSzUgcCtYMhzeTevORacOVvLejhAUx6UsecUqssxpXT/gSe91S2at4U+FF8HMoQ65at/TV6SmaxkxaKogxbd9LbJARbTkVbFzspIYlhA5Jn7UdShIzE2TTbcf42Dk9HCntnrR46v6eyEhszCgOXWdM7MDM1ybmf7V2aqOLIOMySS2TdPZRlApsFZ6cjntcM2rFyAGhmrtdMR0QTah1ARVdCP78yYvQOK34ju/OytXrPI4CHMIRnIAP51CFW6hBHSg8wDO8whtS6AW9o49Z6xLKZw7gj9DnDwvHjhw=</latexit><latexit sha1_base64="yY1xCWv4apZjphe88GtRt86JNMg=">AAAB7XicbZDLSgMxFIZPvNZ6q7p0EyyCqzIjgm6EqhuXFewF2qFk0kwbm0mGJCOWoe/gxoUibn0fd76NaTsLbf0h8PGfc8g5f5gIbqznfaOl5ZXVtfXCRnFza3tnt7S33zAq1ZTVqRJKt0JimOCS1S23grUSzUgcCtYMhzeTevORacOVvLejhAUx6UsecUqssxpXT/gSe91S2at4U+FF8HMoQ65at/TV6SmaxkxaKogxbd9LbJARbTkVbFzspIYlhA5Jn7UdShIzE2TTbcf42Dk9HCntnrR46v6eyEhszCgOXWdM7MDM1ybmf7V2aqOLIOMySS2TdPZRlApsFZ6cjntcM2rFyAGhmrtdMR0QTah1ARVdCP78yYvQOK34ju/OytXrPI4CHMIRnIAP51CFW6hBHSg8wDO8whtS6AW9o49Z6xLKZw7gj9DnDwvHjhw=</latexit><latexit sha1_base64="yY1xCWv4apZjphe88GtRt86JNMg=">AAAB7XicbZDLSgMxFIZPvNZ6q7p0EyyCqzIjgm6EqhuXFewF2qFk0kwbm0mGJCOWoe/gxoUibn0fd76NaTsLbf0h8PGfc8g5f5gIbqznfaOl5ZXVtfXCRnFza3tnt7S33zAq1ZTVqRJKt0JimOCS1S23grUSzUgcCtYMhzeTevORacOVvLejhAUx6UsecUqssxpXT/gSe91S2at4U+FF8HMoQ65at/TV6SmaxkxaKogxbd9LbJARbTkVbFzspIYlhA5Jn7UdShIzE2TTbcf42Dk9HCntnrR46v6eyEhszCgOXWdM7MDM1ybmf7V2aqOLIOMySS2TdPZRlApsFZ6cjntcM2rFyAGhmrtdMR0QTah1ARVdCP78yYvQOK34ju/OytXrPI4CHMIRnIAP51CFW6hBHSg8wDO8whtS6AW9o49Z6xLKZw7gj9DnDwvHjhw=</latexit>

x = 0
<latexit sha1_base64="TMIHVM7cjPNIpSJEQSU+/pH7FkY=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14rGBqoQ1ls520SzebsLsRS+hv8OJBEa/+IG/+G7dtDtr6wsLDOzPszBumgmvjut9OaWV1bX2jvFnZ2t7Z3avuH7R0kimGPktEotoh1Si4RN9wI7CdKqRxKPAhHN1M6w+PqDRP5L0ZpxjEdCB5xBk11vKfyBVxe9WaW3dnIsvgFVCDQs1e9avbT1gWozRMUK07npuaIKfKcCZwUulmGlPKRnSAHYuSxqiDfLbshJxYp0+iRNknDZm5vydyGms9jkPbGVMz1Iu1qflfrZOZ6DLIuUwzg5LNP4oyQUxCppeTPlfIjBhboExxuythQ6ooMzafig3BWzx5GVpndc/y3XmtcV3EUYYjOIZT8OACGnALTfCBAYdneIU3RzovzrvzMW8tOcXMIfyR8/kDgwON0Q==</latexit><latexit sha1_base64="TMIHVM7cjPNIpSJEQSU+/pH7FkY=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14rGBqoQ1ls520SzebsLsRS+hv8OJBEa/+IG/+G7dtDtr6wsLDOzPszBumgmvjut9OaWV1bX2jvFnZ2t7Z3avuH7R0kimGPktEotoh1Si4RN9wI7CdKqRxKPAhHN1M6w+PqDRP5L0ZpxjEdCB5xBk11vKfyBVxe9WaW3dnIsvgFVCDQs1e9avbT1gWozRMUK07npuaIKfKcCZwUulmGlPKRnSAHYuSxqiDfLbshJxYp0+iRNknDZm5vydyGms9jkPbGVMz1Iu1qflfrZOZ6DLIuUwzg5LNP4oyQUxCppeTPlfIjBhboExxuythQ6ooMzafig3BWzx5GVpndc/y3XmtcV3EUYYjOIZT8OACGnALTfCBAYdneIU3RzovzrvzMW8tOcXMIfyR8/kDgwON0Q==</latexit><latexit sha1_base64="TMIHVM7cjPNIpSJEQSU+/pH7FkY=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14rGBqoQ1ls520SzebsLsRS+hv8OJBEa/+IG/+G7dtDtr6wsLDOzPszBumgmvjut9OaWV1bX2jvFnZ2t7Z3avuH7R0kimGPktEotoh1Si4RN9wI7CdKqRxKPAhHN1M6w+PqDRP5L0ZpxjEdCB5xBk11vKfyBVxe9WaW3dnIsvgFVCDQs1e9avbT1gWozRMUK07npuaIKfKcCZwUulmGlPKRnSAHYuSxqiDfLbshJxYp0+iRNknDZm5vydyGms9jkPbGVMz1Iu1qflfrZOZ6DLIuUwzg5LNP4oyQUxCppeTPlfIjBhboExxuythQ6ooMzafig3BWzx5GVpndc/y3XmtcV3EUYYjOIZT8OACGnALTfCBAYdneIU3RzovzrvzMW8tOcXMIfyR8/kDgwON0Q==</latexit><latexit sha1_base64="TMIHVM7cjPNIpSJEQSU+/pH7FkY=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14rGBqoQ1ls520SzebsLsRS+hv8OJBEa/+IG/+G7dtDtr6wsLDOzPszBumgmvjut9OaWV1bX2jvFnZ2t7Z3avuH7R0kimGPktEotoh1Si4RN9wI7CdKqRxKPAhHN1M6w+PqDRP5L0ZpxjEdCB5xBk11vKfyBVxe9WaW3dnIsvgFVCDQs1e9avbT1gWozRMUK07npuaIKfKcCZwUulmGlPKRnSAHYuSxqiDfLbshJxYp0+iRNknDZm5vydyGms9jkPbGVMz1Iu1qflfrZOZ6DLIuUwzg5LNP4oyQUxCppeTPlfIjBhboExxuythQ6ooMzafig3BWzx5GVpndc/y3XmtcV3EUYYjOIZT8OACGnALTfCBAYdneIU3RzovzrvzMW8tOcXMIfyR8/kDgwON0Q==</latexit>

- The linear system               has a unique solutionAx = b
<latexit sha1_base64="8Viwh2D00yJ5mcgJngUqqpm71Gs=">AAAB7XicbZDLSgMxFIZPvNZ6q7p0EyyCqzIjgm6EqhuXFewF2qFk0kwbm0mGJCOWoe/gxoUibn0fd76NaTsLbf0h8PGfc8g5f5gIbqznfaOl5ZXVtfXCRnFza3tnt7S33zAq1ZTVqRJKt0JimOCS1S23grUSzUgcCtYMhzeTevORacOVvLejhAUx6UsecUqssxpXT/gSh91S2at4U+FF8HMoQ65at/TV6SmaxkxaKogxbd9LbJARbTkVbFzspIYlhA5Jn7UdShIzE2TTbcf42Dk9HCntnrR46v6eyEhszCgOXWdM7MDM1ybmf7V2aqOLIOMySS2TdPZRlApsFZ6cjntcM2rFyAGhmrtdMR0QTah1ARVdCP78yYvQOK34ju/OytXrPI4CHMIRnIAP51CFW6hBHSg8wDO8whtS6AW9o49Z6xLKZw7gj9DnD1ePjk4=</latexit><latexit sha1_base64="8Viwh2D00yJ5mcgJngUqqpm71Gs=">AAAB7XicbZDLSgMxFIZPvNZ6q7p0EyyCqzIjgm6EqhuXFewF2qFk0kwbm0mGJCOWoe/gxoUibn0fd76NaTsLbf0h8PGfc8g5f5gIbqznfaOl5ZXVtfXCRnFza3tnt7S33zAq1ZTVqRJKt0JimOCS1S23grUSzUgcCtYMhzeTevORacOVvLejhAUx6UsecUqssxpXT/gSh91S2at4U+FF8HMoQ65at/TV6SmaxkxaKogxbd9LbJARbTkVbFzspIYlhA5Jn7UdShIzE2TTbcf42Dk9HCntnrR46v6eyEhszCgOXWdM7MDM1ybmf7V2aqOLIOMySS2TdPZRlApsFZ6cjntcM2rFyAGhmrtdMR0QTah1ARVdCP78yYvQOK34ju/OytXrPI4CHMIRnIAP51CFW6hBHSg8wDO8whtS6AW9o49Z6xLKZw7gj9DnD1ePjk4=</latexit><latexit sha1_base64="8Viwh2D00yJ5mcgJngUqqpm71Gs=">AAAB7XicbZDLSgMxFIZPvNZ6q7p0EyyCqzIjgm6EqhuXFewF2qFk0kwbm0mGJCOWoe/gxoUibn0fd76NaTsLbf0h8PGfc8g5f5gIbqznfaOl5ZXVtfXCRnFza3tnt7S33zAq1ZTVqRJKt0JimOCS1S23grUSzUgcCtYMhzeTevORacOVvLejhAUx6UsecUqssxpXT/gSh91S2at4U+FF8HMoQ65at/TV6SmaxkxaKogxbd9LbJARbTkVbFzspIYlhA5Jn7UdShIzE2TTbcf42Dk9HCntnrR46v6eyEhszCgOXWdM7MDM1ybmf7V2aqOLIOMySS2TdPZRlApsFZ6cjntcM2rFyAGhmrtdMR0QTah1ARVdCP78yYvQOK34ju/OytXrPI4CHMIRnIAP51CFW6hBHSg8wDO8whtS6AW9o49Z6xLKZw7gj9DnD1ePjk4=</latexit><latexit sha1_base64="8Viwh2D00yJ5mcgJngUqqpm71Gs=">AAAB7XicbZDLSgMxFIZPvNZ6q7p0EyyCqzIjgm6EqhuXFewF2qFk0kwbm0mGJCOWoe/gxoUibn0fd76NaTsLbf0h8PGfc8g5f5gIbqznfaOl5ZXVtfXCRnFza3tnt7S33zAq1ZTVqRJKt0JimOCS1S23grUSzUgcCtYMhzeTevORacOVvLejhAUx6UsecUqssxpXT/gSh91S2at4U+FF8HMoQ65at/TV6SmaxkxaKogxbd9LbJARbTkVbFzspIYlhA5Jn7UdShIzE2TTbcf42Dk9HCntnrR46v6eyEhszCgOXWdM7MDM1ybmf7V2aqOLIOMySS2TdPZRlApsFZ6cjntcM2rFyAGhmrtdMR0QTah1ARVdCP78yYvQOK34ju/OytXrPI4CHMIRnIAP51CFW6hBHSg8wDO8whtS6AW9o49Z6xLKZw7gj9DnD1ePjk4=</latexit>

A�1
<latexit sha1_base64="v78qxy3OlAHAI+5uT2vKGSPFNZ8=">AAAB7XicbZDLSgMxFIZPvNZ6q7p0EyyCG8uMCLqsunFZwV6gHUsmzbSxmWRIMkIZ+g5uXCji1vdx59uYtrPQ1h8CH/85h5zzh4ngxnreN1paXlldWy9sFDe3tnd2S3v7DaNSTVmdKqF0KySGCS5Z3XIrWCvRjMShYM1weDOpN5+YNlzJeztKWBCTvuQRp8Q6q3H1kJ36426p7FW8qfAi+DmUIVetW/rq9BRNYyYtFcSYtu8lNsiItpwKNi52UsMSQoekz9oOJYmZCbLptmN87JwejpR2T1o8dX9PZCQ2ZhSHrjMmdmDmaxPzv1o7tdFlkHGZpJZJOvsoSgW2Ck9Oxz2uGbVi5IBQzd2umA6IJtS6gIouBH/+5EVonFV8x3fn5ep1HkcBDuEITsCHC6jCLdSgDhQe4Rle4Q0p9ILe0cesdQnlMwfwR+jzB+Udjqs=</latexit><latexit sha1_base64="v78qxy3OlAHAI+5uT2vKGSPFNZ8=">AAAB7XicbZDLSgMxFIZPvNZ6q7p0EyyCG8uMCLqsunFZwV6gHUsmzbSxmWRIMkIZ+g5uXCji1vdx59uYtrPQ1h8CH/85h5zzh4ngxnreN1paXlldWy9sFDe3tnd2S3v7DaNSTVmdKqF0KySGCS5Z3XIrWCvRjMShYM1weDOpN5+YNlzJeztKWBCTvuQRp8Q6q3H1kJ36426p7FW8qfAi+DmUIVetW/rq9BRNYyYtFcSYtu8lNsiItpwKNi52UsMSQoekz9oOJYmZCbLptmN87JwejpR2T1o8dX9PZCQ2ZhSHrjMmdmDmaxPzv1o7tdFlkHGZpJZJOvsoSgW2Ck9Oxz2uGbVi5IBQzd2umA6IJtS6gIouBH/+5EVonFV8x3fn5ep1HkcBDuEITsCHC6jCLdSgDhQe4Rle4Q0p9ILe0cesdQnlMwfwR+jzB+Udjqs=</latexit><latexit sha1_base64="v78qxy3OlAHAI+5uT2vKGSPFNZ8=">AAAB7XicbZDLSgMxFIZPvNZ6q7p0EyyCG8uMCLqsunFZwV6gHUsmzbSxmWRIMkIZ+g5uXCji1vdx59uYtrPQ1h8CH/85h5zzh4ngxnreN1paXlldWy9sFDe3tnd2S3v7DaNSTVmdKqF0KySGCS5Z3XIrWCvRjMShYM1weDOpN5+YNlzJeztKWBCTvuQRp8Q6q3H1kJ36426p7FW8qfAi+DmUIVetW/rq9BRNYyYtFcSYtu8lNsiItpwKNi52UsMSQoekz9oOJYmZCbLptmN87JwejpR2T1o8dX9PZCQ2ZhSHrjMmdmDmaxPzv1o7tdFlkHGZpJZJOvsoSgW2Ck9Oxz2uGbVi5IBQzd2umA6IJtS6gIouBH/+5EVonFV8x3fn5ep1HkcBDuEITsCHC6jCLdSgDhQe4Rle4Q0p9ILe0cesdQnlMwfwR+jzB+Udjqs=</latexit><latexit sha1_base64="v78qxy3OlAHAI+5uT2vKGSPFNZ8=">AAAB7XicbZDLSgMxFIZPvNZ6q7p0EyyCG8uMCLqsunFZwV6gHUsmzbSxmWRIMkIZ+g5uXCji1vdx59uYtrPQ1h8CH/85h5zzh4ngxnreN1paXlldWy9sFDe3tnd2S3v7DaNSTVmdKqF0KySGCS5Z3XIrWCvRjMShYM1weDOpN5+YNlzJeztKWBCTvuQRp8Q6q3H1kJ36426p7FW8qfAi+DmUIVetW/rq9BRNYyYtFcSYtu8lNsiItpwKNi52UsMSQoekz9oOJYmZCbLptmN87JwejpR2T1o8dX9PZCQ2ZhSHrjMmdmDmaxPzv1o7tdFlkHGZpJZJOvsoSgW2Ck9Oxz2uGbVi5IBQzd2umA6IJtS6gIouBH/+5EVonFV8x3fn5ep1HkcBDuEITsCHC6jCLdSgDhQe4Rle4Q0p9ILe0cesdQnlMwfwR+jzB+Udjqs=</latexit>

A�1A = AA�1 = I
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is called the feasible set

- Finding the point(s) that satisfies the
constraint and minimizes the objective
is the task of optimization

Unconstrained optimization



Disclaimer

Optimization is generally unsolvable.. 

(Closed form expressions vs. Iterative methods)

(Naive solvers that work well on specific cases)
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- Brief introduction to convex optimization and related topics

- We saw a toy example where non-convex operations happen
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