
COMP 545: Advanced topics in optimization 
From simple to complex ML systems

Lecture 2



Overview

min
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And, always having in mind applications in machine learning,  
AI and signal processing

-Different objective classes 
-Different strategies within each problem 
-Different approaches based on  
    computational capabilities 
-  Different approaches based on constraints



The focus of this lecture

min
x

f(x)

s.t. x 2 C
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Huge!

Unconstrained

Non-convex!



Overview

- In this lecture, we will:

- Go back to the initial discussion of non-convex optimization

- We will provide generic convergence results for stochastic methods
(More general case than whatever non-convex problem we considered so far)

- Inspired by modern ML (neural networks), we will describe alternatives 
   to SGD:

- Accelerated SGD

- AdaGrad

- RMSProp

- Adam

- Bonus discussion: The marginal value of adaptive methods



Recall: Stochastic gradient descent
- SGD is used almost everywhere: training classical ML tasks (linear prediction, 
   linear classification), training modern ML tasks (non-linear classification,  
   neural networks)

- In simple math, it satisfies:

xt+1 = xt � ⌘rfit(xt)
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   based on the objective: min
x

f(x)

s.t. x 2 C
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Non-convex!
- Why SGD is preferable over full-batch GD?

- Full-batch GD performs redundant computations for large datasets
- SGD’s fluctuations enables it to jump to potentially better local minima

- However, SGD’s proof for non-convex settings is more complicated + weaker



SGD convergence result in non-convex scenaria

Whiteboard

- Key observations:

- For convergence, this theory assumes a small step size O
⇣

1p
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⌘
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- In a sense, we need to know a priori the number of iterations to  
   achieve   -approximation"
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- Step size can be bad at the beginning - other step sizes used in practice

- Nevertheless, in practice SGD performs favorably compared to 
   full-batch GD. 

- Assuming more structure (e.g., PL condition), one can achieve better 
   rates with constant step sizes (independent on the number of iterations)



Acceleration in SGD in non-convex scenaria
- General observation: moving results from convex to non-convex settings 
                                   is not straightforward in most cases
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- Recall:             GD                     vs                    Acc. GD
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-                       GD                     vs                    Acc. GD
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Acceleration: 
``get better than  

    ``"�2
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Acceleration in SGD in non-convex scenaria
- General observation: moving results from convex to non-convex settings 
                                   is not straightforward in most cases
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(Results for specific cases - 
Still an open question  
in its most generality)

(We assume no variance reduction variants)

(Results for specific cases - 
Still an open question  
in its most generality)



Acceleration in SGD in non-convex scenaria

Nevertheless, this does not prevent us from using acceleration  
in non-convex scenarios

https://www.tensorflow.org/api_docs/python/tf/train/MomentumOptimizer

https://www.tensorflow.org/api_docs/python/tf/train/MomentumOptimizer


Recall: Momentum acceleration



- Heavy ball method

xt+1 = xt � ⌘rf(xt) + �(xt � xt�1)
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Standard gradient step Momentum step
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(xt � xt�1)
<latexit sha1_base64="6NGxSfDy+GEb4V4UQtN2M0NOTic=">AAAB+HicbVBNT8JAEN3iF+IHVY9eNhITPEBaY6JHohePmAiYQNNsly1s2G6b3akBG36JFw8a49Wf4s1/4wI9KPiSSV7em8nMvCARXIPjfFuFtfWNza3idmlnd2+/bB8ctnWcKspaNBaxegiIZoJL1gIOgj0kipEoEKwTjG5mfueRKc1jeQ+ThHkRGUgeckrASL5dro59wDU89jOoudMz3644dWcOvErcnFRQjqZvf/X6MU0jJoEKonXXdRLwMqKAU8GmpV6qWULoiAxY11BJIqa9bH74FJ8apY/DWJmSgOfq74mMRFpPosB0RgSGetmbif953RTCKy/jMkmBSbpYFKYCQ4xnKeA+V4yCmBhCqOLmVkyHRBEKJquSCcFdfnmVtM/rrlN37y4qjes8jiI6Rieoilx0iRroFjVRC1GUomf0it6sJ+vFerc+Fq0FK585Qn9gff4A4BeR6w==</latexit><latexit sha1_base64="6NGxSfDy+GEb4V4UQtN2M0NOTic=">AAAB+HicbVBNT8JAEN3iF+IHVY9eNhITPEBaY6JHohePmAiYQNNsly1s2G6b3akBG36JFw8a49Wf4s1/4wI9KPiSSV7em8nMvCARXIPjfFuFtfWNza3idmlnd2+/bB8ctnWcKspaNBaxegiIZoJL1gIOgj0kipEoEKwTjG5mfueRKc1jeQ+ThHkRGUgeckrASL5dro59wDU89jOoudMz3644dWcOvErcnFRQjqZvf/X6MU0jJoEKonXXdRLwMqKAU8GmpV6qWULoiAxY11BJIqa9bH74FJ8apY/DWJmSgOfq74mMRFpPosB0RgSGetmbif953RTCKy/jMkmBSbpYFKYCQ4xnKeA+V4yCmBhCqOLmVkyHRBEKJquSCcFdfnmVtM/rrlN37y4qjes8jiI6Rieoilx0iRroFjVRC1GUomf0it6sJ+vFerc+Fq0FK585Qn9gff4A4BeR6w==</latexit><latexit sha1_base64="6NGxSfDy+GEb4V4UQtN2M0NOTic=">AAAB+HicbVBNT8JAEN3iF+IHVY9eNhITPEBaY6JHohePmAiYQNNsly1s2G6b3akBG36JFw8a49Wf4s1/4wI9KPiSSV7em8nMvCARXIPjfFuFtfWNza3idmlnd2+/bB8ctnWcKspaNBaxegiIZoJL1gIOgj0kipEoEKwTjG5mfueRKc1jeQ+ThHkRGUgeckrASL5dro59wDU89jOoudMz3644dWcOvErcnFRQjqZvf/X6MU0jJoEKonXXdRLwMqKAU8GmpV6qWULoiAxY11BJIqa9bH74FJ8apY/DWJmSgOfq74mMRFpPosB0RgSGetmbif953RTCKy/jMkmBSbpYFKYCQ4xnKeA+V4yCmBhCqOLmVkyHRBEKJquSCcFdfnmVtM/rrlN37y4qjes8jiI6Rieoilx0iRroFjVRC1GUomf0it6sJ+vFerc+Fq0FK585Qn9gff4A4BeR6w==</latexit><latexit sha1_base64="6NGxSfDy+GEb4V4UQtN2M0NOTic=">AAAB+HicbVBNT8JAEN3iF+IHVY9eNhITPEBaY6JHohePmAiYQNNsly1s2G6b3akBG36JFw8a49Wf4s1/4wI9KPiSSV7em8nMvCARXIPjfFuFtfWNza3idmlnd2+/bB8ctnWcKspaNBaxegiIZoJL1gIOgj0kipEoEKwTjG5mfueRKc1jeQ+ThHkRGUgeckrASL5dro59wDU89jOoudMz3644dWcOvErcnFRQjqZvf/X6MU0jJoEKonXXdRLwMqKAU8GmpV6qWULoiAxY11BJIqa9bH74FJ8apY/DWJmSgOfq74mMRFpPosB0RgSGetmbif953RTCKy/jMkmBSbpYFKYCQ4xnKeA+V4yCmBhCqOLmVkyHRBEKJquSCcFdfnmVtM/rrlN37y4qjes8jiI6Rieoilx0iRroFjVRC1GUomf0it6sJ+vFerc+Fq0FK585Qn9gff4A4BeR6w==</latexit>

�(xt � xt�1)
<latexit sha1_base64="HIobVrQVV5CdDFfhIdH1Gk7OoFA=">AAAB/nicbVBNS8NAEN34WetXVDx5WSxCPbQkIuix6MVjBfsBbQib7aZdutmE3Ym0hIJ/xYsHRbz6O7z5b9y2OWjrg4HHezPMzAsSwTU4zre1srq2vrFZ2Cpu7+zu7dsHh00dp4qyBo1FrNoB0UxwyRrAQbB2ohiJAsFawfB26rcemdI8lg8wTpgXkb7kIacEjOTbx92AAcHlkQ+4gkd+BhV3cu7bJafqzICXiZuTEspR9+2vbi+macQkUEG07rhOAl5GFHAq2KTYTTVLCB2SPusYKknEtJfNzp/gM6P0cBgrUxLwTP09kZFI63EUmM6IwEAvelPxP6+TQnjtZVwmKTBJ54vCVGCI8TQL3OOKURBjQwhV3NyK6YAoQsEkVjQhuIsvL5PmRdV1qu79Zal2k8dRQCfoFJWRi65QDd2hOmogijL0jF7Rm/VkvVjv1se8dcXKZ47QH1ifPxDOlD8=</latexit><latexit sha1_base64="HIobVrQVV5CdDFfhIdH1Gk7OoFA=">AAAB/nicbVBNS8NAEN34WetXVDx5WSxCPbQkIuix6MVjBfsBbQib7aZdutmE3Ym0hIJ/xYsHRbz6O7z5b9y2OWjrg4HHezPMzAsSwTU4zre1srq2vrFZ2Cpu7+zu7dsHh00dp4qyBo1FrNoB0UxwyRrAQbB2ohiJAsFawfB26rcemdI8lg8wTpgXkb7kIacEjOTbx92AAcHlkQ+4gkd+BhV3cu7bJafqzICXiZuTEspR9+2vbi+macQkUEG07rhOAl5GFHAq2KTYTTVLCB2SPusYKknEtJfNzp/gM6P0cBgrUxLwTP09kZFI63EUmM6IwEAvelPxP6+TQnjtZVwmKTBJ54vCVGCI8TQL3OOKURBjQwhV3NyK6YAoQsEkVjQhuIsvL5PmRdV1qu79Zal2k8dRQCfoFJWRi65QDd2hOmogijL0jF7Rm/VkvVjv1se8dcXKZ47QH1ifPxDOlD8=</latexit><latexit sha1_base64="HIobVrQVV5CdDFfhIdH1Gk7OoFA=">AAAB/nicbVBNS8NAEN34WetXVDx5WSxCPbQkIuix6MVjBfsBbQib7aZdutmE3Ym0hIJ/xYsHRbz6O7z5b9y2OWjrg4HHezPMzAsSwTU4zre1srq2vrFZ2Cpu7+zu7dsHh00dp4qyBo1FrNoB0UxwyRrAQbB2ohiJAsFawfB26rcemdI8lg8wTpgXkb7kIacEjOTbx92AAcHlkQ+4gkd+BhV3cu7bJafqzICXiZuTEspR9+2vbi+macQkUEG07rhOAl5GFHAq2KTYTTVLCB2SPusYKknEtJfNzp/gM6P0cBgrUxLwTP09kZFI63EUmM6IwEAvelPxP6+TQnjtZVwmKTBJ54vCVGCI8TQL3OOKURBjQwhV3NyK6YAoQsEkVjQhuIsvL5PmRdV1qu79Zal2k8dRQCfoFJWRi65QDd2hOmogijL0jF7Rm/VkvVjv1se8dcXKZ47QH1ifPxDOlD8=</latexit><latexit sha1_base64="HIobVrQVV5CdDFfhIdH1Gk7OoFA=">AAAB/nicbVBNS8NAEN34WetXVDx5WSxCPbQkIuix6MVjBfsBbQib7aZdutmE3Ym0hIJ/xYsHRbz6O7z5b9y2OWjrg4HHezPMzAsSwTU4zre1srq2vrFZ2Cpu7+zu7dsHh00dp4qyBo1FrNoB0UxwyRrAQbB2ohiJAsFawfB26rcemdI8lg8wTpgXkb7kIacEjOTbx92AAcHlkQ+4gkd+BhV3cu7bJafqzICXiZuTEspR9+2vbi+macQkUEG07rhOAl5GFHAq2KTYTTVLCB2SPusYKknEtJfNzp/gM6P0cBgrUxLwTP09kZFI63EUmM6IwEAvelPxP6+TQnjtZVwmKTBJ54vCVGCI8TQL3OOKURBjQwhV3NyK6YAoQsEkVjQhuIsvL5PmRdV1qu79Zal2k8dRQCfoFJWRi65QDd2hOmogijL0jF7Rm/VkvVjv1se8dcXKZ47QH1ifPxDOlD8=</latexit>

xt � ⌘rf(xt)
<latexit sha1_base64="qMigAO6MZcPbcEWeTaCxyjDMIk0=">AAACAXicbVA9SwNBEN2LXzF+RW0Em8UgxMJwJ4KWQRvLCOYDkhDmNnvJkr29Y3dODCE2/hUbC0Vs/Rd2/hs3yRWa+GDg8d4MM/P8WAqDrvvtZJaWV1bXsuu5jc2t7Z387l7NRIlmvMoiGemGD4ZLoXgVBUreiDWH0Je87g+uJ379nmsjInWHw5i3Q+gpEQgGaKVO/uChg/SUtjgCbSnwJdCgaLWTTr7gltwp6CLxUlIgKSqd/FerG7Ek5AqZBGOanhtjewQaBZN8nGslhsfABtDjTUsVhNy0R9MPxvTYKl0aRNqWQjpVf0+MIDRmGPq2MwTsm3lvIv7nNRMMLtsjoeIEuWKzRUEiKUZ0EgftCs0ZyqElwLSwt1LWBw0MbWg5G4I3//IiqZ2VPLfk3Z4XyldpHFlySI5IkXjkgpTJDamQKmHkkTyTV/LmPDkvzrvzMWvNOOnMPvkD5/MHViuVhQ==</latexit><latexit sha1_base64="qMigAO6MZcPbcEWeTaCxyjDMIk0=">AAACAXicbVA9SwNBEN2LXzF+RW0Em8UgxMJwJ4KWQRvLCOYDkhDmNnvJkr29Y3dODCE2/hUbC0Vs/Rd2/hs3yRWa+GDg8d4MM/P8WAqDrvvtZJaWV1bXsuu5jc2t7Z387l7NRIlmvMoiGemGD4ZLoXgVBUreiDWH0Je87g+uJ379nmsjInWHw5i3Q+gpEQgGaKVO/uChg/SUtjgCbSnwJdCgaLWTTr7gltwp6CLxUlIgKSqd/FerG7Ek5AqZBGOanhtjewQaBZN8nGslhsfABtDjTUsVhNy0R9MPxvTYKl0aRNqWQjpVf0+MIDRmGPq2MwTsm3lvIv7nNRMMLtsjoeIEuWKzRUEiKUZ0EgftCs0ZyqElwLSwt1LWBw0MbWg5G4I3//IiqZ2VPLfk3Z4XyldpHFlySI5IkXjkgpTJDamQKmHkkTyTV/LmPDkvzrvzMWvNOOnMPvkD5/MHViuVhQ==</latexit><latexit sha1_base64="qMigAO6MZcPbcEWeTaCxyjDMIk0=">AAACAXicbVA9SwNBEN2LXzF+RW0Em8UgxMJwJ4KWQRvLCOYDkhDmNnvJkr29Y3dODCE2/hUbC0Vs/Rd2/hs3yRWa+GDg8d4MM/P8WAqDrvvtZJaWV1bXsuu5jc2t7Z387l7NRIlmvMoiGemGD4ZLoXgVBUreiDWH0Je87g+uJ379nmsjInWHw5i3Q+gpEQgGaKVO/uChg/SUtjgCbSnwJdCgaLWTTr7gltwp6CLxUlIgKSqd/FerG7Ek5AqZBGOanhtjewQaBZN8nGslhsfABtDjTUsVhNy0R9MPxvTYKl0aRNqWQjpVf0+MIDRmGPq2MwTsm3lvIv7nNRMMLtsjoeIEuWKzRUEiKUZ0EgftCs0ZyqElwLSwt1LWBw0MbWg5G4I3//IiqZ2VPLfk3Z4XyldpHFlySI5IkXjkgpTJDamQKmHkkTyTV/LmPDkvzrvzMWvNOOnMPvkD5/MHViuVhQ==</latexit><latexit sha1_base64="qMigAO6MZcPbcEWeTaCxyjDMIk0=">AAACAXicbVA9SwNBEN2LXzF+RW0Em8UgxMJwJ4KWQRvLCOYDkhDmNnvJkr29Y3dODCE2/hUbC0Vs/Rd2/hs3yRWa+GDg8d4MM/P8WAqDrvvtZJaWV1bXsuu5jc2t7Z387l7NRIlmvMoiGemGD4ZLoXgVBUreiDWH0Je87g+uJ379nmsjInWHw5i3Q+gpEQgGaKVO/uChg/SUtjgCbSnwJdCgaLWTTr7gltwp6CLxUlIgKSqd/FerG7Ek5AqZBGOanhtjewQaBZN8nGslhsfABtDjTUsVhNy0R9MPxvTYKl0aRNqWQjpVf0+MIDRmGPq2MwTsm3lvIv7nNRMMLtsjoeIEuWKzRUEiKUZ0EgftCs0ZyqElwLSwt1LWBw0MbWg5G4I3//IiqZ2VPLfk3Z4XyldpHFlySI5IkXjkgpTJDamQKmHkkTyTV/LmPDkvzrvzMWvNOOnMPvkD5/MHViuVhQ==</latexit>

xt+1
<latexit sha1_base64="s+F16lmV6yKpk66c/hHEdsj+1gI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisYD+gDWWz3bRLN5uwOxFL6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357UeujYjVA04S7kd0qEQoGEUrtZ/6GV5403654lbdOcgq8XJSgRyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzc6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF77mVBJilyxxaIwlQRjMvudDITmDOXEEsq0sLcSNqKaMrQJlWwI3vLLq6R1WfXcqndfq9Rv8jiKcAKncA4eXEEd7qABTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wcPkI9f</latexit><latexit sha1_base64="s+F16lmV6yKpk66c/hHEdsj+1gI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisYD+gDWWz3bRLN5uwOxFL6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357UeujYjVA04S7kd0qEQoGEUrtZ/6GV5403654lbdOcgq8XJSgRyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzc6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF77mVBJilyxxaIwlQRjMvudDITmDOXEEsq0sLcSNqKaMrQJlWwI3vLLq6R1WfXcqndfq9Rv8jiKcAKncA4eXEEd7qABTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wcPkI9f</latexit><latexit sha1_base64="s+F16lmV6yKpk66c/hHEdsj+1gI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisYD+gDWWz3bRLN5uwOxFL6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357UeujYjVA04S7kd0qEQoGEUrtZ/6GV5403654lbdOcgq8XJSgRyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzc6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF77mVBJilyxxaIwlQRjMvudDITmDOXEEsq0sLcSNqKaMrQJlWwI3vLLq6R1WfXcqndfq9Rv8jiKcAKncA4eXEEd7qABTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wcPkI9f</latexit><latexit sha1_base64="s+F16lmV6yKpk66c/hHEdsj+1gI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisYD+gDWWz3bRLN5uwOxFL6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357UeujYjVA04S7kd0qEQoGEUrtZ/6GV5403654lbdOcgq8XJSgRyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzc6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF77mVBJilyxxaIwlQRjMvudDITmDOXEEsq0sLcSNqKaMrQJlWwI3vLLq6R1WfXcqndfq9Rv8jiKcAKncA4eXEEd7qABTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wcPkI9f</latexit>

Any analogy in the 
physical world? 

- If current gradient step is in  
same direction as previous step,  
then move a little further in that  
direction

Recall: Momentum acceleration



Guarantees of Heavy Ball method

min
x2Rp

f(x)
<latexit sha1_base64="U71Fnz3bCu9/oA3TaEpvezMJJOc=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyURQZdFNy6r2Ac0MUymk3boZBJmJtISsnPjr7hxoYhbf8Gdf+OkzUJbD1w4nHMv997jx4xKZVnfRmlpeWV1rbxe2djc2t4xd/faMkoEJi0csUh0fSQJo5y0FFWMdGNBUOgz0vFHV7nfeSBC0ojfqUlM3BANOA0oRkpLnnnohJR76Rg6lEMnRGro++ltdh9nMKiNTzyzatWtKeAisQtSBQWanvnl9COchIQrzJCUPduKlZsioShmJKs4iSQxwiM0ID1NOQqJdNPpHxk81kofBpHQxRWcqr8nUhRKOQl93ZlfKue9XPzP6yUquHBTyuNEEY5ni4KEQRXBPBTYp4JgxSaaICyovhXiIRIIKx1dRYdgz7+8SNqndduq2zdn1cZlEUcZHIAjUAM2OAcNcA2aoAUweATP4BW8GU/Gi/FufMxaS0Yxsw/+wPj8AUrLmOo=</latexit><latexit sha1_base64="U71Fnz3bCu9/oA3TaEpvezMJJOc=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyURQZdFNy6r2Ac0MUymk3boZBJmJtISsnPjr7hxoYhbf8Gdf+OkzUJbD1w4nHMv997jx4xKZVnfRmlpeWV1rbxe2djc2t4xd/faMkoEJi0csUh0fSQJo5y0FFWMdGNBUOgz0vFHV7nfeSBC0ojfqUlM3BANOA0oRkpLnnnohJR76Rg6lEMnRGro++ltdh9nMKiNTzyzatWtKeAisQtSBQWanvnl9COchIQrzJCUPduKlZsioShmJKs4iSQxwiM0ID1NOQqJdNPpHxk81kofBpHQxRWcqr8nUhRKOQl93ZlfKue9XPzP6yUquHBTyuNEEY5ni4KEQRXBPBTYp4JgxSaaICyovhXiIRIIKx1dRYdgz7+8SNqndduq2zdn1cZlEUcZHIAjUAM2OAcNcA2aoAUweATP4BW8GU/Gi/FufMxaS0Yxsw/+wPj8AUrLmOo=</latexit><latexit sha1_base64="U71Fnz3bCu9/oA3TaEpvezMJJOc=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyURQZdFNy6r2Ac0MUymk3boZBJmJtISsnPjr7hxoYhbf8Gdf+OkzUJbD1w4nHMv997jx4xKZVnfRmlpeWV1rbxe2djc2t4xd/faMkoEJi0csUh0fSQJo5y0FFWMdGNBUOgz0vFHV7nfeSBC0ojfqUlM3BANOA0oRkpLnnnohJR76Rg6lEMnRGro++ltdh9nMKiNTzyzatWtKeAisQtSBQWanvnl9COchIQrzJCUPduKlZsioShmJKs4iSQxwiM0ID1NOQqJdNPpHxk81kofBpHQxRWcqr8nUhRKOQl93ZlfKue9XPzP6yUquHBTyuNEEY5ni4KEQRXBPBTYp4JgxSaaICyovhXiIRIIKx1dRYdgz7+8SNqndduq2zdn1cZlEUcZHIAjUAM2OAcNcA2aoAUweATP4BW8GU/Gi/FufMxaS0Yxsw/+wPj8AUrLmOo=</latexit><latexit sha1_base64="U71Fnz3bCu9/oA3TaEpvezMJJOc=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyURQZdFNy6r2Ac0MUymk3boZBJmJtISsnPjr7hxoYhbf8Gdf+OkzUJbD1w4nHMv997jx4xKZVnfRmlpeWV1rbxe2djc2t4xd/faMkoEJi0csUh0fSQJo5y0FFWMdGNBUOgz0vFHV7nfeSBC0ojfqUlM3BANOA0oRkpLnnnohJR76Rg6lEMnRGro++ltdh9nMKiNTzyzatWtKeAisQtSBQWanvnl9COchIQrzJCUPduKlZsioShmJKs4iSQxwiM0ID1NOQqJdNPpHxk81kofBpHQxRWcqr8nUhRKOQl93ZlfKue9XPzP6yUquHBTyuNEEY5ni4KEQRXBPBTYp4JgxSaaICyovhXiIRIIKx1dRYdgz7+8SNqndduq2zdn1cZlEUcZHIAjUAM2OAcNcA2aoAUweATP4BW8GU/Gi/FufMxaS0Yxsw/+wPj8AUrLmOo=</latexit>

“Assume the objective is has Lipschitz continuous gradients, and 
 it is strongly convex. Then:

converges linearly according to:

“

xt+1 = xt � ⌘rf(xt) + �(xt � xt�1)
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for ⌘ =
4p

L+
p
µ
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p
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kxt+1 � x?k2 
✓p

� 1p
+ 1

◆t

kx0 � x?k2
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Non-convex!



AdaGrad algorithm

- Algorithms so far assume a common (and often fixed) step size for  
   all components of xt
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- AdaGrad adapts the initial step size for each of the components:

- Associates small step sizes to frequently occurring features

- Associates large step sizes to rate occurring features

(A Google algorithm that found application to 
``Large-scale distributed deep networks`` paper)

What is this quantity?

- What is the main idea? Consider  
Entrywise representation of GD

xt+1,i = xt,i � ⌘rf(xt)i
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   Then, practical version of  AdaGrad does: xt+1,i = xt,i �
⌘p

Bt,ii + ✏
·rfit(xt)i
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AdaGrad algorithm
- AdaGrad is just another preconditioning algorithm:

Recall: Preconditioning 
algorithms (BFGS, SR1) in 
lecture 3

xt+1 = xt � ⌘B�1
t rf(xt)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

   where 

Bt =

0

@
tX

j=1

rfij (xj) ·rfij (xj)
>

1

A
1/2
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``Square root of the sum of 
gradient outer products, till 
current iteration``

- Compare this to the simpler (and practical version)

xt+1,i = xt,i �
⌘p

Bt,ii + ✏
·rfit(xt)i
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Avoids division with zero

Full matrix AdaGrad



AdaGrad algorithm

- ``What is the connection between full and diagonal preconditioner?``

Whiteboard

- ``Are there guarantees for AdaGrad?``
- Yes, in the convex case, using regret bounds - see Literature section

- ``What are some properties of AdaGrad?``

   2. The original version keeps accumulating squared gradients,  
       which makes resulting step sizes really small.

   1. Step size is automatically set - default values for initial step size is ⌘ = 0.01
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- ``What is the intuition behind the form of      ?``Bt
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Bt =

0

@
tX

j=1

rfij (xj) ·rfij (xj)
>

1

A
1/2
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Relates to the Fisher Information 
matrix (which is related to the 
expected Hessian) - outside our scope



AdaGrad pseudocode



AdaGrad in practice
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⌘ carefully selected
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⌘ = 1
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⌘ = 0.1
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⌘ = 0.1
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(Similar performance in logistic regression)



AdaGrad in practice



Removing extended gradient accumulation:  
 RMSprop algorithm

- Idea: keep AdaGrad as it is; except, use a weighted moving average for  
            gradient accumulation

 + Diagonal AdaGrad rule: diag(Bt) = diag(Bt�1) + diag (rfit(xt) � rfit(xt))
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E[g2]t
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E[g2]t�1
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g2t
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 + RMSprop rule: E[g2]t =
9
10 · E[g2]t�1 +

1
10 · g2t
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``We always give weight 0.1 to the new information``

- Algorithm: E[g2]t =
9
10 · E[g2]t�1 +

1
10 · g2t

xt+1 = xt � ⌘p
E[g2]t+✏

rfit(xt)
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Introducing exponentially weighted averages

- Toy example: temperature values over a year

(Adapted from Ng’s lectures)

- Computing trends: local averages  
   and how they evolve

V0 = 0

V1 = 0.9V0 + 0.1✓1

V2 = 0.9V1 + 0.1✓2
...

Vt = 0.9Vt�1 + 0.1✓t
<latexit sha1_base64="9qxhF5xOd1HEVxv5O1PAmdU8mLw="></latexit>



Introducing exponentially weighted averages

- Toy example: temperature values over a year

- General formula:

Vt = �Vt�1 + (1� �)✓t
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- Intuition:       approximates 
   temperature over 

Vt
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⇡ 1

1� �
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(Adapted from Ng’s lectures)



Introducing exponentially weighted averages

- Toy example: temperature values over a year

- Examples: 

� = 0.9 ! ⇡ 10 days

� = 0.98 ! ⇡ 50 days

� = 0.5 ! ⇡ 2 days
<latexit sha1_base64="Ej1toC2v3/8aKHdS3NgFxO9Lc1c="></latexit>

(Adapted from Ng’s lectures)



Going beyond RMSprop: Adam algorithm
- Idea: Use weighted moving average in gradient also:

 + RMSprop rule: E[g2]t =
9
10 · E[g2]t�1 +

1
10 · g2t
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 + Adam rule: E[g2]t = �2 · E[g2]t�1 + (1� �2) · g2t
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and

mt = �1 ·mt�1 + (1� �1) ·rfit(xt)
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- Algorithm: xt+1 = xt �
⌘p

bvt + ✏
· bmt
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�1 = 0.9, �2 = 0.999
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Further: bmt =
mt

1� �t
1

, bvt =
E[g2]t
1� �t

2
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``Moving averages are essentially 
about averaging many previous 
values in order to become 
independent of local fluctuations and 
focus on the overall trend``



Bias correction in weighted averages
- How to explain these ``weird`` denominators?

Vt = �Vt�1 + (1� �)✓t
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� = 0.98
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(Adapted from Ng’s lectures)



Other algorithms and sources
- Not a complete list: AdaMax, Nadam, AMSGrad, ..

- A nice blog post on the matter:

http://ruder.io/optimizing-gradient-descent/

- Choosing the right algorithm: there is no consensus about it (see next slides)

- A visualization of their performance in toy examples:

http://ruder.io/optimizing-gradient-descent/
http://ruder.io/optimizing-gradient-descent/






Other algorithms and sources
- Not a complete list: AdaMax, Nadam, AMSGrad, ..

- A nice blog post on the matter:

http://ruder.io/optimizing-gradient-descent/

- Choosing the right algorithm: there is no consensus about it (see next slides)

- A visualization of their performance in toy examples:

- Bonus discussion: The marginal value of adaptive methods
(Switch presentations)

http://ruder.io/optimizing-gradient-descent/
http://ruder.io/optimizing-gradient-descent/


Conclusion

- There are various algorithms for modern machine learning
- The most successful of them are gradient based; however, there are 
   variations that make difference in practice (acceleration helps, adaptive 
   learning rates work for most applications, etc).

- Which algorithm to use depends on the problem and the resources 
    at hand

- These topics are highly attractive (research-wise): the idea is to devise 
   new algorithms that achieve practical acceleration (with minimal tuning 
   effort)


