
Lecture 10

COMP 414/514: 
Optimization - Algorithms, Complexity 

and Approximations



Overview
- In the previous lecture, we:

- Considered low-rank model selection in Data Science applications

- Followed the non-convex path, beyond hard thresholding methods

- Discussed some global convergence guarantees (under proper 
   initialization assumptions) and mentioned some open questions



Overview
- In the previous lecture, we:

- For the next 2-3 lectures, we will worry about the landscape of such non- 
   convex scenaria:

- We will discuss about types of stationary points, focus on saddle points 
   and study some of their properties

- We will study matrix sensing as a test case, and how to prove ``no 
   spurious local minima`` arguments

- We will introduce conditions that allow escaping from saddle points

- Considered low-rank model selection in Data Science applications

- Followed the non-convex path, beyond hard thresholding methods

- Discussed some global convergence guarantees (under proper 
   initialization assumptions) and mentioned some open questions



NP-hardness

- Non-convex continuous optimization = NP-hard in general
(Specifically can be polynomially solvable)
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- Example: Homogeneous quartics
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-           ,  p = 2
<latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit>

Q ⌫ 0
<latexit sha1_base64="GyS5clbteEzURMcDoayl5YXlG+Y=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68diC/YA0lM120i7dbOLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ITMghYIWCpTQTTWwOJTQCcd3M7/zBNqIRD3gJIUgZkMlIsEZWslv0p7JOIdH6vYrVbfmzkFXiVeQKinQ6Fe+eoOEZzEo5JIZ43tuikHONAouYVruZQZSxsdsCL6lisVggnx+8pSeW2VAo0TbUkjn6u+JnMXGTOLQdsYMR2bZm4n/eX6G0U2QC5VmCIovFkWZpJjQ2f90IDRwlBNLGNfC3kr5iGnG0aZUtiF4yy+vkvZlzXNrXvOqWr8t4iiRU3JGLohHrkmd3JMGaRFOEvJMXsmbg86L8+58LFrXnGLmhPyB8/kDNMGQiQ==</latexit><latexit sha1_base64="GyS5clbteEzURMcDoayl5YXlG+Y=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68diC/YA0lM120i7dbOLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ITMghYIWCpTQTTWwOJTQCcd3M7/zBNqIRD3gJIUgZkMlIsEZWslv0p7JOIdH6vYrVbfmzkFXiVeQKinQ6Fe+eoOEZzEo5JIZ43tuikHONAouYVruZQZSxsdsCL6lisVggnx+8pSeW2VAo0TbUkjn6u+JnMXGTOLQdsYMR2bZm4n/eX6G0U2QC5VmCIovFkWZpJjQ2f90IDRwlBNLGNfC3kr5iGnG0aZUtiF4yy+vkvZlzXNrXvOqWr8t4iiRU3JGLohHrkmd3JMGaRFOEvJMXsmbg86L8+58LFrXnGLmhPyB8/kDNMGQiQ==</latexit><latexit sha1_base64="GyS5clbteEzURMcDoayl5YXlG+Y=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68diC/YA0lM120i7dbOLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ITMghYIWCpTQTTWwOJTQCcd3M7/zBNqIRD3gJIUgZkMlIsEZWslv0p7JOIdH6vYrVbfmzkFXiVeQKinQ6Fe+eoOEZzEo5JIZ43tuikHONAouYVruZQZSxsdsCL6lisVggnx+8pSeW2VAo0TbUkjn6u+JnMXGTOLQdsYMR2bZm4n/eX6G0U2QC5VmCIovFkWZpJjQ2f90IDRwlBNLGNfC3kr5iGnG0aZUtiF4yy+vkvZlzXNrXvOqWr8t4iiRU3JGLohHrkmd3JMGaRFOEvJMXsmbg86L8+58LFrXnGLmhPyB8/kDNMGQiQ==</latexit><latexit sha1_base64="GyS5clbteEzURMcDoayl5YXlG+Y=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68diC/YA0lM120i7dbOLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ITMghYIWCpTQTTWwOJTQCcd3M7/zBNqIRD3gJIUgZkMlIsEZWslv0p7JOIdH6vYrVbfmzkFXiVeQKinQ6Fe+eoOEZzEo5JIZ43tuikHONAouYVruZQZSxsdsCL6lisVggnx+8pSeW2VAo0TbUkjn6u+JnMXGTOLQdsYMR2bZm4n/eX6G0U2QC5VmCIovFkWZpJjQ2f90IDRwlBNLGNfC3kr5iGnG0aZUtiF4yy+vkvZlzXNrXvOqWr8t4iiRU3JGLohHrkmd3JMGaRFOEvJMXsmbg86L8+58LFrXnGLmhPyB8/kDNMGQiQ==</latexit>
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NP-hardness

- Non-convex continuous optimization = NP-hard in general
(Specifically can be polynomially solvable)

- Example: Homogeneous quartics

f(x) =
pX

i,j=1

Qijx
2
ix

2
j

<latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit>

-           ,  p = 2
<latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit>

Q ⌫ 0
<latexit sha1_base64="GyS5clbteEzURMcDoayl5YXlG+Y=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68diC/YA0lM120i7dbOLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ITMghYIWCpTQTTWwOJTQCcd3M7/zBNqIRD3gJIUgZkMlIsEZWslv0p7JOIdH6vYrVbfmzkFXiVeQKinQ6Fe+eoOEZzEo5JIZ43tuikHONAouYVruZQZSxsdsCL6lisVggnx+8pSeW2VAo0TbUkjn6u+JnMXGTOLQdsYMR2bZm4n/eX6G0U2QC5VmCIovFkWZpJjQ2f90IDRwlBNLGNfC3kr5iGnG0aZUtiF4yy+vkvZlzXNrXvOqWr8t4iiRU3JGLohHrkmd3JMGaRFOEvJMXsmbg86L8+58LFrXnGLmhPyB8/kDNMGQiQ==</latexit><latexit sha1_base64="GyS5clbteEzURMcDoayl5YXlG+Y=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68diC/YA0lM120i7dbOLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ITMghYIWCpTQTTWwOJTQCcd3M7/zBNqIRD3gJIUgZkMlIsEZWslv0p7JOIdH6vYrVbfmzkFXiVeQKinQ6Fe+eoOEZzEo5JIZ43tuikHONAouYVruZQZSxsdsCL6lisVggnx+8pSeW2VAo0TbUkjn6u+JnMXGTOLQdsYMR2bZm4n/eX6G0U2QC5VmCIovFkWZpJjQ2f90IDRwlBNLGNfC3kr5iGnG0aZUtiF4yy+vkvZlzXNrXvOqWr8t4iiRU3JGLohHrkmd3JMGaRFOEvJMXsmbg86L8+58LFrXnGLmhPyB8/kDNMGQiQ==</latexit><latexit sha1_base64="GyS5clbteEzURMcDoayl5YXlG+Y=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68diC/YA0lM120i7dbOLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ITMghYIWCpTQTTWwOJTQCcd3M7/zBNqIRD3gJIUgZkMlIsEZWslv0p7JOIdH6vYrVbfmzkFXiVeQKinQ6Fe+eoOEZzEo5JIZ43tuikHONAouYVruZQZSxsdsCL6lisVggnx+8pSeW2VAo0TbUkjn6u+JnMXGTOLQdsYMR2bZm4n/eX6G0U2QC5VmCIovFkWZpJjQ2f90IDRwlBNLGNfC3kr5iGnG0aZUtiF4yy+vkvZlzXNrXvOqWr8t4iiRU3JGLohHrkmd3JMGaRFOEvJMXsmbg86L8+58LFrXnGLmhPyB8/kDNMGQiQ==</latexit><latexit sha1_base64="GyS5clbteEzURMcDoayl5YXlG+Y=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68diC/YA0lM120i7dbOLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ITMghYIWCpTQTTWwOJTQCcd3M7/zBNqIRD3gJIUgZkMlIsEZWslv0p7JOIdH6vYrVbfmzkFXiVeQKinQ6Fe+eoOEZzEo5JIZ43tuikHONAouYVruZQZSxsdsCL6lisVggnx+8pSeW2VAo0TbUkjn6u+JnMXGTOLQdsYMR2bZm4n/eX6G0U2QC5VmCIovFkWZpJjQ2f90IDRwlBNLGNfC3kr5iGnG0aZUtiF4yy+vkvZlzXNrXvOqWr8t4iiRU3JGLohHrkmd3JMGaRFOEvJMXsmbg86L8+58LFrXnGLmhPyB8/kDNMGQiQ==</latexit>
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NP-hardness

- Non-convex continuous optimization = NP-hard in general
(Specifically can be polynomially solvable)

- Example: Homogeneous quartics

f(x) =
pX

i,j=1

Qijx
2
ix

2
j

<latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit>

-           ,  p = 2
<latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit>

Q ⌫ 0
<latexit sha1_base64="GyS5clbteEzURMcDoayl5YXlG+Y=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68diC/YA0lM120i7dbOLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ITMghYIWCpTQTTWwOJTQCcd3M7/zBNqIRD3gJIUgZkMlIsEZWslv0p7JOIdH6vYrVbfmzkFXiVeQKinQ6Fe+eoOEZzEo5JIZ43tuikHONAouYVruZQZSxsdsCL6lisVggnx+8pSeW2VAo0TbUkjn6u+JnMXGTOLQdsYMR2bZm4n/eX6G0U2QC5VmCIovFkWZpJjQ2f90IDRwlBNLGNfC3kr5iGnG0aZUtiF4yy+vkvZlzXNrXvOqWr8t4iiRU3JGLohHrkmd3JMGaRFOEvJMXsmbg86L8+58LFrXnGLmhPyB8/kDNMGQiQ==</latexit><latexit sha1_base64="GyS5clbteEzURMcDoayl5YXlG+Y=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68diC/YA0lM120i7dbOLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ITMghYIWCpTQTTWwOJTQCcd3M7/zBNqIRD3gJIUgZkMlIsEZWslv0p7JOIdH6vYrVbfmzkFXiVeQKinQ6Fe+eoOEZzEo5JIZ43tuikHONAouYVruZQZSxsdsCL6lisVggnx+8pSeW2VAo0TbUkjn6u+JnMXGTOLQdsYMR2bZm4n/eX6G0U2QC5VmCIovFkWZpJjQ2f90IDRwlBNLGNfC3kr5iGnG0aZUtiF4yy+vkvZlzXNrXvOqWr8t4iiRU3JGLohHrkmd3JMGaRFOEvJMXsmbg86L8+58LFrXnGLmhPyB8/kDNMGQiQ==</latexit><latexit sha1_base64="GyS5clbteEzURMcDoayl5YXlG+Y=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68diC/YA0lM120i7dbOLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ITMghYIWCpTQTTWwOJTQCcd3M7/zBNqIRD3gJIUgZkMlIsEZWslv0p7JOIdH6vYrVbfmzkFXiVeQKinQ6Fe+eoOEZzEo5JIZ43tuikHONAouYVruZQZSxsdsCL6lisVggnx+8pSeW2VAo0TbUkjn6u+JnMXGTOLQdsYMR2bZm4n/eX6G0U2QC5VmCIovFkWZpJjQ2f90IDRwlBNLGNfC3kr5iGnG0aZUtiF4yy+vkvZlzXNrXvOqWr8t4iiRU3JGLohHrkmd3JMGaRFOEvJMXsmbg86L8+58LFrXnGLmhPyB8/kDNMGQiQ==</latexit><latexit sha1_base64="GyS5clbteEzURMcDoayl5YXlG+Y=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68diC/YA0lM120i7dbOLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ITMghYIWCpTQTTWwOJTQCcd3M7/zBNqIRD3gJIUgZkMlIsEZWslv0p7JOIdH6vYrVbfmzkFXiVeQKinQ6Fe+eoOEZzEo5JIZ43tuikHONAouYVruZQZSxsdsCL6lisVggnx+8pSeW2VAo0TbUkjn6u+JnMXGTOLQdsYMR2bZm4n/eX6G0U2QC5VmCIovFkWZpJjQ2f90IDRwlBNLGNfC3kr5iGnG0aZUtiF4yy+vkvZlzXNrXvOqWr8t4iiRU3JGLohHrkmd3JMGaRFOEvJMXsmbg86L8+58LFrXnGLmhPyB8/kDNMGQiQ==</latexit>
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- Some observations:



NP-hardness

- Non-convex continuous optimization = NP-hard in general
(Specifically can be polynomially solvable)

- Example: Homogeneous quartics

f(x) =
pX

i,j=1

Qijx
2
ix

2
j

<latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit>

-           ,  p = 2
<latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit>

Q ⌫ 0
<latexit sha1_base64="GyS5clbteEzURMcDoayl5YXlG+Y=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68diC/YA0lM120i7dbOLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ITMghYIWCpTQTTWwOJTQCcd3M7/zBNqIRD3gJIUgZkMlIsEZWslv0p7JOIdH6vYrVbfmzkFXiVeQKinQ6Fe+eoOEZzEo5JIZ43tuikHONAouYVruZQZSxsdsCL6lisVggnx+8pSeW2VAo0TbUkjn6u+JnMXGTOLQdsYMR2bZm4n/eX6G0U2QC5VmCIovFkWZpJjQ2f90IDRwlBNLGNfC3kr5iGnG0aZUtiF4yy+vkvZlzXNrXvOqWr8t4iiRU3JGLohHrkmd3JMGaRFOEvJMXsmbg86L8+58LFrXnGLmhPyB8/kDNMGQiQ==</latexit><latexit sha1_base64="GyS5clbteEzURMcDoayl5YXlG+Y=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68diC/YA0lM120i7dbOLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ITMghYIWCpTQTTWwOJTQCcd3M7/zBNqIRD3gJIUgZkMlIsEZWslv0p7JOIdH6vYrVbfmzkFXiVeQKinQ6Fe+eoOEZzEo5JIZ43tuikHONAouYVruZQZSxsdsCL6lisVggnx+8pSeW2VAo0TbUkjn6u+JnMXGTOLQdsYMR2bZm4n/eX6G0U2QC5VmCIovFkWZpJjQ2f90IDRwlBNLGNfC3kr5iGnG0aZUtiF4yy+vkvZlzXNrXvOqWr8t4iiRU3JGLohHrkmd3JMGaRFOEvJMXsmbg86L8+58LFrXnGLmhPyB8/kDNMGQiQ==</latexit><latexit sha1_base64="GyS5clbteEzURMcDoayl5YXlG+Y=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68diC/YA0lM120i7dbOLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ITMghYIWCpTQTTWwOJTQCcd3M7/zBNqIRD3gJIUgZkMlIsEZWslv0p7JOIdH6vYrVbfmzkFXiVeQKinQ6Fe+eoOEZzEo5JIZ43tuikHONAouYVruZQZSxsdsCL6lisVggnx+8pSeW2VAo0TbUkjn6u+JnMXGTOLQdsYMR2bZm4n/eX6G0U2QC5VmCIovFkWZpJjQ2f90IDRwlBNLGNfC3kr5iGnG0aZUtiF4yy+vkvZlzXNrXvOqWr8t4iiRU3JGLohHrkmd3JMGaRFOEvJMXsmbg86L8+58LFrXnGLmhPyB8/kDNMGQiQ==</latexit><latexit sha1_base64="GyS5clbteEzURMcDoayl5YXlG+Y=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68diC/YA0lM120i7dbOLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ITMghYIWCpTQTTWwOJTQCcd3M7/zBNqIRD3gJIUgZkMlIsEZWslv0p7JOIdH6vYrVbfmzkFXiVeQKinQ6Fe+eoOEZzEo5JIZ43tuikHONAouYVruZQZSxsdsCL6lisVggnx+8pSeW2VAo0TbUkjn6u+JnMXGTOLQdsYMR2bZm4n/eX6G0U2QC5VmCIovFkWZpJjQ2f90IDRwlBNLGNfC3kr5iGnG0aZUtiF4yy+vkvZlzXNrXvOqWr8t4iiRU3JGLohHrkmd3JMGaRFOEvJMXsmbg86L8+58LFrXnGLmhPyB8/kDNMGQiQ==</latexit>
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- Some observations:

- if            , then Q ⌫ 0
<latexit sha1_base64="GyS5clbteEzURMcDoayl5YXlG+Y=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68diC/YA0lM120i7dbOLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ITMghYIWCpTQTTWwOJTQCcd3M7/zBNqIRD3gJIUgZkMlIsEZWslv0p7JOIdH6vYrVbfmzkFXiVeQKinQ6Fe+eoOEZzEo5JIZ43tuikHONAouYVruZQZSxsdsCL6lisVggnx+8pSeW2VAo0TbUkjn6u+JnMXGTOLQdsYMR2bZm4n/eX6G0U2QC5VmCIovFkWZpJjQ2f90IDRwlBNLGNfC3kr5iGnG0aZUtiF4yy+vkvZlzXNrXvOqWr8t4iiRU3JGLohHrkmd3JMGaRFOEvJMXsmbg86L8+58LFrXnGLmhPyB8/kDNMGQiQ==</latexit><latexit sha1_base64="GyS5clbteEzURMcDoayl5YXlG+Y=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68diC/YA0lM120i7dbOLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ITMghYIWCpTQTTWwOJTQCcd3M7/zBNqIRD3gJIUgZkMlIsEZWslv0p7JOIdH6vYrVbfmzkFXiVeQKinQ6Fe+eoOEZzEo5JIZ43tuikHONAouYVruZQZSxsdsCL6lisVggnx+8pSeW2VAo0TbUkjn6u+JnMXGTOLQdsYMR2bZm4n/eX6G0U2QC5VmCIovFkWZpJjQ2f90IDRwlBNLGNfC3kr5iGnG0aZUtiF4yy+vkvZlzXNrXvOqWr8t4iiRU3JGLohHrkmd3JMGaRFOEvJMXsmbg86L8+58LFrXnGLmhPyB8/kDNMGQiQ==</latexit><latexit sha1_base64="GyS5clbteEzURMcDoayl5YXlG+Y=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68diC/YA0lM120i7dbOLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ITMghYIWCpTQTTWwOJTQCcd3M7/zBNqIRD3gJIUgZkMlIsEZWslv0p7JOIdH6vYrVbfmzkFXiVeQKinQ6Fe+eoOEZzEo5JIZ43tuikHONAouYVruZQZSxsdsCL6lisVggnx+8pSeW2VAo0TbUkjn6u+JnMXGTOLQdsYMR2bZm4n/eX6G0U2QC5VmCIovFkWZpJjQ2f90IDRwlBNLGNfC3kr5iGnG0aZUtiF4yy+vkvZlzXNrXvOqWr8t4iiRU3JGLohHrkmd3JMGaRFOEvJMXsmbg86L8+58LFrXnGLmhPyB8/kDNMGQiQ==</latexit><latexit sha1_base64="GyS5clbteEzURMcDoayl5YXlG+Y=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68diC/YA0lM120i7dbOLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ITMghYIWCpTQTTWwOJTQCcd3M7/zBNqIRD3gJIUgZkMlIsEZWslv0p7JOIdH6vYrVbfmzkFXiVeQKinQ6Fe+eoOEZzEo5JIZ43tuikHONAouYVruZQZSxsdsCL6lisVggnx+8pSeW2VAo0TbUkjn6u+JnMXGTOLQdsYMR2bZm4n/eX6G0U2QC5VmCIovFkWZpJjQ2f90IDRwlBNLGNfC3kr5iGnG0aZUtiF4yy+vkvZlzXNrXvOqWr8t4iiRU3JGLohHrkmd3JMGaRFOEvJMXsmbg86L8+58LFrXnGLmhPyB8/kDNMGQiQ==</latexit>

f(x) � 0, 8x
<latexit sha1_base64="qen85cqlFgGFiwPfVqcE01R3N+Q=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tFqCAlEUGPRS8eK9gPaELZbCft0s0m7m6kpVbwr3jxoIhX/4Y3/43bNgetPhh4vDfDzLwg4Uxpx/mycguLS8sr+dXC2vrG5pa9vVNXcSop1GjMY9kMiALOBNQ00xyaiQQSBRwaQf9y4jfuQCoWixs9TMCPSFewkFGijdS298LS4Ah7XbjFzvGDF8aScI4HbbvolJ0p8F/iZqSIMlTb9qfXiWkagdCUE6VarpNof0SkZpTDuOClChJC+6QLLUMFiUD5o+n9Y3xolA42u00Jjafqz4kRiZQaRoHpjIjuqXlvIv7ntVIdnvsjJpJUg6CzRWHKsY7xJAzcYRKo5kNDCJXM3Ippj0hCtYmsYEJw51/+S+onZdcpu9enxcpFFkce7aMDVEIuOkMVdIWqqIYoukdP6AW9Wo/Ws/Vmvc9ac1Y2s4t+wfr4BhjglN0=</latexit><latexit sha1_base64="qen85cqlFgGFiwPfVqcE01R3N+Q=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tFqCAlEUGPRS8eK9gPaELZbCft0s0m7m6kpVbwr3jxoIhX/4Y3/43bNgetPhh4vDfDzLwg4Uxpx/mycguLS8sr+dXC2vrG5pa9vVNXcSop1GjMY9kMiALOBNQ00xyaiQQSBRwaQf9y4jfuQCoWixs9TMCPSFewkFGijdS298LS4Ah7XbjFzvGDF8aScI4HbbvolJ0p8F/iZqSIMlTb9qfXiWkagdCUE6VarpNof0SkZpTDuOClChJC+6QLLUMFiUD5o+n9Y3xolA42u00Jjafqz4kRiZQaRoHpjIjuqXlvIv7ntVIdnvsjJpJUg6CzRWHKsY7xJAzcYRKo5kNDCJXM3Ippj0hCtYmsYEJw51/+S+onZdcpu9enxcpFFkce7aMDVEIuOkMVdIWqqIYoukdP6AW9Wo/Ws/Vmvc9ac1Y2s4t+wfr4BhjglN0=</latexit><latexit sha1_base64="qen85cqlFgGFiwPfVqcE01R3N+Q=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tFqCAlEUGPRS8eK9gPaELZbCft0s0m7m6kpVbwr3jxoIhX/4Y3/43bNgetPhh4vDfDzLwg4Uxpx/mycguLS8sr+dXC2vrG5pa9vVNXcSop1GjMY9kMiALOBNQ00xyaiQQSBRwaQf9y4jfuQCoWixs9TMCPSFewkFGijdS298LS4Ah7XbjFzvGDF8aScI4HbbvolJ0p8F/iZqSIMlTb9qfXiWkagdCUE6VarpNof0SkZpTDuOClChJC+6QLLUMFiUD5o+n9Y3xolA42u00Jjafqz4kRiZQaRoHpjIjuqXlvIv7ntVIdnvsjJpJUg6CzRWHKsY7xJAzcYRKo5kNDCJXM3Ippj0hCtYmsYEJw51/+S+onZdcpu9enxcpFFkce7aMDVEIuOkMVdIWqqIYoukdP6AW9Wo/Ws/Vmvc9ac1Y2s4t+wfr4BhjglN0=</latexit><latexit sha1_base64="qen85cqlFgGFiwPfVqcE01R3N+Q=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tFqCAlEUGPRS8eK9gPaELZbCft0s0m7m6kpVbwr3jxoIhX/4Y3/43bNgetPhh4vDfDzLwg4Uxpx/mycguLS8sr+dXC2vrG5pa9vVNXcSop1GjMY9kMiALOBNQ00xyaiQQSBRwaQf9y4jfuQCoWixs9TMCPSFewkFGijdS298LS4Ah7XbjFzvGDF8aScI4HbbvolJ0p8F/iZqSIMlTb9qfXiWkagdCUE6VarpNof0SkZpTDuOClChJC+6QLLUMFiUD5o+n9Y3xolA42u00Jjafqz4kRiZQaRoHpjIjuqXlvIv7ntVIdnvsjJpJUg6CzRWHKsY7xJAzcYRKo5kNDCJXM3Ippj0hCtYmsYEJw51/+S+onZdcpu9enxcpFFkce7aMDVEIuOkMVdIWqqIYoukdP6AW9Wo/Ws/Vmvc9ac1Y2s4t+wfr4BhjglN0=</latexit>



NP-hardness

- Non-convex continuous optimization = NP-hard in general
(Specifically can be polynomially solvable)

- Example: Homogeneous quartics

f(x) =
pX

i,j=1

Qijx
2
ix

2
j

<latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit>

-           ,  p = 2
<latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit>

Q ⌫ 0
<latexit sha1_base64="GyS5clbteEzURMcDoayl5YXlG+Y=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68diC/YA0lM120i7dbOLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ITMghYIWCpTQTTWwOJTQCcd3M7/zBNqIRD3gJIUgZkMlIsEZWslv0p7JOIdH6vYrVbfmzkFXiVeQKinQ6Fe+eoOEZzEo5JIZ43tuikHONAouYVruZQZSxsdsCL6lisVggnx+8pSeW2VAo0TbUkjn6u+JnMXGTOLQdsYMR2bZm4n/eX6G0U2QC5VmCIovFkWZpJjQ2f90IDRwlBNLGNfC3kr5iGnG0aZUtiF4yy+vkvZlzXNrXvOqWr8t4iiRU3JGLohHrkmd3JMGaRFOEvJMXsmbg86L8+58LFrXnGLmhPyB8/kDNMGQiQ==</latexit><latexit sha1_base64="GyS5clbteEzURMcDoayl5YXlG+Y=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68diC/YA0lM120i7dbOLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ITMghYIWCpTQTTWwOJTQCcd3M7/zBNqIRD3gJIUgZkMlIsEZWslv0p7JOIdH6vYrVbfmzkFXiVeQKinQ6Fe+eoOEZzEo5JIZ43tuikHONAouYVruZQZSxsdsCL6lisVggnx+8pSeW2VAo0TbUkjn6u+JnMXGTOLQdsYMR2bZm4n/eX6G0U2QC5VmCIovFkWZpJjQ2f90IDRwlBNLGNfC3kr5iGnG0aZUtiF4yy+vkvZlzXNrXvOqWr8t4iiRU3JGLohHrkmd3JMGaRFOEvJMXsmbg86L8+58LFrXnGLmhPyB8/kDNMGQiQ==</latexit><latexit sha1_base64="GyS5clbteEzURMcDoayl5YXlG+Y=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68diC/YA0lM120i7dbOLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ITMghYIWCpTQTTWwOJTQCcd3M7/zBNqIRD3gJIUgZkMlIsEZWslv0p7JOIdH6vYrVbfmzkFXiVeQKinQ6Fe+eoOEZzEo5JIZ43tuikHONAouYVruZQZSxsdsCL6lisVggnx+8pSeW2VAo0TbUkjn6u+JnMXGTOLQdsYMR2bZm4n/eX6G0U2QC5VmCIovFkWZpJjQ2f90IDRwlBNLGNfC3kr5iGnG0aZUtiF4yy+vkvZlzXNrXvOqWr8t4iiRU3JGLohHrkmd3JMGaRFOEvJMXsmbg86L8+58LFrXnGLmhPyB8/kDNMGQiQ==</latexit><latexit sha1_base64="GyS5clbteEzURMcDoayl5YXlG+Y=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68diC/YA0lM120i7dbOLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ITMghYIWCpTQTTWwOJTQCcd3M7/zBNqIRD3gJIUgZkMlIsEZWslv0p7JOIdH6vYrVbfmzkFXiVeQKinQ6Fe+eoOEZzEo5JIZ43tuikHONAouYVruZQZSxsdsCL6lisVggnx+8pSeW2VAo0TbUkjn6u+JnMXGTOLQdsYMR2bZm4n/eX6G0U2QC5VmCIovFkWZpJjQ2f90IDRwlBNLGNfC3kr5iGnG0aZUtiF4yy+vkvZlzXNrXvOqWr8t4iiRU3JGLohHrkmd3JMGaRFOEvJMXsmbg86L8+58LFrXnGLmhPyB8/kDNMGQiQ==</latexit>
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- Some observations:

- if            , then Q ⌫ 0
<latexit sha1_base64="GyS5clbteEzURMcDoayl5YXlG+Y=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68diC/YA0lM120i7dbOLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ITMghYIWCpTQTTWwOJTQCcd3M7/zBNqIRD3gJIUgZkMlIsEZWslv0p7JOIdH6vYrVbfmzkFXiVeQKinQ6Fe+eoOEZzEo5JIZ43tuikHONAouYVruZQZSxsdsCL6lisVggnx+8pSeW2VAo0TbUkjn6u+JnMXGTOLQdsYMR2bZm4n/eX6G0U2QC5VmCIovFkWZpJjQ2f90IDRwlBNLGNfC3kr5iGnG0aZUtiF4yy+vkvZlzXNrXvOqWr8t4iiRU3JGLohHrkmd3JMGaRFOEvJMXsmbg86L8+58LFrXnGLmhPyB8/kDNMGQiQ==</latexit><latexit sha1_base64="GyS5clbteEzURMcDoayl5YXlG+Y=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68diC/YA0lM120i7dbOLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ITMghYIWCpTQTTWwOJTQCcd3M7/zBNqIRD3gJIUgZkMlIsEZWslv0p7JOIdH6vYrVbfmzkFXiVeQKinQ6Fe+eoOEZzEo5JIZ43tuikHONAouYVruZQZSxsdsCL6lisVggnx+8pSeW2VAo0TbUkjn6u+JnMXGTOLQdsYMR2bZm4n/eX6G0U2QC5VmCIovFkWZpJjQ2f90IDRwlBNLGNfC3kr5iGnG0aZUtiF4yy+vkvZlzXNrXvOqWr8t4iiRU3JGLohHrkmd3JMGaRFOEvJMXsmbg86L8+58LFrXnGLmhPyB8/kDNMGQiQ==</latexit><latexit sha1_base64="GyS5clbteEzURMcDoayl5YXlG+Y=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68diC/YA0lM120i7dbOLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ITMghYIWCpTQTTWwOJTQCcd3M7/zBNqIRD3gJIUgZkMlIsEZWslv0p7JOIdH6vYrVbfmzkFXiVeQKinQ6Fe+eoOEZzEo5JIZ43tuikHONAouYVruZQZSxsdsCL6lisVggnx+8pSeW2VAo0TbUkjn6u+JnMXGTOLQdsYMR2bZm4n/eX6G0U2QC5VmCIovFkWZpJjQ2f90IDRwlBNLGNfC3kr5iGnG0aZUtiF4yy+vkvZlzXNrXvOqWr8t4iiRU3JGLohHrkmd3JMGaRFOEvJMXsmbg86L8+58LFrXnGLmhPyB8/kDNMGQiQ==</latexit><latexit sha1_base64="GyS5clbteEzURMcDoayl5YXlG+Y=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68diC/YA0lM120i7dbOLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk0hxZPZKK7ITMghYIWCpTQTTWwOJTQCcd3M7/zBNqIRD3gJIUgZkMlIsEZWslv0p7JOIdH6vYrVbfmzkFXiVeQKinQ6Fe+eoOEZzEo5JIZ43tuikHONAouYVruZQZSxsdsCL6lisVggnx+8pSeW2VAo0TbUkjn6u+JnMXGTOLQdsYMR2bZm4n/eX6G0U2QC5VmCIovFkWZpJjQ2f90IDRwlBNLGNfC3kr5iGnG0aZUtiF4yy+vkvZlzXNrXvOqWr8t4iiRU3JGLohHrkmd3JMGaRFOEvJMXsmbg86L8+58LFrXnGLmhPyB8/kDNMGQiQ==</latexit>

f(x) � 0, 8x
<latexit sha1_base64="qen85cqlFgGFiwPfVqcE01R3N+Q=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tFqCAlEUGPRS8eK9gPaELZbCft0s0m7m6kpVbwr3jxoIhX/4Y3/43bNgetPhh4vDfDzLwg4Uxpx/mycguLS8sr+dXC2vrG5pa9vVNXcSop1GjMY9kMiALOBNQ00xyaiQQSBRwaQf9y4jfuQCoWixs9TMCPSFewkFGijdS298LS4Ah7XbjFzvGDF8aScI4HbbvolJ0p8F/iZqSIMlTb9qfXiWkagdCUE6VarpNof0SkZpTDuOClChJC+6QLLUMFiUD5o+n9Y3xolA42u00Jjafqz4kRiZQaRoHpjIjuqXlvIv7ntVIdnvsjJpJUg6CzRWHKsY7xJAzcYRKo5kNDCJXM3Ippj0hCtYmsYEJw51/+S+onZdcpu9enxcpFFkce7aMDVEIuOkMVdIWqqIYoukdP6AW9Wo/Ws/Vmvc9ac1Y2s4t+wfr4BhjglN0=</latexit><latexit sha1_base64="qen85cqlFgGFiwPfVqcE01R3N+Q=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tFqCAlEUGPRS8eK9gPaELZbCft0s0m7m6kpVbwr3jxoIhX/4Y3/43bNgetPhh4vDfDzLwg4Uxpx/mycguLS8sr+dXC2vrG5pa9vVNXcSop1GjMY9kMiALOBNQ00xyaiQQSBRwaQf9y4jfuQCoWixs9TMCPSFewkFGijdS298LS4Ah7XbjFzvGDF8aScI4HbbvolJ0p8F/iZqSIMlTb9qfXiWkagdCUE6VarpNof0SkZpTDuOClChJC+6QLLUMFiUD5o+n9Y3xolA42u00Jjafqz4kRiZQaRoHpjIjuqXlvIv7ntVIdnvsjJpJUg6CzRWHKsY7xJAzcYRKo5kNDCJXM3Ippj0hCtYmsYEJw51/+S+onZdcpu9enxcpFFkce7aMDVEIuOkMVdIWqqIYoukdP6AW9Wo/Ws/Vmvc9ac1Y2s4t+wfr4BhjglN0=</latexit><latexit sha1_base64="qen85cqlFgGFiwPfVqcE01R3N+Q=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tFqCAlEUGPRS8eK9gPaELZbCft0s0m7m6kpVbwr3jxoIhX/4Y3/43bNgetPhh4vDfDzLwg4Uxpx/mycguLS8sr+dXC2vrG5pa9vVNXcSop1GjMY9kMiALOBNQ00xyaiQQSBRwaQf9y4jfuQCoWixs9TMCPSFewkFGijdS298LS4Ah7XbjFzvGDF8aScI4HbbvolJ0p8F/iZqSIMlTb9qfXiWkagdCUE6VarpNof0SkZpTDuOClChJC+6QLLUMFiUD5o+n9Y3xolA42u00Jjafqz4kRiZQaRoHpjIjuqXlvIv7ntVIdnvsjJpJUg6CzRWHKsY7xJAzcYRKo5kNDCJXM3Ippj0hCtYmsYEJw51/+S+onZdcpu9enxcpFFkce7aMDVEIuOkMVdIWqqIYoukdP6AW9Wo/Ws/Vmvc9ac1Y2s4t+wfr4BhjglN0=</latexit><latexit sha1_base64="qen85cqlFgGFiwPfVqcE01R3N+Q=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tFqCAlEUGPRS8eK9gPaELZbCft0s0m7m6kpVbwr3jxoIhX/4Y3/43bNgetPhh4vDfDzLwg4Uxpx/mycguLS8sr+dXC2vrG5pa9vVNXcSop1GjMY9kMiALOBNQ00xyaiQQSBRwaQf9y4jfuQCoWixs9TMCPSFewkFGijdS298LS4Ah7XbjFzvGDF8aScI4HbbvolJ0p8F/iZqSIMlTb9qfXiWkagdCUE6VarpNof0SkZpTDuOClChJC+6QLLUMFiUD5o+n9Y3xolA42u00Jjafqz4kRiZQaRoHpjIjuqXlvIv7ntVIdnvsjJpJUg6CzRWHKsY7xJAzcYRKo5kNDCJXM3Ippj0hCtYmsYEJw51/+S+onZdcpu9enxcpFFkce7aMDVEIuOkMVdIWqqIYoukdP6AW9Wo/Ws/Vmvc9ac1Y2s4t+wfr4BhjglN0=</latexit>

- Thus,            is global min.x = 0
<latexit sha1_base64="uZW8aZKPXDG4vgpKvQw6lNZLdAY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgqmFNpTNdtIu3WzC7kYsob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1PBtXHdb6e0srq2vlHerGxt7+zuVfcPWjrJFEOfJSJR7ZBqFFyib7gR2E4V0jgU+BCObqb+wyMqzRN5b8YpBjEdSB5xRo2V/CdyRdxetebW3RnIMvEKUoMCzV71q9tPWBajNExQrTuem5ogp8pwJnBS6WYaU8pGdIAdSyWNUQf57NgJObFKn0SJsiUNmam/J3Iaaz2OQ9sZUzPUi95U/M/rZCa6DHIu08ygZPNFUSaIScj0c9LnCpkRY0soU9zeStiQKsqMzadiQ/AWX14mrbO659a9u/Na47qIowxHcAyn4MEFNOAWmuADAw7P8ApvjnRenHfnY95acoqZQ/gD5/MHgwGN0Q==</latexit><latexit sha1_base64="uZW8aZKPXDG4vgpKvQw6lNZLdAY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgqmFNpTNdtIu3WzC7kYsob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1PBtXHdb6e0srq2vlHerGxt7+zuVfcPWjrJFEOfJSJR7ZBqFFyib7gR2E4V0jgU+BCObqb+wyMqzRN5b8YpBjEdSB5xRo2V/CdyRdxetebW3RnIMvEKUoMCzV71q9tPWBajNExQrTuem5ogp8pwJnBS6WYaU8pGdIAdSyWNUQf57NgJObFKn0SJsiUNmam/J3Iaaz2OQ9sZUzPUi95U/M/rZCa6DHIu08ygZPNFUSaIScj0c9LnCpkRY0soU9zeStiQKsqMzadiQ/AWX14mrbO659a9u/Na47qIowxHcAyn4MEFNOAWmuADAw7P8ApvjnRenHfnY95acoqZQ/gD5/MHgwGN0Q==</latexit><latexit sha1_base64="uZW8aZKPXDG4vgpKvQw6lNZLdAY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgqmFNpTNdtIu3WzC7kYsob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1PBtXHdb6e0srq2vlHerGxt7+zuVfcPWjrJFEOfJSJR7ZBqFFyib7gR2E4V0jgU+BCObqb+wyMqzRN5b8YpBjEdSB5xRo2V/CdyRdxetebW3RnIMvEKUoMCzV71q9tPWBajNExQrTuem5ogp8pwJnBS6WYaU8pGdIAdSyWNUQf57NgJObFKn0SJsiUNmam/J3Iaaz2OQ9sZUzPUi95U/M/rZCa6DHIu08ygZPNFUSaIScj0c9LnCpkRY0soU9zeStiQKsqMzadiQ/AWX14mrbO659a9u/Na47qIowxHcAyn4MEFNOAWmuADAw7P8ApvjnRenHfnY95acoqZQ/gD5/MHgwGN0Q==</latexit><latexit sha1_base64="uZW8aZKPXDG4vgpKvQw6lNZLdAY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgqmFNpTNdtIu3WzC7kYsob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1PBtXHdb6e0srq2vlHerGxt7+zuVfcPWjrJFEOfJSJR7ZBqFFyib7gR2E4V0jgU+BCObqb+wyMqzRN5b8YpBjEdSB5xRo2V/CdyRdxetebW3RnIMvEKUoMCzV71q9tPWBajNExQrTuem5ogp8pwJnBS6WYaU8pGdIAdSyWNUQf57NgJObFKn0SJsiUNmam/J3Iaaz2OQ9sZUzPUi95U/M/rZCa6DHIu08ygZPNFUSaIScj0c9LnCpkRY0soU9zeStiQKsqMzadiQ/AWX14mrbO659a9u/Na47qIowxHcAyn4MEFNOAWmuADAw7P8ApvjnRenHfnY95acoqZQ/gD5/MHgwGN0Q==</latexit>



NP-hardness

- Non-convex continuous optimization = NP-hard in general
(Specifically can be polynomially solvable)

- Example: Homogeneous quartics

f(x) =
pX

i,j=1

Qijx
2
ix

2
j

<latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit>

-           ,  p = 2
<latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit>

Q �ij 0
<latexit sha1_base64="uYWQm4wUcUCn4bUBb+ubPvLXPLg=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNiR6JXjxCIo8ENmR2aGBkdnaZmSUhG77DiweN8erHePNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj+7nfnKDSPJKPZhqjH9KB5H3OqLGSXyOdAY67KX+aEbdbLLlldwGyTryMlCBDtVv86vQiloQoDRNU67bnxsZPqTKcCZwVOonGmLIRHWDbUklD1H66OHpGLqzSI/1I2ZKGLNTfEykNtZ6Gge0MqRnqVW8u/ue1E9O/9VMu48SgZMtF/UQQE5F5AqTHFTIjppZQpri9lbAhVZQZm1PBhuCtvrxOGldlzy17tetS5S6LIw9ncA6X4MENVOABqlAHBmN4hld4cybOi/PufCxbc042cwp/4Hz+AN9UkYA=</latexit><latexit sha1_base64="uYWQm4wUcUCn4bUBb+ubPvLXPLg=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNiR6JXjxCIo8ENmR2aGBkdnaZmSUhG77DiweN8erHePNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj+7nfnKDSPJKPZhqjH9KB5H3OqLGSXyOdAY67KX+aEbdbLLlldwGyTryMlCBDtVv86vQiloQoDRNU67bnxsZPqTKcCZwVOonGmLIRHWDbUklD1H66OHpGLqzSI/1I2ZKGLNTfEykNtZ6Gge0MqRnqVW8u/ue1E9O/9VMu48SgZMtF/UQQE5F5AqTHFTIjppZQpri9lbAhVZQZm1PBhuCtvrxOGldlzy17tetS5S6LIw9ncA6X4MENVOABqlAHBmN4hld4cybOi/PufCxbc042cwp/4Hz+AN9UkYA=</latexit><latexit sha1_base64="uYWQm4wUcUCn4bUBb+ubPvLXPLg=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNiR6JXjxCIo8ENmR2aGBkdnaZmSUhG77DiweN8erHePNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj+7nfnKDSPJKPZhqjH9KB5H3OqLGSXyOdAY67KX+aEbdbLLlldwGyTryMlCBDtVv86vQiloQoDRNU67bnxsZPqTKcCZwVOonGmLIRHWDbUklD1H66OHpGLqzSI/1I2ZKGLNTfEykNtZ6Gge0MqRnqVW8u/ue1E9O/9VMu48SgZMtF/UQQE5F5AqTHFTIjppZQpri9lbAhVZQZm1PBhuCtvrxOGldlzy17tetS5S6LIw9ncA6X4MENVOABqlAHBmN4hld4cybOi/PufCxbc042cwp/4Hz+AN9UkYA=</latexit><latexit sha1_base64="uYWQm4wUcUCn4bUBb+ubPvLXPLg=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNiR6JXjxCIo8ENmR2aGBkdnaZmSUhG77DiweN8erHePNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj+7nfnKDSPJKPZhqjH9KB5H3OqLGSXyOdAY67KX+aEbdbLLlldwGyTryMlCBDtVv86vQiloQoDRNU67bnxsZPqTKcCZwVOonGmLIRHWDbUklD1H66OHpGLqzSI/1I2ZKGLNTfEykNtZ6Gge0MqRnqVW8u/ue1E9O/9VMu48SgZMtF/UQQE5F5AqTHFTIjppZQpri9lbAhVZQZm1PBhuCtvrxOGldlzy17tetS5S6LIw9ncA6X4MENVOABqlAHBmN4hld4cybOi/PufCxbc042cwp/4Hz+AN9UkYA=</latexit>

600
4

650

700

750

2 4

800

850

20

900

0

950

-2 -2
-4 -4



NP-hardness

- Non-convex continuous optimization = NP-hard in general
(Specifically can be polynomially solvable)

- Example: Homogeneous quartics

f(x) =
pX

i,j=1

Qijx
2
ix

2
j

<latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit>

-           ,  p = 2
<latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit>

Q �ij 0
<latexit sha1_base64="uYWQm4wUcUCn4bUBb+ubPvLXPLg=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNiR6JXjxCIo8ENmR2aGBkdnaZmSUhG77DiweN8erHePNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj+7nfnKDSPJKPZhqjH9KB5H3OqLGSXyOdAY67KX+aEbdbLLlldwGyTryMlCBDtVv86vQiloQoDRNU67bnxsZPqTKcCZwVOonGmLIRHWDbUklD1H66OHpGLqzSI/1I2ZKGLNTfEykNtZ6Gge0MqRnqVW8u/ue1E9O/9VMu48SgZMtF/UQQE5F5AqTHFTIjppZQpri9lbAhVZQZm1PBhuCtvrxOGldlzy17tetS5S6LIw9ncA6X4MENVOABqlAHBmN4hld4cybOi/PufCxbc042cwp/4Hz+AN9UkYA=</latexit><latexit sha1_base64="uYWQm4wUcUCn4bUBb+ubPvLXPLg=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNiR6JXjxCIo8ENmR2aGBkdnaZmSUhG77DiweN8erHePNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj+7nfnKDSPJKPZhqjH9KB5H3OqLGSXyOdAY67KX+aEbdbLLlldwGyTryMlCBDtVv86vQiloQoDRNU67bnxsZPqTKcCZwVOonGmLIRHWDbUklD1H66OHpGLqzSI/1I2ZKGLNTfEykNtZ6Gge0MqRnqVW8u/ue1E9O/9VMu48SgZMtF/UQQE5F5AqTHFTIjppZQpri9lbAhVZQZm1PBhuCtvrxOGldlzy17tetS5S6LIw9ncA6X4MENVOABqlAHBmN4hld4cybOi/PufCxbc042cwp/4Hz+AN9UkYA=</latexit><latexit sha1_base64="uYWQm4wUcUCn4bUBb+ubPvLXPLg=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNiR6JXjxCIo8ENmR2aGBkdnaZmSUhG77DiweN8erHePNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj+7nfnKDSPJKPZhqjH9KB5H3OqLGSXyOdAY67KX+aEbdbLLlldwGyTryMlCBDtVv86vQiloQoDRNU67bnxsZPqTKcCZwVOonGmLIRHWDbUklD1H66OHpGLqzSI/1I2ZKGLNTfEykNtZ6Gge0MqRnqVW8u/ue1E9O/9VMu48SgZMtF/UQQE5F5AqTHFTIjppZQpri9lbAhVZQZm1PBhuCtvrxOGldlzy17tetS5S6LIw9ncA6X4MENVOABqlAHBmN4hld4cybOi/PufCxbc042cwp/4Hz+AN9UkYA=</latexit><latexit sha1_base64="uYWQm4wUcUCn4bUBb+ubPvLXPLg=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNiR6JXjxCIo8ENmR2aGBkdnaZmSUhG77DiweN8erHePNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj+7nfnKDSPJKPZhqjH9KB5H3OqLGSXyOdAY67KX+aEbdbLLlldwGyTryMlCBDtVv86vQiloQoDRNU67bnxsZPqTKcCZwVOonGmLIRHWDbUklD1H66OHpGLqzSI/1I2ZKGLNTfEykNtZ6Gge0MqRnqVW8u/ue1E9O/9VMu48SgZMtF/UQQE5F5AqTHFTIjppZQpri9lbAhVZQZm1PBhuCtvrxOGldlzy17tetS5S6LIw9ncA6X4MENVOABqlAHBmN4hld4cybOi/PufCxbc042cwp/4Hz+AN9UkYA=</latexit>
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NP-hardness

- Non-convex continuous optimization = NP-hard in general
(Specifically can be polynomially solvable)

- Example: Homogeneous quartics

f(x) =
pX

i,j=1

Qijx
2
ix

2
j

<latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit>

-           ,  p = 2
<latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit>

Q �ij 0
<latexit sha1_base64="uYWQm4wUcUCn4bUBb+ubPvLXPLg=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNiR6JXjxCIo8ENmR2aGBkdnaZmSUhG77DiweN8erHePNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj+7nfnKDSPJKPZhqjH9KB5H3OqLGSXyOdAY67KX+aEbdbLLlldwGyTryMlCBDtVv86vQiloQoDRNU67bnxsZPqTKcCZwVOonGmLIRHWDbUklD1H66OHpGLqzSI/1I2ZKGLNTfEykNtZ6Gge0MqRnqVW8u/ue1E9O/9VMu48SgZMtF/UQQE5F5AqTHFTIjppZQpri9lbAhVZQZm1PBhuCtvrxOGldlzy17tetS5S6LIw9ncA6X4MENVOABqlAHBmN4hld4cybOi/PufCxbc042cwp/4Hz+AN9UkYA=</latexit><latexit sha1_base64="uYWQm4wUcUCn4bUBb+ubPvLXPLg=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNiR6JXjxCIo8ENmR2aGBkdnaZmSUhG77DiweN8erHePNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj+7nfnKDSPJKPZhqjH9KB5H3OqLGSXyOdAY67KX+aEbdbLLlldwGyTryMlCBDtVv86vQiloQoDRNU67bnxsZPqTKcCZwVOonGmLIRHWDbUklD1H66OHpGLqzSI/1I2ZKGLNTfEykNtZ6Gge0MqRnqVW8u/ue1E9O/9VMu48SgZMtF/UQQE5F5AqTHFTIjppZQpri9lbAhVZQZm1PBhuCtvrxOGldlzy17tetS5S6LIw9ncA6X4MENVOABqlAHBmN4hld4cybOi/PufCxbc042cwp/4Hz+AN9UkYA=</latexit><latexit sha1_base64="uYWQm4wUcUCn4bUBb+ubPvLXPLg=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNiR6JXjxCIo8ENmR2aGBkdnaZmSUhG77DiweN8erHePNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj+7nfnKDSPJKPZhqjH9KB5H3OqLGSXyOdAY67KX+aEbdbLLlldwGyTryMlCBDtVv86vQiloQoDRNU67bnxsZPqTKcCZwVOonGmLIRHWDbUklD1H66OHpGLqzSI/1I2ZKGLNTfEykNtZ6Gge0MqRnqVW8u/ue1E9O/9VMu48SgZMtF/UQQE5F5AqTHFTIjppZQpri9lbAhVZQZm1PBhuCtvrxOGldlzy17tetS5S6LIw9ncA6X4MENVOABqlAHBmN4hld4cybOi/PufCxbc042cwp/4Hz+AN9UkYA=</latexit><latexit sha1_base64="uYWQm4wUcUCn4bUBb+ubPvLXPLg=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNiR6JXjxCIo8ENmR2aGBkdnaZmSUhG77DiweN8erHePNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj+7nfnKDSPJKPZhqjH9KB5H3OqLGSXyOdAY67KX+aEbdbLLlldwGyTryMlCBDtVv86vQiloQoDRNU67bnxsZPqTKcCZwVOonGmLIRHWDbUklD1H66OHpGLqzSI/1I2ZKGLNTfEykNtZ6Gge0MqRnqVW8u/ue1E9O/9VMu48SgZMtF/UQQE5F5AqTHFTIjppZQpri9lbAhVZQZm1PBhuCtvrxOGldlzy17tetS5S6LIw9ncA6X4MENVOABqlAHBmN4hld4cybOi/PufCxbc042cwp/4Hz+AN9UkYA=</latexit>
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NP-hardness

- Non-convex continuous optimization = NP-hard in general
(Specifically can be polynomially solvable)

- Example: Homogeneous quartics

f(x) =
pX

i,j=1

Qijx
2
ix

2
j

<latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit>

-           ,  p = 2
<latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit>

Q �ij 0
<latexit sha1_base64="uYWQm4wUcUCn4bUBb+ubPvLXPLg=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNiR6JXjxCIo8ENmR2aGBkdnaZmSUhG77DiweN8erHePNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj+7nfnKDSPJKPZhqjH9KB5H3OqLGSXyOdAY67KX+aEbdbLLlldwGyTryMlCBDtVv86vQiloQoDRNU67bnxsZPqTKcCZwVOonGmLIRHWDbUklD1H66OHpGLqzSI/1I2ZKGLNTfEykNtZ6Gge0MqRnqVW8u/ue1E9O/9VMu48SgZMtF/UQQE5F5AqTHFTIjppZQpri9lbAhVZQZm1PBhuCtvrxOGldlzy17tetS5S6LIw9ncA6X4MENVOABqlAHBmN4hld4cybOi/PufCxbc042cwp/4Hz+AN9UkYA=</latexit><latexit sha1_base64="uYWQm4wUcUCn4bUBb+ubPvLXPLg=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNiR6JXjxCIo8ENmR2aGBkdnaZmSUhG77DiweN8erHePNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj+7nfnKDSPJKPZhqjH9KB5H3OqLGSXyOdAY67KX+aEbdbLLlldwGyTryMlCBDtVv86vQiloQoDRNU67bnxsZPqTKcCZwVOonGmLIRHWDbUklD1H66OHpGLqzSI/1I2ZKGLNTfEykNtZ6Gge0MqRnqVW8u/ue1E9O/9VMu48SgZMtF/UQQE5F5AqTHFTIjppZQpri9lbAhVZQZm1PBhuCtvrxOGldlzy17tetS5S6LIw9ncA6X4MENVOABqlAHBmN4hld4cybOi/PufCxbc042cwp/4Hz+AN9UkYA=</latexit><latexit sha1_base64="uYWQm4wUcUCn4bUBb+ubPvLXPLg=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNiR6JXjxCIo8ENmR2aGBkdnaZmSUhG77DiweN8erHePNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj+7nfnKDSPJKPZhqjH9KB5H3OqLGSXyOdAY67KX+aEbdbLLlldwGyTryMlCBDtVv86vQiloQoDRNU67bnxsZPqTKcCZwVOonGmLIRHWDbUklD1H66OHpGLqzSI/1I2ZKGLNTfEykNtZ6Gge0MqRnqVW8u/ue1E9O/9VMu48SgZMtF/UQQE5F5AqTHFTIjppZQpri9lbAhVZQZm1PBhuCtvrxOGldlzy17tetS5S6LIw9ncA6X4MENVOABqlAHBmN4hld4cybOi/PufCxbc042cwp/4Hz+AN9UkYA=</latexit><latexit sha1_base64="uYWQm4wUcUCn4bUBb+ubPvLXPLg=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNiR6JXjxCIo8ENmR2aGBkdnaZmSUhG77DiweN8erHePNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj+7nfnKDSPJKPZhqjH9KB5H3OqLGSXyOdAY67KX+aEbdbLLlldwGyTryMlCBDtVv86vQiloQoDRNU67bnxsZPqTKcCZwVOonGmLIRHWDbUklD1H66OHpGLqzSI/1I2ZKGLNTfEykNtZ6Gge0MqRnqVW8u/ue1E9O/9VMu48SgZMtF/UQQE5F5AqTHFTIjppZQpri9lbAhVZQZm1PBhuCtvrxOGldlzy17tetS5S6LIw9ncA6X4MENVOABqlAHBmN4hld4cybOi/PufCxbc042cwp/4Hz+AN9UkYA=</latexit>
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- Same observations apply



NP-hardness

- Non-convex continuous optimization = NP-hard in general
(Specifically can be polynomially solvable)

- Example: Homogeneous quartics

f(x) =
pX
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<latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit>

-           ,  p = 2
<latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit>

Q arbitrary
<latexit sha1_base64="JZCGR2BVN1gknGApaXoj1iLIVwY=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIoMeiF48t2FZoQ9lsJ+3SzQe7EzGE+le8eFDEqz/Em//GbZuDtj4YeLw3w8w8P5FCo+N8W6W19Y3NrfJ2ZWd3b//APjzq6DhVHNo8lrG695kGKSJoo0AJ94kCFvoSuv7kZuZ3H0BpEUd3mCXghWwUiUBwhkYa2NUW7SM8Yk6Z8gUqprLpwK45dWcOukrcgtRIgebA/uoPY56GECGXTOue6yTo5Uyh4BKmlX6qIWF8wkbQMzRiIWgvnx8/padGGdIgVqYipHP190TOQq2z0DedIcOxXvZm4n9eL8XgystFlKQIEV8sClJJMaazJOhQKOAoM0MYV8LcSvmYKcbR5FUxIbjLL6+Sznnddepu66LWuC7iKJNjckLOiEsuSYPckiZpE04y8kxeyZv1ZL1Y79bHorVkFTNV8gfW5w/WHJTj</latexit><latexit sha1_base64="JZCGR2BVN1gknGApaXoj1iLIVwY=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIoMeiF48t2FZoQ9lsJ+3SzQe7EzGE+le8eFDEqz/Em//GbZuDtj4YeLw3w8w8P5FCo+N8W6W19Y3NrfJ2ZWd3b//APjzq6DhVHNo8lrG695kGKSJoo0AJ94kCFvoSuv7kZuZ3H0BpEUd3mCXghWwUiUBwhkYa2NUW7SM8Yk6Z8gUqprLpwK45dWcOukrcgtRIgebA/uoPY56GECGXTOue6yTo5Uyh4BKmlX6qIWF8wkbQMzRiIWgvnx8/padGGdIgVqYipHP190TOQq2z0DedIcOxXvZm4n9eL8XgystFlKQIEV8sClJJMaazJOhQKOAoM0MYV8LcSvmYKcbR5FUxIbjLL6+Sznnddepu66LWuC7iKJNjckLOiEsuSYPckiZpE04y8kxeyZv1ZL1Y79bHorVkFTNV8gfW5w/WHJTj</latexit><latexit sha1_base64="JZCGR2BVN1gknGApaXoj1iLIVwY=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIoMeiF48t2FZoQ9lsJ+3SzQe7EzGE+le8eFDEqz/Em//GbZuDtj4YeLw3w8w8P5FCo+N8W6W19Y3NrfJ2ZWd3b//APjzq6DhVHNo8lrG695kGKSJoo0AJ94kCFvoSuv7kZuZ3H0BpEUd3mCXghWwUiUBwhkYa2NUW7SM8Yk6Z8gUqprLpwK45dWcOukrcgtRIgebA/uoPY56GECGXTOue6yTo5Uyh4BKmlX6qIWF8wkbQMzRiIWgvnx8/padGGdIgVqYipHP190TOQq2z0DedIcOxXvZm4n9eL8XgystFlKQIEV8sClJJMaazJOhQKOAoM0MYV8LcSvmYKcbR5FUxIbjLL6+Sznnddepu66LWuC7iKJNjckLOiEsuSYPckiZpE04y8kxeyZv1ZL1Y79bHorVkFTNV8gfW5w/WHJTj</latexit><latexit sha1_base64="JZCGR2BVN1gknGApaXoj1iLIVwY=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIoMeiF48t2FZoQ9lsJ+3SzQe7EzGE+le8eFDEqz/Em//GbZuDtj4YeLw3w8w8P5FCo+N8W6W19Y3NrfJ2ZWd3b//APjzq6DhVHNo8lrG695kGKSJoo0AJ94kCFvoSuv7kZuZ3H0BpEUd3mCXghWwUiUBwhkYa2NUW7SM8Yk6Z8gUqprLpwK45dWcOukrcgtRIgebA/uoPY56GECGXTOue6yTo5Uyh4BKmlX6qIWF8wkbQMzRiIWgvnx8/padGGdIgVqYipHP190TOQq2z0DedIcOxXvZm4n9eL8XgystFlKQIEV8sClJJMaazJOhQKOAoM0MYV8LcSvmYKcbR5FUxIbjLL6+Sznnddepu66LWuC7iKJNjckLOiEsuSYPckiZpE04y8kxeyZv1ZL1Y79bHorVkFTNV8gfW5w/WHJTj</latexit>
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NP-hardness

- Non-convex continuous optimization = NP-hard in general
(Specifically can be polynomially solvable)

- Example: Homogeneous quartics

f(x) =
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<latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit>

-           ,  p = 2
<latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit>

Q arbitrary
<latexit sha1_base64="JZCGR2BVN1gknGApaXoj1iLIVwY=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIoMeiF48t2FZoQ9lsJ+3SzQe7EzGE+le8eFDEqz/Em//GbZuDtj4YeLw3w8w8P5FCo+N8W6W19Y3NrfJ2ZWd3b//APjzq6DhVHNo8lrG695kGKSJoo0AJ94kCFvoSuv7kZuZ3H0BpEUd3mCXghWwUiUBwhkYa2NUW7SM8Yk6Z8gUqprLpwK45dWcOukrcgtRIgebA/uoPY56GECGXTOue6yTo5Uyh4BKmlX6qIWF8wkbQMzRiIWgvnx8/padGGdIgVqYipHP190TOQq2z0DedIcOxXvZm4n9eL8XgystFlKQIEV8sClJJMaazJOhQKOAoM0MYV8LcSvmYKcbR5FUxIbjLL6+Sznnddepu66LWuC7iKJNjckLOiEsuSYPckiZpE04y8kxeyZv1ZL1Y79bHorVkFTNV8gfW5w/WHJTj</latexit><latexit sha1_base64="JZCGR2BVN1gknGApaXoj1iLIVwY=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIoMeiF48t2FZoQ9lsJ+3SzQe7EzGE+le8eFDEqz/Em//GbZuDtj4YeLw3w8w8P5FCo+N8W6W19Y3NrfJ2ZWd3b//APjzq6DhVHNo8lrG695kGKSJoo0AJ94kCFvoSuv7kZuZ3H0BpEUd3mCXghWwUiUBwhkYa2NUW7SM8Yk6Z8gUqprLpwK45dWcOukrcgtRIgebA/uoPY56GECGXTOue6yTo5Uyh4BKmlX6qIWF8wkbQMzRiIWgvnx8/padGGdIgVqYipHP190TOQq2z0DedIcOxXvZm4n9eL8XgystFlKQIEV8sClJJMaazJOhQKOAoM0MYV8LcSvmYKcbR5FUxIbjLL6+Sznnddepu66LWuC7iKJNjckLOiEsuSYPckiZpE04y8kxeyZv1ZL1Y79bHorVkFTNV8gfW5w/WHJTj</latexit><latexit sha1_base64="JZCGR2BVN1gknGApaXoj1iLIVwY=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIoMeiF48t2FZoQ9lsJ+3SzQe7EzGE+le8eFDEqz/Em//GbZuDtj4YeLw3w8w8P5FCo+N8W6W19Y3NrfJ2ZWd3b//APjzq6DhVHNo8lrG695kGKSJoo0AJ94kCFvoSuv7kZuZ3H0BpEUd3mCXghWwUiUBwhkYa2NUW7SM8Yk6Z8gUqprLpwK45dWcOukrcgtRIgebA/uoPY56GECGXTOue6yTo5Uyh4BKmlX6qIWF8wkbQMzRiIWgvnx8/padGGdIgVqYipHP190TOQq2z0DedIcOxXvZm4n9eL8XgystFlKQIEV8sClJJMaazJOhQKOAoM0MYV8LcSvmYKcbR5FUxIbjLL6+Sznnddepu66LWuC7iKJNjckLOiEsuSYPckiZpE04y8kxeyZv1ZL1Y79bHorVkFTNV8gfW5w/WHJTj</latexit><latexit sha1_base64="JZCGR2BVN1gknGApaXoj1iLIVwY=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIoMeiF48t2FZoQ9lsJ+3SzQe7EzGE+le8eFDEqz/Em//GbZuDtj4YeLw3w8w8P5FCo+N8W6W19Y3NrfJ2ZWd3b//APjzq6DhVHNo8lrG695kGKSJoo0AJ94kCFvoSuv7kZuZ3H0BpEUd3mCXghWwUiUBwhkYa2NUW7SM8Yk6Z8gUqprLpwK45dWcOukrcgtRIgebA/uoPY56GECGXTOue6yTo5Uyh4BKmlX6qIWF8wkbQMzRiIWgvnx8/padGGdIgVqYipHP190TOQq2z0DedIcOxXvZm4n9eL8XgystFlKQIEV8sClJJMaazJOhQKOAoM0MYV8LcSvmYKcbR5FUxIbjLL6+Sznnddepu66LWuC7iKJNjckLOiEsuSYPckiZpE04y8kxeyZv1ZL1Y79bHorVkFTNV8gfW5w/WHJTj</latexit>
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NP-hardness

- Non-convex continuous optimization = NP-hard in general
(Specifically can be polynomially solvable)

- Example: Homogeneous quartics

f(x) =
pX

i,j=1

Qijx
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j

<latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit>

-           ,  p = 2
<latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit>

Q arbitrary
<latexit sha1_base64="JZCGR2BVN1gknGApaXoj1iLIVwY=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIoMeiF48t2FZoQ9lsJ+3SzQe7EzGE+le8eFDEqz/Em//GbZuDtj4YeLw3w8w8P5FCo+N8W6W19Y3NrfJ2ZWd3b//APjzq6DhVHNo8lrG695kGKSJoo0AJ94kCFvoSuv7kZuZ3H0BpEUd3mCXghWwUiUBwhkYa2NUW7SM8Yk6Z8gUqprLpwK45dWcOukrcgtRIgebA/uoPY56GECGXTOue6yTo5Uyh4BKmlX6qIWF8wkbQMzRiIWgvnx8/padGGdIgVqYipHP190TOQq2z0DedIcOxXvZm4n9eL8XgystFlKQIEV8sClJJMaazJOhQKOAoM0MYV8LcSvmYKcbR5FUxIbjLL6+Sznnddepu66LWuC7iKJNjckLOiEsuSYPckiZpE04y8kxeyZv1ZL1Y79bHorVkFTNV8gfW5w/WHJTj</latexit><latexit sha1_base64="JZCGR2BVN1gknGApaXoj1iLIVwY=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIoMeiF48t2FZoQ9lsJ+3SzQe7EzGE+le8eFDEqz/Em//GbZuDtj4YeLw3w8w8P5FCo+N8W6W19Y3NrfJ2ZWd3b//APjzq6DhVHNo8lrG695kGKSJoo0AJ94kCFvoSuv7kZuZ3H0BpEUd3mCXghWwUiUBwhkYa2NUW7SM8Yk6Z8gUqprLpwK45dWcOukrcgtRIgebA/uoPY56GECGXTOue6yTo5Uyh4BKmlX6qIWF8wkbQMzRiIWgvnx8/padGGdIgVqYipHP190TOQq2z0DedIcOxXvZm4n9eL8XgystFlKQIEV8sClJJMaazJOhQKOAoM0MYV8LcSvmYKcbR5FUxIbjLL6+Sznnddepu66LWuC7iKJNjckLOiEsuSYPckiZpE04y8kxeyZv1ZL1Y79bHorVkFTNV8gfW5w/WHJTj</latexit><latexit sha1_base64="JZCGR2BVN1gknGApaXoj1iLIVwY=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIoMeiF48t2FZoQ9lsJ+3SzQe7EzGE+le8eFDEqz/Em//GbZuDtj4YeLw3w8w8P5FCo+N8W6W19Y3NrfJ2ZWd3b//APjzq6DhVHNo8lrG695kGKSJoo0AJ94kCFvoSuv7kZuZ3H0BpEUd3mCXghWwUiUBwhkYa2NUW7SM8Yk6Z8gUqprLpwK45dWcOukrcgtRIgebA/uoPY56GECGXTOue6yTo5Uyh4BKmlX6qIWF8wkbQMzRiIWgvnx8/padGGdIgVqYipHP190TOQq2z0DedIcOxXvZm4n9eL8XgystFlKQIEV8sClJJMaazJOhQKOAoM0MYV8LcSvmYKcbR5FUxIbjLL6+Sznnddepu66LWuC7iKJNjckLOiEsuSYPckiZpE04y8kxeyZv1ZL1Y79bHorVkFTNV8gfW5w/WHJTj</latexit><latexit sha1_base64="JZCGR2BVN1gknGApaXoj1iLIVwY=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIoMeiF48t2FZoQ9lsJ+3SzQe7EzGE+le8eFDEqz/Em//GbZuDtj4YeLw3w8w8P5FCo+N8W6W19Y3NrfJ2ZWd3b//APjzq6DhVHNo8lrG695kGKSJoo0AJ94kCFvoSuv7kZuZ3H0BpEUd3mCXghWwUiUBwhkYa2NUW7SM8Yk6Z8gUqprLpwK45dWcOukrcgtRIgebA/uoPY56GECGXTOue6yTo5Uyh4BKmlX6qIWF8wkbQMzRiIWgvnx8/padGGdIgVqYipHP190TOQq2z0DedIcOxXvZm4n9eL8XgystFlKQIEV8sClJJMaazJOhQKOAoM0MYV8LcSvmYKcbR5FUxIbjLL6+Sznnddepu66LWuC7iKJNjckLOiEsuSYPckiZpE04y8kxeyZv1ZL1Y79bHorVkFTNV8gfW5w/WHJTj</latexit>
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NP-hardness

- Non-convex continuous optimization = NP-hard in general
(Specifically can be polynomially solvable)

- Example: Homogeneous quartics

f(x) =
pX

i,j=1
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<latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit>

-           ,  p = 2
<latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit>

Q arbitrary
<latexit sha1_base64="JZCGR2BVN1gknGApaXoj1iLIVwY=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIoMeiF48t2FZoQ9lsJ+3SzQe7EzGE+le8eFDEqz/Em//GbZuDtj4YeLw3w8w8P5FCo+N8W6W19Y3NrfJ2ZWd3b//APjzq6DhVHNo8lrG695kGKSJoo0AJ94kCFvoSuv7kZuZ3H0BpEUd3mCXghWwUiUBwhkYa2NUW7SM8Yk6Z8gUqprLpwK45dWcOukrcgtRIgebA/uoPY56GECGXTOue6yTo5Uyh4BKmlX6qIWF8wkbQMzRiIWgvnx8/padGGdIgVqYipHP190TOQq2z0DedIcOxXvZm4n9eL8XgystFlKQIEV8sClJJMaazJOhQKOAoM0MYV8LcSvmYKcbR5FUxIbjLL6+Sznnddepu66LWuC7iKJNjckLOiEsuSYPckiZpE04y8kxeyZv1ZL1Y79bHorVkFTNV8gfW5w/WHJTj</latexit><latexit sha1_base64="JZCGR2BVN1gknGApaXoj1iLIVwY=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIoMeiF48t2FZoQ9lsJ+3SzQe7EzGE+le8eFDEqz/Em//GbZuDtj4YeLw3w8w8P5FCo+N8W6W19Y3NrfJ2ZWd3b//APjzq6DhVHNo8lrG695kGKSJoo0AJ94kCFvoSuv7kZuZ3H0BpEUd3mCXghWwUiUBwhkYa2NUW7SM8Yk6Z8gUqprLpwK45dWcOukrcgtRIgebA/uoPY56GECGXTOue6yTo5Uyh4BKmlX6qIWF8wkbQMzRiIWgvnx8/padGGdIgVqYipHP190TOQq2z0DedIcOxXvZm4n9eL8XgystFlKQIEV8sClJJMaazJOhQKOAoM0MYV8LcSvmYKcbR5FUxIbjLL6+Sznnddepu66LWuC7iKJNjckLOiEsuSYPckiZpE04y8kxeyZv1ZL1Y79bHorVkFTNV8gfW5w/WHJTj</latexit><latexit sha1_base64="JZCGR2BVN1gknGApaXoj1iLIVwY=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIoMeiF48t2FZoQ9lsJ+3SzQe7EzGE+le8eFDEqz/Em//GbZuDtj4YeLw3w8w8P5FCo+N8W6W19Y3NrfJ2ZWd3b//APjzq6DhVHNo8lrG695kGKSJoo0AJ94kCFvoSuv7kZuZ3H0BpEUd3mCXghWwUiUBwhkYa2NUW7SM8Yk6Z8gUqprLpwK45dWcOukrcgtRIgebA/uoPY56GECGXTOue6yTo5Uyh4BKmlX6qIWF8wkbQMzRiIWgvnx8/padGGdIgVqYipHP190TOQq2z0DedIcOxXvZm4n9eL8XgystFlKQIEV8sClJJMaazJOhQKOAoM0MYV8LcSvmYKcbR5FUxIbjLL6+Sznnddepu66LWuC7iKJNjckLOiEsuSYPckiZpE04y8kxeyZv1ZL1Y79bHorVkFTNV8gfW5w/WHJTj</latexit><latexit sha1_base64="JZCGR2BVN1gknGApaXoj1iLIVwY=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIoMeiF48t2FZoQ9lsJ+3SzQe7EzGE+le8eFDEqz/Em//GbZuDtj4YeLw3w8w8P5FCo+N8W6W19Y3NrfJ2ZWd3b//APjzq6DhVHNo8lrG695kGKSJoo0AJ94kCFvoSuv7kZuZ3H0BpEUd3mCXghWwUiUBwhkYa2NUW7SM8Yk6Z8gUqprLpwK45dWcOukrcgtRIgebA/uoPY56GECGXTOue6yTo5Uyh4BKmlX6qIWF8wkbQMzRiIWgvnx8/padGGdIgVqYipHP190TOQq2z0DedIcOxXvZm4n9eL8XgystFlKQIEV8sClJJMaazJOhQKOAoM0MYV8LcSvmYKcbR5FUxIbjLL6+Sznnddepu66LWuC7iKJNjckLOiEsuSYPckiZpE04y8kxeyZv1ZL1Y79bHorVkFTNV8gfW5w/WHJTj</latexit>
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- Some observations:

- Gradient at zero is zero



NP-hardness

- Non-convex continuous optimization = NP-hard in general
(Specifically can be polynomially solvable)

- Example: Homogeneous quartics

f(x) =
pX

i,j=1

Qijx
2
ix

2
j

<latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit>

-           ,  p = 2
<latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit><latexit sha1_base64="cDavSzK4vmaDcuJ3lMSo4r/RDzk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl3321lb39jc2i7tlHf39g8OK0fHLZNkmnGfJTLRnZAaLoXiPgqUvJNqTuNQ8nY4vpv57SeujUjUI05SHsR0qEQkGEUr+Sm5IfV+perW3DnIKvEKUoUCzX7lqzdIWBZzhUxSY7qem2KQU42CST4t9zLDU8rGdMi7lioacxPk82On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhhdB7lQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+ZRtCN7yy6ukVa95bs17uKw2bos4SnAKZ3ABHlxBA+6hCT4wEPAMr/DmKOfFeXc+Fq1rTjFzAn/gfP4AecmNyw==</latexit>

Q arbitrary
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- Some observations:

- Gradient at zero is zero

- Thus, zero is a minimum, 
   maximum or saddle point



NP-hardness

- Non-convex continuous optimization = NP-hard in general
(Specifically can be polynomially solvable)

- Example: Homogeneous quartics

f(x) =
pX

i,j=1

Qijx
2
ix

2
j

<latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit>

- How can we check what holds at zero point?



NP-hardness

- Non-convex continuous optimization = NP-hard in general
(Specifically can be polynomially solvable)

- Example: Homogeneous quartics
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- How can we check what holds at zero point?
(0 is not global minimizer if there is a point that leads to negative objective)



NP-hardness

- Non-convex continuous optimization = NP-hard in general
(Specifically can be polynomially solvable)

- Example: Homogeneous quartics

f(x) =
pX

i,j=1

Qijx
2
ix

2
j

<latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit>

- How can we check what holds at zero point?
(0 is not global minimizer if there is a point that leads to negative objective)

- Change of variables: ui = x2
i ! f(u) = u>Qu
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<latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit>

- How can we check what holds at zero point?
(0 is not global minimizer if there is a point that leads to negative objective)

- Change of variables: ui = x2
i ! f(u) = u>Qu

<latexit sha1_base64="j6tK6P0wdb/cdPL7p0O6VIotFFs=">AAACEnicbVC7SgNBFJ31GeMramkzGISkCbtB0EYI2lgmYB6QxzI7mU2GzO4sM3fUEPINNv6KjYUitlZ2/o2TR6GJBy4czrmXe+8JEsE1uO63s7K6tr6xmdpKb+/s7u1nDg5rWhpFWZVKIVUjIJoJHrMqcBCskShGokCwejC4nvj1O6Y0l/EtDBPWjkgv5iGnBKzkZ/LG5/gSP/i8U8QtxXt9IErJexzmTN4aptMCmeAKNn4m6xbcKfAy8eYki+Yo+5mvVldSE7EYqCBaNz03gfaIKOBUsHG6ZTRLCB2QHmtaGpOI6fZo+tIYn1qli0OpbMWAp+rviRGJtB5Gge2MCPT1ojcR//OaBsKL9ojHiQEW09mi0AgMEk/ywV2uGAUxtIRQxe2tmPaJIhRsimkbgrf48jKpFQueW/AqZ9nS1TyOFDpGJyiHPHSOSugGlVEVUfSIntErenOenBfn3fmYta4485kj9AfO5w8xXpvl</latexit><latexit sha1_base64="j6tK6P0wdb/cdPL7p0O6VIotFFs=">AAACEnicbVC7SgNBFJ31GeMramkzGISkCbtB0EYI2lgmYB6QxzI7mU2GzO4sM3fUEPINNv6KjYUitlZ2/o2TR6GJBy4czrmXe+8JEsE1uO63s7K6tr6xmdpKb+/s7u1nDg5rWhpFWZVKIVUjIJoJHrMqcBCskShGokCwejC4nvj1O6Y0l/EtDBPWjkgv5iGnBKzkZ/LG5/gSP/i8U8QtxXt9IErJexzmTN4aptMCmeAKNn4m6xbcKfAy8eYki+Yo+5mvVldSE7EYqCBaNz03gfaIKOBUsHG6ZTRLCB2QHmtaGpOI6fZo+tIYn1qli0OpbMWAp+rviRGJtB5Gge2MCPT1ojcR//OaBsKL9ojHiQEW09mi0AgMEk/ywV2uGAUxtIRQxe2tmPaJIhRsimkbgrf48jKpFQueW/AqZ9nS1TyOFDpGJyiHPHSOSugGlVEVUfSIntErenOenBfn3fmYta4485kj9AfO5w8xXpvl</latexit><latexit sha1_base64="j6tK6P0wdb/cdPL7p0O6VIotFFs=">AAACEnicbVC7SgNBFJ31GeMramkzGISkCbtB0EYI2lgmYB6QxzI7mU2GzO4sM3fUEPINNv6KjYUitlZ2/o2TR6GJBy4czrmXe+8JEsE1uO63s7K6tr6xmdpKb+/s7u1nDg5rWhpFWZVKIVUjIJoJHrMqcBCskShGokCwejC4nvj1O6Y0l/EtDBPWjkgv5iGnBKzkZ/LG5/gSP/i8U8QtxXt9IErJexzmTN4aptMCmeAKNn4m6xbcKfAy8eYki+Yo+5mvVldSE7EYqCBaNz03gfaIKOBUsHG6ZTRLCB2QHmtaGpOI6fZo+tIYn1qli0OpbMWAp+rviRGJtB5Gge2MCPT1ojcR//OaBsKL9ojHiQEW09mi0AgMEk/ywV2uGAUxtIRQxe2tmPaJIhRsimkbgrf48jKpFQueW/AqZ9nS1TyOFDpGJyiHPHSOSugGlVEVUfSIntErenOenBfn3fmYta4485kj9AfO5w8xXpvl</latexit><latexit sha1_base64="j6tK6P0wdb/cdPL7p0O6VIotFFs=">AAACEnicbVC7SgNBFJ31GeMramkzGISkCbtB0EYI2lgmYB6QxzI7mU2GzO4sM3fUEPINNv6KjYUitlZ2/o2TR6GJBy4czrmXe+8JEsE1uO63s7K6tr6xmdpKb+/s7u1nDg5rWhpFWZVKIVUjIJoJHrMqcBCskShGokCwejC4nvj1O6Y0l/EtDBPWjkgv5iGnBKzkZ/LG5/gSP/i8U8QtxXt9IErJexzmTN4aptMCmeAKNn4m6xbcKfAy8eYki+Yo+5mvVldSE7EYqCBaNz03gfaIKOBUsHG6ZTRLCB2QHmtaGpOI6fZo+tIYn1qli0OpbMWAp+rviRGJtB5Gge2MCPT1ojcR//OaBsKL9ojHiQEW09mi0AgMEk/ywV2uGAUxtIRQxe2tmPaJIhRsimkbgrf48jKpFQueW/AqZ9nS1TyOFDpGJyiHPHSOSugGlVEVUfSIntErenOenBfn3fmYta4485kj9AfO5w8xXpvl</latexit>

- 0 is not a global minimizer if there exists non-negative u such that u>Qu < 0
<latexit sha1_base64="G59gUR9cLQUmcmz5IQXBmq6E4As=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqeyKoAcPRS8eW7Af0G5LNs22odlkSSZKKf0fXjwo4tX/4s1/Y9ruQVsfDDzem2FmXpQKbsD3v73c2vrG5lZ+u7Czu7d/UDw8ahhlNWV1qoTSrYgYJrhkdeAgWCvVjCSRYM1odDfzm49MG67kA4xTFiZkIHnMKQEndW23AyrFNWzxDfZ7xZJf9ufAqyTISAllqPaKX52+ojZhEqggxrQDP4VwQjRwKti00LGGpYSOyIC1HZUkYSaczK+e4jOn9HGstCsJeK7+npiQxJhxErnOhMDQLHsz8T+vbSG+DidcphaYpItFsRUYFJ5FgPtcMwpi7AihmrtbMR0STSi4oAouhGD55VXSuCgHfjmoXZYqt1kceXSCTtE5CtAVqqB7VEV1RJFGz+gVvXlP3ov37n0sWnNeNnOM/sD7/AGQP5E6</latexit><latexit sha1_base64="G59gUR9cLQUmcmz5IQXBmq6E4As=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqeyKoAcPRS8eW7Af0G5LNs22odlkSSZKKf0fXjwo4tX/4s1/Y9ruQVsfDDzem2FmXpQKbsD3v73c2vrG5lZ+u7Czu7d/UDw8ahhlNWV1qoTSrYgYJrhkdeAgWCvVjCSRYM1odDfzm49MG67kA4xTFiZkIHnMKQEndW23AyrFNWzxDfZ7xZJf9ufAqyTISAllqPaKX52+ojZhEqggxrQDP4VwQjRwKti00LGGpYSOyIC1HZUkYSaczK+e4jOn9HGstCsJeK7+npiQxJhxErnOhMDQLHsz8T+vbSG+DidcphaYpItFsRUYFJ5FgPtcMwpi7AihmrtbMR0STSi4oAouhGD55VXSuCgHfjmoXZYqt1kceXSCTtE5CtAVqqB7VEV1RJFGz+gVvXlP3ov37n0sWnNeNnOM/sD7/AGQP5E6</latexit><latexit sha1_base64="G59gUR9cLQUmcmz5IQXBmq6E4As=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqeyKoAcPRS8eW7Af0G5LNs22odlkSSZKKf0fXjwo4tX/4s1/Y9ruQVsfDDzem2FmXpQKbsD3v73c2vrG5lZ+u7Czu7d/UDw8ahhlNWV1qoTSrYgYJrhkdeAgWCvVjCSRYM1odDfzm49MG67kA4xTFiZkIHnMKQEndW23AyrFNWzxDfZ7xZJf9ufAqyTISAllqPaKX52+ojZhEqggxrQDP4VwQjRwKti00LGGpYSOyIC1HZUkYSaczK+e4jOn9HGstCsJeK7+npiQxJhxErnOhMDQLHsz8T+vbSG+DidcphaYpItFsRUYFJ5FgPtcMwpi7AihmrtbMR0STSi4oAouhGD55VXSuCgHfjmoXZYqt1kceXSCTtE5CtAVqqB7VEV1RJFGz+gVvXlP3ov37n0sWnNeNnOM/sD7/AGQP5E6</latexit><latexit sha1_base64="G59gUR9cLQUmcmz5IQXBmq6E4As=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqeyKoAcPRS8eW7Af0G5LNs22odlkSSZKKf0fXjwo4tX/4s1/Y9ruQVsfDDzem2FmXpQKbsD3v73c2vrG5lZ+u7Czu7d/UDw8ahhlNWV1qoTSrYgYJrhkdeAgWCvVjCSRYM1odDfzm49MG67kA4xTFiZkIHnMKQEndW23AyrFNWzxDfZ7xZJf9ufAqyTISAllqPaKX52+ojZhEqggxrQDP4VwQjRwKti00LGGpYSOyIC1HZUkYSaczK+e4jOn9HGstCsJeK7+npiQxJhxErnOhMDQLHsz8T+vbSG+DidcphaYpItFsRUYFJ5FgPtcMwpi7AihmrtbMR0STSi4oAouhGD55VXSuCgHfjmoXZYqt1kceXSCTtE5CtAVqqB7VEV1RJFGz+gVvXlP3ov37n0sWnNeNnOM/sD7/AGQP5E6</latexit>



NP-hardness

- Non-convex continuous optimization = NP-hard in general
(Specifically can be polynomially solvable)

- Example: Homogeneous quartics

f(x) =
pX

i,j=1

Qijx
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j

<latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit>

- How can we check what holds at zero point?
(0 is not global minimizer if there is a point that leads to negative objective)

- Change of variables: ui = x2
i ! f(u) = u>Qu

<latexit sha1_base64="j6tK6P0wdb/cdPL7p0O6VIotFFs=">AAACEnicbVC7SgNBFJ31GeMramkzGISkCbtB0EYI2lgmYB6QxzI7mU2GzO4sM3fUEPINNv6KjYUitlZ2/o2TR6GJBy4czrmXe+8JEsE1uO63s7K6tr6xmdpKb+/s7u1nDg5rWhpFWZVKIVUjIJoJHrMqcBCskShGokCwejC4nvj1O6Y0l/EtDBPWjkgv5iGnBKzkZ/LG5/gSP/i8U8QtxXt9IErJexzmTN4aptMCmeAKNn4m6xbcKfAy8eYki+Yo+5mvVldSE7EYqCBaNz03gfaIKOBUsHG6ZTRLCB2QHmtaGpOI6fZo+tIYn1qli0OpbMWAp+rviRGJtB5Gge2MCPT1ojcR//OaBsKL9ojHiQEW09mi0AgMEk/ywV2uGAUxtIRQxe2tmPaJIhRsimkbgrf48jKpFQueW/AqZ9nS1TyOFDpGJyiHPHSOSugGlVEVUfSIntErenOenBfn3fmYta4485kj9AfO5w8xXpvl</latexit><latexit sha1_base64="j6tK6P0wdb/cdPL7p0O6VIotFFs=">AAACEnicbVC7SgNBFJ31GeMramkzGISkCbtB0EYI2lgmYB6QxzI7mU2GzO4sM3fUEPINNv6KjYUitlZ2/o2TR6GJBy4czrmXe+8JEsE1uO63s7K6tr6xmdpKb+/s7u1nDg5rWhpFWZVKIVUjIJoJHrMqcBCskShGokCwejC4nvj1O6Y0l/EtDBPWjkgv5iGnBKzkZ/LG5/gSP/i8U8QtxXt9IErJexzmTN4aptMCmeAKNn4m6xbcKfAy8eYki+Yo+5mvVldSE7EYqCBaNz03gfaIKOBUsHG6ZTRLCB2QHmtaGpOI6fZo+tIYn1qli0OpbMWAp+rviRGJtB5Gge2MCPT1ojcR//OaBsKL9ojHiQEW09mi0AgMEk/ywV2uGAUxtIRQxe2tmPaJIhRsimkbgrf48jKpFQueW/AqZ9nS1TyOFDpGJyiHPHSOSugGlVEVUfSIntErenOenBfn3fmYta4485kj9AfO5w8xXpvl</latexit><latexit sha1_base64="j6tK6P0wdb/cdPL7p0O6VIotFFs=">AAACEnicbVC7SgNBFJ31GeMramkzGISkCbtB0EYI2lgmYB6QxzI7mU2GzO4sM3fUEPINNv6KjYUitlZ2/o2TR6GJBy4czrmXe+8JEsE1uO63s7K6tr6xmdpKb+/s7u1nDg5rWhpFWZVKIVUjIJoJHrMqcBCskShGokCwejC4nvj1O6Y0l/EtDBPWjkgv5iGnBKzkZ/LG5/gSP/i8U8QtxXt9IErJexzmTN4aptMCmeAKNn4m6xbcKfAy8eYki+Yo+5mvVldSE7EYqCBaNz03gfaIKOBUsHG6ZTRLCB2QHmtaGpOI6fZo+tIYn1qli0OpbMWAp+rviRGJtB5Gge2MCPT1ojcR//OaBsKL9ojHiQEW09mi0AgMEk/ywV2uGAUxtIRQxe2tmPaJIhRsimkbgrf48jKpFQueW/AqZ9nS1TyOFDpGJyiHPHSOSugGlVEVUfSIntErenOenBfn3fmYta4485kj9AfO5w8xXpvl</latexit><latexit sha1_base64="j6tK6P0wdb/cdPL7p0O6VIotFFs=">AAACEnicbVC7SgNBFJ31GeMramkzGISkCbtB0EYI2lgmYB6QxzI7mU2GzO4sM3fUEPINNv6KjYUitlZ2/o2TR6GJBy4czrmXe+8JEsE1uO63s7K6tr6xmdpKb+/s7u1nDg5rWhpFWZVKIVUjIJoJHrMqcBCskShGokCwejC4nvj1O6Y0l/EtDBPWjkgv5iGnBKzkZ/LG5/gSP/i8U8QtxXt9IErJexzmTN4aptMCmeAKNn4m6xbcKfAy8eYki+Yo+5mvVldSE7EYqCBaNz03gfaIKOBUsHG6ZTRLCB2QHmtaGpOI6fZo+tIYn1qli0OpbMWAp+rviRGJtB5Gge2MCPT1ojcR//OaBsKL9ojHiQEW09mi0AgMEk/ywV2uGAUxtIRQxe2tmPaJIhRsimkbgrf48jKpFQueW/AqZ9nS1TyOFDpGJyiHPHSOSugGlVEVUfSIntErenOenBfn3fmYta4485kj9AfO5w8xXpvl</latexit>

- 0 is not a global minimizer if there exists non-negative u such that u>Qu < 0
<latexit sha1_base64="G59gUR9cLQUmcmz5IQXBmq6E4As=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqeyKoAcPRS8eW7Af0G5LNs22odlkSSZKKf0fXjwo4tX/4s1/Y9ruQVsfDDzem2FmXpQKbsD3v73c2vrG5lZ+u7Czu7d/UDw8ahhlNWV1qoTSrYgYJrhkdeAgWCvVjCSRYM1odDfzm49MG67kA4xTFiZkIHnMKQEndW23AyrFNWzxDfZ7xZJf9ufAqyTISAllqPaKX52+ojZhEqggxrQDP4VwQjRwKti00LGGpYSOyIC1HZUkYSaczK+e4jOn9HGstCsJeK7+npiQxJhxErnOhMDQLHsz8T+vbSG+DidcphaYpItFsRUYFJ5FgPtcMwpi7AihmrtbMR0STSi4oAouhGD55VXSuCgHfjmoXZYqt1kceXSCTtE5CtAVqqB7VEV1RJFGz+gVvXlP3ov37n0sWnNeNnOM/sD7/AGQP5E6</latexit><latexit sha1_base64="G59gUR9cLQUmcmz5IQXBmq6E4As=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqeyKoAcPRS8eW7Af0G5LNs22odlkSSZKKf0fXjwo4tX/4s1/Y9ruQVsfDDzem2FmXpQKbsD3v73c2vrG5lZ+u7Czu7d/UDw8ahhlNWV1qoTSrYgYJrhkdeAgWCvVjCSRYM1odDfzm49MG67kA4xTFiZkIHnMKQEndW23AyrFNWzxDfZ7xZJf9ufAqyTISAllqPaKX52+ojZhEqggxrQDP4VwQjRwKti00LGGpYSOyIC1HZUkYSaczK+e4jOn9HGstCsJeK7+npiQxJhxErnOhMDQLHsz8T+vbSG+DidcphaYpItFsRUYFJ5FgPtcMwpi7AihmrtbMR0STSi4oAouhGD55VXSuCgHfjmoXZYqt1kceXSCTtE5CtAVqqB7VEV1RJFGz+gVvXlP3ov37n0sWnNeNnOM/sD7/AGQP5E6</latexit><latexit sha1_base64="G59gUR9cLQUmcmz5IQXBmq6E4As=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqeyKoAcPRS8eW7Af0G5LNs22odlkSSZKKf0fXjwo4tX/4s1/Y9ruQVsfDDzem2FmXpQKbsD3v73c2vrG5lZ+u7Czu7d/UDw8ahhlNWV1qoTSrYgYJrhkdeAgWCvVjCSRYM1odDfzm49MG67kA4xTFiZkIHnMKQEndW23AyrFNWzxDfZ7xZJf9ufAqyTISAllqPaKX52+ojZhEqggxrQDP4VwQjRwKti00LGGpYSOyIC1HZUkYSaczK+e4jOn9HGstCsJeK7+npiQxJhxErnOhMDQLHsz8T+vbSG+DidcphaYpItFsRUYFJ5FgPtcMwpi7AihmrtbMR0STSi4oAouhGD55VXSuCgHfjmoXZYqt1kceXSCTtE5CtAVqqB7VEV1RJFGz+gVvXlP3ov37n0sWnNeNnOM/sD7/AGQP5E6</latexit><latexit sha1_base64="G59gUR9cLQUmcmz5IQXBmq6E4As=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqeyKoAcPRS8eW7Af0G5LNs22odlkSSZKKf0fXjwo4tX/4s1/Y9ruQVsfDDzem2FmXpQKbsD3v73c2vrG5lZ+u7Czu7d/UDw8ahhlNWV1qoTSrYgYJrhkdeAgWCvVjCSRYM1odDfzm49MG67kA4xTFiZkIHnMKQEndW23AyrFNWzxDfZ7xZJf9ufAqyTISAllqPaKX52+ojZhEqggxrQDP4VwQjRwKti00LGGpYSOyIC1HZUkYSaczK+e4jOn9HGstCsJeK7+npiQxJhxErnOhMDQLHsz8T+vbSG+DidcphaYpItFsRUYFJ5FgPtcMwpi7AihmrtbMR0STSi4oAouhGD55VXSuCgHfjmoXZYqt1kceXSCTtE5CtAVqqB7VEV1RJFGz+gVvXlP3ov37n0sWnNeNnOM/sD7/AGQP5E6</latexit>

- This is equivalent to checking if      is not co-positive: NP-hard!Q
<latexit sha1_base64="4nyA0toCmuH9ncmQY210GP8ELnE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dW7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKwecJZwP6JjJULBKFrpvlUZVmtu3V2A/CVeQWpQoDmsfg5GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JFI278bHHpnJxZZUTCWNtSSBbqz4mMRsbMosB2RhQnZtXLxf+8forhtZ8JlaTIFVsuClNJMCb522QkNGcoZ5ZQpoW9lbAJ1ZShDScPwVt9+S/pXNQ9t+61LmuNmyKOMpzAKZyDB1fQgDtoQhsYhPAEL/DqTJ1n5815X7aWnGLmGH7B+fgG33qM6Q==</latexit><latexit sha1_base64="4nyA0toCmuH9ncmQY210GP8ELnE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dW7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKwecJZwP6JjJULBKFrpvlUZVmtu3V2A/CVeQWpQoDmsfg5GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JFI278bHHpnJxZZUTCWNtSSBbqz4mMRsbMosB2RhQnZtXLxf+8forhtZ8JlaTIFVsuClNJMCb522QkNGcoZ5ZQpoW9lbAJ1ZShDScPwVt9+S/pXNQ9t+61LmuNmyKOMpzAKZyDB1fQgDtoQhsYhPAEL/DqTJ1n5815X7aWnGLmGH7B+fgG33qM6Q==</latexit><latexit sha1_base64="4nyA0toCmuH9ncmQY210GP8ELnE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dW7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKwecJZwP6JjJULBKFrpvlUZVmtu3V2A/CVeQWpQoDmsfg5GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JFI278bHHpnJxZZUTCWNtSSBbqz4mMRsbMosB2RhQnZtXLxf+8forhtZ8JlaTIFVsuClNJMCb522QkNGcoZ5ZQpoW9lbAJ1ZShDScPwVt9+S/pXNQ9t+61LmuNmyKOMpzAKZyDB1fQgDtoQhsYhPAEL/DqTJ1n5815X7aWnGLmGH7B+fgG33qM6Q==</latexit><latexit sha1_base64="4nyA0toCmuH9ncmQY210GP8ELnE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dW7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKwecJZwP6JjJULBKFrpvlUZVmtu3V2A/CVeQWpQoDmsfg5GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JFI278bHHpnJxZZUTCWNtSSBbqz4mMRsbMosB2RhQnZtXLxf+8forhtZ8JlaTIFVsuClNJMCb522QkNGcoZ5ZQpoW9lbAJ1ZShDScPwVt9+S/pXNQ9t+61LmuNmyKOMpzAKZyDB1fQgDtoQhsYhPAEL/DqTJ1n5815X7aWnGLmGH7B+fgG33qM6Q==</latexit>

(equivalent to finding plant cliques in graphs)



NP-hardness

- Non-convex continuous optimization = NP-hard in general
(Specifically can be polynomially solvable)

- Example: Homogeneous quartics

f(x) =
pX
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<latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit>

- What makes this case difficult? Let’s compute the Hessian at zero:



NP-hardness

- Non-convex continuous optimization = NP-hard in general
(Specifically can be polynomially solvable)

- Example: Homogeneous quartics

f(x) =
pX

i,j=1

Qijx
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ix
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j

<latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit>

- What makes this case difficult? Let’s compute the Hessian at zero:

r2f(0) = 0p⇥p
<latexit sha1_base64="NuPBkpEkRDL4NWqJ8JNKl+yCcqI=">AAACB3icbVDLSgMxFM34rPU16lKQYBHqpmSKoBuh6MZlBfuAzlgyaaYNzWRCkhHK0J0bf8WNC0Xc+gvu/BvTdhbaeuDC4Zx7ufeeUHKmDULfztLyyuraemGjuLm1vbPr7u03dZIqQhsk4Ylqh1hTzgRtGGY4bUtFcRxy2gqH1xO/9UCVZom4MyNJgxj3BYsYwcZKXffIFzjk+L4KozI6hZcQdTMJfcNiqqEcd90SqqAp4CLxclICOepd98vvJSSNqTCEY607HpImyLAyjHA6LvqpphKTIe7TjqUC2z1BNv1jDE+s0oNRomwJA6fq74kMx1qP4tB2xtgM9Lw3Ef/zOqmJLoKMCZkaKshsUZRyaBI4CQX2mKLE8JElmChmb4VkgBUmxkZXtCF48y8vkma14qGKd3tWql3lcRTAITgGZeCBc1ADN6AOGoCAR/AMXsGb8+S8OO/Ox6x1yclnDsAfOJ8/5LaXag==</latexit><latexit sha1_base64="NuPBkpEkRDL4NWqJ8JNKl+yCcqI=">AAACB3icbVDLSgMxFM34rPU16lKQYBHqpmSKoBuh6MZlBfuAzlgyaaYNzWRCkhHK0J0bf8WNC0Xc+gvu/BvTdhbaeuDC4Zx7ufeeUHKmDULfztLyyuraemGjuLm1vbPr7u03dZIqQhsk4Ylqh1hTzgRtGGY4bUtFcRxy2gqH1xO/9UCVZom4MyNJgxj3BYsYwcZKXffIFzjk+L4KozI6hZcQdTMJfcNiqqEcd90SqqAp4CLxclICOepd98vvJSSNqTCEY607HpImyLAyjHA6LvqpphKTIe7TjqUC2z1BNv1jDE+s0oNRomwJA6fq74kMx1qP4tB2xtgM9Lw3Ef/zOqmJLoKMCZkaKshsUZRyaBI4CQX2mKLE8JElmChmb4VkgBUmxkZXtCF48y8vkma14qGKd3tWql3lcRTAITgGZeCBc1ADN6AOGoCAR/AMXsGb8+S8OO/Ox6x1yclnDsAfOJ8/5LaXag==</latexit><latexit sha1_base64="NuPBkpEkRDL4NWqJ8JNKl+yCcqI=">AAACB3icbVDLSgMxFM34rPU16lKQYBHqpmSKoBuh6MZlBfuAzlgyaaYNzWRCkhHK0J0bf8WNC0Xc+gvu/BvTdhbaeuDC4Zx7ufeeUHKmDULfztLyyuraemGjuLm1vbPr7u03dZIqQhsk4Ylqh1hTzgRtGGY4bUtFcRxy2gqH1xO/9UCVZom4MyNJgxj3BYsYwcZKXffIFzjk+L4KozI6hZcQdTMJfcNiqqEcd90SqqAp4CLxclICOepd98vvJSSNqTCEY607HpImyLAyjHA6LvqpphKTIe7TjqUC2z1BNv1jDE+s0oNRomwJA6fq74kMx1qP4tB2xtgM9Lw3Ef/zOqmJLoKMCZkaKshsUZRyaBI4CQX2mKLE8JElmChmb4VkgBUmxkZXtCF48y8vkma14qGKd3tWql3lcRTAITgGZeCBc1ADN6AOGoCAR/AMXsGb8+S8OO/Ox6x1yclnDsAfOJ8/5LaXag==</latexit><latexit sha1_base64="NuPBkpEkRDL4NWqJ8JNKl+yCcqI=">AAACB3icbVDLSgMxFM34rPU16lKQYBHqpmSKoBuh6MZlBfuAzlgyaaYNzWRCkhHK0J0bf8WNC0Xc+gvu/BvTdhbaeuDC4Zx7ufeeUHKmDULfztLyyuraemGjuLm1vbPr7u03dZIqQhsk4Ylqh1hTzgRtGGY4bUtFcRxy2gqH1xO/9UCVZom4MyNJgxj3BYsYwcZKXffIFzjk+L4KozI6hZcQdTMJfcNiqqEcd90SqqAp4CLxclICOepd98vvJSSNqTCEY607HpImyLAyjHA6LvqpphKTIe7TjqUC2z1BNv1jDE+s0oNRomwJA6fq74kMx1qP4tB2xtgM9Lw3Ef/zOqmJLoKMCZkaKshsUZRyaBI4CQX2mKLE8JElmChmb4VkgBUmxkZXtCF48y8vkma14qGKd3tWql3lcRTAITgGZeCBc1ADN6AOGoCAR/AMXsGb8+S8OO/Ox6x1yclnDsAfOJ8/5LaXag==</latexit>

(Hessian provides no information about the curvature)



NP-hardness

- Non-convex continuous optimization = NP-hard in general
(Specifically can be polynomially solvable)

- Example: Homogeneous quartics

f(x) =
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Qijx
2
ix

2
j

<latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit><latexit sha1_base64="wXBKNlo81XtZIcw3noyt2yfpWtk=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGWmCLoRim5ctmAf0E6HTJpp0yYzQ5KRlqEf4cZfceNCEbcu3Pk3pu0stPVAwrnn3EtyjxcxKpVlfRuZldW19Y3sZm5re2d3z9w/qMswFpjUcMhC0fSQJIwGpKaoYqQZCYK4x0jDG95O/cYDEZKGwb0aR8ThqBdQn2KktOSaZ35hdAqvYVvG3E3oORzowp50IljV5WACRy7tlPQ96JRcM28VrRngMrFTkgcpKq751e6GOOYkUJghKVu2FSknQUJRzMgk144liRAeoh5paRogTqSTzJaawBOtdKEfCn0CBWfq74kEcSnH3NOdHKm+XPSm4n9eK1b+lZPQIIoVCfD8IT9mUIVwmhDsUkGwYmNNEBZU/xXiPhIIK51jTodgL668TOqlom0V7epFvnyTxpEFR+AYFIANLkEZ3IEKqAEMHsEzeAVvxpPxYrwbH/PWjJHOHII/MD5/AMFAnCQ=</latexit>

- What makes this case difficult? Let’s compute the Hessian at zero:

r2f(0) = 0p⇥p
<latexit sha1_base64="NuPBkpEkRDL4NWqJ8JNKl+yCcqI=">AAACB3icbVDLSgMxFM34rPU16lKQYBHqpmSKoBuh6MZlBfuAzlgyaaYNzWRCkhHK0J0bf8WNC0Xc+gvu/BvTdhbaeuDC4Zx7ufeeUHKmDULfztLyyuraemGjuLm1vbPr7u03dZIqQhsk4Ylqh1hTzgRtGGY4bUtFcRxy2gqH1xO/9UCVZom4MyNJgxj3BYsYwcZKXffIFzjk+L4KozI6hZcQdTMJfcNiqqEcd90SqqAp4CLxclICOepd98vvJSSNqTCEY607HpImyLAyjHA6LvqpphKTIe7TjqUC2z1BNv1jDE+s0oNRomwJA6fq74kMx1qP4tB2xtgM9Lw3Ef/zOqmJLoKMCZkaKshsUZRyaBI4CQX2mKLE8JElmChmb4VkgBUmxkZXtCF48y8vkma14qGKd3tWql3lcRTAITgGZeCBc1ADN6AOGoCAR/AMXsGb8+S8OO/Ox6x1yclnDsAfOJ8/5LaXag==</latexit><latexit sha1_base64="NuPBkpEkRDL4NWqJ8JNKl+yCcqI=">AAACB3icbVDLSgMxFM34rPU16lKQYBHqpmSKoBuh6MZlBfuAzlgyaaYNzWRCkhHK0J0bf8WNC0Xc+gvu/BvTdhbaeuDC4Zx7ufeeUHKmDULfztLyyuraemGjuLm1vbPr7u03dZIqQhsk4Ylqh1hTzgRtGGY4bUtFcRxy2gqH1xO/9UCVZom4MyNJgxj3BYsYwcZKXffIFzjk+L4KozI6hZcQdTMJfcNiqqEcd90SqqAp4CLxclICOepd98vvJSSNqTCEY607HpImyLAyjHA6LvqpphKTIe7TjqUC2z1BNv1jDE+s0oNRomwJA6fq74kMx1qP4tB2xtgM9Lw3Ef/zOqmJLoKMCZkaKshsUZRyaBI4CQX2mKLE8JElmChmb4VkgBUmxkZXtCF48y8vkma14qGKd3tWql3lcRTAITgGZeCBc1ADN6AOGoCAR/AMXsGb8+S8OO/Ox6x1yclnDsAfOJ8/5LaXag==</latexit><latexit sha1_base64="NuPBkpEkRDL4NWqJ8JNKl+yCcqI=">AAACB3icbVDLSgMxFM34rPU16lKQYBHqpmSKoBuh6MZlBfuAzlgyaaYNzWRCkhHK0J0bf8WNC0Xc+gvu/BvTdhbaeuDC4Zx7ufeeUHKmDULfztLyyuraemGjuLm1vbPr7u03dZIqQhsk4Ylqh1hTzgRtGGY4bUtFcRxy2gqH1xO/9UCVZom4MyNJgxj3BYsYwcZKXffIFzjk+L4KozI6hZcQdTMJfcNiqqEcd90SqqAp4CLxclICOepd98vvJSSNqTCEY607HpImyLAyjHA6LvqpphKTIe7TjqUC2z1BNv1jDE+s0oNRomwJA6fq74kMx1qP4tB2xtgM9Lw3Ef/zOqmJLoKMCZkaKshsUZRyaBI4CQX2mKLE8JElmChmb4VkgBUmxkZXtCF48y8vkma14qGKd3tWql3lcRTAITgGZeCBc1ADN6AOGoCAR/AMXsGb8+S8OO/Ox6x1yclnDsAfOJ8/5LaXag==</latexit><latexit sha1_base64="NuPBkpEkRDL4NWqJ8JNKl+yCcqI=">AAACB3icbVDLSgMxFM34rPU16lKQYBHqpmSKoBuh6MZlBfuAzlgyaaYNzWRCkhHK0J0bf8WNC0Xc+gvu/BvTdhbaeuDC4Zx7ufeeUHKmDULfztLyyuraemGjuLm1vbPr7u03dZIqQhsk4Ylqh1hTzgRtGGY4bUtFcRxy2gqH1xO/9UCVZom4MyNJgxj3BYsYwcZKXffIFzjk+L4KozI6hZcQdTMJfcNiqqEcd90SqqAp4CLxclICOepd98vvJSSNqTCEY607HpImyLAyjHA6LvqpphKTIe7TjqUC2z1BNv1jDE+s0oNRomwJA6fq74kMx1qP4tB2xtgM9Lw3Ef/zOqmJLoKMCZkaKshsUZRyaBI4CQX2mKLE8JElmChmb4VkgBUmxkZXtCF48y8vkma14qGKd3tWql3lcRTAITgGZeCBc1ADN6AOGoCAR/AMXsGb8+S8OO/Ox6x1yclnDsAfOJ8/5LaXag==</latexit>

(Hessian provides no information about the curvature)

- Not the only example: QCQP, matrix completion/matrix sensing, etc. 
                                     tensor (matrix) decompositions



Flash back: GD and types of critical points
(also called stationary points)



Flash back: GD and types of critical points
(also called stationary points)

- Gradient descent for generic smooth functions:

xt+1 = xt � 1
Lrf(xt)

<latexit sha1_base64="lNzdVn/E4gY/TPjlj2o5upJofNU=">AAACE3icbVC7SgNBFJ2NrxhfUUubwSBExbArgjZC0MbCIoJ5QBKW2clsMmR2dpm5KwnL/oONv2JjoYitjZ1/4+RRaOKBC4dz7uXee7xIcA22/W1lFhaXlleyq7m19Y3Nrfz2Tk2HsaKsSkMRqoZHNBNcsipwEKwRKUYCT7C6178e+fUHpjQP5T0MI9YOSFdyn1MCRnLzRwM3gWMnxZd44AI+wS3wFaGJkya3KW5J4gmC/aLxDt18wS7ZY+B54kxJAU1RcfNfrU5I44BJoIJo3XTsCNoJUcCpYGmuFWsWEdonXdY0VJKA6XYy/inFB0bpYD9UpiTgsfp7IiGB1sPAM50BgZ6e9Ubif14zBv+inXAZxcAknSzyY4EhxKOAcIcrRkEMDSFUcXMrpj1iMgETY86E4My+PE9qpyXHLjl3Z4Xy1TSOLNpD+6iIHHSOyugGVVAVUfSIntErerOerBfr3fqYtGas6cwu+gPr8wdleZyY</latexit><latexit sha1_base64="lNzdVn/E4gY/TPjlj2o5upJofNU=">AAACE3icbVC7SgNBFJ2NrxhfUUubwSBExbArgjZC0MbCIoJ5QBKW2clsMmR2dpm5KwnL/oONv2JjoYitjZ1/4+RRaOKBC4dz7uXee7xIcA22/W1lFhaXlleyq7m19Y3Nrfz2Tk2HsaKsSkMRqoZHNBNcsipwEKwRKUYCT7C6178e+fUHpjQP5T0MI9YOSFdyn1MCRnLzRwM3gWMnxZd44AI+wS3wFaGJkya3KW5J4gmC/aLxDt18wS7ZY+B54kxJAU1RcfNfrU5I44BJoIJo3XTsCNoJUcCpYGmuFWsWEdonXdY0VJKA6XYy/inFB0bpYD9UpiTgsfp7IiGB1sPAM50BgZ6e9Ubif14zBv+inXAZxcAknSzyY4EhxKOAcIcrRkEMDSFUcXMrpj1iMgETY86E4My+PE9qpyXHLjl3Z4Xy1TSOLNpD+6iIHHSOyugGVVAVUfSIntErerOerBfr3fqYtGas6cwu+gPr8wdleZyY</latexit><latexit sha1_base64="lNzdVn/E4gY/TPjlj2o5upJofNU=">AAACE3icbVC7SgNBFJ2NrxhfUUubwSBExbArgjZC0MbCIoJ5QBKW2clsMmR2dpm5KwnL/oONv2JjoYitjZ1/4+RRaOKBC4dz7uXee7xIcA22/W1lFhaXlleyq7m19Y3Nrfz2Tk2HsaKsSkMRqoZHNBNcsipwEKwRKUYCT7C6178e+fUHpjQP5T0MI9YOSFdyn1MCRnLzRwM3gWMnxZd44AI+wS3wFaGJkya3KW5J4gmC/aLxDt18wS7ZY+B54kxJAU1RcfNfrU5I44BJoIJo3XTsCNoJUcCpYGmuFWsWEdonXdY0VJKA6XYy/inFB0bpYD9UpiTgsfp7IiGB1sPAM50BgZ6e9Ubif14zBv+inXAZxcAknSzyY4EhxKOAcIcrRkEMDSFUcXMrpj1iMgETY86E4My+PE9qpyXHLjl3Z4Xy1TSOLNpD+6iIHHSOyugGVVAVUfSIntErerOerBfr3fqYtGas6cwu+gPr8wdleZyY</latexit><latexit sha1_base64="lNzdVn/E4gY/TPjlj2o5upJofNU=">AAACE3icbVC7SgNBFJ2NrxhfUUubwSBExbArgjZC0MbCIoJ5QBKW2clsMmR2dpm5KwnL/oONv2JjoYitjZ1/4+RRaOKBC4dz7uXee7xIcA22/W1lFhaXlleyq7m19Y3Nrfz2Tk2HsaKsSkMRqoZHNBNcsipwEKwRKUYCT7C6178e+fUHpjQP5T0MI9YOSFdyn1MCRnLzRwM3gWMnxZd44AI+wS3wFaGJkya3KW5J4gmC/aLxDt18wS7ZY+B54kxJAU1RcfNfrU5I44BJoIJo3XTsCNoJUcCpYGmuFWsWEdonXdY0VJKA6XYy/inFB0bpYD9UpiTgsfp7IiGB1sPAM50BgZ6e9Ubif14zBv+inXAZxcAknSzyY4EhxKOAcIcrRkEMDSFUcXMrpj1iMgETY86E4My+PE9qpyXHLjl3Z4Xy1TSOLNpD+6iIHHSOyugGVVAVUfSIntErerOerBfr3fqYtGas6cwu+gPr8wdleZyY</latexit>



Flash back: GD and types of critical points
(also called stationary points)

- Gradient descent for generic smooth functions:

xt+1 = xt � 1
Lrf(xt)

<latexit sha1_base64="lNzdVn/E4gY/TPjlj2o5upJofNU=">AAACE3icbVC7SgNBFJ2NrxhfUUubwSBExbArgjZC0MbCIoJ5QBKW2clsMmR2dpm5KwnL/oONv2JjoYitjZ1/4+RRaOKBC4dz7uXee7xIcA22/W1lFhaXlleyq7m19Y3Nrfz2Tk2HsaKsSkMRqoZHNBNcsipwEKwRKUYCT7C6178e+fUHpjQP5T0MI9YOSFdyn1MCRnLzRwM3gWMnxZd44AI+wS3wFaGJkya3KW5J4gmC/aLxDt18wS7ZY+B54kxJAU1RcfNfrU5I44BJoIJo3XTsCNoJUcCpYGmuFWsWEdonXdY0VJKA6XYy/inFB0bpYD9UpiTgsfp7IiGB1sPAM50BgZ6e9Ubif14zBv+inXAZxcAknSzyY4EhxKOAcIcrRkEMDSFUcXMrpj1iMgETY86E4My+PE9qpyXHLjl3Z4Xy1TSOLNpD+6iIHHSOyugGVVAVUfSIntErerOerBfr3fqYtGas6cwu+gPr8wdleZyY</latexit><latexit sha1_base64="lNzdVn/E4gY/TPjlj2o5upJofNU=">AAACE3icbVC7SgNBFJ2NrxhfUUubwSBExbArgjZC0MbCIoJ5QBKW2clsMmR2dpm5KwnL/oONv2JjoYitjZ1/4+RRaOKBC4dz7uXee7xIcA22/W1lFhaXlleyq7m19Y3Nrfz2Tk2HsaKsSkMRqoZHNBNcsipwEKwRKUYCT7C6178e+fUHpjQP5T0MI9YOSFdyn1MCRnLzRwM3gWMnxZd44AI+wS3wFaGJkya3KW5J4gmC/aLxDt18wS7ZY+B54kxJAU1RcfNfrU5I44BJoIJo3XTsCNoJUcCpYGmuFWsWEdonXdY0VJKA6XYy/inFB0bpYD9UpiTgsfp7IiGB1sPAM50BgZ6e9Ubif14zBv+inXAZxcAknSzyY4EhxKOAcIcrRkEMDSFUcXMrpj1iMgETY86E4My+PE9qpyXHLjl3Z4Xy1TSOLNpD+6iIHHSOyugGVVAVUfSIntErerOerBfr3fqYtGas6cwu+gPr8wdleZyY</latexit><latexit sha1_base64="lNzdVn/E4gY/TPjlj2o5upJofNU=">AAACE3icbVC7SgNBFJ2NrxhfUUubwSBExbArgjZC0MbCIoJ5QBKW2clsMmR2dpm5KwnL/oONv2JjoYitjZ1/4+RRaOKBC4dz7uXee7xIcA22/W1lFhaXlleyq7m19Y3Nrfz2Tk2HsaKsSkMRqoZHNBNcsipwEKwRKUYCT7C6178e+fUHpjQP5T0MI9YOSFdyn1MCRnLzRwM3gWMnxZd44AI+wS3wFaGJkya3KW5J4gmC/aLxDt18wS7ZY+B54kxJAU1RcfNfrU5I44BJoIJo3XTsCNoJUcCpYGmuFWsWEdonXdY0VJKA6XYy/inFB0bpYD9UpiTgsfp7IiGB1sPAM50BgZ6e9Ubif14zBv+inXAZxcAknSzyY4EhxKOAcIcrRkEMDSFUcXMrpj1iMgETY86E4My+PE9qpyXHLjl3Z4Xy1TSOLNpD+6iIHHSOyugGVVAVUfSIntErerOerBfr3fqYtGas6cwu+gPr8wdleZyY</latexit><latexit sha1_base64="lNzdVn/E4gY/TPjlj2o5upJofNU=">AAACE3icbVC7SgNBFJ2NrxhfUUubwSBExbArgjZC0MbCIoJ5QBKW2clsMmR2dpm5KwnL/oONv2JjoYitjZ1/4+RRaOKBC4dz7uXee7xIcA22/W1lFhaXlleyq7m19Y3Nrfz2Tk2HsaKsSkMRqoZHNBNcsipwEKwRKUYCT7C6178e+fUHpjQP5T0MI9YOSFdyn1MCRnLzRwM3gWMnxZd44AI+wS3wFaGJkya3KW5J4gmC/aLxDt18wS7ZY+B54kxJAU1RcfNfrU5I44BJoIJo3XTsCNoJUcCpYGmuFWsWEdonXdY0VJKA6XYy/inFB0bpYD9UpiTgsfp7IiGB1sPAM50BgZ6e9Ubif14zBv+inXAZxcAknSzyY4EhxKOAcIcrRkEMDSFUcXMrpj1iMgETY86E4My+PE9qpyXHLjl3Z4Xy1TSOLNpD+6iIHHSOyugGVVAVUfSIntErerOerBfr3fqYtGas6cwu+gPr8wdleZyY</latexit>

- Critical point convergence guarantee:

f(xt+1)  f(xt)� 1
2Lkrf(xt)k22

<latexit sha1_base64="gVnomeGbwM73ml403osWJbAIgD8="></latexit><latexit sha1_base64="gVnomeGbwM73ml403osWJbAIgD8="></latexit><latexit sha1_base64="gVnomeGbwM73ml403osWJbAIgD8="></latexit><latexit sha1_base64="gVnomeGbwM73ml403osWJbAIgD8="></latexit>

As t increases, the objective function decreases,  
Until the point where the gradient has close to zero energy



Flash back: GD and types of critical points
(also called stationary points)

- Gradient descent for generic smooth functions:

xt+1 = xt � 1
Lrf(xt)

<latexit sha1_base64="lNzdVn/E4gY/TPjlj2o5upJofNU=">AAACE3icbVC7SgNBFJ2NrxhfUUubwSBExbArgjZC0MbCIoJ5QBKW2clsMmR2dpm5KwnL/oONv2JjoYitjZ1/4+RRaOKBC4dz7uXee7xIcA22/W1lFhaXlleyq7m19Y3Nrfz2Tk2HsaKsSkMRqoZHNBNcsipwEKwRKUYCT7C6178e+fUHpjQP5T0MI9YOSFdyn1MCRnLzRwM3gWMnxZd44AI+wS3wFaGJkya3KW5J4gmC/aLxDt18wS7ZY+B54kxJAU1RcfNfrU5I44BJoIJo3XTsCNoJUcCpYGmuFWsWEdonXdY0VJKA6XYy/inFB0bpYD9UpiTgsfp7IiGB1sPAM50BgZ6e9Ubif14zBv+inXAZxcAknSzyY4EhxKOAcIcrRkEMDSFUcXMrpj1iMgETY86E4My+PE9qpyXHLjl3Z4Xy1TSOLNpD+6iIHHSOyugGVVAVUfSIntErerOerBfr3fqYtGas6cwu+gPr8wdleZyY</latexit><latexit sha1_base64="lNzdVn/E4gY/TPjlj2o5upJofNU=">AAACE3icbVC7SgNBFJ2NrxhfUUubwSBExbArgjZC0MbCIoJ5QBKW2clsMmR2dpm5KwnL/oONv2JjoYitjZ1/4+RRaOKBC4dz7uXee7xIcA22/W1lFhaXlleyq7m19Y3Nrfz2Tk2HsaKsSkMRqoZHNBNcsipwEKwRKUYCT7C6178e+fUHpjQP5T0MI9YOSFdyn1MCRnLzRwM3gWMnxZd44AI+wS3wFaGJkya3KW5J4gmC/aLxDt18wS7ZY+B54kxJAU1RcfNfrU5I44BJoIJo3XTsCNoJUcCpYGmuFWsWEdonXdY0VJKA6XYy/inFB0bpYD9UpiTgsfp7IiGB1sPAM50BgZ6e9Ubif14zBv+inXAZxcAknSzyY4EhxKOAcIcrRkEMDSFUcXMrpj1iMgETY86E4My+PE9qpyXHLjl3Z4Xy1TSOLNpD+6iIHHSOyugGVVAVUfSIntErerOerBfr3fqYtGas6cwu+gPr8wdleZyY</latexit><latexit sha1_base64="lNzdVn/E4gY/TPjlj2o5upJofNU=">AAACE3icbVC7SgNBFJ2NrxhfUUubwSBExbArgjZC0MbCIoJ5QBKW2clsMmR2dpm5KwnL/oONv2JjoYitjZ1/4+RRaOKBC4dz7uXee7xIcA22/W1lFhaXlleyq7m19Y3Nrfz2Tk2HsaKsSkMRqoZHNBNcsipwEKwRKUYCT7C6178e+fUHpjQP5T0MI9YOSFdyn1MCRnLzRwM3gWMnxZd44AI+wS3wFaGJkya3KW5J4gmC/aLxDt18wS7ZY+B54kxJAU1RcfNfrU5I44BJoIJo3XTsCNoJUcCpYGmuFWsWEdonXdY0VJKA6XYy/inFB0bpYD9UpiTgsfp7IiGB1sPAM50BgZ6e9Ubif14zBv+inXAZxcAknSzyY4EhxKOAcIcrRkEMDSFUcXMrpj1iMgETY86E4My+PE9qpyXHLjl3Z4Xy1TSOLNpD+6iIHHSOyugGVVAVUfSIntErerOerBfr3fqYtGas6cwu+gPr8wdleZyY</latexit><latexit sha1_base64="lNzdVn/E4gY/TPjlj2o5upJofNU=">AAACE3icbVC7SgNBFJ2NrxhfUUubwSBExbArgjZC0MbCIoJ5QBKW2clsMmR2dpm5KwnL/oONv2JjoYitjZ1/4+RRaOKBC4dz7uXee7xIcA22/W1lFhaXlleyq7m19Y3Nrfz2Tk2HsaKsSkMRqoZHNBNcsipwEKwRKUYCT7C6178e+fUHpjQP5T0MI9YOSFdyn1MCRnLzRwM3gWMnxZd44AI+wS3wFaGJkya3KW5J4gmC/aLxDt18wS7ZY+B54kxJAU1RcfNfrU5I44BJoIJo3XTsCNoJUcCpYGmuFWsWEdonXdY0VJKA6XYy/inFB0bpYD9UpiTgsfp7IiGB1sPAM50BgZ6e9Ubif14zBv+inXAZxcAknSzyY4EhxKOAcIcrRkEMDSFUcXMrpj1iMgETY86E4My+PE9qpyXHLjl3Z4Xy1TSOLNpD+6iIHHSOyugGVVAVUfSIntErerOerBfr3fqYtGas6cwu+gPr8wdleZyY</latexit>

- Critical point convergence guarantee:

f(xt+1)  f(xt)� 1
2Lkrf(xt)k22

<latexit sha1_base64="gVnomeGbwM73ml403osWJbAIgD8="></latexit><latexit sha1_base64="gVnomeGbwM73ml403osWJbAIgD8="></latexit><latexit sha1_base64="gVnomeGbwM73ml403osWJbAIgD8="></latexit><latexit sha1_base64="gVnomeGbwM73ml403osWJbAIgD8="></latexit>

As t increases, the objective function decreases,  
Until the point where the gradient has close to zero energy

- No guarantees on the type of critical point we converge to



Flash back: GD and types of critical points
(also called stationary points)



Flash back: GD and types of critical points

- Global minima/global maxima:

(also called stationary points)



Flash back: GD and types of critical points

- Global minima/global maxima:

rf(x?) = 0
<latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit>

and all directions go upwards (min.) or downwards (max.)

and f(x?)  f(x), 8x (f(x?) � f(x), 8x)
<latexit sha1_base64="IhZ9b068aRQLiPfDM+m2xi1OnvA="></latexit><latexit sha1_base64="IhZ9b068aRQLiPfDM+m2xi1OnvA="></latexit><latexit sha1_base64="IhZ9b068aRQLiPfDM+m2xi1OnvA="></latexit><latexit sha1_base64="IhZ9b068aRQLiPfDM+m2xi1OnvA="></latexit>

(also called stationary points)



Flash back: GD and types of critical points

- Global minima/global maxima:

- Local minima/local maxima:

rf(x?) = 0
<latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit>

and all directions go upwards (min.) or downwards (max.)

and f(x?)  f(x), 8x (f(x?) � f(x), 8x)
<latexit sha1_base64="IhZ9b068aRQLiPfDM+m2xi1OnvA="></latexit><latexit sha1_base64="IhZ9b068aRQLiPfDM+m2xi1OnvA="></latexit><latexit sha1_base64="IhZ9b068aRQLiPfDM+m2xi1OnvA="></latexit><latexit sha1_base64="IhZ9b068aRQLiPfDM+m2xi1OnvA="></latexit>

(also called stationary points)



Flash back: GD and types of critical points

- Global minima/global maxima:

- Local minima/local maxima:

rf(x?) = 0
<latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit>

and all directions go upwards (min.) or downwards (max.)

and f(x?)  f(x), 8x (f(x?) � f(x), 8x)
<latexit sha1_base64="IhZ9b068aRQLiPfDM+m2xi1OnvA="></latexit><latexit sha1_base64="IhZ9b068aRQLiPfDM+m2xi1OnvA="></latexit><latexit sha1_base64="IhZ9b068aRQLiPfDM+m2xi1OnvA="></latexit><latexit sha1_base64="IhZ9b068aRQLiPfDM+m2xi1OnvA="></latexit>

rf(x?) = 0
<latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit>

and all directions go upwards (min.) or downwards (max.)

and maybe 9x such that f(x?) � f(x), (f(x?)  f(x))
<latexit sha1_base64="+mOmPD0qgGOYNO+iIIdtSZ+fWiQ="></latexit><latexit sha1_base64="+mOmPD0qgGOYNO+iIIdtSZ+fWiQ="></latexit><latexit sha1_base64="+mOmPD0qgGOYNO+iIIdtSZ+fWiQ="></latexit><latexit sha1_base64="+mOmPD0qgGOYNO+iIIdtSZ+fWiQ="></latexit>

(also called stationary points)



Flash back: GD and types of critical points

- Global minima/global maxima:

- Local minima/local maxima:

rf(x?) = 0
<latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit>

and all directions go upwards (min.) or downwards (max.)

and f(x?)  f(x), 8x (f(x?) � f(x), 8x)
<latexit sha1_base64="IhZ9b068aRQLiPfDM+m2xi1OnvA="></latexit><latexit sha1_base64="IhZ9b068aRQLiPfDM+m2xi1OnvA="></latexit><latexit sha1_base64="IhZ9b068aRQLiPfDM+m2xi1OnvA="></latexit><latexit sha1_base64="IhZ9b068aRQLiPfDM+m2xi1OnvA="></latexit>

rf(x?) = 0
<latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit>

and all directions go upwards (min.) or downwards (max.)

and maybe 9x such that f(x?) � f(x), (f(x?)  f(x))
<latexit sha1_base64="+mOmPD0qgGOYNO+iIIdtSZ+fWiQ="></latexit><latexit sha1_base64="+mOmPD0qgGOYNO+iIIdtSZ+fWiQ="></latexit><latexit sha1_base64="+mOmPD0qgGOYNO+iIIdtSZ+fWiQ="></latexit><latexit sha1_base64="+mOmPD0qgGOYNO+iIIdtSZ+fWiQ="></latexit>

- Saddle points:

rf(x?) = 0
<latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit>

and there are upwards, downwards and/or flat directions

(also called stationary points)



Flash back: GD and types of critical points

- Global minima/global maxima:

- Local minima/local maxima:

rf(x?) = 0
<latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit>

and all directions go upwards (min.) or downwards (max.)

and f(x?)  f(x), 8x (f(x?) � f(x), 8x)
<latexit sha1_base64="IhZ9b068aRQLiPfDM+m2xi1OnvA="></latexit><latexit sha1_base64="IhZ9b068aRQLiPfDM+m2xi1OnvA="></latexit><latexit sha1_base64="IhZ9b068aRQLiPfDM+m2xi1OnvA="></latexit><latexit sha1_base64="IhZ9b068aRQLiPfDM+m2xi1OnvA="></latexit>

rf(x?) = 0
<latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit>

and all directions go upwards (min.) or downwards (max.)

and maybe 9x such that f(x?) � f(x), (f(x?)  f(x))
<latexit sha1_base64="+mOmPD0qgGOYNO+iIIdtSZ+fWiQ="></latexit><latexit sha1_base64="+mOmPD0qgGOYNO+iIIdtSZ+fWiQ="></latexit><latexit sha1_base64="+mOmPD0qgGOYNO+iIIdtSZ+fWiQ="></latexit><latexit sha1_base64="+mOmPD0qgGOYNO+iIIdtSZ+fWiQ="></latexit>

- Saddle points:

rf(x?) = 0
<latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit>

and there are upwards, downwards and/or flat directions

Desirable but not easily attainable!

(also called stationary points)



Flash back: GD and types of critical points

- Global minima/global maxima:

- Local minima/local maxima:

rf(x?) = 0
<latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit>

and all directions go upwards (min.) or downwards (max.)

and f(x?)  f(x), 8x (f(x?) � f(x), 8x)
<latexit sha1_base64="IhZ9b068aRQLiPfDM+m2xi1OnvA="></latexit><latexit sha1_base64="IhZ9b068aRQLiPfDM+m2xi1OnvA="></latexit><latexit sha1_base64="IhZ9b068aRQLiPfDM+m2xi1OnvA="></latexit><latexit sha1_base64="IhZ9b068aRQLiPfDM+m2xi1OnvA="></latexit>

rf(x?) = 0
<latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit>

and all directions go upwards (min.) or downwards (max.)

and maybe 9x such that f(x?) � f(x), (f(x?)  f(x))
<latexit sha1_base64="+mOmPD0qgGOYNO+iIIdtSZ+fWiQ="></latexit><latexit sha1_base64="+mOmPD0qgGOYNO+iIIdtSZ+fWiQ="></latexit><latexit sha1_base64="+mOmPD0qgGOYNO+iIIdtSZ+fWiQ="></latexit><latexit sha1_base64="+mOmPD0qgGOYNO+iIIdtSZ+fWiQ="></latexit>

- Saddle points:

rf(x?) = 0
<latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit>

and there are upwards, downwards and/or flat directions

Often the next best thing 

(also called stationary points)



What’s the deal with local minima?
(and got such publicity?)



What’s the deal with local minima?
(and got such publicity?)

- ``The loss surfaces of multilinear networks``, Chromanska et al., 2014

``We conjecture that both simulated annealing and SGD converge to the  
band of low critical points, and that all critical points found there are  local 
minima of high quality measured by the test error. This emphasizes  a major 
difference between large- and small-size networks where for  the latter poor 
quality local minima have non-zero probability of being  recovered.``

(Not the only work on this subject)



What’s the deal with local minima?

- For larger models, a local minima is "good enough", since its loss value is 
   roughly similar. (We do not know the exact value of the global minima, so we 

can only conjecture)

(and got such publicity?)

- ``The loss surfaces of multilinear networks``, Chromanska et al., 2014

``We conjecture that both simulated annealing and SGD converge to the  
band of low critical points, and that all critical points found there are  local 
minima of high quality measured by the test error. This emphasizes  a major 
difference between large- and small-size networks where for  the latter poor 
quality local minima have non-zero probability of being  recovered.``

(Not the only work on this subject)



What’s the deal with local minima?

- Why would this be true in practice?

- Different random seeds lead to different models with similar performance

- For larger models, a local minima is "good enough", since its loss value is 
   roughly similar. (We do not know the exact value of the global minima, so we 

can only conjecture)

(and got such publicity?)

- ``The loss surfaces of multilinear networks``, Chromanska et al., 2014

``We conjecture that both simulated annealing and SGD converge to the  
band of low critical points, and that all critical points found there are  local 
minima of high quality measured by the test error. This emphasizes  a major 
difference between large- and small-size networks where for  the latter poor 
quality local minima have non-zero probability of being  recovered.``

(Not the only work on this subject)



- Global minima/global maxima:

rf(x?) = 0
<latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit>

and all directions go upwards (min.) or downwards (max.)

- Local minima/local maxima:

rf(x?) = 0
<latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit>

and all directions go upwards (min.) or downwards (max.)

and f(x?)  f(x), 8x (f(x?) � f(x), 8x)
<latexit sha1_base64="IhZ9b068aRQLiPfDM+m2xi1OnvA="></latexit><latexit sha1_base64="IhZ9b068aRQLiPfDM+m2xi1OnvA="></latexit><latexit sha1_base64="IhZ9b068aRQLiPfDM+m2xi1OnvA="></latexit><latexit sha1_base64="IhZ9b068aRQLiPfDM+m2xi1OnvA="></latexit>

and maybe 9x such that f(x?) � f(x), (f(x?)  f(x))
<latexit sha1_base64="+mOmPD0qgGOYNO+iIIdtSZ+fWiQ="></latexit><latexit sha1_base64="+mOmPD0qgGOYNO+iIIdtSZ+fWiQ="></latexit><latexit sha1_base64="+mOmPD0qgGOYNO+iIIdtSZ+fWiQ="></latexit><latexit sha1_base64="+mOmPD0qgGOYNO+iIIdtSZ+fWiQ="></latexit>

- Saddle points:

rf(x?) = 0
<latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit><latexit sha1_base64="586hpMRAG/J81EcbovINY4+VhhM=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkIuhFKHrxWMF+QBPLZLtpl242YXcjllDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lQS2iAxj2U7AEU5E7Shmea0nUgKUcBpKxheT/zWA5WKxeJOjxLqR9AXLGQEtJG69oEnIOCAw8rjvac0yBN8iZ2uXXaqzhR4kbg5KaMc9a795fVikkZUaMJBqY7rJNrPQGpGOB2XvFTRBMgQ+rRjqICIKj+bnj/Gx0bp4TCWpoTGU/X3RAaRUqMoMJ0R6IGa9ybif14n1eGFnzGRpJoKMlsUphzrGE+ywD0mKdF8ZAgQycytmAxAAtEmsZIJwZ1/eZE0T6uuU3Vvz8q1qzyOIjpER6iCXHSOaugG1VEDEZShZ/SK3qwn68V6tz5mrQUrn9lHf2B9/gAh65RH</latexit>

and there are upwards, downwards and/or flat directions

Often stall the convergence to 
a better point

Flash back: GD and types of critical points
(also called stationary points)



What’s the deal with saddle points?



What’s the deal with saddle points?

- ``Identifying and attacking the saddle point problem in high-dimensional non-
convex optimization.``, Dauphin et al., 2014

``A deeper and more profound difficulty originates from the proliferation of 
saddle points, not local minima, especially in high dimensional problems of 
practical interest. Such saddle points are surrounded by high error plateaus 
that can dramatically slow down learning, and give the illusory impression of 
the existence of a local minimum.``



What’s the deal with saddle points? (Tribute:unknown)



What’s the deal with saddle points? (Tribute:unknown)



What’s the deal with saddle points?

- ``Identifying and attacking the saddle point problem in high-dimensional non-
convex optimization.``, Dauphin et al., 2014

``A deeper and more profound difficulty originates from the proliferation of 
saddle points, not local minima, especially in high dimensional problems of 
practical interest. Such saddle points are surrounded by high error plateaus 
that can dramatically slow down learning, and give the illusory impression of 
the existence of a local minimum.``

- Saddle points can be large plateaus/flat regions or (approximately) regions 
   with very slow slope.



What’s the deal with saddle points?

- ``Identifying and attacking the saddle point problem in high-dimensional non-
convex optimization.``, Dauphin et al., 2014

``A deeper and more profound difficulty originates from the proliferation of 
saddle points, not local minima, especially in high dimensional problems of 
practical interest. Such saddle points are surrounded by high error plateaus 
that can dramatically slow down learning, and give the illusory impression of 
the existence of a local minimum.``

- Saddle points can be large plateaus/flat regions or (approximately) regions 
   with very slow slope.

- How many saddle points be there?



How many saddle points could be there?

- Toy example #1: f(x) = (x2 � 2)2
<latexit sha1_base64="ym/X6uHKAJCYDczAFQwm0s7UmAQ=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQxCcjDsLoJehKAXjxHMA5JNmJ3MJkNmH8zMSsKSX/HiQRGv/og3/8ZJsgdNLGgoqrrp7vJizqSyrG8jt7G5tb2T3y3s7R8cHpnHxaaMEkFog0Q8Em0PS8pZSBuKKU7bsaA48DhteeO7ud96okKyKHxU05i6AR6GzGcEKy31zaJfnlTQDSpPeg66QE6l5/TNklW1FkDrxM5ICTLU++ZXdxCRJKChIhxL2bGtWLkpFooRTmeFbiJpjMkYD2lH0xAHVLrp4vYZOtfKAPmR0BUqtFB/T6Q4kHIaeLozwGokV725+J/XSZR/7aYsjBNFQ7Jc5CccqQjNg0ADJihRfKoJJoLpWxEZYYGJ0nEVdAj26svrpOlUbatqP1yWardZHHk4hTMogw1XUIN7qEMDCEzgGV7hzZgZL8a78bFszRnZzAn8gfH5A6HbkZM=</latexit><latexit sha1_base64="ym/X6uHKAJCYDczAFQwm0s7UmAQ=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQxCcjDsLoJehKAXjxHMA5JNmJ3MJkNmH8zMSsKSX/HiQRGv/og3/8ZJsgdNLGgoqrrp7vJizqSyrG8jt7G5tb2T3y3s7R8cHpnHxaaMEkFog0Q8Em0PS8pZSBuKKU7bsaA48DhteeO7ud96okKyKHxU05i6AR6GzGcEKy31zaJfnlTQDSpPeg66QE6l5/TNklW1FkDrxM5ICTLU++ZXdxCRJKChIhxL2bGtWLkpFooRTmeFbiJpjMkYD2lH0xAHVLrp4vYZOtfKAPmR0BUqtFB/T6Q4kHIaeLozwGokV725+J/XSZR/7aYsjBNFQ7Jc5CccqQjNg0ADJihRfKoJJoLpWxEZYYGJ0nEVdAj26svrpOlUbatqP1yWardZHHk4hTMogw1XUIN7qEMDCEzgGV7hzZgZL8a78bFszRnZzAn8gfH5A6HbkZM=</latexit><latexit sha1_base64="ym/X6uHKAJCYDczAFQwm0s7UmAQ=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQxCcjDsLoJehKAXjxHMA5JNmJ3MJkNmH8zMSsKSX/HiQRGv/og3/8ZJsgdNLGgoqrrp7vJizqSyrG8jt7G5tb2T3y3s7R8cHpnHxaaMEkFog0Q8Em0PS8pZSBuKKU7bsaA48DhteeO7ud96okKyKHxU05i6AR6GzGcEKy31zaJfnlTQDSpPeg66QE6l5/TNklW1FkDrxM5ICTLU++ZXdxCRJKChIhxL2bGtWLkpFooRTmeFbiJpjMkYD2lH0xAHVLrp4vYZOtfKAPmR0BUqtFB/T6Q4kHIaeLozwGokV725+J/XSZR/7aYsjBNFQ7Jc5CccqQjNg0ADJihRfKoJJoLpWxEZYYGJ0nEVdAj26svrpOlUbatqP1yWardZHHk4hTMogw1XUIN7qEMDCEzgGV7hzZgZL8a78bFszRnZzAn8gfH5A6HbkZM=</latexit><latexit sha1_base64="ym/X6uHKAJCYDczAFQwm0s7UmAQ=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQxCcjDsLoJehKAXjxHMA5JNmJ3MJkNmH8zMSsKSX/HiQRGv/og3/8ZJsgdNLGgoqrrp7vJizqSyrG8jt7G5tb2T3y3s7R8cHpnHxaaMEkFog0Q8Em0PS8pZSBuKKU7bsaA48DhteeO7ud96okKyKHxU05i6AR6GzGcEKy31zaJfnlTQDSpPeg66QE6l5/TNklW1FkDrxM5ICTLU++ZXdxCRJKChIhxL2bGtWLkpFooRTmeFbiJpjMkYD2lH0xAHVLrp4vYZOtfKAPmR0BUqtFB/T6Q4kHIaeLozwGokV725+J/XSZR/7aYsjBNFQ7Jc5CccqQjNg0ADJihRfKoJJoLpWxEZYYGJ0nEVdAj26svrpOlUbatqP1yWardZHHk4hTMogw1XUIN7qEMDCEzgGV7hzZgZL8a78bFszRnZzAn8gfH5A6HbkZM=</latexit>
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How many saddle points could be there?

- Toy example #1: f(x) = (x2 � 2)2
<latexit sha1_base64="ym/X6uHKAJCYDczAFQwm0s7UmAQ=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQxCcjDsLoJehKAXjxHMA5JNmJ3MJkNmH8zMSsKSX/HiQRGv/og3/8ZJsgdNLGgoqrrp7vJizqSyrG8jt7G5tb2T3y3s7R8cHpnHxaaMEkFog0Q8Em0PS8pZSBuKKU7bsaA48DhteeO7ud96okKyKHxU05i6AR6GzGcEKy31zaJfnlTQDSpPeg66QE6l5/TNklW1FkDrxM5ICTLU++ZXdxCRJKChIhxL2bGtWLkpFooRTmeFbiJpjMkYD2lH0xAHVLrp4vYZOtfKAPmR0BUqtFB/T6Q4kHIaeLozwGokV725+J/XSZR/7aYsjBNFQ7Jc5CccqQjNg0ADJihRfKoJJoLpWxEZYYGJ0nEVdAj26svrpOlUbatqP1yWardZHHk4hTMogw1XUIN7qEMDCEzgGV7hzZgZL8a78bFszRnZzAn8gfH5A6HbkZM=</latexit><latexit sha1_base64="ym/X6uHKAJCYDczAFQwm0s7UmAQ=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQxCcjDsLoJehKAXjxHMA5JNmJ3MJkNmH8zMSsKSX/HiQRGv/og3/8ZJsgdNLGgoqrrp7vJizqSyrG8jt7G5tb2T3y3s7R8cHpnHxaaMEkFog0Q8Em0PS8pZSBuKKU7bsaA48DhteeO7ud96okKyKHxU05i6AR6GzGcEKy31zaJfnlTQDSpPeg66QE6l5/TNklW1FkDrxM5ICTLU++ZXdxCRJKChIhxL2bGtWLkpFooRTmeFbiJpjMkYD2lH0xAHVLrp4vYZOtfKAPmR0BUqtFB/T6Q4kHIaeLozwGokV725+J/XSZR/7aYsjBNFQ7Jc5CccqQjNg0ADJihRfKoJJoLpWxEZYYGJ0nEVdAj26svrpOlUbatqP1yWardZHHk4hTMogw1XUIN7qEMDCEzgGV7hzZgZL8a78bFszRnZzAn8gfH5A6HbkZM=</latexit><latexit sha1_base64="ym/X6uHKAJCYDczAFQwm0s7UmAQ=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQxCcjDsLoJehKAXjxHMA5JNmJ3MJkNmH8zMSsKSX/HiQRGv/og3/8ZJsgdNLGgoqrrp7vJizqSyrG8jt7G5tb2T3y3s7R8cHpnHxaaMEkFog0Q8Em0PS8pZSBuKKU7bsaA48DhteeO7ud96okKyKHxU05i6AR6GzGcEKy31zaJfnlTQDSpPeg66QE6l5/TNklW1FkDrxM5ICTLU++ZXdxCRJKChIhxL2bGtWLkpFooRTmeFbiJpjMkYD2lH0xAHVLrp4vYZOtfKAPmR0BUqtFB/T6Q4kHIaeLozwGokV725+J/XSZR/7aYsjBNFQ7Jc5CccqQjNg0ADJihRfKoJJoLpWxEZYYGJ0nEVdAj26svrpOlUbatqP1yWardZHHk4hTMogw1XUIN7qEMDCEzgGV7hzZgZL8a78bFszRnZzAn8gfH5A6HbkZM=</latexit><latexit sha1_base64="ym/X6uHKAJCYDczAFQwm0s7UmAQ=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQxCcjDsLoJehKAXjxHMA5JNmJ3MJkNmH8zMSsKSX/HiQRGv/og3/8ZJsgdNLGgoqrrp7vJizqSyrG8jt7G5tb2T3y3s7R8cHpnHxaaMEkFog0Q8Em0PS8pZSBuKKU7bsaA48DhteeO7ud96okKyKHxU05i6AR6GzGcEKy31zaJfnlTQDSpPeg66QE6l5/TNklW1FkDrxM5ICTLU++ZXdxCRJKChIhxL2bGtWLkpFooRTmeFbiJpjMkYD2lH0xAHVLrp4vYZOtfKAPmR0BUqtFB/T6Q4kHIaeLozwGokV725+J/XSZR/7aYsjBNFQ7Jc5CccqQjNg0ADJihRfKoJJoLpWxEZYYGJ0nEVdAj26svrpOlUbatqP1yWardZHHk4hTMogw1XUIN7qEMDCEzgGV7hzZgZL8a78bFszRnZzAn8gfH5A6HbkZM=</latexit>
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- Find:

- Global min/max
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- Toy example #1: f(x) = (x2 � 2)2
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- Toy example #1: f(x) = (x2 � 2)2
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How many saddle points could be there?

- Toy example #2: g(x, y) = f(x) + f(y) + 8 = (x2 � 2)2 + (y2 � 2)2 + 8
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How many saddle points could be there?

- Toy example #2: 

- Find:

- Global min/max

- Local min/max

- Saddle points

g(x, y) = f(x) + f(y) + 8 = (x2 � 2)2 + (y2 � 2)2 + 8
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How many saddle points could be there?

- Toy example #2: 

- Find:

- Global min/max

- Local min/max

- Saddle points (Local/Global min.)

g(x, y) = f(x) + f(y) + 8 = (x2 � 2)2 + (y2 � 2)2 + 8
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How many saddle points could be there?

- Toy example #2: 

- Find:

- Global min/max

- Local min/max

- Saddle points

(Local max.)

g(x, y) = f(x) + f(y) + 8 = (x2 � 2)2 + (y2 � 2)2 + 8
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How many saddle points could be there?

- Toy example #2: 

- Find:

- Global min/max

- Local min/max

- Saddle points

g(x, y) = f(x) + f(y) + 8 = (x2 � 2)2 + (y2 � 2)2 + 8
<latexit sha1_base64="oCET0bv7qJKou4Ufe9ZcuYkjfJA=">AAACInicbVDLSgMxFM3UV62vUZdugkWYUi0zRbAuhKIblxXsA9qxZNJMG5p5kGSkQ+m3uPFX3LhQ1JXgx5hpZ1FbD4Rzcu69JPc4IaNCmua3lllZXVvfyG7mtrZ3dvf0/YOGCCKOSR0HLOAtBwnCqE/qkkpGWiEnyHMYaTrDm6TefCRc0MC/l3FIbA/1fepSjKSyuvpl3xidwrgAr6BrjAqwqChOqKIcY/RQhmewXFBUhEY8f6t09bxZMqeAy8JKRR6kqHX1z04vwJFHfIkZEqJtmaG0x4hLihmZ5DqRICHCQ9QnbSV95BFhj6crTuCJcnrQDbg6voRTd35ijDwhYs9RnR6SA7FYS8z/au1IuhV7TP0wksTHs4fciEEZwCQv2KOcYMliJRDmVP0V4gHiCEuVak6FYC2uvCwa5ZJllqy783z1Oo0jC47AMTCABS5AFdyCGqgDDJ7AC3gD79qz9qp9aF+z1oyWzhyCP9B+fgEnmptg</latexit><latexit sha1_base64="oCET0bv7qJKou4Ufe9ZcuYkjfJA=">AAACInicbVDLSgMxFM3UV62vUZdugkWYUi0zRbAuhKIblxXsA9qxZNJMG5p5kGSkQ+m3uPFX3LhQ1JXgx5hpZ1FbD4Rzcu69JPc4IaNCmua3lllZXVvfyG7mtrZ3dvf0/YOGCCKOSR0HLOAtBwnCqE/qkkpGWiEnyHMYaTrDm6TefCRc0MC/l3FIbA/1fepSjKSyuvpl3xidwrgAr6BrjAqwqChOqKIcY/RQhmewXFBUhEY8f6t09bxZMqeAy8JKRR6kqHX1z04vwJFHfIkZEqJtmaG0x4hLihmZ5DqRICHCQ9QnbSV95BFhj6crTuCJcnrQDbg6voRTd35ijDwhYs9RnR6SA7FYS8z/au1IuhV7TP0wksTHs4fciEEZwCQv2KOcYMliJRDmVP0V4gHiCEuVak6FYC2uvCwa5ZJllqy783z1Oo0jC47AMTCABS5AFdyCGqgDDJ7AC3gD79qz9qp9aF+z1oyWzhyCP9B+fgEnmptg</latexit><latexit sha1_base64="oCET0bv7qJKou4Ufe9ZcuYkjfJA=">AAACInicbVDLSgMxFM3UV62vUZdugkWYUi0zRbAuhKIblxXsA9qxZNJMG5p5kGSkQ+m3uPFX3LhQ1JXgx5hpZ1FbD4Rzcu69JPc4IaNCmua3lllZXVvfyG7mtrZ3dvf0/YOGCCKOSR0HLOAtBwnCqE/qkkpGWiEnyHMYaTrDm6TefCRc0MC/l3FIbA/1fepSjKSyuvpl3xidwrgAr6BrjAqwqChOqKIcY/RQhmewXFBUhEY8f6t09bxZMqeAy8JKRR6kqHX1z04vwJFHfIkZEqJtmaG0x4hLihmZ5DqRICHCQ9QnbSV95BFhj6crTuCJcnrQDbg6voRTd35ijDwhYs9RnR6SA7FYS8z/au1IuhV7TP0wksTHs4fciEEZwCQv2KOcYMliJRDmVP0V4gHiCEuVak6FYC2uvCwa5ZJllqy783z1Oo0jC47AMTCABS5AFdyCGqgDDJ7AC3gD79qz9qp9aF+z1oyWzhyCP9B+fgEnmptg</latexit><latexit sha1_base64="oCET0bv7qJKou4Ufe9ZcuYkjfJA=">AAACInicbVDLSgMxFM3UV62vUZdugkWYUi0zRbAuhKIblxXsA9qxZNJMG5p5kGSkQ+m3uPFX3LhQ1JXgx5hpZ1FbD4Rzcu69JPc4IaNCmua3lllZXVvfyG7mtrZ3dvf0/YOGCCKOSR0HLOAtBwnCqE/qkkpGWiEnyHMYaTrDm6TefCRc0MC/l3FIbA/1fepSjKSyuvpl3xidwrgAr6BrjAqwqChOqKIcY/RQhmewXFBUhEY8f6t09bxZMqeAy8JKRR6kqHX1z04vwJFHfIkZEqJtmaG0x4hLihmZ5DqRICHCQ9QnbSV95BFhj6crTuCJcnrQDbg6voRTd35ijDwhYs9RnR6SA7FYS8z/au1IuhV7TP0wksTHs4fciEEZwCQv2KOcYMliJRDmVP0V4gHiCEuVak6FYC2uvCwa5ZJllqy783z1Oo0jC47AMTCABS5AFdyCGqgDDJ7AC3gD79qz9qp9aF+z1oyWzhyCP9B+fgEnmptg</latexit>

(Saddle points)



3

2

10

1

0

-1 3
2

1-2 0
-1

-2-3

15

-3

20

How many saddle points could be there?

- Toy example #2: 

- Find:

- Global min/max

- Local min/max

- Saddle points

g(x, y) = f(x) + f(y) + 8 = (x2 � 2)2 + (y2 � 2)2 + 8
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How many saddle points could be there?

- Toy example #2: 

- Find:

- Global min/max

- Local min/max

- Saddle points

g(x, y) = f(x) + f(y) + 8 = (x2 � 2)2 + (y2 � 2)2 + 8
<latexit sha1_base64="oCET0bv7qJKou4Ufe9ZcuYkjfJA=">AAACInicbVDLSgMxFM3UV62vUZdugkWYUi0zRbAuhKIblxXsA9qxZNJMG5p5kGSkQ+m3uPFX3LhQ1JXgx5hpZ1FbD4Rzcu69JPc4IaNCmua3lllZXVvfyG7mtrZ3dvf0/YOGCCKOSR0HLOAtBwnCqE/qkkpGWiEnyHMYaTrDm6TefCRc0MC/l3FIbA/1fepSjKSyuvpl3xidwrgAr6BrjAqwqChOqKIcY/RQhmewXFBUhEY8f6t09bxZMqeAy8JKRR6kqHX1z04vwJFHfIkZEqJtmaG0x4hLihmZ5DqRICHCQ9QnbSV95BFhj6crTuCJcnrQDbg6voRTd35ijDwhYs9RnR6SA7FYS8z/au1IuhV7TP0wksTHs4fciEEZwCQv2KOcYMliJRDmVP0V4gHiCEuVak6FYC2uvCwa5ZJllqy783z1Oo0jC47AMTCABS5AFdyCGqgDDJ7AC3gD79qz9qp9aF+z1oyWzhyCP9B+fgEnmptg</latexit><latexit sha1_base64="oCET0bv7qJKou4Ufe9ZcuYkjfJA=">AAACInicbVDLSgMxFM3UV62vUZdugkWYUi0zRbAuhKIblxXsA9qxZNJMG5p5kGSkQ+m3uPFX3LhQ1JXgx5hpZ1FbD4Rzcu69JPc4IaNCmua3lllZXVvfyG7mtrZ3dvf0/YOGCCKOSR0HLOAtBwnCqE/qkkpGWiEnyHMYaTrDm6TefCRc0MC/l3FIbA/1fepSjKSyuvpl3xidwrgAr6BrjAqwqChOqKIcY/RQhmewXFBUhEY8f6t09bxZMqeAy8JKRR6kqHX1z04vwJFHfIkZEqJtmaG0x4hLihmZ5DqRICHCQ9QnbSV95BFhj6crTuCJcnrQDbg6voRTd35ijDwhYs9RnR6SA7FYS8z/au1IuhV7TP0wksTHs4fciEEZwCQv2KOcYMliJRDmVP0V4gHiCEuVak6FYC2uvCwa5ZJllqy783z1Oo0jC47AMTCABS5AFdyCGqgDDJ7AC3gD79qz9qp9aF+z1oyWzhyCP9B+fgEnmptg</latexit><latexit sha1_base64="oCET0bv7qJKou4Ufe9ZcuYkjfJA=">AAACInicbVDLSgMxFM3UV62vUZdugkWYUi0zRbAuhKIblxXsA9qxZNJMG5p5kGSkQ+m3uPFX3LhQ1JXgx5hpZ1FbD4Rzcu69JPc4IaNCmua3lllZXVvfyG7mtrZ3dvf0/YOGCCKOSR0HLOAtBwnCqE/qkkpGWiEnyHMYaTrDm6TefCRc0MC/l3FIbA/1fepSjKSyuvpl3xidwrgAr6BrjAqwqChOqKIcY/RQhmewXFBUhEY8f6t09bxZMqeAy8JKRR6kqHX1z04vwJFHfIkZEqJtmaG0x4hLihmZ5DqRICHCQ9QnbSV95BFhj6crTuCJcnrQDbg6voRTd35ijDwhYs9RnR6SA7FYS8z/au1IuhV7TP0wksTHs4fciEEZwCQv2KOcYMliJRDmVP0V4gHiCEuVak6FYC2uvCwa5ZJllqy783z1Oo0jC47AMTCABS5AFdyCGqgDDJ7AC3gD79qz9qp9aF+z1oyWzhyCP9B+fgEnmptg</latexit><latexit sha1_base64="oCET0bv7qJKou4Ufe9ZcuYkjfJA=">AAACInicbVDLSgMxFM3UV62vUZdugkWYUi0zRbAuhKIblxXsA9qxZNJMG5p5kGSkQ+m3uPFX3LhQ1JXgx5hpZ1FbD4Rzcu69JPc4IaNCmua3lllZXVvfyG7mtrZ3dvf0/YOGCCKOSR0HLOAtBwnCqE/qkkpGWiEnyHMYaTrDm6TefCRc0MC/l3FIbA/1fepSjKSyuvpl3xidwrgAr6BrjAqwqChOqKIcY/RQhmewXFBUhEY8f6t09bxZMqeAy8JKRR6kqHX1z04vwJFHfIkZEqJtmaG0x4hLihmZ5DqRICHCQ9QnbSV95BFhj6crTuCJcnrQDbg6voRTd35ijDwhYs9RnR6SA7FYS8z/au1IuhV7TP0wksTHs4fciEEZwCQv2KOcYMliJRDmVP0V4gHiCEuVak6FYC2uvCwa5ZJllqy783z1Oo0jC47AMTCABS5AFdyCGqgDDJ7AC3gD79qz9qp9aF+z1oyWzhyCP9B+fgEnmptg</latexit>

(Saddle points)
From 1D to 2D, we get from 0 
saddle points to 4 saddle points
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How many saddle points could be there?

- Toy example #2: 

- Find:

- Global min/max

- Local min/max

- Saddle points

g(x, y) = f(x) + f(y) + 8 = (x2 � 2)2 + (y2 � 2)2 + 8
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(Saddle points)
From 1D to 2D, we get from 0 
saddle points to 4 saddle points

- ``Does it generalize?``
Yes! From 2D to 3D, we get 4 local 

minima, and 8 saddle points!
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How many saddle points could be there?

- Another example: see papers at the Review section at the end of the lecture.

- In general, saddle points may emerge and their numbers increase (even 
   exponentially) with increasing dimensionality.

- Does this mean that the situation is helpless? Not necessarily!

2. How does methods such as gradient descent behave in practice?

3. Are there conditions that indicate that always there is a way-out of 
    saddle points? 

1. Can we identify saddle points?



Second-order derivative test

- Consider the Hessian at a critical point     : x
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- The Hessian is square and symmetric; we compute its eigenvalue decomp.:

r2f(x) = U⇤U>
<latexit sha1_base64="6kXV0cVpjMPhn+BiSacOgZMZUk8=">AAACCXicbVC7SgNBFJ31GeMramkzGITYhN0gaCMEbSwsIrhJILsJd2dnkyGzs8vMrBhCWht/xcZCEVv/wM6/cfIoNPHAwOGce7hzT5ByprRtf1tLyyura+u5jfzm1vbObmFvv66STBLqkoQnshmAopwJ6mqmOW2mkkIccNoI+ldjv3FPpWKJuNODlPoxdAWLGAFtpE4BewICDu0KjkoPJ/gCu9i7MfEQsNv2dJJ2CkW7bE+AF4kzI0U0Q61T+PLChGQxFZpwUKrl2Kn2hyA1I5yO8l6maAqkD13aMlRATJU/nFwywsdGCXGUSPOExhP1d2IIsVKDODCTMeiemvfG4n9eK9PRuT9kIs00FWS6KMo41gke14JDJinRfGAIEMnMXzHpgQSiTXl5U4Izf/IiqVfKjl12bk+L1ctZHTl0iI5QCTnoDFXRNaohFxH0iJ7RK3qznqwX6936mI4uWbPMAfoD6/MHWiSYNQ==</latexit><latexit sha1_base64="6kXV0cVpjMPhn+BiSacOgZMZUk8=">AAACCXicbVC7SgNBFJ31GeMramkzGITYhN0gaCMEbSwsIrhJILsJd2dnkyGzs8vMrBhCWht/xcZCEVv/wM6/cfIoNPHAwOGce7hzT5ByprRtf1tLyyura+u5jfzm1vbObmFvv66STBLqkoQnshmAopwJ6mqmOW2mkkIccNoI+ldjv3FPpWKJuNODlPoxdAWLGAFtpE4BewICDu0KjkoPJ/gCu9i7MfEQsNv2dJJ2CkW7bE+AF4kzI0U0Q61T+PLChGQxFZpwUKrl2Kn2hyA1I5yO8l6maAqkD13aMlRATJU/nFwywsdGCXGUSPOExhP1d2IIsVKDODCTMeiemvfG4n9eK9PRuT9kIs00FWS6KMo41gke14JDJinRfGAIEMnMXzHpgQSiTXl5U4Izf/IiqVfKjl12bk+L1ctZHTl0iI5QCTnoDFXRNaohFxH0iJ7RK3qznqwX6936mI4uWbPMAfoD6/MHWiSYNQ==</latexit><latexit sha1_base64="6kXV0cVpjMPhn+BiSacOgZMZUk8=">AAACCXicbVC7SgNBFJ31GeMramkzGITYhN0gaCMEbSwsIrhJILsJd2dnkyGzs8vMrBhCWht/xcZCEVv/wM6/cfIoNPHAwOGce7hzT5ByprRtf1tLyyura+u5jfzm1vbObmFvv66STBLqkoQnshmAopwJ6mqmOW2mkkIccNoI+ldjv3FPpWKJuNODlPoxdAWLGAFtpE4BewICDu0KjkoPJ/gCu9i7MfEQsNv2dJJ2CkW7bE+AF4kzI0U0Q61T+PLChGQxFZpwUKrl2Kn2hyA1I5yO8l6maAqkD13aMlRATJU/nFwywsdGCXGUSPOExhP1d2IIsVKDODCTMeiemvfG4n9eK9PRuT9kIs00FWS6KMo41gke14JDJinRfGAIEMnMXzHpgQSiTXl5U4Izf/IiqVfKjl12bk+L1ctZHTl0iI5QCTnoDFXRNaohFxH0iJ7RK3qznqwX6936mI4uWbPMAfoD6/MHWiSYNQ==</latexit><latexit sha1_base64="6kXV0cVpjMPhn+BiSacOgZMZUk8=">AAACCXicbVC7SgNBFJ31GeMramkzGITYhN0gaCMEbSwsIrhJILsJd2dnkyGzs8vMrBhCWht/xcZCEVv/wM6/cfIoNPHAwOGce7hzT5ByprRtf1tLyyura+u5jfzm1vbObmFvv66STBLqkoQnshmAopwJ6mqmOW2mkkIccNoI+ldjv3FPpWKJuNODlPoxdAWLGAFtpE4BewICDu0KjkoPJ/gCu9i7MfEQsNv2dJJ2CkW7bE+AF4kzI0U0Q61T+PLChGQxFZpwUKrl2Kn2hyA1I5yO8l6maAqkD13aMlRATJU/nFwywsdGCXGUSPOExhP1d2IIsVKDODCTMeiemvfG4n9eK9PRuT9kIs00FWS6KMo41gke14JDJinRfGAIEMnMXzHpgQSiTXl5U4Izf/IiqVfKjl12bk+L1ctZHTl0iI5QCTnoDFXRNaohFxH0iJ7RK3qznqwX6936mI4uWbPMAfoD6/MHWiSYNQ==</latexit>



Second-order derivative test

- Consider the Hessian at a critical point     : x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

r2f(x) 2 Rp⇥p
<latexit sha1_base64="L+F/IqMRq2UvkI/ULwKmIWZ0KC8=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEjtUiUVEowVLIwF0YfUpJXtOq1Vx4lsB1FF+QYWfoWFAYRYmdj4G9w2A7Qc6UpH59yre+/BMWdKO863tbK6tr6xWdgqbu/s7u3bB4ctFSWS0CaJeCQ7GCnKmaBNzTSnnVhSFGJO23h8NfXb91QqFok7PYmpH6KhYAEjSBupb1c8gTBHvRoMyg8V6DEBvRDpEcbpbdZLY+hpFlIF46xvl5yqMwNcJm5OSiBHo29/eYOIJCEVmnCkVNd1Yu2nSGpGOM2KXqJojMgYDWnXUIHMHj+dvZTBU6MMYBBJU0LDmfp7IkWhUpMQm87puWrRm4r/ed1EBxd+ykScaCrIfFGQcKgjOM0HDpikRPOJIYhIZm6FZIQkItqkWDQhuIsvL5NWreo6VffmrFS/zOMogGNwAsrABeegDq5BAzQBAY/gGbyCN+vJerHerY9564qVzxyBP7A+fwDaP5z5</latexit><latexit sha1_base64="L+F/IqMRq2UvkI/ULwKmIWZ0KC8=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEjtUiUVEowVLIwF0YfUpJXtOq1Vx4lsB1FF+QYWfoWFAYRYmdj4G9w2A7Qc6UpH59yre+/BMWdKO863tbK6tr6xWdgqbu/s7u3bB4ctFSWS0CaJeCQ7GCnKmaBNzTSnnVhSFGJO23h8NfXb91QqFok7PYmpH6KhYAEjSBupb1c8gTBHvRoMyg8V6DEBvRDpEcbpbdZLY+hpFlIF46xvl5yqMwNcJm5OSiBHo29/eYOIJCEVmnCkVNd1Yu2nSGpGOM2KXqJojMgYDWnXUIHMHj+dvZTBU6MMYBBJU0LDmfp7IkWhUpMQm87puWrRm4r/ed1EBxd+ykScaCrIfFGQcKgjOM0HDpikRPOJIYhIZm6FZIQkItqkWDQhuIsvL5NWreo6VffmrFS/zOMogGNwAsrABeegDq5BAzQBAY/gGbyCN+vJerHerY9564qVzxyBP7A+fwDaP5z5</latexit><latexit sha1_base64="L+F/IqMRq2UvkI/ULwKmIWZ0KC8=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEjtUiUVEowVLIwF0YfUpJXtOq1Vx4lsB1FF+QYWfoWFAYRYmdj4G9w2A7Qc6UpH59yre+/BMWdKO863tbK6tr6xWdgqbu/s7u3bB4ctFSWS0CaJeCQ7GCnKmaBNzTSnnVhSFGJO23h8NfXb91QqFok7PYmpH6KhYAEjSBupb1c8gTBHvRoMyg8V6DEBvRDpEcbpbdZLY+hpFlIF46xvl5yqMwNcJm5OSiBHo29/eYOIJCEVmnCkVNd1Yu2nSGpGOM2KXqJojMgYDWnXUIHMHj+dvZTBU6MMYBBJU0LDmfp7IkWhUpMQm87puWrRm4r/ed1EBxd+ykScaCrIfFGQcKgjOM0HDpikRPOJIYhIZm6FZIQkItqkWDQhuIsvL5NWreo6VffmrFS/zOMogGNwAsrABeegDq5BAzQBAY/gGbyCN+vJerHerY9564qVzxyBP7A+fwDaP5z5</latexit><latexit sha1_base64="L+F/IqMRq2UvkI/ULwKmIWZ0KC8=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEjtUiUVEowVLIwF0YfUpJXtOq1Vx4lsB1FF+QYWfoWFAYRYmdj4G9w2A7Qc6UpH59yre+/BMWdKO863tbK6tr6xWdgqbu/s7u3bB4ctFSWS0CaJeCQ7GCnKmaBNzTSnnVhSFGJO23h8NfXb91QqFok7PYmpH6KhYAEjSBupb1c8gTBHvRoMyg8V6DEBvRDpEcbpbdZLY+hpFlIF46xvl5yqMwNcJm5OSiBHo29/eYOIJCEVmnCkVNd1Yu2nSGpGOM2KXqJojMgYDWnXUIHMHj+dvZTBU6MMYBBJU0LDmfp7IkWhUpMQm87puWrRm4r/ed1EBxd+ykScaCrIfFGQcKgjOM0HDpikRPOJIYhIZm6FZIQkItqkWDQhuIsvL5NWreo6VffmrFS/zOMogGNwAsrABeegDq5BAzQBAY/gGbyCN+vJerHerY9564qVzxyBP7A+fwDaP5z5</latexit>

- The Hessian is square and symmetric; we compute its eigenvalue decomp.:

r2f(x) = U⇤U>
<latexit sha1_base64="6kXV0cVpjMPhn+BiSacOgZMZUk8=">AAACCXicbVC7SgNBFJ31GeMramkzGITYhN0gaCMEbSwsIrhJILsJd2dnkyGzs8vMrBhCWht/xcZCEVv/wM6/cfIoNPHAwOGce7hzT5ByprRtf1tLyyura+u5jfzm1vbObmFvv66STBLqkoQnshmAopwJ6mqmOW2mkkIccNoI+ldjv3FPpWKJuNODlPoxdAWLGAFtpE4BewICDu0KjkoPJ/gCu9i7MfEQsNv2dJJ2CkW7bE+AF4kzI0U0Q61T+PLChGQxFZpwUKrl2Kn2hyA1I5yO8l6maAqkD13aMlRATJU/nFwywsdGCXGUSPOExhP1d2IIsVKDODCTMeiemvfG4n9eK9PRuT9kIs00FWS6KMo41gke14JDJinRfGAIEMnMXzHpgQSiTXl5U4Izf/IiqVfKjl12bk+L1ctZHTl0iI5QCTnoDFXRNaohFxH0iJ7RK3qznqwX6936mI4uWbPMAfoD6/MHWiSYNQ==</latexit><latexit sha1_base64="6kXV0cVpjMPhn+BiSacOgZMZUk8=">AAACCXicbVC7SgNBFJ31GeMramkzGITYhN0gaCMEbSwsIrhJILsJd2dnkyGzs8vMrBhCWht/xcZCEVv/wM6/cfIoNPHAwOGce7hzT5ByprRtf1tLyyura+u5jfzm1vbObmFvv66STBLqkoQnshmAopwJ6mqmOW2mkkIccNoI+ldjv3FPpWKJuNODlPoxdAWLGAFtpE4BewICDu0KjkoPJ/gCu9i7MfEQsNv2dJJ2CkW7bE+AF4kzI0U0Q61T+PLChGQxFZpwUKrl2Kn2hyA1I5yO8l6maAqkD13aMlRATJU/nFwywsdGCXGUSPOExhP1d2IIsVKDODCTMeiemvfG4n9eK9PRuT9kIs00FWS6KMo41gke14JDJinRfGAIEMnMXzHpgQSiTXl5U4Izf/IiqVfKjl12bk+L1ctZHTl0iI5QCTnoDFXRNaohFxH0iJ7RK3qznqwX6936mI4uWbPMAfoD6/MHWiSYNQ==</latexit><latexit sha1_base64="6kXV0cVpjMPhn+BiSacOgZMZUk8=">AAACCXicbVC7SgNBFJ31GeMramkzGITYhN0gaCMEbSwsIrhJILsJd2dnkyGzs8vMrBhCWht/xcZCEVv/wM6/cfIoNPHAwOGce7hzT5ByprRtf1tLyyura+u5jfzm1vbObmFvv66STBLqkoQnshmAopwJ6mqmOW2mkkIccNoI+ldjv3FPpWKJuNODlPoxdAWLGAFtpE4BewICDu0KjkoPJ/gCu9i7MfEQsNv2dJJ2CkW7bE+AF4kzI0U0Q61T+PLChGQxFZpwUKrl2Kn2hyA1I5yO8l6maAqkD13aMlRATJU/nFwywsdGCXGUSPOExhP1d2IIsVKDODCTMeiemvfG4n9eK9PRuT9kIs00FWS6KMo41gke14JDJinRfGAIEMnMXzHpgQSiTXl5U4Izf/IiqVfKjl12bk+L1ctZHTl0iI5QCTnoDFXRNaohFxH0iJ7RK3qznqwX6936mI4uWbPMAfoD6/MHWiSYNQ==</latexit><latexit sha1_base64="6kXV0cVpjMPhn+BiSacOgZMZUk8=">AAACCXicbVC7SgNBFJ31GeMramkzGITYhN0gaCMEbSwsIrhJILsJd2dnkyGzs8vMrBhCWht/xcZCEVv/wM6/cfIoNPHAwOGce7hzT5ByprRtf1tLyyura+u5jfzm1vbObmFvv66STBLqkoQnshmAopwJ6mqmOW2mkkIccNoI+ldjv3FPpWKJuNODlPoxdAWLGAFtpE4BewICDu0KjkoPJ/gCu9i7MfEQsNv2dJJ2CkW7bE+AF4kzI0U0Q61T+PLChGQxFZpwUKrl2Kn2hyA1I5yO8l6maAqkD13aMlRATJU/nFwywsdGCXGUSPOExhP1d2IIsVKDODCTMeiemvfG4n9eK9PRuT9kIs00FWS6KMo41gke14JDJinRfGAIEMnMXzHpgQSiTXl5U4Izf/IiqVfKjl12bk+L1ctZHTl0iI5QCTnoDFXRNaohFxH0iJ7RK3qznqwX6936mI4uWbPMAfoD6/MHWiSYNQ==</latexit>

- General rules:

1. Only positive eigenvalues: local minimum



Second-order derivative test

- Consider the Hessian at a critical point     : x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

r2f(x) 2 Rp⇥p
<latexit sha1_base64="L+F/IqMRq2UvkI/ULwKmIWZ0KC8=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEjtUiUVEowVLIwF0YfUpJXtOq1Vx4lsB1FF+QYWfoWFAYRYmdj4G9w2A7Qc6UpH59yre+/BMWdKO863tbK6tr6xWdgqbu/s7u3bB4ctFSWS0CaJeCQ7GCnKmaBNzTSnnVhSFGJO23h8NfXb91QqFok7PYmpH6KhYAEjSBupb1c8gTBHvRoMyg8V6DEBvRDpEcbpbdZLY+hpFlIF46xvl5yqMwNcJm5OSiBHo29/eYOIJCEVmnCkVNd1Yu2nSGpGOM2KXqJojMgYDWnXUIHMHj+dvZTBU6MMYBBJU0LDmfp7IkWhUpMQm87puWrRm4r/ed1EBxd+ykScaCrIfFGQcKgjOM0HDpikRPOJIYhIZm6FZIQkItqkWDQhuIsvL5NWreo6VffmrFS/zOMogGNwAsrABeegDq5BAzQBAY/gGbyCN+vJerHerY9564qVzxyBP7A+fwDaP5z5</latexit><latexit sha1_base64="L+F/IqMRq2UvkI/ULwKmIWZ0KC8=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEjtUiUVEowVLIwF0YfUpJXtOq1Vx4lsB1FF+QYWfoWFAYRYmdj4G9w2A7Qc6UpH59yre+/BMWdKO863tbK6tr6xWdgqbu/s7u3bB4ctFSWS0CaJeCQ7GCnKmaBNzTSnnVhSFGJO23h8NfXb91QqFok7PYmpH6KhYAEjSBupb1c8gTBHvRoMyg8V6DEBvRDpEcbpbdZLY+hpFlIF46xvl5yqMwNcJm5OSiBHo29/eYOIJCEVmnCkVNd1Yu2nSGpGOM2KXqJojMgYDWnXUIHMHj+dvZTBU6MMYBBJU0LDmfp7IkWhUpMQm87puWrRm4r/ed1EBxd+ykScaCrIfFGQcKgjOM0HDpikRPOJIYhIZm6FZIQkItqkWDQhuIsvL5NWreo6VffmrFS/zOMogGNwAsrABeegDq5BAzQBAY/gGbyCN+vJerHerY9564qVzxyBP7A+fwDaP5z5</latexit><latexit sha1_base64="L+F/IqMRq2UvkI/ULwKmIWZ0KC8=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEjtUiUVEowVLIwF0YfUpJXtOq1Vx4lsB1FF+QYWfoWFAYRYmdj4G9w2A7Qc6UpH59yre+/BMWdKO863tbK6tr6xWdgqbu/s7u3bB4ctFSWS0CaJeCQ7GCnKmaBNzTSnnVhSFGJO23h8NfXb91QqFok7PYmpH6KhYAEjSBupb1c8gTBHvRoMyg8V6DEBvRDpEcbpbdZLY+hpFlIF46xvl5yqMwNcJm5OSiBHo29/eYOIJCEVmnCkVNd1Yu2nSGpGOM2KXqJojMgYDWnXUIHMHj+dvZTBU6MMYBBJU0LDmfp7IkWhUpMQm87puWrRm4r/ed1EBxd+ykScaCrIfFGQcKgjOM0HDpikRPOJIYhIZm6FZIQkItqkWDQhuIsvL5NWreo6VffmrFS/zOMogGNwAsrABeegDq5BAzQBAY/gGbyCN+vJerHerY9564qVzxyBP7A+fwDaP5z5</latexit><latexit sha1_base64="L+F/IqMRq2UvkI/ULwKmIWZ0KC8=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEjtUiUVEowVLIwF0YfUpJXtOq1Vx4lsB1FF+QYWfoWFAYRYmdj4G9w2A7Qc6UpH59yre+/BMWdKO863tbK6tr6xWdgqbu/s7u3bB4ctFSWS0CaJeCQ7GCnKmaBNzTSnnVhSFGJO23h8NfXb91QqFok7PYmpH6KhYAEjSBupb1c8gTBHvRoMyg8V6DEBvRDpEcbpbdZLY+hpFlIF46xvl5yqMwNcJm5OSiBHo29/eYOIJCEVmnCkVNd1Yu2nSGpGOM2KXqJojMgYDWnXUIHMHj+dvZTBU6MMYBBJU0LDmfp7IkWhUpMQm87puWrRm4r/ed1EBxd+ykScaCrIfFGQcKgjOM0HDpikRPOJIYhIZm6FZIQkItqkWDQhuIsvL5NWreo6VffmrFS/zOMogGNwAsrABeegDq5BAzQBAY/gGbyCN+vJerHerY9564qVzxyBP7A+fwDaP5z5</latexit>

- The Hessian is square and symmetric; we compute its eigenvalue decomp.:

r2f(x) = U⇤U>
<latexit sha1_base64="6kXV0cVpjMPhn+BiSacOgZMZUk8=">AAACCXicbVC7SgNBFJ31GeMramkzGITYhN0gaCMEbSwsIrhJILsJd2dnkyGzs8vMrBhCWht/xcZCEVv/wM6/cfIoNPHAwOGce7hzT5ByprRtf1tLyyura+u5jfzm1vbObmFvv66STBLqkoQnshmAopwJ6mqmOW2mkkIccNoI+ldjv3FPpWKJuNODlPoxdAWLGAFtpE4BewICDu0KjkoPJ/gCu9i7MfEQsNv2dJJ2CkW7bE+AF4kzI0U0Q61T+PLChGQxFZpwUKrl2Kn2hyA1I5yO8l6maAqkD13aMlRATJU/nFwywsdGCXGUSPOExhP1d2IIsVKDODCTMeiemvfG4n9eK9PRuT9kIs00FWS6KMo41gke14JDJinRfGAIEMnMXzHpgQSiTXl5U4Izf/IiqVfKjl12bk+L1ctZHTl0iI5QCTnoDFXRNaohFxH0iJ7RK3qznqwX6936mI4uWbPMAfoD6/MHWiSYNQ==</latexit><latexit sha1_base64="6kXV0cVpjMPhn+BiSacOgZMZUk8=">AAACCXicbVC7SgNBFJ31GeMramkzGITYhN0gaCMEbSwsIrhJILsJd2dnkyGzs8vMrBhCWht/xcZCEVv/wM6/cfIoNPHAwOGce7hzT5ByprRtf1tLyyura+u5jfzm1vbObmFvv66STBLqkoQnshmAopwJ6mqmOW2mkkIccNoI+ldjv3FPpWKJuNODlPoxdAWLGAFtpE4BewICDu0KjkoPJ/gCu9i7MfEQsNv2dJJ2CkW7bE+AF4kzI0U0Q61T+PLChGQxFZpwUKrl2Kn2hyA1I5yO8l6maAqkD13aMlRATJU/nFwywsdGCXGUSPOExhP1d2IIsVKDODCTMeiemvfG4n9eK9PRuT9kIs00FWS6KMo41gke14JDJinRfGAIEMnMXzHpgQSiTXl5U4Izf/IiqVfKjl12bk+L1ctZHTl0iI5QCTnoDFXRNaohFxH0iJ7RK3qznqwX6936mI4uWbPMAfoD6/MHWiSYNQ==</latexit><latexit sha1_base64="6kXV0cVpjMPhn+BiSacOgZMZUk8=">AAACCXicbVC7SgNBFJ31GeMramkzGITYhN0gaCMEbSwsIrhJILsJd2dnkyGzs8vMrBhCWht/xcZCEVv/wM6/cfIoNPHAwOGce7hzT5ByprRtf1tLyyura+u5jfzm1vbObmFvv66STBLqkoQnshmAopwJ6mqmOW2mkkIccNoI+ldjv3FPpWKJuNODlPoxdAWLGAFtpE4BewICDu0KjkoPJ/gCu9i7MfEQsNv2dJJ2CkW7bE+AF4kzI0U0Q61T+PLChGQxFZpwUKrl2Kn2hyA1I5yO8l6maAqkD13aMlRATJU/nFwywsdGCXGUSPOExhP1d2IIsVKDODCTMeiemvfG4n9eK9PRuT9kIs00FWS6KMo41gke14JDJinRfGAIEMnMXzHpgQSiTXl5U4Izf/IiqVfKjl12bk+L1ctZHTl0iI5QCTnoDFXRNaohFxH0iJ7RK3qznqwX6936mI4uWbPMAfoD6/MHWiSYNQ==</latexit><latexit sha1_base64="6kXV0cVpjMPhn+BiSacOgZMZUk8=">AAACCXicbVC7SgNBFJ31GeMramkzGITYhN0gaCMEbSwsIrhJILsJd2dnkyGzs8vMrBhCWht/xcZCEVv/wM6/cfIoNPHAwOGce7hzT5ByprRtf1tLyyura+u5jfzm1vbObmFvv66STBLqkoQnshmAopwJ6mqmOW2mkkIccNoI+ldjv3FPpWKJuNODlPoxdAWLGAFtpE4BewICDu0KjkoPJ/gCu9i7MfEQsNv2dJJ2CkW7bE+AF4kzI0U0Q61T+PLChGQxFZpwUKrl2Kn2hyA1I5yO8l6maAqkD13aMlRATJU/nFwywsdGCXGUSPOExhP1d2IIsVKDODCTMeiemvfG4n9eK9PRuT9kIs00FWS6KMo41gke14JDJinRfGAIEMnMXzHpgQSiTXl5U4Izf/IiqVfKjl12bk+L1ctZHTl0iI5QCTnoDFXRNaohFxH0iJ7RK3qznqwX6936mI4uWbPMAfoD6/MHWiSYNQ==</latexit>

- General rules:

1. Only positive eigenvalues: local minimum
Why? Positive eigenvalues mean positive definite Hessian. Thus:

⌦
r2f(x)u, u

↵
> 0, 8u 6= 0 2 Rp

<latexit sha1_base64="BtqqZr/0+OxTC06NLpCJihtCZXo="></latexit><latexit sha1_base64="BtqqZr/0+OxTC06NLpCJihtCZXo="></latexit><latexit sha1_base64="BtqqZr/0+OxTC06NLpCJihtCZXo="></latexit><latexit sha1_base64="BtqqZr/0+OxTC06NLpCJihtCZXo="></latexit>



Second-order derivative test

- Consider the Hessian at a critical point     : x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

r2f(x) 2 Rp⇥p
<latexit sha1_base64="L+F/IqMRq2UvkI/ULwKmIWZ0KC8=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEjtUiUVEowVLIwF0YfUpJXtOq1Vx4lsB1FF+QYWfoWFAYRYmdj4G9w2A7Qc6UpH59yre+/BMWdKO863tbK6tr6xWdgqbu/s7u3bB4ctFSWS0CaJeCQ7GCnKmaBNzTSnnVhSFGJO23h8NfXb91QqFok7PYmpH6KhYAEjSBupb1c8gTBHvRoMyg8V6DEBvRDpEcbpbdZLY+hpFlIF46xvl5yqMwNcJm5OSiBHo29/eYOIJCEVmnCkVNd1Yu2nSGpGOM2KXqJojMgYDWnXUIHMHj+dvZTBU6MMYBBJU0LDmfp7IkWhUpMQm87puWrRm4r/ed1EBxd+ykScaCrIfFGQcKgjOM0HDpikRPOJIYhIZm6FZIQkItqkWDQhuIsvL5NWreo6VffmrFS/zOMogGNwAsrABeegDq5BAzQBAY/gGbyCN+vJerHerY9564qVzxyBP7A+fwDaP5z5</latexit><latexit sha1_base64="L+F/IqMRq2UvkI/ULwKmIWZ0KC8=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEjtUiUVEowVLIwF0YfUpJXtOq1Vx4lsB1FF+QYWfoWFAYRYmdj4G9w2A7Qc6UpH59yre+/BMWdKO863tbK6tr6xWdgqbu/s7u3bB4ctFSWS0CaJeCQ7GCnKmaBNzTSnnVhSFGJO23h8NfXb91QqFok7PYmpH6KhYAEjSBupb1c8gTBHvRoMyg8V6DEBvRDpEcbpbdZLY+hpFlIF46xvl5yqMwNcJm5OSiBHo29/eYOIJCEVmnCkVNd1Yu2nSGpGOM2KXqJojMgYDWnXUIHMHj+dvZTBU6MMYBBJU0LDmfp7IkWhUpMQm87puWrRm4r/ed1EBxd+ykScaCrIfFGQcKgjOM0HDpikRPOJIYhIZm6FZIQkItqkWDQhuIsvL5NWreo6VffmrFS/zOMogGNwAsrABeegDq5BAzQBAY/gGbyCN+vJerHerY9564qVzxyBP7A+fwDaP5z5</latexit><latexit sha1_base64="L+F/IqMRq2UvkI/ULwKmIWZ0KC8=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEjtUiUVEowVLIwF0YfUpJXtOq1Vx4lsB1FF+QYWfoWFAYRYmdj4G9w2A7Qc6UpH59yre+/BMWdKO863tbK6tr6xWdgqbu/s7u3bB4ctFSWS0CaJeCQ7GCnKmaBNzTSnnVhSFGJO23h8NfXb91QqFok7PYmpH6KhYAEjSBupb1c8gTBHvRoMyg8V6DEBvRDpEcbpbdZLY+hpFlIF46xvl5yqMwNcJm5OSiBHo29/eYOIJCEVmnCkVNd1Yu2nSGpGOM2KXqJojMgYDWnXUIHMHj+dvZTBU6MMYBBJU0LDmfp7IkWhUpMQm87puWrRm4r/ed1EBxd+ykScaCrIfFGQcKgjOM0HDpikRPOJIYhIZm6FZIQkItqkWDQhuIsvL5NWreo6VffmrFS/zOMogGNwAsrABeegDq5BAzQBAY/gGbyCN+vJerHerY9564qVzxyBP7A+fwDaP5z5</latexit><latexit sha1_base64="L+F/IqMRq2UvkI/ULwKmIWZ0KC8=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEjtUiUVEowVLIwF0YfUpJXtOq1Vx4lsB1FF+QYWfoWFAYRYmdj4G9w2A7Qc6UpH59yre+/BMWdKO863tbK6tr6xWdgqbu/s7u3bB4ctFSWS0CaJeCQ7GCnKmaBNzTSnnVhSFGJO23h8NfXb91QqFok7PYmpH6KhYAEjSBupb1c8gTBHvRoMyg8V6DEBvRDpEcbpbdZLY+hpFlIF46xvl5yqMwNcJm5OSiBHo29/eYOIJCEVmnCkVNd1Yu2nSGpGOM2KXqJojMgYDWnXUIHMHj+dvZTBU6MMYBBJU0LDmfp7IkWhUpMQm87puWrRm4r/ed1EBxd+ykScaCrIfFGQcKgjOM0HDpikRPOJIYhIZm6FZIQkItqkWDQhuIsvL5NWreo6VffmrFS/zOMogGNwAsrABeegDq5BAzQBAY/gGbyCN+vJerHerY9564qVzxyBP7A+fwDaP5z5</latexit>

- The Hessian is square and symmetric; we compute its eigenvalue decomp.:

r2f(x) = U⇤U>
<latexit sha1_base64="6kXV0cVpjMPhn+BiSacOgZMZUk8=">AAACCXicbVC7SgNBFJ31GeMramkzGITYhN0gaCMEbSwsIrhJILsJd2dnkyGzs8vMrBhCWht/xcZCEVv/wM6/cfIoNPHAwOGce7hzT5ByprRtf1tLyyura+u5jfzm1vbObmFvv66STBLqkoQnshmAopwJ6mqmOW2mkkIccNoI+ldjv3FPpWKJuNODlPoxdAWLGAFtpE4BewICDu0KjkoPJ/gCu9i7MfEQsNv2dJJ2CkW7bE+AF4kzI0U0Q61T+PLChGQxFZpwUKrl2Kn2hyA1I5yO8l6maAqkD13aMlRATJU/nFwywsdGCXGUSPOExhP1d2IIsVKDODCTMeiemvfG4n9eK9PRuT9kIs00FWS6KMo41gke14JDJinRfGAIEMnMXzHpgQSiTXl5U4Izf/IiqVfKjl12bk+L1ctZHTl0iI5QCTnoDFXRNaohFxH0iJ7RK3qznqwX6936mI4uWbPMAfoD6/MHWiSYNQ==</latexit><latexit sha1_base64="6kXV0cVpjMPhn+BiSacOgZMZUk8=">AAACCXicbVC7SgNBFJ31GeMramkzGITYhN0gaCMEbSwsIrhJILsJd2dnkyGzs8vMrBhCWht/xcZCEVv/wM6/cfIoNPHAwOGce7hzT5ByprRtf1tLyyura+u5jfzm1vbObmFvv66STBLqkoQnshmAopwJ6mqmOW2mkkIccNoI+ldjv3FPpWKJuNODlPoxdAWLGAFtpE4BewICDu0KjkoPJ/gCu9i7MfEQsNv2dJJ2CkW7bE+AF4kzI0U0Q61T+PLChGQxFZpwUKrl2Kn2hyA1I5yO8l6maAqkD13aMlRATJU/nFwywsdGCXGUSPOExhP1d2IIsVKDODCTMeiemvfG4n9eK9PRuT9kIs00FWS6KMo41gke14JDJinRfGAIEMnMXzHpgQSiTXl5U4Izf/IiqVfKjl12bk+L1ctZHTl0iI5QCTnoDFXRNaohFxH0iJ7RK3qznqwX6936mI4uWbPMAfoD6/MHWiSYNQ==</latexit><latexit sha1_base64="6kXV0cVpjMPhn+BiSacOgZMZUk8=">AAACCXicbVC7SgNBFJ31GeMramkzGITYhN0gaCMEbSwsIrhJILsJd2dnkyGzs8vMrBhCWht/xcZCEVv/wM6/cfIoNPHAwOGce7hzT5ByprRtf1tLyyura+u5jfzm1vbObmFvv66STBLqkoQnshmAopwJ6mqmOW2mkkIccNoI+ldjv3FPpWKJuNODlPoxdAWLGAFtpE4BewICDu0KjkoPJ/gCu9i7MfEQsNv2dJJ2CkW7bE+AF4kzI0U0Q61T+PLChGQxFZpwUKrl2Kn2hyA1I5yO8l6maAqkD13aMlRATJU/nFwywsdGCXGUSPOExhP1d2IIsVKDODCTMeiemvfG4n9eK9PRuT9kIs00FWS6KMo41gke14JDJinRfGAIEMnMXzHpgQSiTXl5U4Izf/IiqVfKjl12bk+L1ctZHTl0iI5QCTnoDFXRNaohFxH0iJ7RK3qznqwX6936mI4uWbPMAfoD6/MHWiSYNQ==</latexit><latexit sha1_base64="6kXV0cVpjMPhn+BiSacOgZMZUk8=">AAACCXicbVC7SgNBFJ31GeMramkzGITYhN0gaCMEbSwsIrhJILsJd2dnkyGzs8vMrBhCWht/xcZCEVv/wM6/cfIoNPHAwOGce7hzT5ByprRtf1tLyyura+u5jfzm1vbObmFvv66STBLqkoQnshmAopwJ6mqmOW2mkkIccNoI+ldjv3FPpWKJuNODlPoxdAWLGAFtpE4BewICDu0KjkoPJ/gCu9i7MfEQsNv2dJJ2CkW7bE+AF4kzI0U0Q61T+PLChGQxFZpwUKrl2Kn2hyA1I5yO8l6maAqkD13aMlRATJU/nFwywsdGCXGUSPOExhP1d2IIsVKDODCTMeiemvfG4n9eK9PRuT9kIs00FWS6KMo41gke14JDJinRfGAIEMnMXzHpgQSiTXl5U4Izf/IiqVfKjl12bk+L1ctZHTl0iI5QCTnoDFXRNaohFxH0iJ7RK3qznqwX6936mI4uWbPMAfoD6/MHWiSYNQ==</latexit>

- General rules:

1. Only positive eigenvalues: local minimum
Why? Positive eigenvalues mean positive definite Hessian. Thus:

⌦
r2f(x)u, u

↵
> 0, 8u 6= 0 2 Rp

<latexit sha1_base64="BtqqZr/0+OxTC06NLpCJihtCZXo="></latexit><latexit sha1_base64="BtqqZr/0+OxTC06NLpCJihtCZXo="></latexit><latexit sha1_base64="BtqqZr/0+OxTC06NLpCJihtCZXo="></latexit><latexit sha1_base64="BtqqZr/0+OxTC06NLpCJihtCZXo="></latexit>

By second-order Taylor’s expansion:

f(x+ ⌘u) ⇡ f(x) + ⌘2

2

⌦
r2f(x)u, u

↵
> f(x)

<latexit sha1_base64="bZfoHnURUhr3jwiFVHcaAZPWxPg="></latexit><latexit sha1_base64="bZfoHnURUhr3jwiFVHcaAZPWxPg="></latexit><latexit sha1_base64="bZfoHnURUhr3jwiFVHcaAZPWxPg="></latexit><latexit sha1_base64="bZfoHnURUhr3jwiFVHcaAZPWxPg="></latexit>

(Local min.)



Second-order derivative test

- Consider the Hessian at a critical point     : x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

r2f(x) 2 Rp⇥p
<latexit sha1_base64="L+F/IqMRq2UvkI/ULwKmIWZ0KC8=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEjtUiUVEowVLIwF0YfUpJXtOq1Vx4lsB1FF+QYWfoWFAYRYmdj4G9w2A7Qc6UpH59yre+/BMWdKO863tbK6tr6xWdgqbu/s7u3bB4ctFSWS0CaJeCQ7GCnKmaBNzTSnnVhSFGJO23h8NfXb91QqFok7PYmpH6KhYAEjSBupb1c8gTBHvRoMyg8V6DEBvRDpEcbpbdZLY+hpFlIF46xvl5yqMwNcJm5OSiBHo29/eYOIJCEVmnCkVNd1Yu2nSGpGOM2KXqJojMgYDWnXUIHMHj+dvZTBU6MMYBBJU0LDmfp7IkWhUpMQm87puWrRm4r/ed1EBxd+ykScaCrIfFGQcKgjOM0HDpikRPOJIYhIZm6FZIQkItqkWDQhuIsvL5NWreo6VffmrFS/zOMogGNwAsrABeegDq5BAzQBAY/gGbyCN+vJerHerY9564qVzxyBP7A+fwDaP5z5</latexit><latexit sha1_base64="L+F/IqMRq2UvkI/ULwKmIWZ0KC8=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEjtUiUVEowVLIwF0YfUpJXtOq1Vx4lsB1FF+QYWfoWFAYRYmdj4G9w2A7Qc6UpH59yre+/BMWdKO863tbK6tr6xWdgqbu/s7u3bB4ctFSWS0CaJeCQ7GCnKmaBNzTSnnVhSFGJO23h8NfXb91QqFok7PYmpH6KhYAEjSBupb1c8gTBHvRoMyg8V6DEBvRDpEcbpbdZLY+hpFlIF46xvl5yqMwNcJm5OSiBHo29/eYOIJCEVmnCkVNd1Yu2nSGpGOM2KXqJojMgYDWnXUIHMHj+dvZTBU6MMYBBJU0LDmfp7IkWhUpMQm87puWrRm4r/ed1EBxd+ykScaCrIfFGQcKgjOM0HDpikRPOJIYhIZm6FZIQkItqkWDQhuIsvL5NWreo6VffmrFS/zOMogGNwAsrABeegDq5BAzQBAY/gGbyCN+vJerHerY9564qVzxyBP7A+fwDaP5z5</latexit><latexit sha1_base64="L+F/IqMRq2UvkI/ULwKmIWZ0KC8=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEjtUiUVEowVLIwF0YfUpJXtOq1Vx4lsB1FF+QYWfoWFAYRYmdj4G9w2A7Qc6UpH59yre+/BMWdKO863tbK6tr6xWdgqbu/s7u3bB4ctFSWS0CaJeCQ7GCnKmaBNzTSnnVhSFGJO23h8NfXb91QqFok7PYmpH6KhYAEjSBupb1c8gTBHvRoMyg8V6DEBvRDpEcbpbdZLY+hpFlIF46xvl5yqMwNcJm5OSiBHo29/eYOIJCEVmnCkVNd1Yu2nSGpGOM2KXqJojMgYDWnXUIHMHj+dvZTBU6MMYBBJU0LDmfp7IkWhUpMQm87puWrRm4r/ed1EBxd+ykScaCrIfFGQcKgjOM0HDpikRPOJIYhIZm6FZIQkItqkWDQhuIsvL5NWreo6VffmrFS/zOMogGNwAsrABeegDq5BAzQBAY/gGbyCN+vJerHerY9564qVzxyBP7A+fwDaP5z5</latexit><latexit sha1_base64="L+F/IqMRq2UvkI/ULwKmIWZ0KC8=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEjtUiUVEowVLIwF0YfUpJXtOq1Vx4lsB1FF+QYWfoWFAYRYmdj4G9w2A7Qc6UpH59yre+/BMWdKO863tbK6tr6xWdgqbu/s7u3bB4ctFSWS0CaJeCQ7GCnKmaBNzTSnnVhSFGJO23h8NfXb91QqFok7PYmpH6KhYAEjSBupb1c8gTBHvRoMyg8V6DEBvRDpEcbpbdZLY+hpFlIF46xvl5yqMwNcJm5OSiBHo29/eYOIJCEVmnCkVNd1Yu2nSGpGOM2KXqJojMgYDWnXUIHMHj+dvZTBU6MMYBBJU0LDmfp7IkWhUpMQm87puWrRm4r/ed1EBxd+ykScaCrIfFGQcKgjOM0HDpikRPOJIYhIZm6FZIQkItqkWDQhuIsvL5NWreo6VffmrFS/zOMogGNwAsrABeegDq5BAzQBAY/gGbyCN+vJerHerY9564qVzxyBP7A+fwDaP5z5</latexit>

- The Hessian is square and symmetric: we compute its eigenvalue decomp.:

r2f(x) = U⇤U>
<latexit sha1_base64="6kXV0cVpjMPhn+BiSacOgZMZUk8=">AAACCXicbVC7SgNBFJ31GeMramkzGITYhN0gaCMEbSwsIrhJILsJd2dnkyGzs8vMrBhCWht/xcZCEVv/wM6/cfIoNPHAwOGce7hzT5ByprRtf1tLyyura+u5jfzm1vbObmFvv66STBLqkoQnshmAopwJ6mqmOW2mkkIccNoI+ldjv3FPpWKJuNODlPoxdAWLGAFtpE4BewICDu0KjkoPJ/gCu9i7MfEQsNv2dJJ2CkW7bE+AF4kzI0U0Q61T+PLChGQxFZpwUKrl2Kn2hyA1I5yO8l6maAqkD13aMlRATJU/nFwywsdGCXGUSPOExhP1d2IIsVKDODCTMeiemvfG4n9eK9PRuT9kIs00FWS6KMo41gke14JDJinRfGAIEMnMXzHpgQSiTXl5U4Izf/IiqVfKjl12bk+L1ctZHTl0iI5QCTnoDFXRNaohFxH0iJ7RK3qznqwX6936mI4uWbPMAfoD6/MHWiSYNQ==</latexit><latexit sha1_base64="6kXV0cVpjMPhn+BiSacOgZMZUk8=">AAACCXicbVC7SgNBFJ31GeMramkzGITYhN0gaCMEbSwsIrhJILsJd2dnkyGzs8vMrBhCWht/xcZCEVv/wM6/cfIoNPHAwOGce7hzT5ByprRtf1tLyyura+u5jfzm1vbObmFvv66STBLqkoQnshmAopwJ6mqmOW2mkkIccNoI+ldjv3FPpWKJuNODlPoxdAWLGAFtpE4BewICDu0KjkoPJ/gCu9i7MfEQsNv2dJJ2CkW7bE+AF4kzI0U0Q61T+PLChGQxFZpwUKrl2Kn2hyA1I5yO8l6maAqkD13aMlRATJU/nFwywsdGCXGUSPOExhP1d2IIsVKDODCTMeiemvfG4n9eK9PRuT9kIs00FWS6KMo41gke14JDJinRfGAIEMnMXzHpgQSiTXl5U4Izf/IiqVfKjl12bk+L1ctZHTl0iI5QCTnoDFXRNaohFxH0iJ7RK3qznqwX6936mI4uWbPMAfoD6/MHWiSYNQ==</latexit><latexit sha1_base64="6kXV0cVpjMPhn+BiSacOgZMZUk8=">AAACCXicbVC7SgNBFJ31GeMramkzGITYhN0gaCMEbSwsIrhJILsJd2dnkyGzs8vMrBhCWht/xcZCEVv/wM6/cfIoNPHAwOGce7hzT5ByprRtf1tLyyura+u5jfzm1vbObmFvv66STBLqkoQnshmAopwJ6mqmOW2mkkIccNoI+ldjv3FPpWKJuNODlPoxdAWLGAFtpE4BewICDu0KjkoPJ/gCu9i7MfEQsNv2dJJ2CkW7bE+AF4kzI0U0Q61T+PLChGQxFZpwUKrl2Kn2hyA1I5yO8l6maAqkD13aMlRATJU/nFwywsdGCXGUSPOExhP1d2IIsVKDODCTMeiemvfG4n9eK9PRuT9kIs00FWS6KMo41gke14JDJinRfGAIEMnMXzHpgQSiTXl5U4Izf/IiqVfKjl12bk+L1ctZHTl0iI5QCTnoDFXRNaohFxH0iJ7RK3qznqwX6936mI4uWbPMAfoD6/MHWiSYNQ==</latexit><latexit sha1_base64="6kXV0cVpjMPhn+BiSacOgZMZUk8=">AAACCXicbVC7SgNBFJ31GeMramkzGITYhN0gaCMEbSwsIrhJILsJd2dnkyGzs8vMrBhCWht/xcZCEVv/wM6/cfIoNPHAwOGce7hzT5ByprRtf1tLyyura+u5jfzm1vbObmFvv66STBLqkoQnshmAopwJ6mqmOW2mkkIccNoI+ldjv3FPpWKJuNODlPoxdAWLGAFtpE4BewICDu0KjkoPJ/gCu9i7MfEQsNv2dJJ2CkW7bE+AF4kzI0U0Q61T+PLChGQxFZpwUKrl2Kn2hyA1I5yO8l6maAqkD13aMlRATJU/nFwywsdGCXGUSPOExhP1d2IIsVKDODCTMeiemvfG4n9eK9PRuT9kIs00FWS6KMo41gke14JDJinRfGAIEMnMXzHpgQSiTXl5U4Izf/IiqVfKjl12bk+L1ctZHTl0iI5QCTnoDFXRNaohFxH0iJ7RK3qznqwX6936mI4uWbPMAfoD6/MHWiSYNQ==</latexit>

- General rules:

1. Only positive eigenvalues: local minimum



Second-order derivative test

- Consider the Hessian at a critical point     : x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

r2f(x) 2 Rp⇥p
<latexit sha1_base64="L+F/IqMRq2UvkI/ULwKmIWZ0KC8=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEjtUiUVEowVLIwF0YfUpJXtOq1Vx4lsB1FF+QYWfoWFAYRYmdj4G9w2A7Qc6UpH59yre+/BMWdKO863tbK6tr6xWdgqbu/s7u3bB4ctFSWS0CaJeCQ7GCnKmaBNzTSnnVhSFGJO23h8NfXb91QqFok7PYmpH6KhYAEjSBupb1c8gTBHvRoMyg8V6DEBvRDpEcbpbdZLY+hpFlIF46xvl5yqMwNcJm5OSiBHo29/eYOIJCEVmnCkVNd1Yu2nSGpGOM2KXqJojMgYDWnXUIHMHj+dvZTBU6MMYBBJU0LDmfp7IkWhUpMQm87puWrRm4r/ed1EBxd+ykScaCrIfFGQcKgjOM0HDpikRPOJIYhIZm6FZIQkItqkWDQhuIsvL5NWreo6VffmrFS/zOMogGNwAsrABeegDq5BAzQBAY/gGbyCN+vJerHerY9564qVzxyBP7A+fwDaP5z5</latexit><latexit sha1_base64="L+F/IqMRq2UvkI/ULwKmIWZ0KC8=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEjtUiUVEowVLIwF0YfUpJXtOq1Vx4lsB1FF+QYWfoWFAYRYmdj4G9w2A7Qc6UpH59yre+/BMWdKO863tbK6tr6xWdgqbu/s7u3bB4ctFSWS0CaJeCQ7GCnKmaBNzTSnnVhSFGJO23h8NfXb91QqFok7PYmpH6KhYAEjSBupb1c8gTBHvRoMyg8V6DEBvRDpEcbpbdZLY+hpFlIF46xvl5yqMwNcJm5OSiBHo29/eYOIJCEVmnCkVNd1Yu2nSGpGOM2KXqJojMgYDWnXUIHMHj+dvZTBU6MMYBBJU0LDmfp7IkWhUpMQm87puWrRm4r/ed1EBxd+ykScaCrIfFGQcKgjOM0HDpikRPOJIYhIZm6FZIQkItqkWDQhuIsvL5NWreo6VffmrFS/zOMogGNwAsrABeegDq5BAzQBAY/gGbyCN+vJerHerY9564qVzxyBP7A+fwDaP5z5</latexit><latexit sha1_base64="L+F/IqMRq2UvkI/ULwKmIWZ0KC8=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEjtUiUVEowVLIwF0YfUpJXtOq1Vx4lsB1FF+QYWfoWFAYRYmdj4G9w2A7Qc6UpH59yre+/BMWdKO863tbK6tr6xWdgqbu/s7u3bB4ctFSWS0CaJeCQ7GCnKmaBNzTSnnVhSFGJO23h8NfXb91QqFok7PYmpH6KhYAEjSBupb1c8gTBHvRoMyg8V6DEBvRDpEcbpbdZLY+hpFlIF46xvl5yqMwNcJm5OSiBHo29/eYOIJCEVmnCkVNd1Yu2nSGpGOM2KXqJojMgYDWnXUIHMHj+dvZTBU6MMYBBJU0LDmfp7IkWhUpMQm87puWrRm4r/ed1EBxd+ykScaCrIfFGQcKgjOM0HDpikRPOJIYhIZm6FZIQkItqkWDQhuIsvL5NWreo6VffmrFS/zOMogGNwAsrABeegDq5BAzQBAY/gGbyCN+vJerHerY9564qVzxyBP7A+fwDaP5z5</latexit><latexit sha1_base64="L+F/IqMRq2UvkI/ULwKmIWZ0KC8=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEjtUiUVEowVLIwF0YfUpJXtOq1Vx4lsB1FF+QYWfoWFAYRYmdj4G9w2A7Qc6UpH59yre+/BMWdKO863tbK6tr6xWdgqbu/s7u3bB4ctFSWS0CaJeCQ7GCnKmaBNzTSnnVhSFGJO23h8NfXb91QqFok7PYmpH6KhYAEjSBupb1c8gTBHvRoMyg8V6DEBvRDpEcbpbdZLY+hpFlIF46xvl5yqMwNcJm5OSiBHo29/eYOIJCEVmnCkVNd1Yu2nSGpGOM2KXqJojMgYDWnXUIHMHj+dvZTBU6MMYBBJU0LDmfp7IkWhUpMQm87puWrRm4r/ed1EBxd+ykScaCrIfFGQcKgjOM0HDpikRPOJIYhIZm6FZIQkItqkWDQhuIsvL5NWreo6VffmrFS/zOMogGNwAsrABeegDq5BAzQBAY/gGbyCN+vJerHerY9564qVzxyBP7A+fwDaP5z5</latexit>

- The Hessian is square and symmetric: we compute its eigenvalue decomp.:

r2f(x) = U⇤U>
<latexit sha1_base64="6kXV0cVpjMPhn+BiSacOgZMZUk8=">AAACCXicbVC7SgNBFJ31GeMramkzGITYhN0gaCMEbSwsIrhJILsJd2dnkyGzs8vMrBhCWht/xcZCEVv/wM6/cfIoNPHAwOGce7hzT5ByprRtf1tLyyura+u5jfzm1vbObmFvv66STBLqkoQnshmAopwJ6mqmOW2mkkIccNoI+ldjv3FPpWKJuNODlPoxdAWLGAFtpE4BewICDu0KjkoPJ/gCu9i7MfEQsNv2dJJ2CkW7bE+AF4kzI0U0Q61T+PLChGQxFZpwUKrl2Kn2hyA1I5yO8l6maAqkD13aMlRATJU/nFwywsdGCXGUSPOExhP1d2IIsVKDODCTMeiemvfG4n9eK9PRuT9kIs00FWS6KMo41gke14JDJinRfGAIEMnMXzHpgQSiTXl5U4Izf/IiqVfKjl12bk+L1ctZHTl0iI5QCTnoDFXRNaohFxH0iJ7RK3qznqwX6936mI4uWbPMAfoD6/MHWiSYNQ==</latexit><latexit sha1_base64="6kXV0cVpjMPhn+BiSacOgZMZUk8=">AAACCXicbVC7SgNBFJ31GeMramkzGITYhN0gaCMEbSwsIrhJILsJd2dnkyGzs8vMrBhCWht/xcZCEVv/wM6/cfIoNPHAwOGce7hzT5ByprRtf1tLyyura+u5jfzm1vbObmFvv66STBLqkoQnshmAopwJ6mqmOW2mkkIccNoI+ldjv3FPpWKJuNODlPoxdAWLGAFtpE4BewICDu0KjkoPJ/gCu9i7MfEQsNv2dJJ2CkW7bE+AF4kzI0U0Q61T+PLChGQxFZpwUKrl2Kn2hyA1I5yO8l6maAqkD13aMlRATJU/nFwywsdGCXGUSPOExhP1d2IIsVKDODCTMeiemvfG4n9eK9PRuT9kIs00FWS6KMo41gke14JDJinRfGAIEMnMXzHpgQSiTXl5U4Izf/IiqVfKjl12bk+L1ctZHTl0iI5QCTnoDFXRNaohFxH0iJ7RK3qznqwX6936mI4uWbPMAfoD6/MHWiSYNQ==</latexit><latexit sha1_base64="6kXV0cVpjMPhn+BiSacOgZMZUk8=">AAACCXicbVC7SgNBFJ31GeMramkzGITYhN0gaCMEbSwsIrhJILsJd2dnkyGzs8vMrBhCWht/xcZCEVv/wM6/cfIoNPHAwOGce7hzT5ByprRtf1tLyyura+u5jfzm1vbObmFvv66STBLqkoQnshmAopwJ6mqmOW2mkkIccNoI+ldjv3FPpWKJuNODlPoxdAWLGAFtpE4BewICDu0KjkoPJ/gCu9i7MfEQsNv2dJJ2CkW7bE+AF4kzI0U0Q61T+PLChGQxFZpwUKrl2Kn2hyA1I5yO8l6maAqkD13aMlRATJU/nFwywsdGCXGUSPOExhP1d2IIsVKDODCTMeiemvfG4n9eK9PRuT9kIs00FWS6KMo41gke14JDJinRfGAIEMnMXzHpgQSiTXl5U4Izf/IiqVfKjl12bk+L1ctZHTl0iI5QCTnoDFXRNaohFxH0iJ7RK3qznqwX6936mI4uWbPMAfoD6/MHWiSYNQ==</latexit><latexit sha1_base64="6kXV0cVpjMPhn+BiSacOgZMZUk8=">AAACCXicbVC7SgNBFJ31GeMramkzGITYhN0gaCMEbSwsIrhJILsJd2dnkyGzs8vMrBhCWht/xcZCEVv/wM6/cfIoNPHAwOGce7hzT5ByprRtf1tLyyura+u5jfzm1vbObmFvv66STBLqkoQnshmAopwJ6mqmOW2mkkIccNoI+ldjv3FPpWKJuNODlPoxdAWLGAFtpE4BewICDu0KjkoPJ/gCu9i7MfEQsNv2dJJ2CkW7bE+AF4kzI0U0Q61T+PLChGQxFZpwUKrl2Kn2hyA1I5yO8l6maAqkD13aMlRATJU/nFwywsdGCXGUSPOExhP1d2IIsVKDODCTMeiemvfG4n9eK9PRuT9kIs00FWS6KMo41gke14JDJinRfGAIEMnMXzHpgQSiTXl5U4Izf/IiqVfKjl12bk+L1ctZHTl0iI5QCTnoDFXRNaohFxH0iJ7RK3qznqwX6936mI4uWbPMAfoD6/MHWiSYNQ==</latexit>

- General rules:

1. Only positive eigenvalues: local minimum

2. Only negative eigenvalues: local maximum



Second-order derivative test

- Consider the Hessian at a critical point     : x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

r2f(x) 2 Rp⇥p
<latexit sha1_base64="L+F/IqMRq2UvkI/ULwKmIWZ0KC8=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEjtUiUVEowVLIwF0YfUpJXtOq1Vx4lsB1FF+QYWfoWFAYRYmdj4G9w2A7Qc6UpH59yre+/BMWdKO863tbK6tr6xWdgqbu/s7u3bB4ctFSWS0CaJeCQ7GCnKmaBNzTSnnVhSFGJO23h8NfXb91QqFok7PYmpH6KhYAEjSBupb1c8gTBHvRoMyg8V6DEBvRDpEcbpbdZLY+hpFlIF46xvl5yqMwNcJm5OSiBHo29/eYOIJCEVmnCkVNd1Yu2nSGpGOM2KXqJojMgYDWnXUIHMHj+dvZTBU6MMYBBJU0LDmfp7IkWhUpMQm87puWrRm4r/ed1EBxd+ykScaCrIfFGQcKgjOM0HDpikRPOJIYhIZm6FZIQkItqkWDQhuIsvL5NWreo6VffmrFS/zOMogGNwAsrABeegDq5BAzQBAY/gGbyCN+vJerHerY9564qVzxyBP7A+fwDaP5z5</latexit><latexit sha1_base64="L+F/IqMRq2UvkI/ULwKmIWZ0KC8=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEjtUiUVEowVLIwF0YfUpJXtOq1Vx4lsB1FF+QYWfoWFAYRYmdj4G9w2A7Qc6UpH59yre+/BMWdKO863tbK6tr6xWdgqbu/s7u3bB4ctFSWS0CaJeCQ7GCnKmaBNzTSnnVhSFGJO23h8NfXb91QqFok7PYmpH6KhYAEjSBupb1c8gTBHvRoMyg8V6DEBvRDpEcbpbdZLY+hpFlIF46xvl5yqMwNcJm5OSiBHo29/eYOIJCEVmnCkVNd1Yu2nSGpGOM2KXqJojMgYDWnXUIHMHj+dvZTBU6MMYBBJU0LDmfp7IkWhUpMQm87puWrRm4r/ed1EBxd+ykScaCrIfFGQcKgjOM0HDpikRPOJIYhIZm6FZIQkItqkWDQhuIsvL5NWreo6VffmrFS/zOMogGNwAsrABeegDq5BAzQBAY/gGbyCN+vJerHerY9564qVzxyBP7A+fwDaP5z5</latexit><latexit sha1_base64="L+F/IqMRq2UvkI/ULwKmIWZ0KC8=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEjtUiUVEowVLIwF0YfUpJXtOq1Vx4lsB1FF+QYWfoWFAYRYmdj4G9w2A7Qc6UpH59yre+/BMWdKO863tbK6tr6xWdgqbu/s7u3bB4ctFSWS0CaJeCQ7GCnKmaBNzTSnnVhSFGJO23h8NfXb91QqFok7PYmpH6KhYAEjSBupb1c8gTBHvRoMyg8V6DEBvRDpEcbpbdZLY+hpFlIF46xvl5yqMwNcJm5OSiBHo29/eYOIJCEVmnCkVNd1Yu2nSGpGOM2KXqJojMgYDWnXUIHMHj+dvZTBU6MMYBBJU0LDmfp7IkWhUpMQm87puWrRm4r/ed1EBxd+ykScaCrIfFGQcKgjOM0HDpikRPOJIYhIZm6FZIQkItqkWDQhuIsvL5NWreo6VffmrFS/zOMogGNwAsrABeegDq5BAzQBAY/gGbyCN+vJerHerY9564qVzxyBP7A+fwDaP5z5</latexit><latexit sha1_base64="L+F/IqMRq2UvkI/ULwKmIWZ0KC8=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEjtUiUVEowVLIwF0YfUpJXtOq1Vx4lsB1FF+QYWfoWFAYRYmdj4G9w2A7Qc6UpH59yre+/BMWdKO863tbK6tr6xWdgqbu/s7u3bB4ctFSWS0CaJeCQ7GCnKmaBNzTSnnVhSFGJO23h8NfXb91QqFok7PYmpH6KhYAEjSBupb1c8gTBHvRoMyg8V6DEBvRDpEcbpbdZLY+hpFlIF46xvl5yqMwNcJm5OSiBHo29/eYOIJCEVmnCkVNd1Yu2nSGpGOM2KXqJojMgYDWnXUIHMHj+dvZTBU6MMYBBJU0LDmfp7IkWhUpMQm87puWrRm4r/ed1EBxd+ykScaCrIfFGQcKgjOM0HDpikRPOJIYhIZm6FZIQkItqkWDQhuIsvL5NWreo6VffmrFS/zOMogGNwAsrABeegDq5BAzQBAY/gGbyCN+vJerHerY9564qVzxyBP7A+fwDaP5z5</latexit>

- The Hessian is square and symmetric: we compute its eigenvalue decomp.:

r2f(x) = U⇤U>
<latexit sha1_base64="6kXV0cVpjMPhn+BiSacOgZMZUk8=">AAACCXicbVC7SgNBFJ31GeMramkzGITYhN0gaCMEbSwsIrhJILsJd2dnkyGzs8vMrBhCWht/xcZCEVv/wM6/cfIoNPHAwOGce7hzT5ByprRtf1tLyyura+u5jfzm1vbObmFvv66STBLqkoQnshmAopwJ6mqmOW2mkkIccNoI+ldjv3FPpWKJuNODlPoxdAWLGAFtpE4BewICDu0KjkoPJ/gCu9i7MfEQsNv2dJJ2CkW7bE+AF4kzI0U0Q61T+PLChGQxFZpwUKrl2Kn2hyA1I5yO8l6maAqkD13aMlRATJU/nFwywsdGCXGUSPOExhP1d2IIsVKDODCTMeiemvfG4n9eK9PRuT9kIs00FWS6KMo41gke14JDJinRfGAIEMnMXzHpgQSiTXl5U4Izf/IiqVfKjl12bk+L1ctZHTl0iI5QCTnoDFXRNaohFxH0iJ7RK3qznqwX6936mI4uWbPMAfoD6/MHWiSYNQ==</latexit><latexit sha1_base64="6kXV0cVpjMPhn+BiSacOgZMZUk8=">AAACCXicbVC7SgNBFJ31GeMramkzGITYhN0gaCMEbSwsIrhJILsJd2dnkyGzs8vMrBhCWht/xcZCEVv/wM6/cfIoNPHAwOGce7hzT5ByprRtf1tLyyura+u5jfzm1vbObmFvv66STBLqkoQnshmAopwJ6mqmOW2mkkIccNoI+ldjv3FPpWKJuNODlPoxdAWLGAFtpE4BewICDu0KjkoPJ/gCu9i7MfEQsNv2dJJ2CkW7bE+AF4kzI0U0Q61T+PLChGQxFZpwUKrl2Kn2hyA1I5yO8l6maAqkD13aMlRATJU/nFwywsdGCXGUSPOExhP1d2IIsVKDODCTMeiemvfG4n9eK9PRuT9kIs00FWS6KMo41gke14JDJinRfGAIEMnMXzHpgQSiTXl5U4Izf/IiqVfKjl12bk+L1ctZHTl0iI5QCTnoDFXRNaohFxH0iJ7RK3qznqwX6936mI4uWbPMAfoD6/MHWiSYNQ==</latexit><latexit sha1_base64="6kXV0cVpjMPhn+BiSacOgZMZUk8=">AAACCXicbVC7SgNBFJ31GeMramkzGITYhN0gaCMEbSwsIrhJILsJd2dnkyGzs8vMrBhCWht/xcZCEVv/wM6/cfIoNPHAwOGce7hzT5ByprRtf1tLyyura+u5jfzm1vbObmFvv66STBLqkoQnshmAopwJ6mqmOW2mkkIccNoI+ldjv3FPpWKJuNODlPoxdAWLGAFtpE4BewICDu0KjkoPJ/gCu9i7MfEQsNv2dJJ2CkW7bE+AF4kzI0U0Q61T+PLChGQxFZpwUKrl2Kn2hyA1I5yO8l6maAqkD13aMlRATJU/nFwywsdGCXGUSPOExhP1d2IIsVKDODCTMeiemvfG4n9eK9PRuT9kIs00FWS6KMo41gke14JDJinRfGAIEMnMXzHpgQSiTXl5U4Izf/IiqVfKjl12bk+L1ctZHTl0iI5QCTnoDFXRNaohFxH0iJ7RK3qznqwX6936mI4uWbPMAfoD6/MHWiSYNQ==</latexit><latexit sha1_base64="6kXV0cVpjMPhn+BiSacOgZMZUk8=">AAACCXicbVC7SgNBFJ31GeMramkzGITYhN0gaCMEbSwsIrhJILsJd2dnkyGzs8vMrBhCWht/xcZCEVv/wM6/cfIoNPHAwOGce7hzT5ByprRtf1tLyyura+u5jfzm1vbObmFvv66STBLqkoQnshmAopwJ6mqmOW2mkkIccNoI+ldjv3FPpWKJuNODlPoxdAWLGAFtpE4BewICDu0KjkoPJ/gCu9i7MfEQsNv2dJJ2CkW7bE+AF4kzI0U0Q61T+PLChGQxFZpwUKrl2Kn2hyA1I5yO8l6maAqkD13aMlRATJU/nFwywsdGCXGUSPOExhP1d2IIsVKDODCTMeiemvfG4n9eK9PRuT9kIs00FWS6KMo41gke14JDJinRfGAIEMnMXzHpgQSiTXl5U4Izf/IiqVfKjl12bk+L1ctZHTl0iI5QCTnoDFXRNaohFxH0iJ7RK3qznqwX6936mI4uWbPMAfoD6/MHWiSYNQ==</latexit>

- General rules:

1. Only positive eigenvalues: local minimum

2. Only negative eigenvalues: local maximum

3. Only positive and negative eigenvalues: (strict) saddle point
(We will discuss about this later on)



Second-order derivative test

- Consider the Hessian at a critical point     : x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

r2f(x) 2 Rp⇥p
<latexit sha1_base64="L+F/IqMRq2UvkI/ULwKmIWZ0KC8=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEjtUiUVEowVLIwF0YfUpJXtOq1Vx4lsB1FF+QYWfoWFAYRYmdj4G9w2A7Qc6UpH59yre+/BMWdKO863tbK6tr6xWdgqbu/s7u3bB4ctFSWS0CaJeCQ7GCnKmaBNzTSnnVhSFGJO23h8NfXb91QqFok7PYmpH6KhYAEjSBupb1c8gTBHvRoMyg8V6DEBvRDpEcbpbdZLY+hpFlIF46xvl5yqMwNcJm5OSiBHo29/eYOIJCEVmnCkVNd1Yu2nSGpGOM2KXqJojMgYDWnXUIHMHj+dvZTBU6MMYBBJU0LDmfp7IkWhUpMQm87puWrRm4r/ed1EBxd+ykScaCrIfFGQcKgjOM0HDpikRPOJIYhIZm6FZIQkItqkWDQhuIsvL5NWreo6VffmrFS/zOMogGNwAsrABeegDq5BAzQBAY/gGbyCN+vJerHerY9564qVzxyBP7A+fwDaP5z5</latexit><latexit sha1_base64="L+F/IqMRq2UvkI/ULwKmIWZ0KC8=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEjtUiUVEowVLIwF0YfUpJXtOq1Vx4lsB1FF+QYWfoWFAYRYmdj4G9w2A7Qc6UpH59yre+/BMWdKO863tbK6tr6xWdgqbu/s7u3bB4ctFSWS0CaJeCQ7GCnKmaBNzTSnnVhSFGJO23h8NfXb91QqFok7PYmpH6KhYAEjSBupb1c8gTBHvRoMyg8V6DEBvRDpEcbpbdZLY+hpFlIF46xvl5yqMwNcJm5OSiBHo29/eYOIJCEVmnCkVNd1Yu2nSGpGOM2KXqJojMgYDWnXUIHMHj+dvZTBU6MMYBBJU0LDmfp7IkWhUpMQm87puWrRm4r/ed1EBxd+ykScaCrIfFGQcKgjOM0HDpikRPOJIYhIZm6FZIQkItqkWDQhuIsvL5NWreo6VffmrFS/zOMogGNwAsrABeegDq5BAzQBAY/gGbyCN+vJerHerY9564qVzxyBP7A+fwDaP5z5</latexit><latexit sha1_base64="L+F/IqMRq2UvkI/ULwKmIWZ0KC8=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEjtUiUVEowVLIwF0YfUpJXtOq1Vx4lsB1FF+QYWfoWFAYRYmdj4G9w2A7Qc6UpH59yre+/BMWdKO863tbK6tr6xWdgqbu/s7u3bB4ctFSWS0CaJeCQ7GCnKmaBNzTSnnVhSFGJO23h8NfXb91QqFok7PYmpH6KhYAEjSBupb1c8gTBHvRoMyg8V6DEBvRDpEcbpbdZLY+hpFlIF46xvl5yqMwNcJm5OSiBHo29/eYOIJCEVmnCkVNd1Yu2nSGpGOM2KXqJojMgYDWnXUIHMHj+dvZTBU6MMYBBJU0LDmfp7IkWhUpMQm87puWrRm4r/ed1EBxd+ykScaCrIfFGQcKgjOM0HDpikRPOJIYhIZm6FZIQkItqkWDQhuIsvL5NWreo6VffmrFS/zOMogGNwAsrABeegDq5BAzQBAY/gGbyCN+vJerHerY9564qVzxyBP7A+fwDaP5z5</latexit><latexit sha1_base64="L+F/IqMRq2UvkI/ULwKmIWZ0KC8=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEjtUiUVEowVLIwF0YfUpJXtOq1Vx4lsB1FF+QYWfoWFAYRYmdj4G9w2A7Qc6UpH59yre+/BMWdKO863tbK6tr6xWdgqbu/s7u3bB4ctFSWS0CaJeCQ7GCnKmaBNzTSnnVhSFGJO23h8NfXb91QqFok7PYmpH6KhYAEjSBupb1c8gTBHvRoMyg8V6DEBvRDpEcbpbdZLY+hpFlIF46xvl5yqMwNcJm5OSiBHo29/eYOIJCEVmnCkVNd1Yu2nSGpGOM2KXqJojMgYDWnXUIHMHj+dvZTBU6MMYBBJU0LDmfp7IkWhUpMQm87puWrRm4r/ed1EBxd+ykScaCrIfFGQcKgjOM0HDpikRPOJIYhIZm6FZIQkItqkWDQhuIsvL5NWreo6VffmrFS/zOMogGNwAsrABeegDq5BAzQBAY/gGbyCN+vJerHerY9564qVzxyBP7A+fwDaP5z5</latexit>

- The Hessian is square and symmetric: we compute its eigenvalue decomp.:

r2f(x) = U⇤U>
<latexit sha1_base64="6kXV0cVpjMPhn+BiSacOgZMZUk8=">AAACCXicbVC7SgNBFJ31GeMramkzGITYhN0gaCMEbSwsIrhJILsJd2dnkyGzs8vMrBhCWht/xcZCEVv/wM6/cfIoNPHAwOGce7hzT5ByprRtf1tLyyura+u5jfzm1vbObmFvv66STBLqkoQnshmAopwJ6mqmOW2mkkIccNoI+ldjv3FPpWKJuNODlPoxdAWLGAFtpE4BewICDu0KjkoPJ/gCu9i7MfEQsNv2dJJ2CkW7bE+AF4kzI0U0Q61T+PLChGQxFZpwUKrl2Kn2hyA1I5yO8l6maAqkD13aMlRATJU/nFwywsdGCXGUSPOExhP1d2IIsVKDODCTMeiemvfG4n9eK9PRuT9kIs00FWS6KMo41gke14JDJinRfGAIEMnMXzHpgQSiTXl5U4Izf/IiqVfKjl12bk+L1ctZHTl0iI5QCTnoDFXRNaohFxH0iJ7RK3qznqwX6936mI4uWbPMAfoD6/MHWiSYNQ==</latexit><latexit sha1_base64="6kXV0cVpjMPhn+BiSacOgZMZUk8=">AAACCXicbVC7SgNBFJ31GeMramkzGITYhN0gaCMEbSwsIrhJILsJd2dnkyGzs8vMrBhCWht/xcZCEVv/wM6/cfIoNPHAwOGce7hzT5ByprRtf1tLyyura+u5jfzm1vbObmFvv66STBLqkoQnshmAopwJ6mqmOW2mkkIccNoI+ldjv3FPpWKJuNODlPoxdAWLGAFtpE4BewICDu0KjkoPJ/gCu9i7MfEQsNv2dJJ2CkW7bE+AF4kzI0U0Q61T+PLChGQxFZpwUKrl2Kn2hyA1I5yO8l6maAqkD13aMlRATJU/nFwywsdGCXGUSPOExhP1d2IIsVKDODCTMeiemvfG4n9eK9PRuT9kIs00FWS6KMo41gke14JDJinRfGAIEMnMXzHpgQSiTXl5U4Izf/IiqVfKjl12bk+L1ctZHTl0iI5QCTnoDFXRNaohFxH0iJ7RK3qznqwX6936mI4uWbPMAfoD6/MHWiSYNQ==</latexit><latexit sha1_base64="6kXV0cVpjMPhn+BiSacOgZMZUk8=">AAACCXicbVC7SgNBFJ31GeMramkzGITYhN0gaCMEbSwsIrhJILsJd2dnkyGzs8vMrBhCWht/xcZCEVv/wM6/cfIoNPHAwOGce7hzT5ByprRtf1tLyyura+u5jfzm1vbObmFvv66STBLqkoQnshmAopwJ6mqmOW2mkkIccNoI+ldjv3FPpWKJuNODlPoxdAWLGAFtpE4BewICDu0KjkoPJ/gCu9i7MfEQsNv2dJJ2CkW7bE+AF4kzI0U0Q61T+PLChGQxFZpwUKrl2Kn2hyA1I5yO8l6maAqkD13aMlRATJU/nFwywsdGCXGUSPOExhP1d2IIsVKDODCTMeiemvfG4n9eK9PRuT9kIs00FWS6KMo41gke14JDJinRfGAIEMnMXzHpgQSiTXl5U4Izf/IiqVfKjl12bk+L1ctZHTl0iI5QCTnoDFXRNaohFxH0iJ7RK3qznqwX6936mI4uWbPMAfoD6/MHWiSYNQ==</latexit><latexit sha1_base64="6kXV0cVpjMPhn+BiSacOgZMZUk8=">AAACCXicbVC7SgNBFJ31GeMramkzGITYhN0gaCMEbSwsIrhJILsJd2dnkyGzs8vMrBhCWht/xcZCEVv/wM6/cfIoNPHAwOGce7hzT5ByprRtf1tLyyura+u5jfzm1vbObmFvv66STBLqkoQnshmAopwJ6mqmOW2mkkIccNoI+ldjv3FPpWKJuNODlPoxdAWLGAFtpE4BewICDu0KjkoPJ/gCu9i7MfEQsNv2dJJ2CkW7bE+AF4kzI0U0Q61T+PLChGQxFZpwUKrl2Kn2hyA1I5yO8l6maAqkD13aMlRATJU/nFwywsdGCXGUSPOExhP1d2IIsVKDODCTMeiemvfG4n9eK9PRuT9kIs00FWS6KMo41gke14JDJinRfGAIEMnMXzHpgQSiTXl5U4Izf/IiqVfKjl12bk+L1ctZHTl0iI5QCTnoDFXRNaohFxH0iJ7RK3qznqwX6936mI4uWbPMAfoD6/MHWiSYNQ==</latexit>

- General rules:

1. Only positive eigenvalues: local minimum

2. Only negative eigenvalues: local maximum

4. Positive, negative and zero eigenvalues: general saddle point

3. Only positive and negative eigenvalues: (strict) saddle point
(We will discuss about this later on)



What can we hope for at saddle points? 
- One can use intuition from second-order Taylor expansion:

f(y) ⇡ f(x) + hrf(x), y � xi+ 1
2

⌦
r2f(x)(y � x), y � x

↵
<latexit sha1_base64="1+8HZGBRv6W1o9OhiW+xSnVRSFM="></latexit><latexit sha1_base64="1+8HZGBRv6W1o9OhiW+xSnVRSFM="></latexit><latexit sha1_base64="1+8HZGBRv6W1o9OhiW+xSnVRSFM="></latexit><latexit sha1_base64="1+8HZGBRv6W1o9OhiW+xSnVRSFM="></latexit>



What can we hope for at saddle points? 
- One can use intuition from second-order Taylor expansion:

f(y) ⇡ f(x) + hrf(x), y � xi+ 1
2

⌦
r2f(x)(y � x), y � x

↵
<latexit sha1_base64="1+8HZGBRv6W1o9OhiW+xSnVRSFM="></latexit><latexit sha1_base64="1+8HZGBRv6W1o9OhiW+xSnVRSFM="></latexit><latexit sha1_base64="1+8HZGBRv6W1o9OhiW+xSnVRSFM="></latexit><latexit sha1_base64="1+8HZGBRv6W1o9OhiW+xSnVRSFM="></latexit>

- Even if                , we hope we can find a direction             such that rf(x) = 0
<latexit sha1_base64="KR+3Z51AvcWNwxHZ0suMWGz9Up4=">AAAB+HicbVDLSgNBEOz1GeMjUY9eBoMQL2FXBL0IQS8eI5gHJEvoncwmQ2Znl5lZMS75Ei8eFPHqp3jzb5w8DppY0FBUddPdFSSCa+O6387K6tr6xmZuK7+9s7tXKO4fNHScKsrqNBaxagWomeCS1Q03grUSxTAKBGsGw5uJ33xgSvNY3ptRwvwI+5KHnKKxUrdY6EgMBJKw/HhKrojbLZbcijsFWSbenJRgjlq3+NXpxTSNmDRUoNZtz02Mn6EynAo2zndSzRKkQ+yztqUSI6b9bHr4mJxYpUfCWNmShkzV3xMZRlqPosB2RmgGetGbiP957dSEl37GZZIaJulsUZgKYmIySYH0uGLUiJElSBW3txI6QIXU2KzyNgRv8eVl0jireG7FuzsvVa/nceTgCI6hDB5cQBVuoQZ1oJDCM7zCm/PkvDjvzsesdcWZzxzCHzifP2PMkZc=</latexit><latexit sha1_base64="KR+3Z51AvcWNwxHZ0suMWGz9Up4=">AAAB+HicbVDLSgNBEOz1GeMjUY9eBoMQL2FXBL0IQS8eI5gHJEvoncwmQ2Znl5lZMS75Ei8eFPHqp3jzb5w8DppY0FBUddPdFSSCa+O6387K6tr6xmZuK7+9s7tXKO4fNHScKsrqNBaxagWomeCS1Q03grUSxTAKBGsGw5uJ33xgSvNY3ptRwvwI+5KHnKKxUrdY6EgMBJKw/HhKrojbLZbcijsFWSbenJRgjlq3+NXpxTSNmDRUoNZtz02Mn6EynAo2zndSzRKkQ+yztqUSI6b9bHr4mJxYpUfCWNmShkzV3xMZRlqPosB2RmgGetGbiP957dSEl37GZZIaJulsUZgKYmIySYH0uGLUiJElSBW3txI6QIXU2KzyNgRv8eVl0jireG7FuzsvVa/nceTgCI6hDB5cQBVuoQZ1oJDCM7zCm/PkvDjvzsesdcWZzxzCHzifP2PMkZc=</latexit><latexit sha1_base64="KR+3Z51AvcWNwxHZ0suMWGz9Up4=">AAAB+HicbVDLSgNBEOz1GeMjUY9eBoMQL2FXBL0IQS8eI5gHJEvoncwmQ2Znl5lZMS75Ei8eFPHqp3jzb5w8DppY0FBUddPdFSSCa+O6387K6tr6xmZuK7+9s7tXKO4fNHScKsrqNBaxagWomeCS1Q03grUSxTAKBGsGw5uJ33xgSvNY3ptRwvwI+5KHnKKxUrdY6EgMBJKw/HhKrojbLZbcijsFWSbenJRgjlq3+NXpxTSNmDRUoNZtz02Mn6EynAo2zndSzRKkQ+yztqUSI6b9bHr4mJxYpUfCWNmShkzV3xMZRlqPosB2RmgGetGbiP957dSEl37GZZIaJulsUZgKYmIySYH0uGLUiJElSBW3txI6QIXU2KzyNgRv8eVl0jireG7FuzsvVa/nceTgCI6hDB5cQBVuoQZ1oJDCM7zCm/PkvDjvzsesdcWZzxzCHzifP2PMkZc=</latexit><latexit sha1_base64="KR+3Z51AvcWNwxHZ0suMWGz9Up4=">AAAB+HicbVDLSgNBEOz1GeMjUY9eBoMQL2FXBL0IQS8eI5gHJEvoncwmQ2Znl5lZMS75Ei8eFPHqp3jzb5w8DppY0FBUddPdFSSCa+O6387K6tr6xmZuK7+9s7tXKO4fNHScKsrqNBaxagWomeCS1Q03grUSxTAKBGsGw5uJ33xgSvNY3ptRwvwI+5KHnKKxUrdY6EgMBJKw/HhKrojbLZbcijsFWSbenJRgjlq3+NXpxTSNmDRUoNZtz02Mn6EynAo2zndSzRKkQ+yztqUSI6b9bHr4mJxYpUfCWNmShkzV3xMZRlqPosB2RmgGetGbiP957dSEl37GZZIaJulsUZgKYmIySYH0uGLUiJElSBW3txI6QIXU2KzyNgRv8eVl0jireG7FuzsvVa/nceTgCI6hDB5cQBVuoQZ1oJDCM7zCm/PkvDjvzsesdcWZzxzCHzifP2PMkZc=</latexit>

(y � x)
<latexit sha1_base64="8A6Muuootlmeedv5iek0fZ9S/vQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUgyURQY9FLx4r2A9oQ9lsJ+3SzSbsbsRQ+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekSleSwfTJagH9GB5CFn1FipVcnIOXk665XKbtWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8cdUGc4ETordVGNC2YgOsGOppBFqfzw7d0JOrdInYaxsSUNm6u+JMY20zqLAdkbUDPWiNxX/8zqpCa/9MZdJalCy+aIwFcTEZPo76XOFzIjMEsoUt7cSNqSKMmMTKtoQvMWXl0nzouq5Ve/+sly7yeMowDGcQAU8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx+gRI5v</latexit><latexit sha1_base64="8A6Muuootlmeedv5iek0fZ9S/vQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUgyURQY9FLx4r2A9oQ9lsJ+3SzSbsbsRQ+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekSleSwfTJagH9GB5CFn1FipVcnIOXk665XKbtWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8cdUGc4ETordVGNC2YgOsGOppBFqfzw7d0JOrdInYaxsSUNm6u+JMY20zqLAdkbUDPWiNxX/8zqpCa/9MZdJalCy+aIwFcTEZPo76XOFzIjMEsoUt7cSNqSKMmMTKtoQvMWXl0nzouq5Ve/+sly7yeMowDGcQAU8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx+gRI5v</latexit><latexit sha1_base64="8A6Muuootlmeedv5iek0fZ9S/vQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUgyURQY9FLx4r2A9oQ9lsJ+3SzSbsbsRQ+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekSleSwfTJagH9GB5CFn1FipVcnIOXk665XKbtWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8cdUGc4ETordVGNC2YgOsGOppBFqfzw7d0JOrdInYaxsSUNm6u+JMY20zqLAdkbUDPWiNxX/8zqpCa/9MZdJalCy+aIwFcTEZPo76XOFzIjMEsoUt7cSNqSKMmMTKtoQvMWXl0nzouq5Ve/+sly7yeMowDGcQAU8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx+gRI5v</latexit><latexit sha1_base64="8A6Muuootlmeedv5iek0fZ9S/vQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUgyURQY9FLx4r2A9oQ9lsJ+3SzSbsbsRQ+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekSleSwfTJagH9GB5CFn1FipVcnIOXk665XKbtWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8cdUGc4ETordVGNC2YgOsGOppBFqfzw7d0JOrdInYaxsSUNm6u+JMY20zqLAdkbUDPWiNxX/8zqpCa/9MZdJalCy+aIwFcTEZPo76XOFzIjMEsoUt7cSNqSKMmMTKtoQvMWXl0nzouq5Ve/+sly7yeMowDGcQAU8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx+gRI5v</latexit>⌦

r2f(x)(y � x), y � x
↵
< 0

<latexit sha1_base64="aH0nPGj8JvJAHLbaVU1OlFXlbRM=">AAACJHicbVDJSgNBEO1xN25Rj14agxBBw4wICnoQvXhUMCpkYqjp1CSNPT1Dd40Ygh/jxV/x4sEFD178FjvLwa2gqcd7r6iuF2VKWvL9D29kdGx8YnJqujAzOze/UFxcOrdpbgRWRapScxmBRSU1VkmSwsvMICSRwovo+qinX9ygsTLVZ9TJsJ5AS8tYCiBHNYp7ocKYQgW6pZCHGiIFV1s8Lt+ulzt8k9+ub/B+56GRrTa5NrDuc79RLPkVv1/8LwiGoMSGddIovobNVOQJahIKrK0Ffkb1LhiSQuFdIcwtZiCuoYU1BzUkaOvd/pF3fM0xTR6nxj1NvM9+n+hCYm0niZwzAWrb31qP/E+r5RTv1rtSZzmhFoNFca44pbyXGG9Kg4JUxwEQRrq/ctEGA4JcrgUXQvD75L/gfKsS+JXgdLt0cDiMY4qtsFVWZgHbYQfsmJ2wKhPsnj2yZ/biPXhP3pv3PrCOeMOZZfajvM8vw2uhvA==</latexit><latexit sha1_base64="aH0nPGj8JvJAHLbaVU1OlFXlbRM=">AAACJHicbVDJSgNBEO1xN25Rj14agxBBw4wICnoQvXhUMCpkYqjp1CSNPT1Dd40Ygh/jxV/x4sEFD178FjvLwa2gqcd7r6iuF2VKWvL9D29kdGx8YnJqujAzOze/UFxcOrdpbgRWRapScxmBRSU1VkmSwsvMICSRwovo+qinX9ygsTLVZ9TJsJ5AS8tYCiBHNYp7ocKYQgW6pZCHGiIFV1s8Lt+ulzt8k9+ub/B+56GRrTa5NrDuc79RLPkVv1/8LwiGoMSGddIovobNVOQJahIKrK0Ffkb1LhiSQuFdIcwtZiCuoYU1BzUkaOvd/pF3fM0xTR6nxj1NvM9+n+hCYm0niZwzAWrb31qP/E+r5RTv1rtSZzmhFoNFca44pbyXGG9Kg4JUxwEQRrq/ctEGA4JcrgUXQvD75L/gfKsS+JXgdLt0cDiMY4qtsFVWZgHbYQfsmJ2wKhPsnj2yZ/biPXhP3pv3PrCOeMOZZfajvM8vw2uhvA==</latexit><latexit sha1_base64="aH0nPGj8JvJAHLbaVU1OlFXlbRM=">AAACJHicbVDJSgNBEO1xN25Rj14agxBBw4wICnoQvXhUMCpkYqjp1CSNPT1Dd40Ygh/jxV/x4sEFD178FjvLwa2gqcd7r6iuF2VKWvL9D29kdGx8YnJqujAzOze/UFxcOrdpbgRWRapScxmBRSU1VkmSwsvMICSRwovo+qinX9ygsTLVZ9TJsJ5AS8tYCiBHNYp7ocKYQgW6pZCHGiIFV1s8Lt+ulzt8k9+ub/B+56GRrTa5NrDuc79RLPkVv1/8LwiGoMSGddIovobNVOQJahIKrK0Ffkb1LhiSQuFdIcwtZiCuoYU1BzUkaOvd/pF3fM0xTR6nxj1NvM9+n+hCYm0niZwzAWrb31qP/E+r5RTv1rtSZzmhFoNFca44pbyXGG9Kg4JUxwEQRrq/ctEGA4JcrgUXQvD75L/gfKsS+JXgdLt0cDiMY4qtsFVWZgHbYQfsmJ2wKhPsnj2yZ/biPXhP3pv3PrCOeMOZZfajvM8vw2uhvA==</latexit><latexit sha1_base64="aH0nPGj8JvJAHLbaVU1OlFXlbRM=">AAACJHicbVDJSgNBEO1xN25Rj14agxBBw4wICnoQvXhUMCpkYqjp1CSNPT1Dd40Ygh/jxV/x4sEFD178FjvLwa2gqcd7r6iuF2VKWvL9D29kdGx8YnJqujAzOze/UFxcOrdpbgRWRapScxmBRSU1VkmSwsvMICSRwovo+qinX9ygsTLVZ9TJsJ5AS8tYCiBHNYp7ocKYQgW6pZCHGiIFV1s8Lt+ulzt8k9+ub/B+56GRrTa5NrDuc79RLPkVv1/8LwiGoMSGddIovobNVOQJahIKrK0Ffkb1LhiSQuFdIcwtZiCuoYU1BzUkaOvd/pF3fM0xTR6nxj1NvM9+n+hCYm0niZwzAWrb31qP/E+r5RTv1rtSZzmhFoNFca44pbyXGG9Kg4JUxwEQRrq/ctEGA4JcrgUXQvD75L/gfKsS+JXgdLt0cDiMY4qtsFVWZgHbYQfsmJ2wKhPsnj2yZ/biPXhP3pv3PrCOeMOZZfajvM8vw2uhvA==</latexit>



What can we hope for at saddle points? 
- One can use intuition from second-order Taylor expansion:

f(y) ⇡ f(x) + hrf(x), y � xi+ 1
2

⌦
r2f(x)(y � x), y � x

↵
<latexit sha1_base64="1+8HZGBRv6W1o9OhiW+xSnVRSFM="></latexit><latexit sha1_base64="1+8HZGBRv6W1o9OhiW+xSnVRSFM="></latexit><latexit sha1_base64="1+8HZGBRv6W1o9OhiW+xSnVRSFM="></latexit><latexit sha1_base64="1+8HZGBRv6W1o9OhiW+xSnVRSFM="></latexit>

- Even if                , we hope we can find a direction             such that rf(x) = 0
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(y � x)
<latexit sha1_base64="8A6Muuootlmeedv5iek0fZ9S/vQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUgyURQY9FLx4r2A9oQ9lsJ+3SzSbsbsRQ+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekSleSwfTJagH9GB5CFn1FipVcnIOXk665XKbtWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8cdUGc4ETordVGNC2YgOsGOppBFqfzw7d0JOrdInYaxsSUNm6u+JMY20zqLAdkbUDPWiNxX/8zqpCa/9MZdJalCy+aIwFcTEZPo76XOFzIjMEsoUt7cSNqSKMmMTKtoQvMWXl0nzouq5Ve/+sly7yeMowDGcQAU8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx+gRI5v</latexit><latexit sha1_base64="8A6Muuootlmeedv5iek0fZ9S/vQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUgyURQY9FLx4r2A9oQ9lsJ+3SzSbsbsRQ+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekSleSwfTJagH9GB5CFn1FipVcnIOXk665XKbtWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8cdUGc4ETordVGNC2YgOsGOppBFqfzw7d0JOrdInYaxsSUNm6u+JMY20zqLAdkbUDPWiNxX/8zqpCa/9MZdJalCy+aIwFcTEZPo76XOFzIjMEsoUt7cSNqSKMmMTKtoQvMWXl0nzouq5Ve/+sly7yeMowDGcQAU8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx+gRI5v</latexit><latexit sha1_base64="8A6Muuootlmeedv5iek0fZ9S/vQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUgyURQY9FLx4r2A9oQ9lsJ+3SzSbsbsRQ+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekSleSwfTJagH9GB5CFn1FipVcnIOXk665XKbtWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8cdUGc4ETordVGNC2YgOsGOppBFqfzw7d0JOrdInYaxsSUNm6u+JMY20zqLAdkbUDPWiNxX/8zqpCa/9MZdJalCy+aIwFcTEZPo76XOFzIjMEsoUt7cSNqSKMmMTKtoQvMWXl0nzouq5Ve/+sly7yeMowDGcQAU8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx+gRI5v</latexit><latexit sha1_base64="8A6Muuootlmeedv5iek0fZ9S/vQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUgyURQY9FLx4r2A9oQ9lsJ+3SzSbsbsRQ+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekSleSwfTJagH9GB5CFn1FipVcnIOXk665XKbtWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8cdUGc4ETordVGNC2YgOsGOppBFqfzw7d0JOrdInYaxsSUNm6u+JMY20zqLAdkbUDPWiNxX/8zqpCa/9MZdJalCy+aIwFcTEZPo76XOFzIjMEsoUt7cSNqSKMmMTKtoQvMWXl0nzouq5Ve/+sly7yeMowDGcQAU8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx+gRI5v</latexit>⌦

r2f(x)(y � x), y � x
↵
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- Intuition suggests that saddle points with several directions that satisfy 
⌦
r2f(x)(y � x), y � x

↵
⌧ 0

<latexit sha1_base64="5y6SBF8lnLWADD0IU1s8neLMCVc=">AAACJnicbVDLSgNBEJz1bXxFPXoZDEIEDbtB0IsgevGoYFTIxtA76U0GZ2eXmV4xBL/Gi7/ixYMi4s1PcRL34Kth6KKqmp6uKFPSku+/e2PjE5NT0zOzpbn5hcWl8vLKuU1zI7AhUpWaywgsKqmxQZIUXmYGIYkUXkTXR0P94gaNlak+o36GrQS6WsZSADmqXd4PFcYUKtBdhTzUECm4qvO4ertZ7fNtfru5xUedh0Z2e+RaYVWK++1yxa/5o+J/QVCACivqpF1+DjupyBPUJBRY2wz8jFoDMCSFwrtSmFvMQFxDF5sOakjQtgajM+/4hmM6PE6Ne5r4iP0+MYDE2n4SOWcC1LO/tSH5n9bMKd5rDaTOckItvhbFueKU8mFmvCMNClJ9B0AY6f7KRQ8MCHLJllwIwe+T/4Lzei3wa8HpTuXgsIhjhq2xdVZlAdtlB+yYnbAGE+yePbJn9uI9eE/eq/f2ZR3ziplV9qO8j0+t26LI</latexit><latexit sha1_base64="5y6SBF8lnLWADD0IU1s8neLMCVc=">AAACJnicbVDLSgNBEJz1bXxFPXoZDEIEDbtB0IsgevGoYFTIxtA76U0GZ2eXmV4xBL/Gi7/ixYMi4s1PcRL34Kth6KKqmp6uKFPSku+/e2PjE5NT0zOzpbn5hcWl8vLKuU1zI7AhUpWaywgsKqmxQZIUXmYGIYkUXkTXR0P94gaNlak+o36GrQS6WsZSADmqXd4PFcYUKtBdhTzUECm4qvO4ertZ7fNtfru5xUedh0Z2e+RaYVWK++1yxa/5o+J/QVCACivqpF1+DjupyBPUJBRY2wz8jFoDMCSFwrtSmFvMQFxDF5sOakjQtgajM+/4hmM6PE6Ne5r4iP0+MYDE2n4SOWcC1LO/tSH5n9bMKd5rDaTOckItvhbFueKU8mFmvCMNClJ9B0AY6f7KRQ8MCHLJllwIwe+T/4Lzei3wa8HpTuXgsIhjhq2xdVZlAdtlB+yYnbAGE+yePbJn9uI9eE/eq/f2ZR3ziplV9qO8j0+t26LI</latexit><latexit sha1_base64="5y6SBF8lnLWADD0IU1s8neLMCVc=">AAACJnicbVDLSgNBEJz1bXxFPXoZDEIEDbtB0IsgevGoYFTIxtA76U0GZ2eXmV4xBL/Gi7/ixYMi4s1PcRL34Kth6KKqmp6uKFPSku+/e2PjE5NT0zOzpbn5hcWl8vLKuU1zI7AhUpWaywgsKqmxQZIUXmYGIYkUXkTXR0P94gaNlak+o36GrQS6WsZSADmqXd4PFcYUKtBdhTzUECm4qvO4ertZ7fNtfru5xUedh0Z2e+RaYVWK++1yxa/5o+J/QVCACivqpF1+DjupyBPUJBRY2wz8jFoDMCSFwrtSmFvMQFxDF5sOakjQtgajM+/4hmM6PE6Ne5r4iP0+MYDE2n4SOWcC1LO/tSH5n9bMKd5rDaTOckItvhbFueKU8mFmvCMNClJ9B0AY6f7KRQ8MCHLJllwIwe+T/4Lzei3wa8HpTuXgsIhjhq2xdVZlAdtlB+yYnbAGE+yePbJn9uI9eE/eq/f2ZR3ziplV9qO8j0+t26LI</latexit><latexit sha1_base64="5y6SBF8lnLWADD0IU1s8neLMCVc=">AAACJnicbVDLSgNBEJz1bXxFPXoZDEIEDbtB0IsgevGoYFTIxtA76U0GZ2eXmV4xBL/Gi7/ixYMi4s1PcRL34Kth6KKqmp6uKFPSku+/e2PjE5NT0zOzpbn5hcWl8vLKuU1zI7AhUpWaywgsKqmxQZIUXmYGIYkUXkTXR0P94gaNlak+o36GrQS6WsZSADmqXd4PFcYUKtBdhTzUECm4qvO4ertZ7fNtfru5xUedh0Z2e+RaYVWK++1yxa/5o+J/QVCACivqpF1+DjupyBPUJBRY2wz8jFoDMCSFwrtSmFvMQFxDF5sOakjQtgajM+/4hmM6PE6Ne5r4iP0+MYDE2n4SOWcC1LO/tSH5n9bMKd5rDaTOckItvhbFueKU8mFmvCMNClJ9B0AY6f7KRQ8MCHLJllwIwe+T/4Lzei3wa8HpTuXgsIhjhq2xdVZlAdtlB+yYnbAGE+yePbJn9uI9eE/eq/f2ZR3ziplV9qO8j0+t26LI</latexit>

   means that we can find directions that decrease the function (and thus,  
   we escape saddle points)



What can we hope for at saddle points? 
- One can use intuition from second-order Taylor expansion:

f(y) ⇡ f(x) + hrf(x), y � xi+ 1
2

⌦
r2f(x)(y � x), y � x

↵
<latexit sha1_base64="1+8HZGBRv6W1o9OhiW+xSnVRSFM="></latexit><latexit sha1_base64="1+8HZGBRv6W1o9OhiW+xSnVRSFM="></latexit><latexit sha1_base64="1+8HZGBRv6W1o9OhiW+xSnVRSFM="></latexit><latexit sha1_base64="1+8HZGBRv6W1o9OhiW+xSnVRSFM="></latexit>

- Even if                , we hope we can find a direction             such that rf(x) = 0
<latexit sha1_base64="KR+3Z51AvcWNwxHZ0suMWGz9Up4=">AAAB+HicbVDLSgNBEOz1GeMjUY9eBoMQL2FXBL0IQS8eI5gHJEvoncwmQ2Znl5lZMS75Ei8eFPHqp3jzb5w8DppY0FBUddPdFSSCa+O6387K6tr6xmZuK7+9s7tXKO4fNHScKsrqNBaxagWomeCS1Q03grUSxTAKBGsGw5uJ33xgSvNY3ptRwvwI+5KHnKKxUrdY6EgMBJKw/HhKrojbLZbcijsFWSbenJRgjlq3+NXpxTSNmDRUoNZtz02Mn6EynAo2zndSzRKkQ+yztqUSI6b9bHr4mJxYpUfCWNmShkzV3xMZRlqPosB2RmgGetGbiP957dSEl37GZZIaJulsUZgKYmIySYH0uGLUiJElSBW3txI6QIXU2KzyNgRv8eVl0jireG7FuzsvVa/nceTgCI6hDB5cQBVuoQZ1oJDCM7zCm/PkvDjvzsesdcWZzxzCHzifP2PMkZc=</latexit><latexit sha1_base64="KR+3Z51AvcWNwxHZ0suMWGz9Up4=">AAAB+HicbVDLSgNBEOz1GeMjUY9eBoMQL2FXBL0IQS8eI5gHJEvoncwmQ2Znl5lZMS75Ei8eFPHqp3jzb5w8DppY0FBUddPdFSSCa+O6387K6tr6xmZuK7+9s7tXKO4fNHScKsrqNBaxagWomeCS1Q03grUSxTAKBGsGw5uJ33xgSvNY3ptRwvwI+5KHnKKxUrdY6EgMBJKw/HhKrojbLZbcijsFWSbenJRgjlq3+NXpxTSNmDRUoNZtz02Mn6EynAo2zndSzRKkQ+yztqUSI6b9bHr4mJxYpUfCWNmShkzV3xMZRlqPosB2RmgGetGbiP957dSEl37GZZIaJulsUZgKYmIySYH0uGLUiJElSBW3txI6QIXU2KzyNgRv8eVl0jireG7FuzsvVa/nceTgCI6hDB5cQBVuoQZ1oJDCM7zCm/PkvDjvzsesdcWZzxzCHzifP2PMkZc=</latexit><latexit sha1_base64="KR+3Z51AvcWNwxHZ0suMWGz9Up4=">AAAB+HicbVDLSgNBEOz1GeMjUY9eBoMQL2FXBL0IQS8eI5gHJEvoncwmQ2Znl5lZMS75Ei8eFPHqp3jzb5w8DppY0FBUddPdFSSCa+O6387K6tr6xmZuK7+9s7tXKO4fNHScKsrqNBaxagWomeCS1Q03grUSxTAKBGsGw5uJ33xgSvNY3ptRwvwI+5KHnKKxUrdY6EgMBJKw/HhKrojbLZbcijsFWSbenJRgjlq3+NXpxTSNmDRUoNZtz02Mn6EynAo2zndSzRKkQ+yztqUSI6b9bHr4mJxYpUfCWNmShkzV3xMZRlqPosB2RmgGetGbiP957dSEl37GZZIaJulsUZgKYmIySYH0uGLUiJElSBW3txI6QIXU2KzyNgRv8eVl0jireG7FuzsvVa/nceTgCI6hDB5cQBVuoQZ1oJDCM7zCm/PkvDjvzsesdcWZzxzCHzifP2PMkZc=</latexit><latexit sha1_base64="KR+3Z51AvcWNwxHZ0suMWGz9Up4=">AAAB+HicbVDLSgNBEOz1GeMjUY9eBoMQL2FXBL0IQS8eI5gHJEvoncwmQ2Znl5lZMS75Ei8eFPHqp3jzb5w8DppY0FBUddPdFSSCa+O6387K6tr6xmZuK7+9s7tXKO4fNHScKsrqNBaxagWomeCS1Q03grUSxTAKBGsGw5uJ33xgSvNY3ptRwvwI+5KHnKKxUrdY6EgMBJKw/HhKrojbLZbcijsFWSbenJRgjlq3+NXpxTSNmDRUoNZtz02Mn6EynAo2zndSzRKkQ+yztqUSI6b9bHr4mJxYpUfCWNmShkzV3xMZRlqPosB2RmgGetGbiP957dSEl37GZZIaJulsUZgKYmIySYH0uGLUiJElSBW3txI6QIXU2KzyNgRv8eVl0jireG7FuzsvVa/nceTgCI6hDB5cQBVuoQZ1oJDCM7zCm/PkvDjvzsesdcWZzxzCHzifP2PMkZc=</latexit>

(y � x)
<latexit sha1_base64="8A6Muuootlmeedv5iek0fZ9S/vQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUgyURQY9FLx4r2A9oQ9lsJ+3SzSbsbsRQ+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekSleSwfTJagH9GB5CFn1FipVcnIOXk665XKbtWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8cdUGc4ETordVGNC2YgOsGOppBFqfzw7d0JOrdInYaxsSUNm6u+JMY20zqLAdkbUDPWiNxX/8zqpCa/9MZdJalCy+aIwFcTEZPo76XOFzIjMEsoUt7cSNqSKMmMTKtoQvMWXl0nzouq5Ve/+sly7yeMowDGcQAU8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx+gRI5v</latexit><latexit sha1_base64="8A6Muuootlmeedv5iek0fZ9S/vQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUgyURQY9FLx4r2A9oQ9lsJ+3SzSbsbsRQ+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekSleSwfTJagH9GB5CFn1FipVcnIOXk665XKbtWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8cdUGc4ETordVGNC2YgOsGOppBFqfzw7d0JOrdInYaxsSUNm6u+JMY20zqLAdkbUDPWiNxX/8zqpCa/9MZdJalCy+aIwFcTEZPo76XOFzIjMEsoUt7cSNqSKMmMTKtoQvMWXl0nzouq5Ve/+sly7yeMowDGcQAU8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx+gRI5v</latexit><latexit sha1_base64="8A6Muuootlmeedv5iek0fZ9S/vQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUgyURQY9FLx4r2A9oQ9lsJ+3SzSbsbsRQ+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekSleSwfTJagH9GB5CFn1FipVcnIOXk665XKbtWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8cdUGc4ETordVGNC2YgOsGOppBFqfzw7d0JOrdInYaxsSUNm6u+JMY20zqLAdkbUDPWiNxX/8zqpCa/9MZdJalCy+aIwFcTEZPo76XOFzIjMEsoUt7cSNqSKMmMTKtoQvMWXl0nzouq5Ve/+sly7yeMowDGcQAU8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx+gRI5v</latexit><latexit sha1_base64="8A6Muuootlmeedv5iek0fZ9S/vQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUgyURQY9FLx4r2A9oQ9lsJ+3SzSbsbsRQ+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekSleSwfTJagH9GB5CFn1FipVcnIOXk665XKbtWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8cdUGc4ETordVGNC2YgOsGOppBFqfzw7d0JOrdInYaxsSUNm6u+JMY20zqLAdkbUDPWiNxX/8zqpCa/9MZdJalCy+aIwFcTEZPo76XOFzIjMEsoUt7cSNqSKMmMTKtoQvMWXl0nzouq5Ve/+sly7yeMowDGcQAU8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx+gRI5v</latexit>⌦

r2f(x)(y � x), y � x
↵
< 0

<latexit sha1_base64="aH0nPGj8JvJAHLbaVU1OlFXlbRM=">AAACJHicbVDJSgNBEO1xN25Rj14agxBBw4wICnoQvXhUMCpkYqjp1CSNPT1Dd40Ygh/jxV/x4sEFD178FjvLwa2gqcd7r6iuF2VKWvL9D29kdGx8YnJqujAzOze/UFxcOrdpbgRWRapScxmBRSU1VkmSwsvMICSRwovo+qinX9ygsTLVZ9TJsJ5AS8tYCiBHNYp7ocKYQgW6pZCHGiIFV1s8Lt+ulzt8k9+ub/B+56GRrTa5NrDuc79RLPkVv1/8LwiGoMSGddIovobNVOQJahIKrK0Ffkb1LhiSQuFdIcwtZiCuoYU1BzUkaOvd/pF3fM0xTR6nxj1NvM9+n+hCYm0niZwzAWrb31qP/E+r5RTv1rtSZzmhFoNFca44pbyXGG9Kg4JUxwEQRrq/ctEGA4JcrgUXQvD75L/gfKsS+JXgdLt0cDiMY4qtsFVWZgHbYQfsmJ2wKhPsnj2yZ/biPXhP3pv3PrCOeMOZZfajvM8vw2uhvA==</latexit><latexit sha1_base64="aH0nPGj8JvJAHLbaVU1OlFXlbRM=">AAACJHicbVDJSgNBEO1xN25Rj14agxBBw4wICnoQvXhUMCpkYqjp1CSNPT1Dd40Ygh/jxV/x4sEFD178FjvLwa2gqcd7r6iuF2VKWvL9D29kdGx8YnJqujAzOze/UFxcOrdpbgRWRapScxmBRSU1VkmSwsvMICSRwovo+qinX9ygsTLVZ9TJsJ5AS8tYCiBHNYp7ocKYQgW6pZCHGiIFV1s8Lt+ulzt8k9+ub/B+56GRrTa5NrDuc79RLPkVv1/8LwiGoMSGddIovobNVOQJahIKrK0Ffkb1LhiSQuFdIcwtZiCuoYU1BzUkaOvd/pF3fM0xTR6nxj1NvM9+n+hCYm0niZwzAWrb31qP/E+r5RTv1rtSZzmhFoNFca44pbyXGG9Kg4JUxwEQRrq/ctEGA4JcrgUXQvD75L/gfKsS+JXgdLt0cDiMY4qtsFVWZgHbYQfsmJ2wKhPsnj2yZ/biPXhP3pv3PrCOeMOZZfajvM8vw2uhvA==</latexit><latexit sha1_base64="aH0nPGj8JvJAHLbaVU1OlFXlbRM=">AAACJHicbVDJSgNBEO1xN25Rj14agxBBw4wICnoQvXhUMCpkYqjp1CSNPT1Dd40Ygh/jxV/x4sEFD178FjvLwa2gqcd7r6iuF2VKWvL9D29kdGx8YnJqujAzOze/UFxcOrdpbgRWRapScxmBRSU1VkmSwsvMICSRwovo+qinX9ygsTLVZ9TJsJ5AS8tYCiBHNYp7ocKYQgW6pZCHGiIFV1s8Lt+ulzt8k9+ub/B+56GRrTa5NrDuc79RLPkVv1/8LwiGoMSGddIovobNVOQJahIKrK0Ffkb1LhiSQuFdIcwtZiCuoYU1BzUkaOvd/pF3fM0xTR6nxj1NvM9+n+hCYm0niZwzAWrb31qP/E+r5RTv1rtSZzmhFoNFca44pbyXGG9Kg4JUxwEQRrq/ctEGA4JcrgUXQvD75L/gfKsS+JXgdLt0cDiMY4qtsFVWZgHbYQfsmJ2wKhPsnj2yZ/biPXhP3pv3PrCOeMOZZfajvM8vw2uhvA==</latexit><latexit sha1_base64="aH0nPGj8JvJAHLbaVU1OlFXlbRM=">AAACJHicbVDJSgNBEO1xN25Rj14agxBBw4wICnoQvXhUMCpkYqjp1CSNPT1Dd40Ygh/jxV/x4sEFD178FjvLwa2gqcd7r6iuF2VKWvL9D29kdGx8YnJqujAzOze/UFxcOrdpbgRWRapScxmBRSU1VkmSwsvMICSRwovo+qinX9ygsTLVZ9TJsJ5AS8tYCiBHNYp7ocKYQgW6pZCHGiIFV1s8Lt+ulzt8k9+ub/B+56GRrTa5NrDuc79RLPkVv1/8LwiGoMSGddIovobNVOQJahIKrK0Ffkb1LhiSQuFdIcwtZiCuoYU1BzUkaOvd/pF3fM0xTR6nxj1NvM9+n+hCYm0niZwzAWrb31qP/E+r5RTv1rtSZzmhFoNFca44pbyXGG9Kg4JUxwEQRrq/ctEGA4JcrgUXQvD75L/gfKsS+JXgdLt0cDiMY4qtsFVWZgHbYQfsmJ2wKhPsnj2yZ/biPXhP3pv3PrCOeMOZZfajvM8vw2uhvA==</latexit>

- Intuition suggests that saddle points with several directions that satisfy 
⌦
r2f(x)(y � x), y � x

↵
⌧ 0

<latexit sha1_base64="5y6SBF8lnLWADD0IU1s8neLMCVc=">AAACJnicbVDLSgNBEJz1bXxFPXoZDEIEDbtB0IsgevGoYFTIxtA76U0GZ2eXmV4xBL/Gi7/ixYMi4s1PcRL34Kth6KKqmp6uKFPSku+/e2PjE5NT0zOzpbn5hcWl8vLKuU1zI7AhUpWaywgsKqmxQZIUXmYGIYkUXkTXR0P94gaNlak+o36GrQS6WsZSADmqXd4PFcYUKtBdhTzUECm4qvO4ertZ7fNtfru5xUedh0Z2e+RaYVWK++1yxa/5o+J/QVCACivqpF1+DjupyBPUJBRY2wz8jFoDMCSFwrtSmFvMQFxDF5sOakjQtgajM+/4hmM6PE6Ne5r4iP0+MYDE2n4SOWcC1LO/tSH5n9bMKd5rDaTOckItvhbFueKU8mFmvCMNClJ9B0AY6f7KRQ8MCHLJllwIwe+T/4Lzei3wa8HpTuXgsIhjhq2xdVZlAdtlB+yYnbAGE+yePbJn9uI9eE/eq/f2ZR3ziplV9qO8j0+t26LI</latexit><latexit sha1_base64="5y6SBF8lnLWADD0IU1s8neLMCVc=">AAACJnicbVDLSgNBEJz1bXxFPXoZDEIEDbtB0IsgevGoYFTIxtA76U0GZ2eXmV4xBL/Gi7/ixYMi4s1PcRL34Kth6KKqmp6uKFPSku+/e2PjE5NT0zOzpbn5hcWl8vLKuU1zI7AhUpWaywgsKqmxQZIUXmYGIYkUXkTXR0P94gaNlak+o36GrQS6WsZSADmqXd4PFcYUKtBdhTzUECm4qvO4ertZ7fNtfru5xUedh0Z2e+RaYVWK++1yxa/5o+J/QVCACivqpF1+DjupyBPUJBRY2wz8jFoDMCSFwrtSmFvMQFxDF5sOakjQtgajM+/4hmM6PE6Ne5r4iP0+MYDE2n4SOWcC1LO/tSH5n9bMKd5rDaTOckItvhbFueKU8mFmvCMNClJ9B0AY6f7KRQ8MCHLJllwIwe+T/4Lzei3wa8HpTuXgsIhjhq2xdVZlAdtlB+yYnbAGE+yePbJn9uI9eE/eq/f2ZR3ziplV9qO8j0+t26LI</latexit><latexit sha1_base64="5y6SBF8lnLWADD0IU1s8neLMCVc=">AAACJnicbVDLSgNBEJz1bXxFPXoZDEIEDbtB0IsgevGoYFTIxtA76U0GZ2eXmV4xBL/Gi7/ixYMi4s1PcRL34Kth6KKqmp6uKFPSku+/e2PjE5NT0zOzpbn5hcWl8vLKuU1zI7AhUpWaywgsKqmxQZIUXmYGIYkUXkTXR0P94gaNlak+o36GrQS6WsZSADmqXd4PFcYUKtBdhTzUECm4qvO4ertZ7fNtfru5xUedh0Z2e+RaYVWK++1yxa/5o+J/QVCACivqpF1+DjupyBPUJBRY2wz8jFoDMCSFwrtSmFvMQFxDF5sOakjQtgajM+/4hmM6PE6Ne5r4iP0+MYDE2n4SOWcC1LO/tSH5n9bMKd5rDaTOckItvhbFueKU8mFmvCMNClJ9B0AY6f7KRQ8MCHLJllwIwe+T/4Lzei3wa8HpTuXgsIhjhq2xdVZlAdtlB+yYnbAGE+yePbJn9uI9eE/eq/f2ZR3ziplV9qO8j0+t26LI</latexit><latexit sha1_base64="5y6SBF8lnLWADD0IU1s8neLMCVc=">AAACJnicbVDLSgNBEJz1bXxFPXoZDEIEDbtB0IsgevGoYFTIxtA76U0GZ2eXmV4xBL/Gi7/ixYMi4s1PcRL34Kth6KKqmp6uKFPSku+/e2PjE5NT0zOzpbn5hcWl8vLKuU1zI7AhUpWaywgsKqmxQZIUXmYGIYkUXkTXR0P94gaNlak+o36GrQS6WsZSADmqXd4PFcYUKtBdhTzUECm4qvO4ertZ7fNtfru5xUedh0Z2e+RaYVWK++1yxa/5o+J/QVCACivqpF1+DjupyBPUJBRY2wz8jFoDMCSFwrtSmFvMQFxDF5sOakjQtgajM+/4hmM6PE6Ne5r4iP0+MYDE2n4SOWcC1LO/tSH5n9bMKd5rDaTOckItvhbFueKU8mFmvCMNClJ9B0AY6f7KRQ8MCHLJllwIwe+T/4Lzei3wa8HpTuXgsIhjhq2xdVZlAdtlB+yYnbAGE+yePbJn9uI9eE/eq/f2ZR3ziplV9qO8j0+t26LI</latexit>

   means that we can find directions that decrease the function (and thus,  
   we escape saddle points)

- Thus, we need to characterize the # of steps we might require to escape



Strict saddle property and functions
``A function          is strict saddle or satisfies the strict saddle property, if all points        
  in its domain satisfy at least one of the following: 
          i. The gradient is large, i.e.,  
          ii. The Hessian has at least one negative eigenvalue, bounded away from 
zero, i.e.,  
          iii.     is near a local minimum``

f(x)
<latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit><latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit><latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit><latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit>

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

krf(x)k2 � ↵
<latexit sha1_base64="Q64xWtVRYIFx2Hllb9J6ZMCfuTc=">AAACBnicbVBNS8NAEN34WetX1KMIi0Wol5IUQY9FLx4r2A9oSphsN+3SzSbubsTS9uTFv+LFgyJe/Q3e/Ddu2xy09cHA470ZZuYFCWdKO863tbS8srq2ntvIb25t7+zae/t1FaeS0BqJeSybASjKmaA1zTSnzURSiAJOG0H/auI37qlULBa3epDQdgRdwUJGQBvJt4+8kScg4IDD4sOpN/LL2OvSO+wBT3rg2wWn5EyBF4mbkQLKUPXtL68TkzSiQhMOSrVcJ9HtIUjNCKfjvJcqmgDpQ5e2DBUQUdUeTt8Y4xOjdHAYS1NC46n6e2IIkVKDKDCdEeiemvcm4n9eK9XhRXvIRJJqKshsUZhyrGM8yQR3mKRE84EhQCQzt2LSAwlEm+TyJgR3/uVFUi+XXKfk3pwVKpdZHDl0iI5REbnoHFXQNaqiGiLoET2jV/RmPVkv1rv1MWtdsrKZA/QH1ucPpXSX8g==</latexit><latexit sha1_base64="Q64xWtVRYIFx2Hllb9J6ZMCfuTc=">AAACBnicbVBNS8NAEN34WetX1KMIi0Wol5IUQY9FLx4r2A9oSphsN+3SzSbubsTS9uTFv+LFgyJe/Q3e/Ddu2xy09cHA470ZZuYFCWdKO863tbS8srq2ntvIb25t7+zae/t1FaeS0BqJeSybASjKmaA1zTSnzURSiAJOG0H/auI37qlULBa3epDQdgRdwUJGQBvJt4+8kScg4IDD4sOpN/LL2OvSO+wBT3rg2wWn5EyBF4mbkQLKUPXtL68TkzSiQhMOSrVcJ9HtIUjNCKfjvJcqmgDpQ5e2DBUQUdUeTt8Y4xOjdHAYS1NC46n6e2IIkVKDKDCdEeiemvcm4n9eK9XhRXvIRJJqKshsUZhyrGM8yQR3mKRE84EhQCQzt2LSAwlEm+TyJgR3/uVFUi+XXKfk3pwVKpdZHDl0iI5REbnoHFXQNaqiGiLoET2jV/RmPVkv1rv1MWtdsrKZA/QH1ucPpXSX8g==</latexit><latexit sha1_base64="Q64xWtVRYIFx2Hllb9J6ZMCfuTc=">AAACBnicbVBNS8NAEN34WetX1KMIi0Wol5IUQY9FLx4r2A9oSphsN+3SzSbubsTS9uTFv+LFgyJe/Q3e/Ddu2xy09cHA470ZZuYFCWdKO863tbS8srq2ntvIb25t7+zae/t1FaeS0BqJeSybASjKmaA1zTSnzURSiAJOG0H/auI37qlULBa3epDQdgRdwUJGQBvJt4+8kScg4IDD4sOpN/LL2OvSO+wBT3rg2wWn5EyBF4mbkQLKUPXtL68TkzSiQhMOSrVcJ9HtIUjNCKfjvJcqmgDpQ5e2DBUQUdUeTt8Y4xOjdHAYS1NC46n6e2IIkVKDKDCdEeiemvcm4n9eK9XhRXvIRJJqKshsUZhyrGM8yQR3mKRE84EhQCQzt2LSAwlEm+TyJgR3/uVFUi+XXKfk3pwVKpdZHDl0iI5REbnoHFXQNaqiGiLoET2jV/RmPVkv1rv1MWtdsrKZA/QH1ucPpXSX8g==</latexit><latexit sha1_base64="Q64xWtVRYIFx2Hllb9J6ZMCfuTc=">AAACBnicbVBNS8NAEN34WetX1KMIi0Wol5IUQY9FLx4r2A9oSphsN+3SzSbubsTS9uTFv+LFgyJe/Q3e/Ddu2xy09cHA470ZZuYFCWdKO863tbS8srq2ntvIb25t7+zae/t1FaeS0BqJeSybASjKmaA1zTSnzURSiAJOG0H/auI37qlULBa3epDQdgRdwUJGQBvJt4+8kScg4IDD4sOpN/LL2OvSO+wBT3rg2wWn5EyBF4mbkQLKUPXtL68TkzSiQhMOSrVcJ9HtIUjNCKfjvJcqmgDpQ5e2DBUQUdUeTt8Y4xOjdHAYS1NC46n6e2IIkVKDKDCdEeiemvcm4n9eK9XhRXvIRJJqKshsUZhyrGM8yQR3mKRE84EhQCQzt2LSAwlEm+TyJgR3/uVFUi+XXKfk3pwVKpdZHDl0iI5REbnoHFXQNaqiGiLoET2jV/RmPVkv1rv1MWtdsrKZA/QH1ucPpXSX8g==</latexit>

�min

�
r2f(x)

�
 ��

<latexit sha1_base64="xsnlU+tnIhBt9NVrJLmhX6TWMMg="></latexit><latexit sha1_base64="xsnlU+tnIhBt9NVrJLmhX6TWMMg="></latexit><latexit sha1_base64="xsnlU+tnIhBt9NVrJLmhX6TWMMg="></latexit><latexit sha1_base64="xsnlU+tnIhBt9NVrJLmhX6TWMMg="></latexit>

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>



Strict saddle property and functions
``A function          is strict saddle or satisfies the strict saddle property, if all points        
  in its domain satisfy at least one of the following: 
          i. The gradient is large, i.e.,  
          ii. The Hessian has at least one negative eigenvalue, bounded away from 
zero, i.e.,  
          iii.     is near a local minimum``

f(x)
<latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit><latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit><latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit><latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit>

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

krf(x)k2 � ↵
<latexit sha1_base64="Q64xWtVRYIFx2Hllb9J6ZMCfuTc=">AAACBnicbVBNS8NAEN34WetX1KMIi0Wol5IUQY9FLx4r2A9oSphsN+3SzSbubsTS9uTFv+LFgyJe/Q3e/Ddu2xy09cHA470ZZuYFCWdKO863tbS8srq2ntvIb25t7+zae/t1FaeS0BqJeSybASjKmaA1zTSnzURSiAJOG0H/auI37qlULBa3epDQdgRdwUJGQBvJt4+8kScg4IDD4sOpN/LL2OvSO+wBT3rg2wWn5EyBF4mbkQLKUPXtL68TkzSiQhMOSrVcJ9HtIUjNCKfjvJcqmgDpQ5e2DBUQUdUeTt8Y4xOjdHAYS1NC46n6e2IIkVKDKDCdEeiemvcm4n9eK9XhRXvIRJJqKshsUZhyrGM8yQR3mKRE84EhQCQzt2LSAwlEm+TyJgR3/uVFUi+XXKfk3pwVKpdZHDl0iI5REbnoHFXQNaqiGiLoET2jV/RmPVkv1rv1MWtdsrKZA/QH1ucPpXSX8g==</latexit><latexit sha1_base64="Q64xWtVRYIFx2Hllb9J6ZMCfuTc=">AAACBnicbVBNS8NAEN34WetX1KMIi0Wol5IUQY9FLx4r2A9oSphsN+3SzSbubsTS9uTFv+LFgyJe/Q3e/Ddu2xy09cHA470ZZuYFCWdKO863tbS8srq2ntvIb25t7+zae/t1FaeS0BqJeSybASjKmaA1zTSnzURSiAJOG0H/auI37qlULBa3epDQdgRdwUJGQBvJt4+8kScg4IDD4sOpN/LL2OvSO+wBT3rg2wWn5EyBF4mbkQLKUPXtL68TkzSiQhMOSrVcJ9HtIUjNCKfjvJcqmgDpQ5e2DBUQUdUeTt8Y4xOjdHAYS1NC46n6e2IIkVKDKDCdEeiemvcm4n9eK9XhRXvIRJJqKshsUZhyrGM8yQR3mKRE84EhQCQzt2LSAwlEm+TyJgR3/uVFUi+XXKfk3pwVKpdZHDl0iI5REbnoHFXQNaqiGiLoET2jV/RmPVkv1rv1MWtdsrKZA/QH1ucPpXSX8g==</latexit><latexit sha1_base64="Q64xWtVRYIFx2Hllb9J6ZMCfuTc=">AAACBnicbVBNS8NAEN34WetX1KMIi0Wol5IUQY9FLx4r2A9oSphsN+3SzSbubsTS9uTFv+LFgyJe/Q3e/Ddu2xy09cHA470ZZuYFCWdKO863tbS8srq2ntvIb25t7+zae/t1FaeS0BqJeSybASjKmaA1zTSnzURSiAJOG0H/auI37qlULBa3epDQdgRdwUJGQBvJt4+8kScg4IDD4sOpN/LL2OvSO+wBT3rg2wWn5EyBF4mbkQLKUPXtL68TkzSiQhMOSrVcJ9HtIUjNCKfjvJcqmgDpQ5e2DBUQUdUeTt8Y4xOjdHAYS1NC46n6e2IIkVKDKDCdEeiemvcm4n9eK9XhRXvIRJJqKshsUZhyrGM8yQR3mKRE84EhQCQzt2LSAwlEm+TyJgR3/uVFUi+XXKfk3pwVKpdZHDl0iI5REbnoHFXQNaqiGiLoET2jV/RmPVkv1rv1MWtdsrKZA/QH1ucPpXSX8g==</latexit><latexit sha1_base64="Q64xWtVRYIFx2Hllb9J6ZMCfuTc=">AAACBnicbVBNS8NAEN34WetX1KMIi0Wol5IUQY9FLx4r2A9oSphsN+3SzSbubsTS9uTFv+LFgyJe/Q3e/Ddu2xy09cHA470ZZuYFCWdKO863tbS8srq2ntvIb25t7+zae/t1FaeS0BqJeSybASjKmaA1zTSnzURSiAJOG0H/auI37qlULBa3epDQdgRdwUJGQBvJt4+8kScg4IDD4sOpN/LL2OvSO+wBT3rg2wWn5EyBF4mbkQLKUPXtL68TkzSiQhMOSrVcJ9HtIUjNCKfjvJcqmgDpQ5e2DBUQUdUeTt8Y4xOjdHAYS1NC46n6e2IIkVKDKDCdEeiemvcm4n9eK9XhRXvIRJJqKshsUZhyrGM8yQR3mKRE84EhQCQzt2LSAwlEm+TyJgR3/uVFUi+XXKfk3pwVKpdZHDl0iI5REbnoHFXQNaqiGiLoET2jV/RmPVkv1rv1MWtdsrKZA/QH1ucPpXSX8g==</latexit>

�min

�
r2f(x)

�
 ��

<latexit sha1_base64="xsnlU+tnIhBt9NVrJLmhX6TWMMg="></latexit><latexit sha1_base64="xsnlU+tnIhBt9NVrJLmhX6TWMMg="></latexit><latexit sha1_base64="xsnlU+tnIhBt9NVrJLmhX6TWMMg="></latexit><latexit sha1_base64="xsnlU+tnIhBt9NVrJLmhX6TWMMg="></latexit>

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>



Strict saddle property and functions
``A function          is strict saddle or satisfies the strict saddle property, if all points        
  in its domain satisfy at least one of the following: 
          i. The gradient is large, i.e.,  
          ii. The Hessian has at least one negative eigenvalue, bounded away from 
zero, i.e.,  
          iii.     is near a local minimum``

f(x)
<latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit><latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit><latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit><latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit>

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

krf(x)k2 � ↵
<latexit sha1_base64="Q64xWtVRYIFx2Hllb9J6ZMCfuTc=">AAACBnicbVBNS8NAEN34WetX1KMIi0Wol5IUQY9FLx4r2A9oSphsN+3SzSbubsTS9uTFv+LFgyJe/Q3e/Ddu2xy09cHA470ZZuYFCWdKO863tbS8srq2ntvIb25t7+zae/t1FaeS0BqJeSybASjKmaA1zTSnzURSiAJOG0H/auI37qlULBa3epDQdgRdwUJGQBvJt4+8kScg4IDD4sOpN/LL2OvSO+wBT3rg2wWn5EyBF4mbkQLKUPXtL68TkzSiQhMOSrVcJ9HtIUjNCKfjvJcqmgDpQ5e2DBUQUdUeTt8Y4xOjdHAYS1NC46n6e2IIkVKDKDCdEeiemvcm4n9eK9XhRXvIRJJqKshsUZhyrGM8yQR3mKRE84EhQCQzt2LSAwlEm+TyJgR3/uVFUi+XXKfk3pwVKpdZHDl0iI5REbnoHFXQNaqiGiLoET2jV/RmPVkv1rv1MWtdsrKZA/QH1ucPpXSX8g==</latexit><latexit sha1_base64="Q64xWtVRYIFx2Hllb9J6ZMCfuTc=">AAACBnicbVBNS8NAEN34WetX1KMIi0Wol5IUQY9FLx4r2A9oSphsN+3SzSbubsTS9uTFv+LFgyJe/Q3e/Ddu2xy09cHA470ZZuYFCWdKO863tbS8srq2ntvIb25t7+zae/t1FaeS0BqJeSybASjKmaA1zTSnzURSiAJOG0H/auI37qlULBa3epDQdgRdwUJGQBvJt4+8kScg4IDD4sOpN/LL2OvSO+wBT3rg2wWn5EyBF4mbkQLKUPXtL68TkzSiQhMOSrVcJ9HtIUjNCKfjvJcqmgDpQ5e2DBUQUdUeTt8Y4xOjdHAYS1NC46n6e2IIkVKDKDCdEeiemvcm4n9eK9XhRXvIRJJqKshsUZhyrGM8yQR3mKRE84EhQCQzt2LSAwlEm+TyJgR3/uVFUi+XXKfk3pwVKpdZHDl0iI5REbnoHFXQNaqiGiLoET2jV/RmPVkv1rv1MWtdsrKZA/QH1ucPpXSX8g==</latexit><latexit sha1_base64="Q64xWtVRYIFx2Hllb9J6ZMCfuTc=">AAACBnicbVBNS8NAEN34WetX1KMIi0Wol5IUQY9FLx4r2A9oSphsN+3SzSbubsTS9uTFv+LFgyJe/Q3e/Ddu2xy09cHA470ZZuYFCWdKO863tbS8srq2ntvIb25t7+zae/t1FaeS0BqJeSybASjKmaA1zTSnzURSiAJOG0H/auI37qlULBa3epDQdgRdwUJGQBvJt4+8kScg4IDD4sOpN/LL2OvSO+wBT3rg2wWn5EyBF4mbkQLKUPXtL68TkzSiQhMOSrVcJ9HtIUjNCKfjvJcqmgDpQ5e2DBUQUdUeTt8Y4xOjdHAYS1NC46n6e2IIkVKDKDCdEeiemvcm4n9eK9XhRXvIRJJqKshsUZhyrGM8yQR3mKRE84EhQCQzt2LSAwlEm+TyJgR3/uVFUi+XXKfk3pwVKpdZHDl0iI5REbnoHFXQNaqiGiLoET2jV/RmPVkv1rv1MWtdsrKZA/QH1ucPpXSX8g==</latexit><latexit sha1_base64="Q64xWtVRYIFx2Hllb9J6ZMCfuTc=">AAACBnicbVBNS8NAEN34WetX1KMIi0Wol5IUQY9FLx4r2A9oSphsN+3SzSbubsTS9uTFv+LFgyJe/Q3e/Ddu2xy09cHA470ZZuYFCWdKO863tbS8srq2ntvIb25t7+zae/t1FaeS0BqJeSybASjKmaA1zTSnzURSiAJOG0H/auI37qlULBa3epDQdgRdwUJGQBvJt4+8kScg4IDD4sOpN/LL2OvSO+wBT3rg2wWn5EyBF4mbkQLKUPXtL68TkzSiQhMOSrVcJ9HtIUjNCKfjvJcqmgDpQ5e2DBUQUdUeTt8Y4xOjdHAYS1NC46n6e2IIkVKDKDCdEeiemvcm4n9eK9XhRXvIRJJqKshsUZhyrGM8yQR3mKRE84EhQCQzt2LSAwlEm+TyJgR3/uVFUi+XXKfk3pwVKpdZHDl0iI5REbnoHFXQNaqiGiLoET2jV/RmPVkv1rv1MWtdsrKZA/QH1ucPpXSX8g==</latexit>

�min

�
r2f(x)

�
 ��

<latexit sha1_base64="xsnlU+tnIhBt9NVrJLmhX6TWMMg="></latexit><latexit sha1_base64="xsnlU+tnIhBt9NVrJLmhX6TWMMg="></latexit><latexit sha1_base64="xsnlU+tnIhBt9NVrJLmhX6TWMMg="></latexit><latexit sha1_base64="xsnlU+tnIhBt9NVrJLmhX6TWMMg="></latexit>

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>
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What can we do in practice?

- So far theory suggests that we should look at 2nd-order information

- Methods such as trust-region methods, and cubic regularization 
   handle saddles points this way But very time-consuming!

- Can we escape such saddle points with first-order methods such as GD?
``Really.. can we? Gradient information at saddle points is null``

- Key observation: (strict) saddle points are quite unstable!
(Starting from the saddle point, if we perturb our location only 

a bit, we will fall from that point)

- What if we impute some noise in the gradient descent step?

(Noisy gradient descent)

xt+1 = xt � ⌘rf(xt) + ", " ⇠ ⌘ · Sp�1
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What can we do in practice?

- So far theory suggests that we should look at 2nd-order information

- Methods such as trust-region methods, and cubic regularization 
   handle saddles points this way But very time-consuming!

- Can we escape such saddle points with first-order methods such as GD?
``Really.. can we? Gradient information at saddle points is null``

- Key observation: (strict) saddle points are quite unstable!
(Starting from the saddle point, if we perturb our location only 

a bit, we will fall from that point)

- Or even easier, rely on stochastic gradient descent for noise imputation:

(``Noisy`` stochastic gradient descent - stochasticity is not a problem, but a feature)

xt+1 = xt � ⌘rfit(xt) = xt � ⌘rf(xt) + ", where " = ⌘ (rf(xt)�rfit(xt))
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How does noisy gradient descent perform?
- Informal result:

``Noisy gradient descent finds a local minimum of a function that satisfies the  
  strict saddle property in polynomial time`` 

(This justifies that the method is not hopeless in practice)

- Formal result:

``With probability            , after                                   iterations, noisy gradient de- 
  scent converges close to a local minimum        such that                            . Here,  
  

where     is the Hessian-Lipschitz constant.`` 
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t � log p
⌘2 · log 2
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<latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit><latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit><latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit><latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit>

⌘ < min
n

✏2

log(1/✏�) ,
µ
L2 ,

⇠2

log(1/⇠�) ,
1

(L+⇢)2 ,
↵2

L

o

<latexit sha1_base64="fBidAY0Upsbi3Rh34aicJ/nsLBI="></latexit><latexit sha1_base64="fBidAY0Upsbi3Rh34aicJ/nsLBI="></latexit><latexit sha1_base64="fBidAY0Upsbi3Rh34aicJ/nsLBI="></latexit><latexit sha1_base64="fBidAY0Upsbi3Rh34aicJ/nsLBI="></latexit>

⇢
<latexit sha1_base64="PjOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1rDf8pj8HWiVBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqMSC2rCfH7rDJ05ZYRipV1Ji+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHicTRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+8tG66aMowoncArnEMAVtOAO2tABAgk8wyu8ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit><latexit sha1_base64="PjOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1rDf8pj8HWiVBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqMSC2rCfH7rDJ05ZYRipV1Ji+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHicTRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+8tG66aMowoncArnEMAVtOAO2tABAgk8wyu8ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit><latexit sha1_base64="PjOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1rDf8pj8HWiVBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqMSC2rCfH7rDJ05ZYRipV1Ji+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHicTRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+8tG66aMowoncArnEMAVtOAO2tABAgk8wyu8ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit><latexit sha1_base64="PjOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1rDf8pj8HWiVBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqMSC2rCfH7rDJ05ZYRipV1Ji+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHicTRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+8tG66aMowoncArnEMAVtOAO2tABAgk8wyu8ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit>



How does noisy gradient descent perform?
- Informal result:

``Noisy gradient descent finds a local minimum of a function that satisfies the  
  strict saddle property in polynomial time`` 

(This justifies that the method is not hopeless in practice)

- Formal result:

``With probability            , after                                   iterations, noisy gradient de- 
  scent converges close to a local minimum        such that                            . Here,  
  

where     is the Hessian-Lipschitz constant.`` 

1� �
<latexit sha1_base64="mffSFP2CP0olB3zAO0seK0OJTbo=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx4r2FpsQ9lsNu3SzSbsToQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IJXCoOt+O6WV1bX1jfJmZWt7Z3evun/QNkmmGW+xRCa6E1DDpVC8hQIl76Sa0ziQ/CEY3Uz9hyeujUjUPY5T7sd0oEQkGEUrPXrkjPRCLpH2qzW37s5AlolXkBoUaParX70wYVnMFTJJjel6bop+TjUKJvmk0ssMTykb0QHvWqpozI2fzy6ekBOrhCRKtC2FZKb+nshpbMw4DmxnTHFoFr2p+J/XzTC68nOh0gy5YvNFUSYJJmT6PgmF5gzl2BLKtLC3EjakmjK0IVVsCN7iy8ukfV733Lp3d1FrXBdxlOEIjuEUPLiEBtxCE1rAQMEzvMKbY5wX5935mLeWnGLmEP7A+fwBGZqP4g==</latexit><latexit sha1_base64="mffSFP2CP0olB3zAO0seK0OJTbo=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx4r2FpsQ9lsNu3SzSbsToQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IJXCoOt+O6WV1bX1jfJmZWt7Z3evun/QNkmmGW+xRCa6E1DDpVC8hQIl76Sa0ziQ/CEY3Uz9hyeujUjUPY5T7sd0oEQkGEUrPXrkjPRCLpH2qzW37s5AlolXkBoUaParX70wYVnMFTJJjel6bop+TjUKJvmk0ssMTykb0QHvWqpozI2fzy6ekBOrhCRKtC2FZKb+nshpbMw4DmxnTHFoFr2p+J/XzTC68nOh0gy5YvNFUSYJJmT6PgmF5gzl2BLKtLC3EjakmjK0IVVsCN7iy8ukfV733Lp3d1FrXBdxlOEIjuEUPLiEBtxCE1rAQMEzvMKbY5wX5935mLeWnGLmEP7A+fwBGZqP4g==</latexit><latexit sha1_base64="mffSFP2CP0olB3zAO0seK0OJTbo=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx4r2FpsQ9lsNu3SzSbsToQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IJXCoOt+O6WV1bX1jfJmZWt7Z3evun/QNkmmGW+xRCa6E1DDpVC8hQIl76Sa0ziQ/CEY3Uz9hyeujUjUPY5T7sd0oEQkGEUrPXrkjPRCLpH2qzW37s5AlolXkBoUaParX70wYVnMFTJJjel6bop+TjUKJvmk0ssMTykb0QHvWqpozI2fzy6ekBOrhCRKtC2FZKb+nshpbMw4DmxnTHFoFr2p+J/XzTC68nOh0gy5YvNFUSYJJmT6PgmF5gzl2BLKtLC3EjakmjK0IVVsCN7iy8ukfV733Lp3d1FrXBdxlOEIjuEUPLiEBtxCE1rAQMEzvMKbY5wX5935mLeWnGLmEP7A+fwBGZqP4g==</latexit><latexit sha1_base64="mffSFP2CP0olB3zAO0seK0OJTbo=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx4r2FpsQ9lsNu3SzSbsToQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IJXCoOt+O6WV1bX1jfJmZWt7Z3evun/QNkmmGW+xRCa6E1DDpVC8hQIl76Sa0ziQ/CEY3Uz9hyeujUjUPY5T7sd0oEQkGEUrPXrkjPRCLpH2qzW37s5AlolXkBoUaParX70wYVnMFTJJjel6bop+TjUKJvmk0ssMTykb0QHvWqpozI2fzy6ekBOrhCRKtC2FZKb+nshpbMw4DmxnTHFoFr2p+J/XzTC68nOh0gy5YvNFUSYJJmT6PgmF5gzl2BLKtLC3EjakmjK0IVVsCN7iy8ukfV733Lp3d1FrXBdxlOEIjuEUPLiEBtxCE1rAQMEzvMKbY5wX5935mLeWnGLmEP7A+fwBGZqP4g==</latexit>

t � log p
⌘2 · log 2

�
<latexit sha1_base64="GnKiDtR8Xk5BNVsl6hVnZIkBjGs=">AAACIXicbVBNS8NAEN34WetX1aOXxSJ4KkkR7FH04lHBfkBTy2YzqYubbNydCCXkr3jxr3jxoEhv4p9x+3Go1QcDj/dmmJkXpFIYdN0vZ2l5ZXVtvbRR3tza3tmt7O23jMo0hyZXUulOwAxIkUATBUropBpYHEhoBw+XY7/9BNoIldziMIVezAaJiARnaKV+pYHUH8Aj9aUa+BhpxvO0yH1AdlcvqM9DhfNe3XohSGRFv1J1a+4E9C/xZqRKZrjuV0Z+qHgWQ4JcMmO6nptiL2caBZdQlP3MQMr4AxtA19KExWB6+eTDgh5bJaSR0rYSpBN1fiJnsTHDOLCdMcN7s+iNxf+8boZRo5eLJM0QEj5dFGWSoqLjuGgoNHCUQ0sY18LeSvk9s1GgDbVsQ/AWX/5LWvWa59a8m9Pq+cUsjhI5JEfkhHjkjJyTK3JNmoSTZ/JK3smH8+K8OZ/OaNq65MxmDsgvON8/17SkkA==</latexit><latexit sha1_base64="GnKiDtR8Xk5BNVsl6hVnZIkBjGs=">AAACIXicbVBNS8NAEN34WetX1aOXxSJ4KkkR7FH04lHBfkBTy2YzqYubbNydCCXkr3jxr3jxoEhv4p9x+3Go1QcDj/dmmJkXpFIYdN0vZ2l5ZXVtvbRR3tza3tmt7O23jMo0hyZXUulOwAxIkUATBUropBpYHEhoBw+XY7/9BNoIldziMIVezAaJiARnaKV+pYHUH8Aj9aUa+BhpxvO0yH1AdlcvqM9DhfNe3XohSGRFv1J1a+4E9C/xZqRKZrjuV0Z+qHgWQ4JcMmO6nptiL2caBZdQlP3MQMr4AxtA19KExWB6+eTDgh5bJaSR0rYSpBN1fiJnsTHDOLCdMcN7s+iNxf+8boZRo5eLJM0QEj5dFGWSoqLjuGgoNHCUQ0sY18LeSvk9s1GgDbVsQ/AWX/5LWvWa59a8m9Pq+cUsjhI5JEfkhHjkjJyTK3JNmoSTZ/JK3smH8+K8OZ/OaNq65MxmDsgvON8/17SkkA==</latexit><latexit sha1_base64="GnKiDtR8Xk5BNVsl6hVnZIkBjGs=">AAACIXicbVBNS8NAEN34WetX1aOXxSJ4KkkR7FH04lHBfkBTy2YzqYubbNydCCXkr3jxr3jxoEhv4p9x+3Go1QcDj/dmmJkXpFIYdN0vZ2l5ZXVtvbRR3tza3tmt7O23jMo0hyZXUulOwAxIkUATBUropBpYHEhoBw+XY7/9BNoIldziMIVezAaJiARnaKV+pYHUH8Aj9aUa+BhpxvO0yH1AdlcvqM9DhfNe3XohSGRFv1J1a+4E9C/xZqRKZrjuV0Z+qHgWQ4JcMmO6nptiL2caBZdQlP3MQMr4AxtA19KExWB6+eTDgh5bJaSR0rYSpBN1fiJnsTHDOLCdMcN7s+iNxf+8boZRo5eLJM0QEj5dFGWSoqLjuGgoNHCUQ0sY18LeSvk9s1GgDbVsQ/AWX/5LWvWa59a8m9Pq+cUsjhI5JEfkhHjkjJyTK3JNmoSTZ/JK3smH8+K8OZ/OaNq65MxmDsgvON8/17SkkA==</latexit><latexit sha1_base64="GnKiDtR8Xk5BNVsl6hVnZIkBjGs=">AAACIXicbVBNS8NAEN34WetX1aOXxSJ4KkkR7FH04lHBfkBTy2YzqYubbNydCCXkr3jxr3jxoEhv4p9x+3Go1QcDj/dmmJkXpFIYdN0vZ2l5ZXVtvbRR3tza3tmt7O23jMo0hyZXUulOwAxIkUATBUropBpYHEhoBw+XY7/9BNoIldziMIVezAaJiARnaKV+pYHUH8Aj9aUa+BhpxvO0yH1AdlcvqM9DhfNe3XohSGRFv1J1a+4E9C/xZqRKZrjuV0Z+qHgWQ4JcMmO6nptiL2caBZdQlP3MQMr4AxtA19KExWB6+eTDgh5bJaSR0rYSpBN1fiJnsTHDOLCdMcN7s+iNxf+8boZRo5eLJM0QEj5dFGWSoqLjuGgoNHCUQ0sY18LeSvk9s1GgDbVsQ/AWX/5LWvWa59a8m9Pq+cUsjhI5JEfkhHjkjJyTK3JNmoSTZ/JK3smH8+K8OZ/OaNq65MxmDsgvON8/17SkkA==</latexit>

kxt � x?k2  ✏
<latexit sha1_base64="n2E8yEW0jTi1D9t6ToM9R49Lz4I=">AAACCnicbVC7TgJBFJ3FF+ILtbQZJSY2kl1ioiXRxhITeSQsbmaHC0yYfThz10CA2sZfsbHQGFu/wM6/cXgUCp5kkpNzzs2de/xYCo22/W2llpZXVtfS65mNza3tnezuXkVHieJQ5pGMVM1nGqQIoYwCJdRiBSzwJVT97tXYrz6A0iIKb7EfQyNg7VC0BGdoJC976A57HtJT2rtzNTLlDr0CdSXcUxdiLeQ4k7Pz9gR0kTgzkiMzlLzsl9uMeBJAiFwyreuOHWNjwBQKLmGUcRMNMeNd1oa6oSELQDcGk1NG9NgoTdqKlHkh0on6e2LAAq37gW+SAcOOnvfG4n9ePcHWRWMgwjhBCPl0USuRFCM67oU2hQKOsm8I40qYv1LeYYpxNO1lTAnO/MmLpFLIO3beuTnLFS9ndaTJATkiJ8Qh56RIrkmJlAknj+SZvJI368l6sd6tj2k0Zc1m9skfWJ8/X1maDg==</latexit><latexit sha1_base64="n2E8yEW0jTi1D9t6ToM9R49Lz4I=">AAACCnicbVC7TgJBFJ3FF+ILtbQZJSY2kl1ioiXRxhITeSQsbmaHC0yYfThz10CA2sZfsbHQGFu/wM6/cXgUCp5kkpNzzs2de/xYCo22/W2llpZXVtfS65mNza3tnezuXkVHieJQ5pGMVM1nGqQIoYwCJdRiBSzwJVT97tXYrz6A0iIKb7EfQyNg7VC0BGdoJC976A57HtJT2rtzNTLlDr0CdSXcUxdiLeQ4k7Pz9gR0kTgzkiMzlLzsl9uMeBJAiFwyreuOHWNjwBQKLmGUcRMNMeNd1oa6oSELQDcGk1NG9NgoTdqKlHkh0on6e2LAAq37gW+SAcOOnvfG4n9ePcHWRWMgwjhBCPl0USuRFCM67oU2hQKOsm8I40qYv1LeYYpxNO1lTAnO/MmLpFLIO3beuTnLFS9ndaTJATkiJ8Qh56RIrkmJlAknj+SZvJI368l6sd6tj2k0Zc1m9skfWJ8/X1maDg==</latexit><latexit sha1_base64="n2E8yEW0jTi1D9t6ToM9R49Lz4I=">AAACCnicbVC7TgJBFJ3FF+ILtbQZJSY2kl1ioiXRxhITeSQsbmaHC0yYfThz10CA2sZfsbHQGFu/wM6/cXgUCp5kkpNzzs2de/xYCo22/W2llpZXVtfS65mNza3tnezuXkVHieJQ5pGMVM1nGqQIoYwCJdRiBSzwJVT97tXYrz6A0iIKb7EfQyNg7VC0BGdoJC976A57HtJT2rtzNTLlDr0CdSXcUxdiLeQ4k7Pz9gR0kTgzkiMzlLzsl9uMeBJAiFwyreuOHWNjwBQKLmGUcRMNMeNd1oa6oSELQDcGk1NG9NgoTdqKlHkh0on6e2LAAq37gW+SAcOOnvfG4n9ePcHWRWMgwjhBCPl0USuRFCM67oU2hQKOsm8I40qYv1LeYYpxNO1lTAnO/MmLpFLIO3beuTnLFS9ndaTJATkiJ8Qh56RIrkmJlAknj+SZvJI368l6sd6tj2k0Zc1m9skfWJ8/X1maDg==</latexit><latexit sha1_base64="n2E8yEW0jTi1D9t6ToM9R49Lz4I=">AAACCnicbVC7TgJBFJ3FF+ILtbQZJSY2kl1ioiXRxhITeSQsbmaHC0yYfThz10CA2sZfsbHQGFu/wM6/cXgUCp5kkpNzzs2de/xYCo22/W2llpZXVtfS65mNza3tnezuXkVHieJQ5pGMVM1nGqQIoYwCJdRiBSzwJVT97tXYrz6A0iIKb7EfQyNg7VC0BGdoJC976A57HtJT2rtzNTLlDr0CdSXcUxdiLeQ4k7Pz9gR0kTgzkiMzlLzsl9uMeBJAiFwyreuOHWNjwBQKLmGUcRMNMeNd1oa6oSELQDcGk1NG9NgoTdqKlHkh0on6e2LAAq37gW+SAcOOnvfG4n9ePcHWRWMgwjhBCPl0USuRFCM67oU2hQKOsm8I40qYv1LeYYpxNO1lTAnO/MmLpFLIO3beuTnLFS9ndaTJATkiJ8Qh56RIrkmJlAknj+SZvJI368l6sd6tj2k0Zc1m9skfWJ8/X1maDg==</latexit>

x?
<latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit><latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit><latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit><latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit>

⌘ < min
n

✏2

log(1/✏�) ,
µ
L2 ,

⇠2

log(1/⇠�) ,
1

(L+⇢)2 ,
↵2

L

o

<latexit sha1_base64="fBidAY0Upsbi3Rh34aicJ/nsLBI="></latexit><latexit sha1_base64="fBidAY0Upsbi3Rh34aicJ/nsLBI="></latexit><latexit sha1_base64="fBidAY0Upsbi3Rh34aicJ/nsLBI="></latexit><latexit sha1_base64="fBidAY0Upsbi3Rh34aicJ/nsLBI="></latexit>

⇢
<latexit sha1_base64="PjOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1rDf8pj8HWiVBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqMSC2rCfH7rDJ05ZYRipV1Ji+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHicTRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+8tG66aMowoncArnEMAVtOAO2tABAgk8wyu8ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit><latexit sha1_base64="PjOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1rDf8pj8HWiVBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqMSC2rCfH7rDJ05ZYRipV1Ji+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHicTRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+8tG66aMowoncArnEMAVtOAO2tABAgk8wyu8ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit><latexit sha1_base64="PjOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1rDf8pj8HWiVBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqMSC2rCfH7rDJ05ZYRipV1Ji+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHicTRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+8tG66aMowoncArnEMAVtOAO2tABAgk8wyu8ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit><latexit sha1_base64="PjOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1rDf8pj8HWiVBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqMSC2rCfH7rDJ05ZYRipV1Ji+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHicTRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+8tG66aMowoncArnEMAVtOAO2tABAgk8wyu8ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit>

- Overall, total runtime could be up to           — differently,                iters. O(p3)
<latexit sha1_base64="rTLiRWWJq2epnt3cxMnVKYWNmdM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFfRY9OLNCvYD2rVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hrqt56o0kyKezOOqR/hgWAhI9hYqXlbjh+qp71iya24M6Bl4mWkBBnqveJXty9JElFhCMdadzw3Nn6KlWGE00mhm2gaYzLCA9qxVOCIaj+dXTtBJ1bpo1AqW8Kgmfp7IsWR1uMosJ0RNkO96E3F/7xOYsJLP2UiTgwVZL4oTDgyEk1fR32mKDF8bAkmitlbERlihYmxARVsCN7iy8ukeVbx3Ip3d16qXWVx5OEIjqEMHlxADW6gDg0g8AjP8ApvjnRenHfnY96ac7KZQ/gD5/MHZXyOVw==</latexit><latexit sha1_base64="rTLiRWWJq2epnt3cxMnVKYWNmdM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFfRY9OLNCvYD2rVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hrqt56o0kyKezOOqR/hgWAhI9hYqXlbjh+qp71iya24M6Bl4mWkBBnqveJXty9JElFhCMdadzw3Nn6KlWGE00mhm2gaYzLCA9qxVOCIaj+dXTtBJ1bpo1AqW8Kgmfp7IsWR1uMosJ0RNkO96E3F/7xOYsJLP2UiTgwVZL4oTDgyEk1fR32mKDF8bAkmitlbERlihYmxARVsCN7iy8ukeVbx3Ip3d16qXWVx5OEIjqEMHlxADW6gDg0g8AjP8ApvjnRenHfnY96ac7KZQ/gD5/MHZXyOVw==</latexit><latexit sha1_base64="rTLiRWWJq2epnt3cxMnVKYWNmdM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFfRY9OLNCvYD2rVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hrqt56o0kyKezOOqR/hgWAhI9hYqXlbjh+qp71iya24M6Bl4mWkBBnqveJXty9JElFhCMdadzw3Nn6KlWGE00mhm2gaYzLCA9qxVOCIaj+dXTtBJ1bpo1AqW8Kgmfp7IsWR1uMosJ0RNkO96E3F/7xOYsJLP2UiTgwVZL4oTDgyEk1fR32mKDF8bAkmitlbERlihYmxARVsCN7iy8ukeVbx3Ip3d16qXWVx5OEIjqEMHlxADW6gDg0g8AjP8ApvjnRenHfnY96ac7KZQ/gD5/MHZXyOVw==</latexit><latexit sha1_base64="rTLiRWWJq2epnt3cxMnVKYWNmdM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFfRY9OLNCvYD2rVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hrqt56o0kyKezOOqR/hgWAhI9hYqXlbjh+qp71iya24M6Bl4mWkBBnqveJXty9JElFhCMdadzw3Nn6KlWGE00mhm2gaYzLCA9qxVOCIaj+dXTtBJ1bpo1AqW8Kgmfp7IsWR1uMosJ0RNkO96E3F/7xOYsJLP2UiTgwVZL4oTDgyEk1fR32mKDF8bAkmitlbERlihYmxARVsCN7iy8ukeVbx3Ip3d16qXWVx5OEIjqEMHlxADW6gDg0g8AjP8ApvjnRenHfnY96ac7KZQ/gD5/MHZXyOVw==</latexit>

eO(1/✏4)
<latexit sha1_base64="mhcFuXgiAosIuiEXrMpd1DnC1Ds=">AAACBHicbVBNS8NAEN34WetX1GMvwSLUS02koMeiF29WsB/QxLLZTNqlm03Y3Sgl9ODFv+LFgyJe/RHe/Ddu2xy09cHA470ZZub5CaNS2fa3sbS8srq2Xtgobm5t7+yae/stGaeCQJPELBYdH0tglENTUcWgkwjAkc+g7Q8vJ377HoSkMb9VowS8CPc5DSnBSks9s+Q+0AAUZQFk1+OKc+JCIimL+V3tuGeW7ao9hbVInJyUUY5Gz/xyg5ikEXBFGJay69iJ8jIsFCUMxkU3lZBgMsR96GrKcQTSy6ZPjK0jrQRWGAtdXFlT9fdEhiMpR5GvOyOsBnLem4j/ed1UhedeRnmSKuBktihMmaVia5KIFVABRLGRJpgIqm+1yAALTJTOrahDcOZfXiSt06pjV52bWrl+kcdRQCV0iCrIQWeojq5QAzURQY/oGb2iN+PJeDHejY9Z65KRzxygPzA+fwAOgJew</latexit><latexit sha1_base64="mhcFuXgiAosIuiEXrMpd1DnC1Ds=">AAACBHicbVBNS8NAEN34WetX1GMvwSLUS02koMeiF29WsB/QxLLZTNqlm03Y3Sgl9ODFv+LFgyJe/RHe/Ddu2xy09cHA470ZZub5CaNS2fa3sbS8srq2Xtgobm5t7+yae/stGaeCQJPELBYdH0tglENTUcWgkwjAkc+g7Q8vJ377HoSkMb9VowS8CPc5DSnBSks9s+Q+0AAUZQFk1+OKc+JCIimL+V3tuGeW7ao9hbVInJyUUY5Gz/xyg5ikEXBFGJay69iJ8jIsFCUMxkU3lZBgMsR96GrKcQTSy6ZPjK0jrQRWGAtdXFlT9fdEhiMpR5GvOyOsBnLem4j/ed1UhedeRnmSKuBktihMmaVia5KIFVABRLGRJpgIqm+1yAALTJTOrahDcOZfXiSt06pjV52bWrl+kcdRQCV0iCrIQWeojq5QAzURQY/oGb2iN+PJeDHejY9Z65KRzxygPzA+fwAOgJew</latexit><latexit sha1_base64="mhcFuXgiAosIuiEXrMpd1DnC1Ds=">AAACBHicbVBNS8NAEN34WetX1GMvwSLUS02koMeiF29WsB/QxLLZTNqlm03Y3Sgl9ODFv+LFgyJe/RHe/Ddu2xy09cHA470ZZub5CaNS2fa3sbS8srq2Xtgobm5t7+yae/stGaeCQJPELBYdH0tglENTUcWgkwjAkc+g7Q8vJ377HoSkMb9VowS8CPc5DSnBSks9s+Q+0AAUZQFk1+OKc+JCIimL+V3tuGeW7ao9hbVInJyUUY5Gz/xyg5ikEXBFGJay69iJ8jIsFCUMxkU3lZBgMsR96GrKcQTSy6ZPjK0jrQRWGAtdXFlT9fdEhiMpR5GvOyOsBnLem4j/ed1UhedeRnmSKuBktihMmaVia5KIFVABRLGRJpgIqm+1yAALTJTOrahDcOZfXiSt06pjV52bWrl+kcdRQCV0iCrIQWeojq5QAzURQY/oGb2iN+PJeDHejY9Z65KRzxygPzA+fwAOgJew</latexit><latexit sha1_base64="mhcFuXgiAosIuiEXrMpd1DnC1Ds=">AAACBHicbVBNS8NAEN34WetX1GMvwSLUS02koMeiF29WsB/QxLLZTNqlm03Y3Sgl9ODFv+LFgyJe/RHe/Ddu2xy09cHA470ZZub5CaNS2fa3sbS8srq2Xtgobm5t7+yae/stGaeCQJPELBYdH0tglENTUcWgkwjAkc+g7Q8vJ377HoSkMb9VowS8CPc5DSnBSks9s+Q+0AAUZQFk1+OKc+JCIimL+V3tuGeW7ao9hbVInJyUUY5Gz/xyg5ikEXBFGJay69iJ8jIsFCUMxkU3lZBgMsR96GrKcQTSy6ZPjK0jrQRWGAtdXFlT9fdEhiMpR5GvOyOsBnLem4j/ed1UhedeRnmSKuBktihMmaVia5KIFVABRLGRJpgIqm+1yAALTJTOrahDcOZfXiSt06pjV52bWrl+kcdRQCV0iCrIQWeojq5QAzURQY/oGb2iN+PJeDHejY9Z65KRzxygPzA+fwAOgJew</latexit>
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4 � 1
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2
<latexit sha1_base64="+pWhrZWFMW/4esU3ErGLMrvZ8jw=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoqGVmKOhGKbpxWcE+oJ2WTJppQzMPkox0GOZv3PgrbgQV0aV/YvpY9OGBwOGcc7m5xwkZFdIwfrTMyura+kZ2M7e1vbO7p+8f1EQQcUyqOGABbzhIEEZ9UpVUMtIIOUGew0jdGdyN/PoT4YIG/qOMQ2J7qOdTl2IkldTRb9zC8BzGp/AatqTLEU7MNLHSYduCZzNKKYVxuwQv5kJx2+roeaNojAGXiTkleTBFpaO/t7oBjjziS8yQEE3TCKWdIC4pZiTNtSJBQoQHqEeaivrII8JOxnem8EQpXegGXD1fwrE6O5EgT4jYc1TSQ7IvFr2R+J/XjKR7ZSfUDyNJfDxZ5EYMygCOSoNdygmWLFYEYU7VXyHuI1WEVNXmVAnm4snLpGYVTaNoPpTy5dtpHVlwBI5BAZjgEpTBPaiAKsDgGbyCD/CpvWhv2pf2PYlmtOnMIZiD9vsHZlOj2w==</latexit><latexit sha1_base64="+pWhrZWFMW/4esU3ErGLMrvZ8jw=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoqGVmKOhGKbpxWcE+oJ2WTJppQzMPkox0GOZv3PgrbgQV0aV/YvpY9OGBwOGcc7m5xwkZFdIwfrTMyura+kZ2M7e1vbO7p+8f1EQQcUyqOGABbzhIEEZ9UpVUMtIIOUGew0jdGdyN/PoT4YIG/qOMQ2J7qOdTl2IkldTRb9zC8BzGp/AatqTLEU7MNLHSYduCZzNKKYVxuwQv5kJx2+roeaNojAGXiTkleTBFpaO/t7oBjjziS8yQEE3TCKWdIC4pZiTNtSJBQoQHqEeaivrII8JOxnem8EQpXegGXD1fwrE6O5EgT4jYc1TSQ7IvFr2R+J/XjKR7ZSfUDyNJfDxZ5EYMygCOSoNdygmWLFYEYU7VXyHuI1WEVNXmVAnm4snLpGYVTaNoPpTy5dtpHVlwBI5BAZjgEpTBPaiAKsDgGbyCD/CpvWhv2pf2PYlmtOnMIZiD9vsHZlOj2w==</latexit><latexit sha1_base64="+pWhrZWFMW/4esU3ErGLMrvZ8jw=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoqGVmKOhGKbpxWcE+oJ2WTJppQzMPkox0GOZv3PgrbgQV0aV/YvpY9OGBwOGcc7m5xwkZFdIwfrTMyura+kZ2M7e1vbO7p+8f1EQQcUyqOGABbzhIEEZ9UpVUMtIIOUGew0jdGdyN/PoT4YIG/qOMQ2J7qOdTl2IkldTRb9zC8BzGp/AatqTLEU7MNLHSYduCZzNKKYVxuwQv5kJx2+roeaNojAGXiTkleTBFpaO/t7oBjjziS8yQEE3TCKWdIC4pZiTNtSJBQoQHqEeaivrII8JOxnem8EQpXegGXD1fwrE6O5EgT4jYc1TSQ7IvFr2R+J/XjKR7ZSfUDyNJfDxZ5EYMygCOSoNdygmWLFYEYU7VXyHuI1WEVNXmVAnm4snLpGYVTaNoPpTy5dtpHVlwBI5BAZjgEpTBPaiAKsDgGbyCD/CpvWhv2pf2PYlmtOnMIZiD9vsHZlOj2w==</latexit><latexit sha1_base64="+pWhrZWFMW/4esU3ErGLMrvZ8jw=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoqGVmKOhGKbpxWcE+oJ2WTJppQzMPkox0GOZv3PgrbgQV0aV/YvpY9OGBwOGcc7m5xwkZFdIwfrTMyura+kZ2M7e1vbO7p+8f1EQQcUyqOGABbzhIEEZ9UpVUMtIIOUGew0jdGdyN/PoT4YIG/qOMQ2J7qOdTl2IkldTRb9zC8BzGp/AatqTLEU7MNLHSYduCZzNKKYVxuwQv5kJx2+roeaNojAGXiTkleTBFpaO/t7oBjjziS8yQEE3TCKWdIC4pZiTNtSJBQoQHqEeaivrII8JOxnem8EQpXegGXD1fwrE6O5EgT4jYc1TSQ7IvFr2R+J/XjKR7ZSfUDyNJfDxZ5EYMygCOSoNdygmWLFYEYU7VXyHuI1WEVNXmVAnm4snLpGYVTaNoPpTy5dtpHVlwBI5BAZjgEpTBPaiAKsDgGbyCD/CpvWhv2pf2PYlmtOnMIZiD9vsHZlOj2w==</latexit>
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2
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Should we worry about saddle points?  
A different perspective

- From previous plots, we can easily see that saddle points can be unstable!
(Moving slightly from saddle points, we fall off the saddle)

- Consider another toy example: f(x, y) = 1
2x

2 + 1
4y

4 � 1
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Should we worry about saddle points?  
A different perspective

- From previous plots, we can easily see that saddle points can be unstable!
(Moving slightly from saddle points, we fall off the saddle)

- Consider another toy example: f(x, y) = 1
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Saddle point Local minima

- Any initialization of the form     (cyan) 

   leads to convergence to the saddle point
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Should we worry about saddle points?  
A different perspective

- From previous plots, we can easily see that saddle points can be unstable!
(Moving slightly from saddle points, we fall off the saddle)

- Consider another toy example: f(x, y) = 1
2x

2 + 1
4y

4 � 1
2y

2
<latexit sha1_base64="+pWhrZWFMW/4esU3ErGLMrvZ8jw=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoqGVmKOhGKbpxWcE+oJ2WTJppQzMPkox0GOZv3PgrbgQV0aV/YvpY9OGBwOGcc7m5xwkZFdIwfrTMyura+kZ2M7e1vbO7p+8f1EQQcUyqOGABbzhIEEZ9UpVUMtIIOUGew0jdGdyN/PoT4YIG/qOMQ2J7qOdTl2IkldTRb9zC8BzGp/AatqTLEU7MNLHSYduCZzNKKYVxuwQv5kJx2+roeaNojAGXiTkleTBFpaO/t7oBjjziS8yQEE3TCKWdIC4pZiTNtSJBQoQHqEeaivrII8JOxnem8EQpXegGXD1fwrE6O5EgT4jYc1TSQ7IvFr2R+J/XjKR7ZSfUDyNJfDxZ5EYMygCOSoNdygmWLFYEYU7VXyHuI1WEVNXmVAnm4snLpGYVTaNoPpTy5dtpHVlwBI5BAZjgEpTBPaiAKsDgGbyCD/CpvWhv2pf2PYlmtOnMIZiD9vsHZlOj2w==</latexit><latexit sha1_base64="+pWhrZWFMW/4esU3ErGLMrvZ8jw=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoqGVmKOhGKbpxWcE+oJ2WTJppQzMPkox0GOZv3PgrbgQV0aV/YvpY9OGBwOGcc7m5xwkZFdIwfrTMyura+kZ2M7e1vbO7p+8f1EQQcUyqOGABbzhIEEZ9UpVUMtIIOUGew0jdGdyN/PoT4YIG/qOMQ2J7qOdTl2IkldTRb9zC8BzGp/AatqTLEU7MNLHSYduCZzNKKYVxuwQv5kJx2+roeaNojAGXiTkleTBFpaO/t7oBjjziS8yQEE3TCKWdIC4pZiTNtSJBQoQHqEeaivrII8JOxnem8EQpXegGXD1fwrE6O5EgT4jYc1TSQ7IvFr2R+J/XjKR7ZSfUDyNJfDxZ5EYMygCOSoNdygmWLFYEYU7VXyHuI1WEVNXmVAnm4snLpGYVTaNoPpTy5dtpHVlwBI5BAZjgEpTBPaiAKsDgGbyCD/CpvWhv2pf2PYlmtOnMIZiD9vsHZlOj2w==</latexit><latexit sha1_base64="+pWhrZWFMW/4esU3ErGLMrvZ8jw=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoqGVmKOhGKbpxWcE+oJ2WTJppQzMPkox0GOZv3PgrbgQV0aV/YvpY9OGBwOGcc7m5xwkZFdIwfrTMyura+kZ2M7e1vbO7p+8f1EQQcUyqOGABbzhIEEZ9UpVUMtIIOUGew0jdGdyN/PoT4YIG/qOMQ2J7qOdTl2IkldTRb9zC8BzGp/AatqTLEU7MNLHSYduCZzNKKYVxuwQv5kJx2+roeaNojAGXiTkleTBFpaO/t7oBjjziS8yQEE3TCKWdIC4pZiTNtSJBQoQHqEeaivrII8JOxnem8EQpXegGXD1fwrE6O5EgT4jYc1TSQ7IvFr2R+J/XjKR7ZSfUDyNJfDxZ5EYMygCOSoNdygmWLFYEYU7VXyHuI1WEVNXmVAnm4snLpGYVTaNoPpTy5dtpHVlwBI5BAZjgEpTBPaiAKsDgGbyCD/CpvWhv2pf2PYlmtOnMIZiD9vsHZlOj2w==</latexit><latexit sha1_base64="+pWhrZWFMW/4esU3ErGLMrvZ8jw=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoqGVmKOhGKbpxWcE+oJ2WTJppQzMPkox0GOZv3PgrbgQV0aV/YvpY9OGBwOGcc7m5xwkZFdIwfrTMyura+kZ2M7e1vbO7p+8f1EQQcUyqOGABbzhIEEZ9UpVUMtIIOUGew0jdGdyN/PoT4YIG/qOMQ2J7qOdTl2IkldTRb9zC8BzGp/AatqTLEU7MNLHSYduCZzNKKYVxuwQv5kJx2+roeaNojAGXiTkleTBFpaO/t7oBjjziS8yQEE3TCKWdIC4pZiTNtSJBQoQHqEeaivrII8JOxnem8EQpXegGXD1fwrE6O5EgT4jYc1TSQ7IvFr2R+J/XjKR7ZSfUDyNJfDxZ5EYMygCOSoNdygmWLFYEYU7VXyHuI1WEVNXmVAnm4snLpGYVTaNoPpTy5dtpHVlwBI5BAZjgEpTBPaiAKsDgGbyCD/CpvWhv2pf2PYlmtOnMIZiD9vsHZlOj2w==</latexit>

-0.5
1.5

0

1

0.5

0.5

1

0
1.5

1-0.5

1.5

0.5
0-1 -0.5

-1-1.5 -1.5

- Critical points: 


0
0

�
,


0
�1

�
,


0
1

�

<latexit sha1_base64="s0CDfUhK/0alBCL1g0V807pxEB4=">AAACXHicjVHPS8MwGE3r1K1zOhW8eAkOwYOOVgQ9Dr14nOB+wFpGmn3bgmlaklQcZf6R3nbxX9F0G6LbDj5IeLzvfXxfXsKEM6Vdd2bZW4Xtnd1iySnvVfYPqodHbRWnkkKLxjyW3ZAo4ExASzPNoZtIIFHIoRO+POT1zitIxWLxrCcJBBEZCTZklGgj9avKD2HERBZGREv2NsUu9v38AjH4ES/fnY22K+9/vhVbv1pz6+4ceJ14S1JDSzT71Q9/ENM0AqEpJ0r1PDfRQUakZpTD1PFTBQmhL2QEPUMFiUAF2TycKT43ygAPY2mO0Hiu/u7ISKTUJAqN0+w3Vqu1XNxU66V6eBdkTCSpBkEXg4YpxzrGedJ4wCRQzSeGECqZ2RXTMZGEavMfjgnBW33yOmlf1z237j3d1Br3yziK6BSdoQvkoVvUQI+oiVqIohn6sopWyfq0C3bZriystrXsOUZ/YJ98A09MtQQ=</latexit><latexit sha1_base64="s0CDfUhK/0alBCL1g0V807pxEB4=">AAACXHicjVHPS8MwGE3r1K1zOhW8eAkOwYOOVgQ9Dr14nOB+wFpGmn3bgmlaklQcZf6R3nbxX9F0G6LbDj5IeLzvfXxfXsKEM6Vdd2bZW4Xtnd1iySnvVfYPqodHbRWnkkKLxjyW3ZAo4ExASzPNoZtIIFHIoRO+POT1zitIxWLxrCcJBBEZCTZklGgj9avKD2HERBZGREv2NsUu9v38AjH4ES/fnY22K+9/vhVbv1pz6+4ceJ14S1JDSzT71Q9/ENM0AqEpJ0r1PDfRQUakZpTD1PFTBQmhL2QEPUMFiUAF2TycKT43ygAPY2mO0Hiu/u7ISKTUJAqN0+w3Vqu1XNxU66V6eBdkTCSpBkEXg4YpxzrGedJ4wCRQzSeGECqZ2RXTMZGEavMfjgnBW33yOmlf1z237j3d1Br3yziK6BSdoQvkoVvUQI+oiVqIohn6sopWyfq0C3bZriystrXsOUZ/YJ98A09MtQQ=</latexit><latexit sha1_base64="s0CDfUhK/0alBCL1g0V807pxEB4=">AAACXHicjVHPS8MwGE3r1K1zOhW8eAkOwYOOVgQ9Dr14nOB+wFpGmn3bgmlaklQcZf6R3nbxX9F0G6LbDj5IeLzvfXxfXsKEM6Vdd2bZW4Xtnd1iySnvVfYPqodHbRWnkkKLxjyW3ZAo4ExASzPNoZtIIFHIoRO+POT1zitIxWLxrCcJBBEZCTZklGgj9avKD2HERBZGREv2NsUu9v38AjH4ES/fnY22K+9/vhVbv1pz6+4ceJ14S1JDSzT71Q9/ENM0AqEpJ0r1PDfRQUakZpTD1PFTBQmhL2QEPUMFiUAF2TycKT43ygAPY2mO0Hiu/u7ISKTUJAqN0+w3Vqu1XNxU66V6eBdkTCSpBkEXg4YpxzrGedJ4wCRQzSeGECqZ2RXTMZGEavMfjgnBW33yOmlf1z237j3d1Br3yziK6BSdoQvkoVvUQI+oiVqIohn6sopWyfq0C3bZriystrXsOUZ/YJ98A09MtQQ=</latexit><latexit sha1_base64="s0CDfUhK/0alBCL1g0V807pxEB4=">AAACXHicjVHPS8MwGE3r1K1zOhW8eAkOwYOOVgQ9Dr14nOB+wFpGmn3bgmlaklQcZf6R3nbxX9F0G6LbDj5IeLzvfXxfXsKEM6Vdd2bZW4Xtnd1iySnvVfYPqodHbRWnkkKLxjyW3ZAo4ExASzPNoZtIIFHIoRO+POT1zitIxWLxrCcJBBEZCTZklGgj9avKD2HERBZGREv2NsUu9v38AjH4ES/fnY22K+9/vhVbv1pz6+4ceJ14S1JDSzT71Q9/ENM0AqEpJ0r1PDfRQUakZpTD1PFTBQmhL2QEPUMFiUAF2TycKT43ygAPY2mO0Hiu/u7ISKTUJAqN0+w3Vqu1XNxU66V6eBdkTCSpBkEXg4YpxzrGedJ4wCRQzSeGECqZ2RXTMZGEavMfjgnBW33yOmlf1z237j3d1Br3yziK6BSdoQvkoVvUQI+oiVqIohn6sopWyfq0C3bZriystrXsOUZ/YJ98A09MtQQ=</latexit>

Saddle point Local minima

- Any initialization of the form     (cyan) 

   leads to convergence to the saddle point


x
0

�

<latexit sha1_base64="o8k/C1gkrc+l4ddv5469wv/24+Q=">AAACDXicbVBNS8NAEN34WetX1KOXxSp4KokIeix68VjBfkATymYzaZduNmF3Iy2hf8CLf8WLB0W8evfmv3HbBtHWBwOP92aYmReknCntOF/W0vLK6tp6aaO8ubW9s2vv7TdVkkkKDZrwRLYDooAzAQ3NNId2KoHEAYdWMLie+K17kIol4k6PUvBj0hMsYpRoI3XtYy+AHhN5EBMt2XCMh9jzsIM9EOGP2LUrTtWZAi8StyAVVKDetT+9MKFZDEJTTpTquE6q/ZxIzSiHcdnLFKSEDkgPOoYKEoPy8+k3Y3xilBBHiTQlNJ6qvydyEis1igPTae7rq3lvIv7ndTIdXfo5E2mmQdDZoijjWCd4Eg0OmQSq+cgQQiUzt2LaJ5JQbQIsmxDc+ZcXSfOs6jpV9/a8Ursq4iihQ3SETpGLLlAN3aA6aiCKHtATekGv1qP1bL1Z77PWJauYOUB/YH18A2xom8U=</latexit><latexit sha1_base64="o8k/C1gkrc+l4ddv5469wv/24+Q=">AAACDXicbVBNS8NAEN34WetX1KOXxSp4KokIeix68VjBfkATymYzaZduNmF3Iy2hf8CLf8WLB0W8evfmv3HbBtHWBwOP92aYmReknCntOF/W0vLK6tp6aaO8ubW9s2vv7TdVkkkKDZrwRLYDooAzAQ3NNId2KoHEAYdWMLie+K17kIol4k6PUvBj0hMsYpRoI3XtYy+AHhN5EBMt2XCMh9jzsIM9EOGP2LUrTtWZAi8StyAVVKDetT+9MKFZDEJTTpTquE6q/ZxIzSiHcdnLFKSEDkgPOoYKEoPy8+k3Y3xilBBHiTQlNJ6qvydyEis1igPTae7rq3lvIv7ndTIdXfo5E2mmQdDZoijjWCd4Eg0OmQSq+cgQQiUzt2LaJ5JQbQIsmxDc+ZcXSfOs6jpV9/a8Ursq4iihQ3SETpGLLlAN3aA6aiCKHtATekGv1qP1bL1Z77PWJauYOUB/YH18A2xom8U=</latexit><latexit sha1_base64="o8k/C1gkrc+l4ddv5469wv/24+Q=">AAACDXicbVBNS8NAEN34WetX1KOXxSp4KokIeix68VjBfkATymYzaZduNmF3Iy2hf8CLf8WLB0W8evfmv3HbBtHWBwOP92aYmReknCntOF/W0vLK6tp6aaO8ubW9s2vv7TdVkkkKDZrwRLYDooAzAQ3NNId2KoHEAYdWMLie+K17kIol4k6PUvBj0hMsYpRoI3XtYy+AHhN5EBMt2XCMh9jzsIM9EOGP2LUrTtWZAi8StyAVVKDetT+9MKFZDEJTTpTquE6q/ZxIzSiHcdnLFKSEDkgPOoYKEoPy8+k3Y3xilBBHiTQlNJ6qvydyEis1igPTae7rq3lvIv7ndTIdXfo5E2mmQdDZoijjWCd4Eg0OmQSq+cgQQiUzt2LaJ5JQbQIsmxDc+ZcXSfOs6jpV9/a8Ursq4iihQ3SETpGLLlAN3aA6aiCKHtATekGv1qP1bL1Z77PWJauYOUB/YH18A2xom8U=</latexit><latexit sha1_base64="o8k/C1gkrc+l4ddv5469wv/24+Q=">AAACDXicbVBNS8NAEN34WetX1KOXxSp4KokIeix68VjBfkATymYzaZduNmF3Iy2hf8CLf8WLB0W8evfmv3HbBtHWBwOP92aYmReknCntOF/W0vLK6tp6aaO8ubW9s2vv7TdVkkkKDZrwRLYDooAzAQ3NNId2KoHEAYdWMLie+K17kIol4k6PUvBj0hMsYpRoI3XtYy+AHhN5EBMt2XCMh9jzsIM9EOGP2LUrTtWZAi8StyAVVKDetT+9MKFZDEJTTpTquE6q/ZxIzSiHcdnLFKSEDkgPOoYKEoPy8+k3Y3xilBBHiTQlNJ6qvydyEis1igPTae7rq3lvIv7ndTIdXfo5E2mmQdDZoijjWCd4Eg0OmQSq+cgQQiUzt2LaJ5JQbQIsmxDc+ZcXSfOs6jpV9/a8Ursq4iihQ3SETpGLLlAN3aA6aiCKHtATekGv1qP1bL1Z77PWJauYOUB/YH18A2xom8U=</latexit>

- But, any other initialization converges to 
   local minimizer! 
(With random initialization, this happens with prob. 1)
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- The idea is that gradient descent satisfies such a theorem, and the  
   set of saddle points (under the assumptions made by the theory so far) 
   has measure zero!



Should we worry about saddle points?  
A different perspective

- This idea was made more rigorous using ideas from dynamical systems
(In particular, using the Stable Manifold Theorem - outside our scope)

- The idea is that gradient descent satisfies such a theorem, and the  
   set of saddle points (under the assumptions made by the theory so far) 
   has measure zero!

- In practice: if you pick any random initial point, you are safe not to 
   converge to a saddle point



When we know more about our problem at hand
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- We know how to escape saddle points; what about local minima? 
   Can we infer that local = global minima in non-convex settings?
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When we know more about our problem at hand

- Example: Matrix sensing using RIP and PSD matrix factorization

Whiteboard

- Similar results have been proven for: phase retrieval, matrix completion, 
   dictionary recovery, semidefinite programming (SDPs), signal recovery 
   from quadratic measurements, ..

- We know how to escape saddle points; what about local minima? 
   Can we infer that local = global minima in non-convex settings?
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Landscape characterization with strict saddles
- Write down gradient and Hessian expressions



Landscape characterization with strict saddles
- Write down gradient and Hessian expressions

- Compute critical/stationary points condition:

rf(x) = 0
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Solving analytically this equation 
provides an expression for stationary points



Landscape characterization with strict saddles
- Write down gradient and Hessian expressions

- Compute critical/stationary points condition:

rf(x) = 0
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Solving analytically this equation 
provides an expression for stationary points

- Consider all cases of stationary points:



Landscape characterization with strict saddles
- Write down gradient and Hessian expressions

- Compute critical/stationary points condition:

rf(x) = 0
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Solving analytically this equation 
provides an expression for stationary points

- Consider all cases of stationary points:

- For local minima, we analyze the quadratic form

z>r2f(x)z � 0, 8z, and given stationary point x
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   and compare with global minima (to show potential equivalence)



Landscape characterization with strict saddles
- Write down gradient and Hessian expressions

- Compute critical/stationary points condition:

rf(x) = 0
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Solving analytically this equation 
provides an expression for stationary points

- Consider all cases of stationary points:

- For local minima, we analyze the quadratic form

z>r2f(x)z � 0, 8z, and given stationary point x
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   and compare with global minima (to show potential equivalence)

- For saddles, identify a (negative) upper bound for 

�min

�
r2f(x)

�
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Conclusion

- We discussed about types of stationary points, focus on saddle points 
   and study some of their properties

- We studied (overview) matrix sensing as a test case, and how  
   to prove ``no spurious local minima`` arguments

- We introduced conditions that allow escaping from saddle points


