
Lecture 2

COMP 414/514: 
Optimization - Algorithms, Complexity 

and Approximations



Overview

min
x

f(x)

s.t. x 2 C
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And, always having in mind applications in machine learning,  
AI and signal processing

-Different objective classes 
-Different strategies within each problem 
-Different approaches based on  
    computational capabilities 
-  Different approaches based on constraints



Overview

- In the last lecture, we:

- Introduced some very basic ideas from linear algebra

- In this lecture, we will:

- Discuss briefly smooth continuous optimization

- Introduce derivatives, Taylor approximation, Lipschitz conditions
- Discuss about gradient descent, and provide the first convergence rate
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Derivatives and gradients

- Definition of a derivative

f : R ! R
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@f

@x
= f 0(x) = lim

✏!0

f(x+ ✏)� f(x)

✏
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- Intuition: generate a sequence of points                      , and compute the  
   limit as 

{f(x+ ✏i), ✏i}
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✏i ! 0
<latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit><latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit><latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit><latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit>



Derivatives and gradients

- Definition of a derivative

f : R ! R
<latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit><latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit><latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit><latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit>

@f

@x
= f 0(x) = lim

✏!0

f(x+ ✏)� f(x)

✏
<latexit sha1_base64="e1/hieF77weSI9lRr2PJzsLNS1o="></latexit><latexit sha1_base64="e1/hieF77weSI9lRr2PJzsLNS1o="></latexit><latexit sha1_base64="e1/hieF77weSI9lRr2PJzsLNS1o="></latexit><latexit sha1_base64="e1/hieF77weSI9lRr2PJzsLNS1o="></latexit>

- Intuition: generate a sequence of points                      , and compute the  
   limit as 

{f(x+ ✏i), ✏i}
<latexit sha1_base64="i8JpvXBSkqHJJndA+u5sHLOtTBU=">AAACCnicbVDLSgMxFL1TX7W+Rl26iRahopQZEXRZdOOygn1AZyiZNNOGZjJDkhHL0LUbf8WNC0Xc+gXu/BvTx6K2Hrhwcs695N4TJJwp7Tg/Vm5peWV1Lb9e2Njc2t6xd/fqKk4loTUS81g2A6woZ4LWNNOcNhNJcRRw2gj6NyO/8UClYrG414OE+hHuChYygrWR2vahl4WlR3SKPJooxo3ETs5mHt6wbRedsjMGWiTulBRhimrb/vY6MUkjKjThWKmW6yTaz7DUjHA6LHipogkmfdylLUMFjqjys/EpQ3RslA4KY2lKaDRWZycyHCk1iALTGWHdU/PeSPzPa6U6vPIzJpJUU0EmH4UpRzpGo1xQh0lKNB8YgolkZldEelhiok16BROCO3/yIqmfl12n7N5dFCvX0zjycABHUAIXLqECt1CFGhB4ghd4g3fr2Xq1PqzPSWvOms7swx9YX7/qRpnH</latexit><latexit sha1_base64="i8JpvXBSkqHJJndA+u5sHLOtTBU=">AAACCnicbVDLSgMxFL1TX7W+Rl26iRahopQZEXRZdOOygn1AZyiZNNOGZjJDkhHL0LUbf8WNC0Xc+gXu/BvTx6K2Hrhwcs695N4TJJwp7Tg/Vm5peWV1Lb9e2Njc2t6xd/fqKk4loTUS81g2A6woZ4LWNNOcNhNJcRRw2gj6NyO/8UClYrG414OE+hHuChYygrWR2vahl4WlR3SKPJooxo3ETs5mHt6wbRedsjMGWiTulBRhimrb/vY6MUkjKjThWKmW6yTaz7DUjHA6LHipogkmfdylLUMFjqjys/EpQ3RslA4KY2lKaDRWZycyHCk1iALTGWHdU/PeSPzPa6U6vPIzJpJUU0EmH4UpRzpGo1xQh0lKNB8YgolkZldEelhiok16BROCO3/yIqmfl12n7N5dFCvX0zjycABHUAIXLqECt1CFGhB4ghd4g3fr2Xq1PqzPSWvOms7swx9YX7/qRpnH</latexit><latexit sha1_base64="i8JpvXBSkqHJJndA+u5sHLOtTBU=">AAACCnicbVDLSgMxFL1TX7W+Rl26iRahopQZEXRZdOOygn1AZyiZNNOGZjJDkhHL0LUbf8WNC0Xc+gXu/BvTx6K2Hrhwcs695N4TJJwp7Tg/Vm5peWV1Lb9e2Njc2t6xd/fqKk4loTUS81g2A6woZ4LWNNOcNhNJcRRw2gj6NyO/8UClYrG414OE+hHuChYygrWR2vahl4WlR3SKPJooxo3ETs5mHt6wbRedsjMGWiTulBRhimrb/vY6MUkjKjThWKmW6yTaz7DUjHA6LHipogkmfdylLUMFjqjys/EpQ3RslA4KY2lKaDRWZycyHCk1iALTGWHdU/PeSPzPa6U6vPIzJpJUU0EmH4UpRzpGo1xQh0lKNB8YgolkZldEelhiok16BROCO3/yIqmfl12n7N5dFCvX0zjycABHUAIXLqECt1CFGhB4ghd4g3fr2Xq1PqzPSWvOms7swx9YX7/qRpnH</latexit><latexit sha1_base64="i8JpvXBSkqHJJndA+u5sHLOtTBU=">AAACCnicbVDLSgMxFL1TX7W+Rl26iRahopQZEXRZdOOygn1AZyiZNNOGZjJDkhHL0LUbf8WNC0Xc+gXu/BvTx6K2Hrhwcs695N4TJJwp7Tg/Vm5peWV1Lb9e2Njc2t6xd/fqKk4loTUS81g2A6woZ4LWNNOcNhNJcRRw2gj6NyO/8UClYrG414OE+hHuChYygrWR2vahl4WlR3SKPJooxo3ETs5mHt6wbRedsjMGWiTulBRhimrb/vY6MUkjKjThWKmW6yTaz7DUjHA6LHipogkmfdylLUMFjqjys/EpQ3RslA4KY2lKaDRWZycyHCk1iALTGWHdU/PeSPzPa6U6vPIzJpJUU0EmH4UpRzpGo1xQh0lKNB8YgolkZldEelhiok16BROCO3/yIqmfl12n7N5dFCvX0zjycABHUAIXLqECt1CFGhB4ghd4g3fr2Xq1PqzPSWvOms7swx9YX7/qRpnH</latexit>

✏i ! 0
<latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit><latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit><latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit><latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

f(x)
<latexit sha1_base64="l+wTkNgHrQCBgS+cpvSu9YH8xC0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlh9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSrte8i1r9/rLSuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHba2N1Q==</latexit>



Derivatives and gradients

- Definition of a derivative

f : R ! R
<latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit><latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit><latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit><latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit>

@f

@x
= f 0(x) = lim

✏!0

f(x+ ✏)� f(x)

✏
<latexit sha1_base64="e1/hieF77weSI9lRr2PJzsLNS1o="></latexit><latexit sha1_base64="e1/hieF77weSI9lRr2PJzsLNS1o="></latexit><latexit sha1_base64="e1/hieF77weSI9lRr2PJzsLNS1o="></latexit><latexit sha1_base64="e1/hieF77weSI9lRr2PJzsLNS1o="></latexit>

- Intuition: generate a sequence of points                      , and compute the  
   limit as 

{f(x+ ✏i), ✏i}
<latexit sha1_base64="i8JpvXBSkqHJJndA+u5sHLOtTBU=">AAACCnicbVDLSgMxFL1TX7W+Rl26iRahopQZEXRZdOOygn1AZyiZNNOGZjJDkhHL0LUbf8WNC0Xc+gXu/BvTx6K2Hrhwcs695N4TJJwp7Tg/Vm5peWV1Lb9e2Njc2t6xd/fqKk4loTUS81g2A6woZ4LWNNOcNhNJcRRw2gj6NyO/8UClYrG414OE+hHuChYygrWR2vahl4WlR3SKPJooxo3ETs5mHt6wbRedsjMGWiTulBRhimrb/vY6MUkjKjThWKmW6yTaz7DUjHA6LHipogkmfdylLUMFjqjys/EpQ3RslA4KY2lKaDRWZycyHCk1iALTGWHdU/PeSPzPa6U6vPIzJpJUU0EmH4UpRzpGo1xQh0lKNB8YgolkZldEelhiok16BROCO3/yIqmfl12n7N5dFCvX0zjycABHUAIXLqECt1CFGhB4ghd4g3fr2Xq1PqzPSWvOms7swx9YX7/qRpnH</latexit><latexit sha1_base64="i8JpvXBSkqHJJndA+u5sHLOtTBU=">AAACCnicbVDLSgMxFL1TX7W+Rl26iRahopQZEXRZdOOygn1AZyiZNNOGZjJDkhHL0LUbf8WNC0Xc+gXu/BvTx6K2Hrhwcs695N4TJJwp7Tg/Vm5peWV1Lb9e2Njc2t6xd/fqKk4loTUS81g2A6woZ4LWNNOcNhNJcRRw2gj6NyO/8UClYrG414OE+hHuChYygrWR2vahl4WlR3SKPJooxo3ETs5mHt6wbRedsjMGWiTulBRhimrb/vY6MUkjKjThWKmW6yTaz7DUjHA6LHipogkmfdylLUMFjqjys/EpQ3RslA4KY2lKaDRWZycyHCk1iALTGWHdU/PeSPzPa6U6vPIzJpJUU0EmH4UpRzpGo1xQh0lKNB8YgolkZldEelhiok16BROCO3/yIqmfl12n7N5dFCvX0zjycABHUAIXLqECt1CFGhB4ghd4g3fr2Xq1PqzPSWvOms7swx9YX7/qRpnH</latexit><latexit sha1_base64="i8JpvXBSkqHJJndA+u5sHLOtTBU=">AAACCnicbVDLSgMxFL1TX7W+Rl26iRahopQZEXRZdOOygn1AZyiZNNOGZjJDkhHL0LUbf8WNC0Xc+gXu/BvTx6K2Hrhwcs695N4TJJwp7Tg/Vm5peWV1Lb9e2Njc2t6xd/fqKk4loTUS81g2A6woZ4LWNNOcNhNJcRRw2gj6NyO/8UClYrG414OE+hHuChYygrWR2vahl4WlR3SKPJooxo3ETs5mHt6wbRedsjMGWiTulBRhimrb/vY6MUkjKjThWKmW6yTaz7DUjHA6LHipogkmfdylLUMFjqjys/EpQ3RslA4KY2lKaDRWZycyHCk1iALTGWHdU/PeSPzPa6U6vPIzJpJUU0EmH4UpRzpGo1xQh0lKNB8YgolkZldEelhiok16BROCO3/yIqmfl12n7N5dFCvX0zjycABHUAIXLqECt1CFGhB4ghd4g3fr2Xq1PqzPSWvOms7swx9YX7/qRpnH</latexit><latexit sha1_base64="i8JpvXBSkqHJJndA+u5sHLOtTBU=">AAACCnicbVDLSgMxFL1TX7W+Rl26iRahopQZEXRZdOOygn1AZyiZNNOGZjJDkhHL0LUbf8WNC0Xc+gXu/BvTx6K2Hrhwcs695N4TJJwp7Tg/Vm5peWV1Lb9e2Njc2t6xd/fqKk4loTUS81g2A6woZ4LWNNOcNhNJcRRw2gj6NyO/8UClYrG414OE+hHuChYygrWR2vahl4WlR3SKPJooxo3ETs5mHt6wbRedsjMGWiTulBRhimrb/vY6MUkjKjThWKmW6yTaz7DUjHA6LHipogkmfdylLUMFjqjys/EpQ3RslA4KY2lKaDRWZycyHCk1iALTGWHdU/PeSPzPa6U6vPIzJpJUU0EmH4UpRzpGo1xQh0lKNB8YgolkZldEelhiok16BROCO3/yIqmfl12n7N5dFCvX0zjycABHUAIXLqECt1CFGhB4ghd4g3fr2Xq1PqzPSWvOms7swx9YX7/qRpnH</latexit>

✏i ! 0
<latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit><latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit><latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit><latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit>

f(x)
<latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit><latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit><latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit><latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

f(x)
<latexit sha1_base64="l+wTkNgHrQCBgS+cpvSu9YH8xC0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlh9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSrte8i1r9/rLSuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHba2N1Q==</latexit>



Derivatives and gradients

- Definition of a derivative

f : R ! R
<latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit><latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit><latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit><latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit>

@f

@x
= f 0(x) = lim

✏!0

f(x+ ✏)� f(x)

✏
<latexit sha1_base64="e1/hieF77weSI9lRr2PJzsLNS1o="></latexit><latexit sha1_base64="e1/hieF77weSI9lRr2PJzsLNS1o="></latexit><latexit sha1_base64="e1/hieF77weSI9lRr2PJzsLNS1o="></latexit><latexit sha1_base64="e1/hieF77weSI9lRr2PJzsLNS1o="></latexit>

- Intuition: generate a sequence of points                      , and compute the  
   limit as 

{f(x+ ✏i), ✏i}
<latexit sha1_base64="i8JpvXBSkqHJJndA+u5sHLOtTBU=">AAACCnicbVDLSgMxFL1TX7W+Rl26iRahopQZEXRZdOOygn1AZyiZNNOGZjJDkhHL0LUbf8WNC0Xc+gXu/BvTx6K2Hrhwcs695N4TJJwp7Tg/Vm5peWV1Lb9e2Njc2t6xd/fqKk4loTUS81g2A6woZ4LWNNOcNhNJcRRw2gj6NyO/8UClYrG414OE+hHuChYygrWR2vahl4WlR3SKPJooxo3ETs5mHt6wbRedsjMGWiTulBRhimrb/vY6MUkjKjThWKmW6yTaz7DUjHA6LHipogkmfdylLUMFjqjys/EpQ3RslA4KY2lKaDRWZycyHCk1iALTGWHdU/PeSPzPa6U6vPIzJpJUU0EmH4UpRzpGo1xQh0lKNB8YgolkZldEelhiok16BROCO3/yIqmfl12n7N5dFCvX0zjycABHUAIXLqECt1CFGhB4ghd4g3fr2Xq1PqzPSWvOms7swx9YX7/qRpnH</latexit><latexit sha1_base64="i8JpvXBSkqHJJndA+u5sHLOtTBU=">AAACCnicbVDLSgMxFL1TX7W+Rl26iRahopQZEXRZdOOygn1AZyiZNNOGZjJDkhHL0LUbf8WNC0Xc+gXu/BvTx6K2Hrhwcs695N4TJJwp7Tg/Vm5peWV1Lb9e2Njc2t6xd/fqKk4loTUS81g2A6woZ4LWNNOcNhNJcRRw2gj6NyO/8UClYrG414OE+hHuChYygrWR2vahl4WlR3SKPJooxo3ETs5mHt6wbRedsjMGWiTulBRhimrb/vY6MUkjKjThWKmW6yTaz7DUjHA6LHipogkmfdylLUMFjqjys/EpQ3RslA4KY2lKaDRWZycyHCk1iALTGWHdU/PeSPzPa6U6vPIzJpJUU0EmH4UpRzpGo1xQh0lKNB8YgolkZldEelhiok16BROCO3/yIqmfl12n7N5dFCvX0zjycABHUAIXLqECt1CFGhB4ghd4g3fr2Xq1PqzPSWvOms7swx9YX7/qRpnH</latexit><latexit sha1_base64="i8JpvXBSkqHJJndA+u5sHLOtTBU=">AAACCnicbVDLSgMxFL1TX7W+Rl26iRahopQZEXRZdOOygn1AZyiZNNOGZjJDkhHL0LUbf8WNC0Xc+gXu/BvTx6K2Hrhwcs695N4TJJwp7Tg/Vm5peWV1Lb9e2Njc2t6xd/fqKk4loTUS81g2A6woZ4LWNNOcNhNJcRRw2gj6NyO/8UClYrG414OE+hHuChYygrWR2vahl4WlR3SKPJooxo3ETs5mHt6wbRedsjMGWiTulBRhimrb/vY6MUkjKjThWKmW6yTaz7DUjHA6LHipogkmfdylLUMFjqjys/EpQ3RslA4KY2lKaDRWZycyHCk1iALTGWHdU/PeSPzPa6U6vPIzJpJUU0EmH4UpRzpGo1xQh0lKNB8YgolkZldEelhiok16BROCO3/yIqmfl12n7N5dFCvX0zjycABHUAIXLqECt1CFGhB4ghd4g3fr2Xq1PqzPSWvOms7swx9YX7/qRpnH</latexit><latexit sha1_base64="i8JpvXBSkqHJJndA+u5sHLOtTBU=">AAACCnicbVDLSgMxFL1TX7W+Rl26iRahopQZEXRZdOOygn1AZyiZNNOGZjJDkhHL0LUbf8WNC0Xc+gXu/BvTx6K2Hrhwcs695N4TJJwp7Tg/Vm5peWV1Lb9e2Njc2t6xd/fqKk4loTUS81g2A6woZ4LWNNOcNhNJcRRw2gj6NyO/8UClYrG414OE+hHuChYygrWR2vahl4WlR3SKPJooxo3ETs5mHt6wbRedsjMGWiTulBRhimrb/vY6MUkjKjThWKmW6yTaz7DUjHA6LHipogkmfdylLUMFjqjys/EpQ3RslA4KY2lKaDRWZycyHCk1iALTGWHdU/PeSPzPa6U6vPIzJpJUU0EmH4UpRzpGo1xQh0lKNB8YgolkZldEelhiok16BROCO3/yIqmfl12n7N5dFCvX0zjycABHUAIXLqECt1CFGhB4ghd4g3fr2Xq1PqzPSWvOms7swx9YX7/qRpnH</latexit>

✏i ! 0
<latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit><latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit><latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit><latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit>

f(x+ ✏4)
<latexit sha1_base64="eHjI4GlXF5H7CFXSabj8BQZ4BPM=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGFXAnoMevEYwTwgWcLspDcZMvtgZlYNMZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ4Ir7Tjf1srq2vrGZm4rv72zu7dvFw4aKk4lwzqLRSxbPlUoeIR1zbXAViKRhr7Apj+8nvrNe5SKx9GdHiXohbQf8YAzqo3UtQtB6ZGckQ4migsjVE67dtEpOzOQZeJmpAgZal37q9OLWRpipJmgSrVdJ9HemErNmcBJvpMqTCgb0j62DY1oiMobz06fkBOj9EgQS1ORJjP198SYhkqNQt90hlQP1KI3Ff/z2qkOLr0xj5JUY8Tmi4JUEB2TaQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgLr68TBrnZdcpu7eVYvUqiyMHR3AMJXDhAqpwAzWoA4MHeIZXeLOerBfr3fqYt65Y2cwh/IH1+QN9TZLY</latexit><latexit sha1_base64="eHjI4GlXF5H7CFXSabj8BQZ4BPM=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGFXAnoMevEYwTwgWcLspDcZMvtgZlYNMZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ4Ir7Tjf1srq2vrGZm4rv72zu7dvFw4aKk4lwzqLRSxbPlUoeIR1zbXAViKRhr7Apj+8nvrNe5SKx9GdHiXohbQf8YAzqo3UtQtB6ZGckQ4migsjVE67dtEpOzOQZeJmpAgZal37q9OLWRpipJmgSrVdJ9HemErNmcBJvpMqTCgb0j62DY1oiMobz06fkBOj9EgQS1ORJjP198SYhkqNQt90hlQP1KI3Ff/z2qkOLr0xj5JUY8Tmi4JUEB2TaQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgLr68TBrnZdcpu7eVYvUqiyMHR3AMJXDhAqpwAzWoA4MHeIZXeLOerBfr3fqYt65Y2cwh/IH1+QN9TZLY</latexit><latexit sha1_base64="eHjI4GlXF5H7CFXSabj8BQZ4BPM=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGFXAnoMevEYwTwgWcLspDcZMvtgZlYNMZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ4Ir7Tjf1srq2vrGZm4rv72zu7dvFw4aKk4lwzqLRSxbPlUoeIR1zbXAViKRhr7Apj+8nvrNe5SKx9GdHiXohbQf8YAzqo3UtQtB6ZGckQ4migsjVE67dtEpOzOQZeJmpAgZal37q9OLWRpipJmgSrVdJ9HemErNmcBJvpMqTCgb0j62DY1oiMobz06fkBOj9EgQS1ORJjP198SYhkqNQt90hlQP1KI3Ff/z2qkOLr0xj5JUY8Tmi4JUEB2TaQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgLr68TBrnZdcpu7eVYvUqiyMHR3AMJXDhAqpwAzWoA4MHeIZXeLOerBfr3fqYt65Y2cwh/IH1+QN9TZLY</latexit><latexit sha1_base64="eHjI4GlXF5H7CFXSabj8BQZ4BPM=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGFXAnoMevEYwTwgWcLspDcZMvtgZlYNMZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ4Ir7Tjf1srq2vrGZm4rv72zu7dvFw4aKk4lwzqLRSxbPlUoeIR1zbXAViKRhr7Apj+8nvrNe5SKx9GdHiXohbQf8YAzqo3UtQtB6ZGckQ4migsjVE67dtEpOzOQZeJmpAgZal37q9OLWRpipJmgSrVdJ9HemErNmcBJvpMqTCgb0j62DY1oiMobz06fkBOj9EgQS1ORJjP198SYhkqNQt90hlQP1KI3Ff/z2qkOLr0xj5JUY8Tmi4JUEB2TaQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgLr68TBrnZdcpu7eVYvUqiyMHR3AMJXDhAqpwAzWoA4MHeIZXeLOerBfr3fqYt65Y2cwh/IH1+QN9TZLY</latexit>

f(x)
<latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit><latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit><latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit><latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

f(x)
<latexit sha1_base64="l+wTkNgHrQCBgS+cpvSu9YH8xC0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlh9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSrte8i1r9/rLSuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHba2N1Q==</latexit>



Derivatives and gradients

- Definition of a derivative

f : R ! R
<latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit><latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit><latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit><latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit>

@f

@x
= f 0(x) = lim

✏!0

f(x+ ✏)� f(x)

✏
<latexit sha1_base64="e1/hieF77weSI9lRr2PJzsLNS1o="></latexit><latexit sha1_base64="e1/hieF77weSI9lRr2PJzsLNS1o="></latexit><latexit sha1_base64="e1/hieF77weSI9lRr2PJzsLNS1o="></latexit><latexit sha1_base64="e1/hieF77weSI9lRr2PJzsLNS1o="></latexit>

- Intuition: generate a sequence of points                      , and compute the  
   limit as 

{f(x+ ✏i), ✏i}
<latexit sha1_base64="i8JpvXBSkqHJJndA+u5sHLOtTBU=">AAACCnicbVDLSgMxFL1TX7W+Rl26iRahopQZEXRZdOOygn1AZyiZNNOGZjJDkhHL0LUbf8WNC0Xc+gXu/BvTx6K2Hrhwcs695N4TJJwp7Tg/Vm5peWV1Lb9e2Njc2t6xd/fqKk4loTUS81g2A6woZ4LWNNOcNhNJcRRw2gj6NyO/8UClYrG414OE+hHuChYygrWR2vahl4WlR3SKPJooxo3ETs5mHt6wbRedsjMGWiTulBRhimrb/vY6MUkjKjThWKmW6yTaz7DUjHA6LHipogkmfdylLUMFjqjys/EpQ3RslA4KY2lKaDRWZycyHCk1iALTGWHdU/PeSPzPa6U6vPIzJpJUU0EmH4UpRzpGo1xQh0lKNB8YgolkZldEelhiok16BROCO3/yIqmfl12n7N5dFCvX0zjycABHUAIXLqECt1CFGhB4ghd4g3fr2Xq1PqzPSWvOms7swx9YX7/qRpnH</latexit><latexit sha1_base64="i8JpvXBSkqHJJndA+u5sHLOtTBU=">AAACCnicbVDLSgMxFL1TX7W+Rl26iRahopQZEXRZdOOygn1AZyiZNNOGZjJDkhHL0LUbf8WNC0Xc+gXu/BvTx6K2Hrhwcs695N4TJJwp7Tg/Vm5peWV1Lb9e2Njc2t6xd/fqKk4loTUS81g2A6woZ4LWNNOcNhNJcRRw2gj6NyO/8UClYrG414OE+hHuChYygrWR2vahl4WlR3SKPJooxo3ETs5mHt6wbRedsjMGWiTulBRhimrb/vY6MUkjKjThWKmW6yTaz7DUjHA6LHipogkmfdylLUMFjqjys/EpQ3RslA4KY2lKaDRWZycyHCk1iALTGWHdU/PeSPzPa6U6vPIzJpJUU0EmH4UpRzpGo1xQh0lKNB8YgolkZldEelhiok16BROCO3/yIqmfl12n7N5dFCvX0zjycABHUAIXLqECt1CFGhB4ghd4g3fr2Xq1PqzPSWvOms7swx9YX7/qRpnH</latexit><latexit sha1_base64="i8JpvXBSkqHJJndA+u5sHLOtTBU=">AAACCnicbVDLSgMxFL1TX7W+Rl26iRahopQZEXRZdOOygn1AZyiZNNOGZjJDkhHL0LUbf8WNC0Xc+gXu/BvTx6K2Hrhwcs695N4TJJwp7Tg/Vm5peWV1Lb9e2Njc2t6xd/fqKk4loTUS81g2A6woZ4LWNNOcNhNJcRRw2gj6NyO/8UClYrG414OE+hHuChYygrWR2vahl4WlR3SKPJooxo3ETs5mHt6wbRedsjMGWiTulBRhimrb/vY6MUkjKjThWKmW6yTaz7DUjHA6LHipogkmfdylLUMFjqjys/EpQ3RslA4KY2lKaDRWZycyHCk1iALTGWHdU/PeSPzPa6U6vPIzJpJUU0EmH4UpRzpGo1xQh0lKNB8YgolkZldEelhiok16BROCO3/yIqmfl12n7N5dFCvX0zjycABHUAIXLqECt1CFGhB4ghd4g3fr2Xq1PqzPSWvOms7swx9YX7/qRpnH</latexit><latexit sha1_base64="i8JpvXBSkqHJJndA+u5sHLOtTBU=">AAACCnicbVDLSgMxFL1TX7W+Rl26iRahopQZEXRZdOOygn1AZyiZNNOGZjJDkhHL0LUbf8WNC0Xc+gXu/BvTx6K2Hrhwcs695N4TJJwp7Tg/Vm5peWV1Lb9e2Njc2t6xd/fqKk4loTUS81g2A6woZ4LWNNOcNhNJcRRw2gj6NyO/8UClYrG414OE+hHuChYygrWR2vahl4WlR3SKPJooxo3ETs5mHt6wbRedsjMGWiTulBRhimrb/vY6MUkjKjThWKmW6yTaz7DUjHA6LHipogkmfdylLUMFjqjys/EpQ3RslA4KY2lKaDRWZycyHCk1iALTGWHdU/PeSPzPa6U6vPIzJpJUU0EmH4UpRzpGo1xQh0lKNB8YgolkZldEelhiok16BROCO3/yIqmfl12n7N5dFCvX0zjycABHUAIXLqECt1CFGhB4ghd4g3fr2Xq1PqzPSWvOms7swx9YX7/qRpnH</latexit>

✏i ! 0
<latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit><latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit><latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit><latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit>

f(x+ ✏4)
<latexit sha1_base64="eHjI4GlXF5H7CFXSabj8BQZ4BPM=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGFXAnoMevEYwTwgWcLspDcZMvtgZlYNMZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ4Ir7Tjf1srq2vrGZm4rv72zu7dvFw4aKk4lwzqLRSxbPlUoeIR1zbXAViKRhr7Apj+8nvrNe5SKx9GdHiXohbQf8YAzqo3UtQtB6ZGckQ4migsjVE67dtEpOzOQZeJmpAgZal37q9OLWRpipJmgSrVdJ9HemErNmcBJvpMqTCgb0j62DY1oiMobz06fkBOj9EgQS1ORJjP198SYhkqNQt90hlQP1KI3Ff/z2qkOLr0xj5JUY8Tmi4JUEB2TaQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgLr68TBrnZdcpu7eVYvUqiyMHR3AMJXDhAqpwAzWoA4MHeIZXeLOerBfr3fqYt65Y2cwh/IH1+QN9TZLY</latexit><latexit sha1_base64="eHjI4GlXF5H7CFXSabj8BQZ4BPM=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGFXAnoMevEYwTwgWcLspDcZMvtgZlYNMZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ4Ir7Tjf1srq2vrGZm4rv72zu7dvFw4aKk4lwzqLRSxbPlUoeIR1zbXAViKRhr7Apj+8nvrNe5SKx9GdHiXohbQf8YAzqo3UtQtB6ZGckQ4migsjVE67dtEpOzOQZeJmpAgZal37q9OLWRpipJmgSrVdJ9HemErNmcBJvpMqTCgb0j62DY1oiMobz06fkBOj9EgQS1ORJjP198SYhkqNQt90hlQP1KI3Ff/z2qkOLr0xj5JUY8Tmi4JUEB2TaQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgLr68TBrnZdcpu7eVYvUqiyMHR3AMJXDhAqpwAzWoA4MHeIZXeLOerBfr3fqYt65Y2cwh/IH1+QN9TZLY</latexit><latexit sha1_base64="eHjI4GlXF5H7CFXSabj8BQZ4BPM=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGFXAnoMevEYwTwgWcLspDcZMvtgZlYNMZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ4Ir7Tjf1srq2vrGZm4rv72zu7dvFw4aKk4lwzqLRSxbPlUoeIR1zbXAViKRhr7Apj+8nvrNe5SKx9GdHiXohbQf8YAzqo3UtQtB6ZGckQ4migsjVE67dtEpOzOQZeJmpAgZal37q9OLWRpipJmgSrVdJ9HemErNmcBJvpMqTCgb0j62DY1oiMobz06fkBOj9EgQS1ORJjP198SYhkqNQt90hlQP1KI3Ff/z2qkOLr0xj5JUY8Tmi4JUEB2TaQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgLr68TBrnZdcpu7eVYvUqiyMHR3AMJXDhAqpwAzWoA4MHeIZXeLOerBfr3fqYt65Y2cwh/IH1+QN9TZLY</latexit><latexit sha1_base64="eHjI4GlXF5H7CFXSabj8BQZ4BPM=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGFXAnoMevEYwTwgWcLspDcZMvtgZlYNMZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ4Ir7Tjf1srq2vrGZm4rv72zu7dvFw4aKk4lwzqLRSxbPlUoeIR1zbXAViKRhr7Apj+8nvrNe5SKx9GdHiXohbQf8YAzqo3UtQtB6ZGckQ4migsjVE67dtEpOzOQZeJmpAgZal37q9OLWRpipJmgSrVdJ9HemErNmcBJvpMqTCgb0j62DY1oiMobz06fkBOj9EgQS1ORJjP198SYhkqNQt90hlQP1KI3Ff/z2qkOLr0xj5JUY8Tmi4JUEB2TaQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgLr68TBrnZdcpu7eVYvUqiyMHR3AMJXDhAqpwAzWoA4MHeIZXeLOerBfr3fqYt65Y2cwh/IH1+QN9TZLY</latexit>

f(x+ ✏3)
<latexit sha1_base64="CFNZZzJ2Kbpmtf8RXH1dXb66Ayc=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGFXBT0GvXiMYB6QhDA76U2GzD6YmVXDmk/x4kERr36JN//GSbIHTSxoKKq66e7yYsGVdpxva2l5ZXVtPbeR39za3tm1C3t1FSWSYY1FIpJNjyoUPMSa5lpgM5ZIA09gwxteT/zGPUrFo/BOj2LsBLQfcp8zqo3UtQt+6ZGckDbGigsjnB137aJTdqYgi8TNSBEyVLv2V7sXsSTAUDNBlWq5Tqw7KZWaM4HjfDtRGFM2pH1sGRrSAFUnnZ4+JkdG6RE/kqZCTabq74mUBkqNAs90BlQP1Lw3Ef/zWon2LzspD+NEY8hmi/xEEB2RSQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgzr+8SOqnZdcpu7fnxcpVFkcODuAQSuDCBVTgBqpQAwYP8Ayv8GY9WS/Wu/Uxa12yspl9+APr8wd7yJLX</latexit><latexit sha1_base64="CFNZZzJ2Kbpmtf8RXH1dXb66Ayc=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGFXBT0GvXiMYB6QhDA76U2GzD6YmVXDmk/x4kERr36JN//GSbIHTSxoKKq66e7yYsGVdpxva2l5ZXVtPbeR39za3tm1C3t1FSWSYY1FIpJNjyoUPMSa5lpgM5ZIA09gwxteT/zGPUrFo/BOj2LsBLQfcp8zqo3UtQt+6ZGckDbGigsjnB137aJTdqYgi8TNSBEyVLv2V7sXsSTAUDNBlWq5Tqw7KZWaM4HjfDtRGFM2pH1sGRrSAFUnnZ4+JkdG6RE/kqZCTabq74mUBkqNAs90BlQP1Lw3Ef/zWon2LzspD+NEY8hmi/xEEB2RSQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgzr+8SOqnZdcpu7fnxcpVFkcODuAQSuDCBVTgBqpQAwYP8Ayv8GY9WS/Wu/Uxa12yspl9+APr8wd7yJLX</latexit><latexit sha1_base64="CFNZZzJ2Kbpmtf8RXH1dXb66Ayc=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGFXBT0GvXiMYB6QhDA76U2GzD6YmVXDmk/x4kERr36JN//GSbIHTSxoKKq66e7yYsGVdpxva2l5ZXVtPbeR39za3tm1C3t1FSWSYY1FIpJNjyoUPMSa5lpgM5ZIA09gwxteT/zGPUrFo/BOj2LsBLQfcp8zqo3UtQt+6ZGckDbGigsjnB137aJTdqYgi8TNSBEyVLv2V7sXsSTAUDNBlWq5Tqw7KZWaM4HjfDtRGFM2pH1sGRrSAFUnnZ4+JkdG6RE/kqZCTabq74mUBkqNAs90BlQP1Lw3Ef/zWon2LzspD+NEY8hmi/xEEB2RSQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgzr+8SOqnZdcpu7fnxcpVFkcODuAQSuDCBVTgBqpQAwYP8Ayv8GY9WS/Wu/Uxa12yspl9+APr8wd7yJLX</latexit><latexit sha1_base64="CFNZZzJ2Kbpmtf8RXH1dXb66Ayc=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGFXBT0GvXiMYB6QhDA76U2GzD6YmVXDmk/x4kERr36JN//GSbIHTSxoKKq66e7yYsGVdpxva2l5ZXVtPbeR39za3tm1C3t1FSWSYY1FIpJNjyoUPMSa5lpgM5ZIA09gwxteT/zGPUrFo/BOj2LsBLQfcp8zqo3UtQt+6ZGckDbGigsjnB137aJTdqYgi8TNSBEyVLv2V7sXsSTAUDNBlWq5Tqw7KZWaM4HjfDtRGFM2pH1sGRrSAFUnnZ4+JkdG6RE/kqZCTabq74mUBkqNAs90BlQP1Lw3Ef/zWon2LzspD+NEY8hmi/xEEB2RSQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgzr+8SOqnZdcpu7fnxcpVFkcODuAQSuDCBVTgBqpQAwYP8Ayv8GY9WS/Wu/Uxa12yspl9+APr8wd7yJLX</latexit>

f(x)
<latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit><latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit><latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit><latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

f(x)
<latexit sha1_base64="l+wTkNgHrQCBgS+cpvSu9YH8xC0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlh9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSrte8i1r9/rLSuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHba2N1Q==</latexit>



Derivatives and gradients

- Definition of a derivative

f : R ! R
<latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit><latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit><latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit><latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit>

@f

@x
= f 0(x) = lim

✏!0

f(x+ ✏)� f(x)

✏
<latexit sha1_base64="e1/hieF77weSI9lRr2PJzsLNS1o="></latexit><latexit sha1_base64="e1/hieF77weSI9lRr2PJzsLNS1o="></latexit><latexit sha1_base64="e1/hieF77weSI9lRr2PJzsLNS1o="></latexit><latexit sha1_base64="e1/hieF77weSI9lRr2PJzsLNS1o="></latexit>

- Intuition: generate a sequence of points                      , and compute the  
   limit as 

{f(x+ ✏i), ✏i}
<latexit sha1_base64="i8JpvXBSkqHJJndA+u5sHLOtTBU=">AAACCnicbVDLSgMxFL1TX7W+Rl26iRahopQZEXRZdOOygn1AZyiZNNOGZjJDkhHL0LUbf8WNC0Xc+gXu/BvTx6K2Hrhwcs695N4TJJwp7Tg/Vm5peWV1Lb9e2Njc2t6xd/fqKk4loTUS81g2A6woZ4LWNNOcNhNJcRRw2gj6NyO/8UClYrG414OE+hHuChYygrWR2vahl4WlR3SKPJooxo3ETs5mHt6wbRedsjMGWiTulBRhimrb/vY6MUkjKjThWKmW6yTaz7DUjHA6LHipogkmfdylLUMFjqjys/EpQ3RslA4KY2lKaDRWZycyHCk1iALTGWHdU/PeSPzPa6U6vPIzJpJUU0EmH4UpRzpGo1xQh0lKNB8YgolkZldEelhiok16BROCO3/yIqmfl12n7N5dFCvX0zjycABHUAIXLqECt1CFGhB4ghd4g3fr2Xq1PqzPSWvOms7swx9YX7/qRpnH</latexit><latexit sha1_base64="i8JpvXBSkqHJJndA+u5sHLOtTBU=">AAACCnicbVDLSgMxFL1TX7W+Rl26iRahopQZEXRZdOOygn1AZyiZNNOGZjJDkhHL0LUbf8WNC0Xc+gXu/BvTx6K2Hrhwcs695N4TJJwp7Tg/Vm5peWV1Lb9e2Njc2t6xd/fqKk4loTUS81g2A6woZ4LWNNOcNhNJcRRw2gj6NyO/8UClYrG414OE+hHuChYygrWR2vahl4WlR3SKPJooxo3ETs5mHt6wbRedsjMGWiTulBRhimrb/vY6MUkjKjThWKmW6yTaz7DUjHA6LHipogkmfdylLUMFjqjys/EpQ3RslA4KY2lKaDRWZycyHCk1iALTGWHdU/PeSPzPa6U6vPIzJpJUU0EmH4UpRzpGo1xQh0lKNB8YgolkZldEelhiok16BROCO3/yIqmfl12n7N5dFCvX0zjycABHUAIXLqECt1CFGhB4ghd4g3fr2Xq1PqzPSWvOms7swx9YX7/qRpnH</latexit><latexit sha1_base64="i8JpvXBSkqHJJndA+u5sHLOtTBU=">AAACCnicbVDLSgMxFL1TX7W+Rl26iRahopQZEXRZdOOygn1AZyiZNNOGZjJDkhHL0LUbf8WNC0Xc+gXu/BvTx6K2Hrhwcs695N4TJJwp7Tg/Vm5peWV1Lb9e2Njc2t6xd/fqKk4loTUS81g2A6woZ4LWNNOcNhNJcRRw2gj6NyO/8UClYrG414OE+hHuChYygrWR2vahl4WlR3SKPJooxo3ETs5mHt6wbRedsjMGWiTulBRhimrb/vY6MUkjKjThWKmW6yTaz7DUjHA6LHipogkmfdylLUMFjqjys/EpQ3RslA4KY2lKaDRWZycyHCk1iALTGWHdU/PeSPzPa6U6vPIzJpJUU0EmH4UpRzpGo1xQh0lKNB8YgolkZldEelhiok16BROCO3/yIqmfl12n7N5dFCvX0zjycABHUAIXLqECt1CFGhB4ghd4g3fr2Xq1PqzPSWvOms7swx9YX7/qRpnH</latexit><latexit sha1_base64="i8JpvXBSkqHJJndA+u5sHLOtTBU=">AAACCnicbVDLSgMxFL1TX7W+Rl26iRahopQZEXRZdOOygn1AZyiZNNOGZjJDkhHL0LUbf8WNC0Xc+gXu/BvTx6K2Hrhwcs695N4TJJwp7Tg/Vm5peWV1Lb9e2Njc2t6xd/fqKk4loTUS81g2A6woZ4LWNNOcNhNJcRRw2gj6NyO/8UClYrG414OE+hHuChYygrWR2vahl4WlR3SKPJooxo3ETs5mHt6wbRedsjMGWiTulBRhimrb/vY6MUkjKjThWKmW6yTaz7DUjHA6LHipogkmfdylLUMFjqjys/EpQ3RslA4KY2lKaDRWZycyHCk1iALTGWHdU/PeSPzPa6U6vPIzJpJUU0EmH4UpRzpGo1xQh0lKNB8YgolkZldEelhiok16BROCO3/yIqmfl12n7N5dFCvX0zjycABHUAIXLqECt1CFGhB4ghd4g3fr2Xq1PqzPSWvOms7swx9YX7/qRpnH</latexit>

✏i ! 0
<latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit><latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit><latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit><latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit>

f(x+ ✏4)
<latexit sha1_base64="eHjI4GlXF5H7CFXSabj8BQZ4BPM=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGFXAnoMevEYwTwgWcLspDcZMvtgZlYNMZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ4Ir7Tjf1srq2vrGZm4rv72zu7dvFw4aKk4lwzqLRSxbPlUoeIR1zbXAViKRhr7Apj+8nvrNe5SKx9GdHiXohbQf8YAzqo3UtQtB6ZGckQ4migsjVE67dtEpOzOQZeJmpAgZal37q9OLWRpipJmgSrVdJ9HemErNmcBJvpMqTCgb0j62DY1oiMobz06fkBOj9EgQS1ORJjP198SYhkqNQt90hlQP1KI3Ff/z2qkOLr0xj5JUY8Tmi4JUEB2TaQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgLr68TBrnZdcpu7eVYvUqiyMHR3AMJXDhAqpwAzWoA4MHeIZXeLOerBfr3fqYt65Y2cwh/IH1+QN9TZLY</latexit><latexit sha1_base64="eHjI4GlXF5H7CFXSabj8BQZ4BPM=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGFXAnoMevEYwTwgWcLspDcZMvtgZlYNMZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ4Ir7Tjf1srq2vrGZm4rv72zu7dvFw4aKk4lwzqLRSxbPlUoeIR1zbXAViKRhr7Apj+8nvrNe5SKx9GdHiXohbQf8YAzqo3UtQtB6ZGckQ4migsjVE67dtEpOzOQZeJmpAgZal37q9OLWRpipJmgSrVdJ9HemErNmcBJvpMqTCgb0j62DY1oiMobz06fkBOj9EgQS1ORJjP198SYhkqNQt90hlQP1KI3Ff/z2qkOLr0xj5JUY8Tmi4JUEB2TaQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgLr68TBrnZdcpu7eVYvUqiyMHR3AMJXDhAqpwAzWoA4MHeIZXeLOerBfr3fqYt65Y2cwh/IH1+QN9TZLY</latexit><latexit sha1_base64="eHjI4GlXF5H7CFXSabj8BQZ4BPM=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGFXAnoMevEYwTwgWcLspDcZMvtgZlYNMZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ4Ir7Tjf1srq2vrGZm4rv72zu7dvFw4aKk4lwzqLRSxbPlUoeIR1zbXAViKRhr7Apj+8nvrNe5SKx9GdHiXohbQf8YAzqo3UtQtB6ZGckQ4migsjVE67dtEpOzOQZeJmpAgZal37q9OLWRpipJmgSrVdJ9HemErNmcBJvpMqTCgb0j62DY1oiMobz06fkBOj9EgQS1ORJjP198SYhkqNQt90hlQP1KI3Ff/z2qkOLr0xj5JUY8Tmi4JUEB2TaQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgLr68TBrnZdcpu7eVYvUqiyMHR3AMJXDhAqpwAzWoA4MHeIZXeLOerBfr3fqYt65Y2cwh/IH1+QN9TZLY</latexit><latexit sha1_base64="eHjI4GlXF5H7CFXSabj8BQZ4BPM=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGFXAnoMevEYwTwgWcLspDcZMvtgZlYNMZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ4Ir7Tjf1srq2vrGZm4rv72zu7dvFw4aKk4lwzqLRSxbPlUoeIR1zbXAViKRhr7Apj+8nvrNe5SKx9GdHiXohbQf8YAzqo3UtQtB6ZGckQ4migsjVE67dtEpOzOQZeJmpAgZal37q9OLWRpipJmgSrVdJ9HemErNmcBJvpMqTCgb0j62DY1oiMobz06fkBOj9EgQS1ORJjP198SYhkqNQt90hlQP1KI3Ff/z2qkOLr0xj5JUY8Tmi4JUEB2TaQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgLr68TBrnZdcpu7eVYvUqiyMHR3AMJXDhAqpwAzWoA4MHeIZXeLOerBfr3fqYt65Y2cwh/IH1+QN9TZLY</latexit>

f(x+ ✏3)
<latexit sha1_base64="CFNZZzJ2Kbpmtf8RXH1dXb66Ayc=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGFXBT0GvXiMYB6QhDA76U2GzD6YmVXDmk/x4kERr36JN//GSbIHTSxoKKq66e7yYsGVdpxva2l5ZXVtPbeR39za3tm1C3t1FSWSYY1FIpJNjyoUPMSa5lpgM5ZIA09gwxteT/zGPUrFo/BOj2LsBLQfcp8zqo3UtQt+6ZGckDbGigsjnB137aJTdqYgi8TNSBEyVLv2V7sXsSTAUDNBlWq5Tqw7KZWaM4HjfDtRGFM2pH1sGRrSAFUnnZ4+JkdG6RE/kqZCTabq74mUBkqNAs90BlQP1Lw3Ef/zWon2LzspD+NEY8hmi/xEEB2RSQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgzr+8SOqnZdcpu7fnxcpVFkcODuAQSuDCBVTgBqpQAwYP8Ayv8GY9WS/Wu/Uxa12yspl9+APr8wd7yJLX</latexit><latexit sha1_base64="CFNZZzJ2Kbpmtf8RXH1dXb66Ayc=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGFXBT0GvXiMYB6QhDA76U2GzD6YmVXDmk/x4kERr36JN//GSbIHTSxoKKq66e7yYsGVdpxva2l5ZXVtPbeR39za3tm1C3t1FSWSYY1FIpJNjyoUPMSa5lpgM5ZIA09gwxteT/zGPUrFo/BOj2LsBLQfcp8zqo3UtQt+6ZGckDbGigsjnB137aJTdqYgi8TNSBEyVLv2V7sXsSTAUDNBlWq5Tqw7KZWaM4HjfDtRGFM2pH1sGRrSAFUnnZ4+JkdG6RE/kqZCTabq74mUBkqNAs90BlQP1Lw3Ef/zWon2LzspD+NEY8hmi/xEEB2RSQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgzr+8SOqnZdcpu7fnxcpVFkcODuAQSuDCBVTgBqpQAwYP8Ayv8GY9WS/Wu/Uxa12yspl9+APr8wd7yJLX</latexit><latexit sha1_base64="CFNZZzJ2Kbpmtf8RXH1dXb66Ayc=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGFXBT0GvXiMYB6QhDA76U2GzD6YmVXDmk/x4kERr36JN//GSbIHTSxoKKq66e7yYsGVdpxva2l5ZXVtPbeR39za3tm1C3t1FSWSYY1FIpJNjyoUPMSa5lpgM5ZIA09gwxteT/zGPUrFo/BOj2LsBLQfcp8zqo3UtQt+6ZGckDbGigsjnB137aJTdqYgi8TNSBEyVLv2V7sXsSTAUDNBlWq5Tqw7KZWaM4HjfDtRGFM2pH1sGRrSAFUnnZ4+JkdG6RE/kqZCTabq74mUBkqNAs90BlQP1Lw3Ef/zWon2LzspD+NEY8hmi/xEEB2RSQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgzr+8SOqnZdcpu7fnxcpVFkcODuAQSuDCBVTgBqpQAwYP8Ayv8GY9WS/Wu/Uxa12yspl9+APr8wd7yJLX</latexit><latexit sha1_base64="CFNZZzJ2Kbpmtf8RXH1dXb66Ayc=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGFXBT0GvXiMYB6QhDA76U2GzD6YmVXDmk/x4kERr36JN//GSbIHTSxoKKq66e7yYsGVdpxva2l5ZXVtPbeR39za3tm1C3t1FSWSYY1FIpJNjyoUPMSa5lpgM5ZIA09gwxteT/zGPUrFo/BOj2LsBLQfcp8zqo3UtQt+6ZGckDbGigsjnB137aJTdqYgi8TNSBEyVLv2V7sXsSTAUDNBlWq5Tqw7KZWaM4HjfDtRGFM2pH1sGRrSAFUnnZ4+JkdG6RE/kqZCTabq74mUBkqNAs90BlQP1Lw3Ef/zWon2LzspD+NEY8hmi/xEEB2RSQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgzr+8SOqnZdcpu7fnxcpVFkcODuAQSuDCBVTgBqpQAwYP8Ayv8GY9WS/Wu/Uxa12yspl9+APr8wd7yJLX</latexit>

f(x+ ✏2)
<latexit sha1_base64="CjVVGyp6/BgJDs5eiprj59EgUUU=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGE3CHoMevEYwTwgWcLspDcZMvtgZlYNMZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ4Ir7Tjf1srq2vrGZm4rv72zu7dvFw4aKk4lwzqLRSxbPlUoeIR1zbXAViKRhr7Apj+8nvrNe5SKx9GdHiXohbQf8YAzqo3UtQtB6ZGckQ4migsjVE67dtEpOzOQZeJmpAgZal37q9OLWRpipJmgSrVdJ9HemErNmcBJvpMqTCgb0j62DY1oiMobz06fkBOj9EgQS1ORJjP198SYhkqNQt90hlQP1KI3Ff/z2qkOLr0xj5JUY8Tmi4JUEB2TaQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgLr68TBqVsuuU3dvzYvUqiyMHR3AMJXDhAqpwAzWoA4MHeIZXeLOerBfr3fqYt65Y2cwh/IH1+QN6Q5LW</latexit><latexit sha1_base64="CjVVGyp6/BgJDs5eiprj59EgUUU=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGE3CHoMevEYwTwgWcLspDcZMvtgZlYNMZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ4Ir7Tjf1srq2vrGZm4rv72zu7dvFw4aKk4lwzqLRSxbPlUoeIR1zbXAViKRhr7Apj+8nvrNe5SKx9GdHiXohbQf8YAzqo3UtQtB6ZGckQ4migsjVE67dtEpOzOQZeJmpAgZal37q9OLWRpipJmgSrVdJ9HemErNmcBJvpMqTCgb0j62DY1oiMobz06fkBOj9EgQS1ORJjP198SYhkqNQt90hlQP1KI3Ff/z2qkOLr0xj5JUY8Tmi4JUEB2TaQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgLr68TBqVsuuU3dvzYvUqiyMHR3AMJXDhAqpwAzWoA4MHeIZXeLOerBfr3fqYt65Y2cwh/IH1+QN6Q5LW</latexit><latexit sha1_base64="CjVVGyp6/BgJDs5eiprj59EgUUU=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGE3CHoMevEYwTwgWcLspDcZMvtgZlYNMZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ4Ir7Tjf1srq2vrGZm4rv72zu7dvFw4aKk4lwzqLRSxbPlUoeIR1zbXAViKRhr7Apj+8nvrNe5SKx9GdHiXohbQf8YAzqo3UtQtB6ZGckQ4migsjVE67dtEpOzOQZeJmpAgZal37q9OLWRpipJmgSrVdJ9HemErNmcBJvpMqTCgb0j62DY1oiMobz06fkBOj9EgQS1ORJjP198SYhkqNQt90hlQP1KI3Ff/z2qkOLr0xj5JUY8Tmi4JUEB2TaQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgLr68TBqVsuuU3dvzYvUqiyMHR3AMJXDhAqpwAzWoA4MHeIZXeLOerBfr3fqYt65Y2cwh/IH1+QN6Q5LW</latexit><latexit sha1_base64="CjVVGyp6/BgJDs5eiprj59EgUUU=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGE3CHoMevEYwTwgWcLspDcZMvtgZlYNMZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ4Ir7Tjf1srq2vrGZm4rv72zu7dvFw4aKk4lwzqLRSxbPlUoeIR1zbXAViKRhr7Apj+8nvrNe5SKx9GdHiXohbQf8YAzqo3UtQtB6ZGckQ4migsjVE67dtEpOzOQZeJmpAgZal37q9OLWRpipJmgSrVdJ9HemErNmcBJvpMqTCgb0j62DY1oiMobz06fkBOj9EgQS1ORJjP198SYhkqNQt90hlQP1KI3Ff/z2qkOLr0xj5JUY8Tmi4JUEB2TaQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgLr68TBqVsuuU3dvzYvUqiyMHR3AMJXDhAqpwAzWoA4MHeIZXeLOerBfr3fqYt65Y2cwh/IH1+QN6Q5LW</latexit>

f(x)
<latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit><latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit><latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit><latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

f(x)
<latexit sha1_base64="l+wTkNgHrQCBgS+cpvSu9YH8xC0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlh9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSrte8i1r9/rLSuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHba2N1Q==</latexit>



Derivatives and gradients

- Definition of a derivative

f : R ! R
<latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit><latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit><latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit><latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit>

@f

@x
= f 0(x) = lim

✏!0

f(x+ ✏)� f(x)

✏
<latexit sha1_base64="e1/hieF77weSI9lRr2PJzsLNS1o="></latexit><latexit sha1_base64="e1/hieF77weSI9lRr2PJzsLNS1o="></latexit><latexit sha1_base64="e1/hieF77weSI9lRr2PJzsLNS1o="></latexit><latexit sha1_base64="e1/hieF77weSI9lRr2PJzsLNS1o="></latexit>

- Intuition: generate a sequence of points                      , and compute the  
   limit as 

{f(x+ ✏i), ✏i}
<latexit sha1_base64="i8JpvXBSkqHJJndA+u5sHLOtTBU=">AAACCnicbVDLSgMxFL1TX7W+Rl26iRahopQZEXRZdOOygn1AZyiZNNOGZjJDkhHL0LUbf8WNC0Xc+gXu/BvTx6K2Hrhwcs695N4TJJwp7Tg/Vm5peWV1Lb9e2Njc2t6xd/fqKk4loTUS81g2A6woZ4LWNNOcNhNJcRRw2gj6NyO/8UClYrG414OE+hHuChYygrWR2vahl4WlR3SKPJooxo3ETs5mHt6wbRedsjMGWiTulBRhimrb/vY6MUkjKjThWKmW6yTaz7DUjHA6LHipogkmfdylLUMFjqjys/EpQ3RslA4KY2lKaDRWZycyHCk1iALTGWHdU/PeSPzPa6U6vPIzJpJUU0EmH4UpRzpGo1xQh0lKNB8YgolkZldEelhiok16BROCO3/yIqmfl12n7N5dFCvX0zjycABHUAIXLqECt1CFGhB4ghd4g3fr2Xq1PqzPSWvOms7swx9YX7/qRpnH</latexit><latexit sha1_base64="i8JpvXBSkqHJJndA+u5sHLOtTBU=">AAACCnicbVDLSgMxFL1TX7W+Rl26iRahopQZEXRZdOOygn1AZyiZNNOGZjJDkhHL0LUbf8WNC0Xc+gXu/BvTx6K2Hrhwcs695N4TJJwp7Tg/Vm5peWV1Lb9e2Njc2t6xd/fqKk4loTUS81g2A6woZ4LWNNOcNhNJcRRw2gj6NyO/8UClYrG414OE+hHuChYygrWR2vahl4WlR3SKPJooxo3ETs5mHt6wbRedsjMGWiTulBRhimrb/vY6MUkjKjThWKmW6yTaz7DUjHA6LHipogkmfdylLUMFjqjys/EpQ3RslA4KY2lKaDRWZycyHCk1iALTGWHdU/PeSPzPa6U6vPIzJpJUU0EmH4UpRzpGo1xQh0lKNB8YgolkZldEelhiok16BROCO3/yIqmfl12n7N5dFCvX0zjycABHUAIXLqECt1CFGhB4ghd4g3fr2Xq1PqzPSWvOms7swx9YX7/qRpnH</latexit><latexit sha1_base64="i8JpvXBSkqHJJndA+u5sHLOtTBU=">AAACCnicbVDLSgMxFL1TX7W+Rl26iRahopQZEXRZdOOygn1AZyiZNNOGZjJDkhHL0LUbf8WNC0Xc+gXu/BvTx6K2Hrhwcs695N4TJJwp7Tg/Vm5peWV1Lb9e2Njc2t6xd/fqKk4loTUS81g2A6woZ4LWNNOcNhNJcRRw2gj6NyO/8UClYrG414OE+hHuChYygrWR2vahl4WlR3SKPJooxo3ETs5mHt6wbRedsjMGWiTulBRhimrb/vY6MUkjKjThWKmW6yTaz7DUjHA6LHipogkmfdylLUMFjqjys/EpQ3RslA4KY2lKaDRWZycyHCk1iALTGWHdU/PeSPzPa6U6vPIzJpJUU0EmH4UpRzpGo1xQh0lKNB8YgolkZldEelhiok16BROCO3/yIqmfl12n7N5dFCvX0zjycABHUAIXLqECt1CFGhB4ghd4g3fr2Xq1PqzPSWvOms7swx9YX7/qRpnH</latexit><latexit sha1_base64="i8JpvXBSkqHJJndA+u5sHLOtTBU=">AAACCnicbVDLSgMxFL1TX7W+Rl26iRahopQZEXRZdOOygn1AZyiZNNOGZjJDkhHL0LUbf8WNC0Xc+gXu/BvTx6K2Hrhwcs695N4TJJwp7Tg/Vm5peWV1Lb9e2Njc2t6xd/fqKk4loTUS81g2A6woZ4LWNNOcNhNJcRRw2gj6NyO/8UClYrG414OE+hHuChYygrWR2vahl4WlR3SKPJooxo3ETs5mHt6wbRedsjMGWiTulBRhimrb/vY6MUkjKjThWKmW6yTaz7DUjHA6LHipogkmfdylLUMFjqjys/EpQ3RslA4KY2lKaDRWZycyHCk1iALTGWHdU/PeSPzPa6U6vPIzJpJUU0EmH4UpRzpGo1xQh0lKNB8YgolkZldEelhiok16BROCO3/yIqmfl12n7N5dFCvX0zjycABHUAIXLqECt1CFGhB4ghd4g3fr2Xq1PqzPSWvOms7swx9YX7/qRpnH</latexit>

✏i ! 0
<latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit><latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit><latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit><latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit>

f(x+ ✏4)
<latexit sha1_base64="eHjI4GlXF5H7CFXSabj8BQZ4BPM=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGFXAnoMevEYwTwgWcLspDcZMvtgZlYNMZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ4Ir7Tjf1srq2vrGZm4rv72zu7dvFw4aKk4lwzqLRSxbPlUoeIR1zbXAViKRhr7Apj+8nvrNe5SKx9GdHiXohbQf8YAzqo3UtQtB6ZGckQ4migsjVE67dtEpOzOQZeJmpAgZal37q9OLWRpipJmgSrVdJ9HemErNmcBJvpMqTCgb0j62DY1oiMobz06fkBOj9EgQS1ORJjP198SYhkqNQt90hlQP1KI3Ff/z2qkOLr0xj5JUY8Tmi4JUEB2TaQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgLr68TBrnZdcpu7eVYvUqiyMHR3AMJXDhAqpwAzWoA4MHeIZXeLOerBfr3fqYt65Y2cwh/IH1+QN9TZLY</latexit><latexit sha1_base64="eHjI4GlXF5H7CFXSabj8BQZ4BPM=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGFXAnoMevEYwTwgWcLspDcZMvtgZlYNMZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ4Ir7Tjf1srq2vrGZm4rv72zu7dvFw4aKk4lwzqLRSxbPlUoeIR1zbXAViKRhr7Apj+8nvrNe5SKx9GdHiXohbQf8YAzqo3UtQtB6ZGckQ4migsjVE67dtEpOzOQZeJmpAgZal37q9OLWRpipJmgSrVdJ9HemErNmcBJvpMqTCgb0j62DY1oiMobz06fkBOj9EgQS1ORJjP198SYhkqNQt90hlQP1KI3Ff/z2qkOLr0xj5JUY8Tmi4JUEB2TaQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgLr68TBrnZdcpu7eVYvUqiyMHR3AMJXDhAqpwAzWoA4MHeIZXeLOerBfr3fqYt65Y2cwh/IH1+QN9TZLY</latexit><latexit sha1_base64="eHjI4GlXF5H7CFXSabj8BQZ4BPM=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGFXAnoMevEYwTwgWcLspDcZMvtgZlYNMZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ4Ir7Tjf1srq2vrGZm4rv72zu7dvFw4aKk4lwzqLRSxbPlUoeIR1zbXAViKRhr7Apj+8nvrNe5SKx9GdHiXohbQf8YAzqo3UtQtB6ZGckQ4migsjVE67dtEpOzOQZeJmpAgZal37q9OLWRpipJmgSrVdJ9HemErNmcBJvpMqTCgb0j62DY1oiMobz06fkBOj9EgQS1ORJjP198SYhkqNQt90hlQP1KI3Ff/z2qkOLr0xj5JUY8Tmi4JUEB2TaQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgLr68TBrnZdcpu7eVYvUqiyMHR3AMJXDhAqpwAzWoA4MHeIZXeLOerBfr3fqYt65Y2cwh/IH1+QN9TZLY</latexit><latexit sha1_base64="eHjI4GlXF5H7CFXSabj8BQZ4BPM=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGFXAnoMevEYwTwgWcLspDcZMvtgZlYNMZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ4Ir7Tjf1srq2vrGZm4rv72zu7dvFw4aKk4lwzqLRSxbPlUoeIR1zbXAViKRhr7Apj+8nvrNe5SKx9GdHiXohbQf8YAzqo3UtQtB6ZGckQ4migsjVE67dtEpOzOQZeJmpAgZal37q9OLWRpipJmgSrVdJ9HemErNmcBJvpMqTCgb0j62DY1oiMobz06fkBOj9EgQS1ORJjP198SYhkqNQt90hlQP1KI3Ff/z2qkOLr0xj5JUY8Tmi4JUEB2TaQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgLr68TBrnZdcpu7eVYvUqiyMHR3AMJXDhAqpwAzWoA4MHeIZXeLOerBfr3fqYt65Y2cwh/IH1+QN9TZLY</latexit>

f(x+ ✏3)
<latexit sha1_base64="CFNZZzJ2Kbpmtf8RXH1dXb66Ayc=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGFXBT0GvXiMYB6QhDA76U2GzD6YmVXDmk/x4kERr36JN//GSbIHTSxoKKq66e7yYsGVdpxva2l5ZXVtPbeR39za3tm1C3t1FSWSYY1FIpJNjyoUPMSa5lpgM5ZIA09gwxteT/zGPUrFo/BOj2LsBLQfcp8zqo3UtQt+6ZGckDbGigsjnB137aJTdqYgi8TNSBEyVLv2V7sXsSTAUDNBlWq5Tqw7KZWaM4HjfDtRGFM2pH1sGRrSAFUnnZ4+JkdG6RE/kqZCTabq74mUBkqNAs90BlQP1Lw3Ef/zWon2LzspD+NEY8hmi/xEEB2RSQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgzr+8SOqnZdcpu7fnxcpVFkcODuAQSuDCBVTgBqpQAwYP8Ayv8GY9WS/Wu/Uxa12yspl9+APr8wd7yJLX</latexit><latexit sha1_base64="CFNZZzJ2Kbpmtf8RXH1dXb66Ayc=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGFXBT0GvXiMYB6QhDA76U2GzD6YmVXDmk/x4kERr36JN//GSbIHTSxoKKq66e7yYsGVdpxva2l5ZXVtPbeR39za3tm1C3t1FSWSYY1FIpJNjyoUPMSa5lpgM5ZIA09gwxteT/zGPUrFo/BOj2LsBLQfcp8zqo3UtQt+6ZGckDbGigsjnB137aJTdqYgi8TNSBEyVLv2V7sXsSTAUDNBlWq5Tqw7KZWaM4HjfDtRGFM2pH1sGRrSAFUnnZ4+JkdG6RE/kqZCTabq74mUBkqNAs90BlQP1Lw3Ef/zWon2LzspD+NEY8hmi/xEEB2RSQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgzr+8SOqnZdcpu7fnxcpVFkcODuAQSuDCBVTgBqpQAwYP8Ayv8GY9WS/Wu/Uxa12yspl9+APr8wd7yJLX</latexit><latexit sha1_base64="CFNZZzJ2Kbpmtf8RXH1dXb66Ayc=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGFXBT0GvXiMYB6QhDA76U2GzD6YmVXDmk/x4kERr36JN//GSbIHTSxoKKq66e7yYsGVdpxva2l5ZXVtPbeR39za3tm1C3t1FSWSYY1FIpJNjyoUPMSa5lpgM5ZIA09gwxteT/zGPUrFo/BOj2LsBLQfcp8zqo3UtQt+6ZGckDbGigsjnB137aJTdqYgi8TNSBEyVLv2V7sXsSTAUDNBlWq5Tqw7KZWaM4HjfDtRGFM2pH1sGRrSAFUnnZ4+JkdG6RE/kqZCTabq74mUBkqNAs90BlQP1Lw3Ef/zWon2LzspD+NEY8hmi/xEEB2RSQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgzr+8SOqnZdcpu7fnxcpVFkcODuAQSuDCBVTgBqpQAwYP8Ayv8GY9WS/Wu/Uxa12yspl9+APr8wd7yJLX</latexit><latexit sha1_base64="CFNZZzJ2Kbpmtf8RXH1dXb66Ayc=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGFXBT0GvXiMYB6QhDA76U2GzD6YmVXDmk/x4kERr36JN//GSbIHTSxoKKq66e7yYsGVdpxva2l5ZXVtPbeR39za3tm1C3t1FSWSYY1FIpJNjyoUPMSa5lpgM5ZIA09gwxteT/zGPUrFo/BOj2LsBLQfcp8zqo3UtQt+6ZGckDbGigsjnB137aJTdqYgi8TNSBEyVLv2V7sXsSTAUDNBlWq5Tqw7KZWaM4HjfDtRGFM2pH1sGRrSAFUnnZ4+JkdG6RE/kqZCTabq74mUBkqNAs90BlQP1Lw3Ef/zWon2LzspD+NEY8hmi/xEEB2RSQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgzr+8SOqnZdcpu7fnxcpVFkcODuAQSuDCBVTgBqpQAwYP8Ayv8GY9WS/Wu/Uxa12yspl9+APr8wd7yJLX</latexit>

f(x+ ✏2)
<latexit sha1_base64="CjVVGyp6/BgJDs5eiprj59EgUUU=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGE3CHoMevEYwTwgWcLspDcZMvtgZlYNMZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ4Ir7Tjf1srq2vrGZm4rv72zu7dvFw4aKk4lwzqLRSxbPlUoeIR1zbXAViKRhr7Apj+8nvrNe5SKx9GdHiXohbQf8YAzqo3UtQtB6ZGckQ4migsjVE67dtEpOzOQZeJmpAgZal37q9OLWRpipJmgSrVdJ9HemErNmcBJvpMqTCgb0j62DY1oiMobz06fkBOj9EgQS1ORJjP198SYhkqNQt90hlQP1KI3Ff/z2qkOLr0xj5JUY8Tmi4JUEB2TaQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgLr68TBqVsuuU3dvzYvUqiyMHR3AMJXDhAqpwAzWoA4MHeIZXeLOerBfr3fqYt65Y2cwh/IH1+QN6Q5LW</latexit><latexit sha1_base64="CjVVGyp6/BgJDs5eiprj59EgUUU=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGE3CHoMevEYwTwgWcLspDcZMvtgZlYNMZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ4Ir7Tjf1srq2vrGZm4rv72zu7dvFw4aKk4lwzqLRSxbPlUoeIR1zbXAViKRhr7Apj+8nvrNe5SKx9GdHiXohbQf8YAzqo3UtQtB6ZGckQ4migsjVE67dtEpOzOQZeJmpAgZal37q9OLWRpipJmgSrVdJ9HemErNmcBJvpMqTCgb0j62DY1oiMobz06fkBOj9EgQS1ORJjP198SYhkqNQt90hlQP1KI3Ff/z2qkOLr0xj5JUY8Tmi4JUEB2TaQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgLr68TBqVsuuU3dvzYvUqiyMHR3AMJXDhAqpwAzWoA4MHeIZXeLOerBfr3fqYt65Y2cwh/IH1+QN6Q5LW</latexit><latexit sha1_base64="CjVVGyp6/BgJDs5eiprj59EgUUU=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGE3CHoMevEYwTwgWcLspDcZMvtgZlYNMZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ4Ir7Tjf1srq2vrGZm4rv72zu7dvFw4aKk4lwzqLRSxbPlUoeIR1zbXAViKRhr7Apj+8nvrNe5SKx9GdHiXohbQf8YAzqo3UtQtB6ZGckQ4migsjVE67dtEpOzOQZeJmpAgZal37q9OLWRpipJmgSrVdJ9HemErNmcBJvpMqTCgb0j62DY1oiMobz06fkBOj9EgQS1ORJjP198SYhkqNQt90hlQP1KI3Ff/z2qkOLr0xj5JUY8Tmi4JUEB2TaQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgLr68TBqVsuuU3dvzYvUqiyMHR3AMJXDhAqpwAzWoA4MHeIZXeLOerBfr3fqYt65Y2cwh/IH1+QN6Q5LW</latexit><latexit sha1_base64="CjVVGyp6/BgJDs5eiprj59EgUUU=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGE3CHoMevEYwTwgWcLspDcZMvtgZlYNMZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ4Ir7Tjf1srq2vrGZm4rv72zu7dvFw4aKk4lwzqLRSxbPlUoeIR1zbXAViKRhr7Apj+8nvrNe5SKx9GdHiXohbQf8YAzqo3UtQtB6ZGckQ4migsjVE67dtEpOzOQZeJmpAgZal37q9OLWRpipJmgSrVdJ9HemErNmcBJvpMqTCgb0j62DY1oiMobz06fkBOj9EgQS1ORJjP198SYhkqNQt90hlQP1KI3Ff/z2qkOLr0xj5JUY8Tmi4JUEB2TaQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgLr68TBqVsuuU3dvzYvUqiyMHR3AMJXDhAqpwAzWoA4MHeIZXeLOerBfr3fqYt65Y2cwh/IH1+QN6Q5LW</latexit>

f(x)
<latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit><latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit><latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit><latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

f(x)
<latexit sha1_base64="l+wTkNgHrQCBgS+cpvSu9YH8xC0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlh9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSrte8i1r9/rLSuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHba2N1Q==</latexit>



Derivatives and gradients

- Definition of a derivative

f : R ! R
<latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit><latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit><latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit><latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit>

@f

@x
= f 0(x) = lim

✏!0

f(x+ ✏)� f(x)

✏
<latexit sha1_base64="e1/hieF77weSI9lRr2PJzsLNS1o="></latexit><latexit sha1_base64="e1/hieF77weSI9lRr2PJzsLNS1o="></latexit><latexit sha1_base64="e1/hieF77weSI9lRr2PJzsLNS1o="></latexit><latexit sha1_base64="e1/hieF77weSI9lRr2PJzsLNS1o="></latexit>

- Intuition: generate a sequence of points                      , and compute the  
   limit as 

{f(x+ ✏i), ✏i}
<latexit sha1_base64="i8JpvXBSkqHJJndA+u5sHLOtTBU=">AAACCnicbVDLSgMxFL1TX7W+Rl26iRahopQZEXRZdOOygn1AZyiZNNOGZjJDkhHL0LUbf8WNC0Xc+gXu/BvTx6K2Hrhwcs695N4TJJwp7Tg/Vm5peWV1Lb9e2Njc2t6xd/fqKk4loTUS81g2A6woZ4LWNNOcNhNJcRRw2gj6NyO/8UClYrG414OE+hHuChYygrWR2vahl4WlR3SKPJooxo3ETs5mHt6wbRedsjMGWiTulBRhimrb/vY6MUkjKjThWKmW6yTaz7DUjHA6LHipogkmfdylLUMFjqjys/EpQ3RslA4KY2lKaDRWZycyHCk1iALTGWHdU/PeSPzPa6U6vPIzJpJUU0EmH4UpRzpGo1xQh0lKNB8YgolkZldEelhiok16BROCO3/yIqmfl12n7N5dFCvX0zjycABHUAIXLqECt1CFGhB4ghd4g3fr2Xq1PqzPSWvOms7swx9YX7/qRpnH</latexit><latexit sha1_base64="i8JpvXBSkqHJJndA+u5sHLOtTBU=">AAACCnicbVDLSgMxFL1TX7W+Rl26iRahopQZEXRZdOOygn1AZyiZNNOGZjJDkhHL0LUbf8WNC0Xc+gXu/BvTx6K2Hrhwcs695N4TJJwp7Tg/Vm5peWV1Lb9e2Njc2t6xd/fqKk4loTUS81g2A6woZ4LWNNOcNhNJcRRw2gj6NyO/8UClYrG414OE+hHuChYygrWR2vahl4WlR3SKPJooxo3ETs5mHt6wbRedsjMGWiTulBRhimrb/vY6MUkjKjThWKmW6yTaz7DUjHA6LHipogkmfdylLUMFjqjys/EpQ3RslA4KY2lKaDRWZycyHCk1iALTGWHdU/PeSPzPa6U6vPIzJpJUU0EmH4UpRzpGo1xQh0lKNB8YgolkZldEelhiok16BROCO3/yIqmfl12n7N5dFCvX0zjycABHUAIXLqECt1CFGhB4ghd4g3fr2Xq1PqzPSWvOms7swx9YX7/qRpnH</latexit><latexit sha1_base64="i8JpvXBSkqHJJndA+u5sHLOtTBU=">AAACCnicbVDLSgMxFL1TX7W+Rl26iRahopQZEXRZdOOygn1AZyiZNNOGZjJDkhHL0LUbf8WNC0Xc+gXu/BvTx6K2Hrhwcs695N4TJJwp7Tg/Vm5peWV1Lb9e2Njc2t6xd/fqKk4loTUS81g2A6woZ4LWNNOcNhNJcRRw2gj6NyO/8UClYrG414OE+hHuChYygrWR2vahl4WlR3SKPJooxo3ETs5mHt6wbRedsjMGWiTulBRhimrb/vY6MUkjKjThWKmW6yTaz7DUjHA6LHipogkmfdylLUMFjqjys/EpQ3RslA4KY2lKaDRWZycyHCk1iALTGWHdU/PeSPzPa6U6vPIzJpJUU0EmH4UpRzpGo1xQh0lKNB8YgolkZldEelhiok16BROCO3/yIqmfl12n7N5dFCvX0zjycABHUAIXLqECt1CFGhB4ghd4g3fr2Xq1PqzPSWvOms7swx9YX7/qRpnH</latexit><latexit sha1_base64="i8JpvXBSkqHJJndA+u5sHLOtTBU=">AAACCnicbVDLSgMxFL1TX7W+Rl26iRahopQZEXRZdOOygn1AZyiZNNOGZjJDkhHL0LUbf8WNC0Xc+gXu/BvTx6K2Hrhwcs695N4TJJwp7Tg/Vm5peWV1Lb9e2Njc2t6xd/fqKk4loTUS81g2A6woZ4LWNNOcNhNJcRRw2gj6NyO/8UClYrG414OE+hHuChYygrWR2vahl4WlR3SKPJooxo3ETs5mHt6wbRedsjMGWiTulBRhimrb/vY6MUkjKjThWKmW6yTaz7DUjHA6LHipogkmfdylLUMFjqjys/EpQ3RslA4KY2lKaDRWZycyHCk1iALTGWHdU/PeSPzPa6U6vPIzJpJUU0EmH4UpRzpGo1xQh0lKNB8YgolkZldEelhiok16BROCO3/yIqmfl12n7N5dFCvX0zjycABHUAIXLqECt1CFGhB4ghd4g3fr2Xq1PqzPSWvOms7swx9YX7/qRpnH</latexit>

✏i ! 0
<latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit><latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit><latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit><latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit>

f(x+ ✏4)
<latexit sha1_base64="eHjI4GlXF5H7CFXSabj8BQZ4BPM=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGFXAnoMevEYwTwgWcLspDcZMvtgZlYNMZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ4Ir7Tjf1srq2vrGZm4rv72zu7dvFw4aKk4lwzqLRSxbPlUoeIR1zbXAViKRhr7Apj+8nvrNe5SKx9GdHiXohbQf8YAzqo3UtQtB6ZGckQ4migsjVE67dtEpOzOQZeJmpAgZal37q9OLWRpipJmgSrVdJ9HemErNmcBJvpMqTCgb0j62DY1oiMobz06fkBOj9EgQS1ORJjP198SYhkqNQt90hlQP1KI3Ff/z2qkOLr0xj5JUY8Tmi4JUEB2TaQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgLr68TBrnZdcpu7eVYvUqiyMHR3AMJXDhAqpwAzWoA4MHeIZXeLOerBfr3fqYt65Y2cwh/IH1+QN9TZLY</latexit><latexit sha1_base64="eHjI4GlXF5H7CFXSabj8BQZ4BPM=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGFXAnoMevEYwTwgWcLspDcZMvtgZlYNMZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ4Ir7Tjf1srq2vrGZm4rv72zu7dvFw4aKk4lwzqLRSxbPlUoeIR1zbXAViKRhr7Apj+8nvrNe5SKx9GdHiXohbQf8YAzqo3UtQtB6ZGckQ4migsjVE67dtEpOzOQZeJmpAgZal37q9OLWRpipJmgSrVdJ9HemErNmcBJvpMqTCgb0j62DY1oiMobz06fkBOj9EgQS1ORJjP198SYhkqNQt90hlQP1KI3Ff/z2qkOLr0xj5JUY8Tmi4JUEB2TaQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgLr68TBrnZdcpu7eVYvUqiyMHR3AMJXDhAqpwAzWoA4MHeIZXeLOerBfr3fqYt65Y2cwh/IH1+QN9TZLY</latexit><latexit sha1_base64="eHjI4GlXF5H7CFXSabj8BQZ4BPM=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGFXAnoMevEYwTwgWcLspDcZMvtgZlYNMZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ4Ir7Tjf1srq2vrGZm4rv72zu7dvFw4aKk4lwzqLRSxbPlUoeIR1zbXAViKRhr7Apj+8nvrNe5SKx9GdHiXohbQf8YAzqo3UtQtB6ZGckQ4migsjVE67dtEpOzOQZeJmpAgZal37q9OLWRpipJmgSrVdJ9HemErNmcBJvpMqTCgb0j62DY1oiMobz06fkBOj9EgQS1ORJjP198SYhkqNQt90hlQP1KI3Ff/z2qkOLr0xj5JUY8Tmi4JUEB2TaQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgLr68TBrnZdcpu7eVYvUqiyMHR3AMJXDhAqpwAzWoA4MHeIZXeLOerBfr3fqYt65Y2cwh/IH1+QN9TZLY</latexit><latexit sha1_base64="eHjI4GlXF5H7CFXSabj8BQZ4BPM=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGFXAnoMevEYwTwgWcLspDcZMvtgZlYNMZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ4Ir7Tjf1srq2vrGZm4rv72zu7dvFw4aKk4lwzqLRSxbPlUoeIR1zbXAViKRhr7Apj+8nvrNe5SKx9GdHiXohbQf8YAzqo3UtQtB6ZGckQ4migsjVE67dtEpOzOQZeJmpAgZal37q9OLWRpipJmgSrVdJ9HemErNmcBJvpMqTCgb0j62DY1oiMobz06fkBOj9EgQS1ORJjP198SYhkqNQt90hlQP1KI3Ff/z2qkOLr0xj5JUY8Tmi4JUEB2TaQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgLr68TBrnZdcpu7eVYvUqiyMHR3AMJXDhAqpwAzWoA4MHeIZXeLOerBfr3fqYt65Y2cwh/IH1+QN9TZLY</latexit>

f(x+ ✏3)
<latexit sha1_base64="CFNZZzJ2Kbpmtf8RXH1dXb66Ayc=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGFXBT0GvXiMYB6QhDA76U2GzD6YmVXDmk/x4kERr36JN//GSbIHTSxoKKq66e7yYsGVdpxva2l5ZXVtPbeR39za3tm1C3t1FSWSYY1FIpJNjyoUPMSa5lpgM5ZIA09gwxteT/zGPUrFo/BOj2LsBLQfcp8zqo3UtQt+6ZGckDbGigsjnB137aJTdqYgi8TNSBEyVLv2V7sXsSTAUDNBlWq5Tqw7KZWaM4HjfDtRGFM2pH1sGRrSAFUnnZ4+JkdG6RE/kqZCTabq74mUBkqNAs90BlQP1Lw3Ef/zWon2LzspD+NEY8hmi/xEEB2RSQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgzr+8SOqnZdcpu7fnxcpVFkcODuAQSuDCBVTgBqpQAwYP8Ayv8GY9WS/Wu/Uxa12yspl9+APr8wd7yJLX</latexit><latexit sha1_base64="CFNZZzJ2Kbpmtf8RXH1dXb66Ayc=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGFXBT0GvXiMYB6QhDA76U2GzD6YmVXDmk/x4kERr36JN//GSbIHTSxoKKq66e7yYsGVdpxva2l5ZXVtPbeR39za3tm1C3t1FSWSYY1FIpJNjyoUPMSa5lpgM5ZIA09gwxteT/zGPUrFo/BOj2LsBLQfcp8zqo3UtQt+6ZGckDbGigsjnB137aJTdqYgi8TNSBEyVLv2V7sXsSTAUDNBlWq5Tqw7KZWaM4HjfDtRGFM2pH1sGRrSAFUnnZ4+JkdG6RE/kqZCTabq74mUBkqNAs90BlQP1Lw3Ef/zWon2LzspD+NEY8hmi/xEEB2RSQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgzr+8SOqnZdcpu7fnxcpVFkcODuAQSuDCBVTgBqpQAwYP8Ayv8GY9WS/Wu/Uxa12yspl9+APr8wd7yJLX</latexit><latexit sha1_base64="CFNZZzJ2Kbpmtf8RXH1dXb66Ayc=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGFXBT0GvXiMYB6QhDA76U2GzD6YmVXDmk/x4kERr36JN//GSbIHTSxoKKq66e7yYsGVdpxva2l5ZXVtPbeR39za3tm1C3t1FSWSYY1FIpJNjyoUPMSa5lpgM5ZIA09gwxteT/zGPUrFo/BOj2LsBLQfcp8zqo3UtQt+6ZGckDbGigsjnB137aJTdqYgi8TNSBEyVLv2V7sXsSTAUDNBlWq5Tqw7KZWaM4HjfDtRGFM2pH1sGRrSAFUnnZ4+JkdG6RE/kqZCTabq74mUBkqNAs90BlQP1Lw3Ef/zWon2LzspD+NEY8hmi/xEEB2RSQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgzr+8SOqnZdcpu7fnxcpVFkcODuAQSuDCBVTgBqpQAwYP8Ayv8GY9WS/Wu/Uxa12yspl9+APr8wd7yJLX</latexit><latexit sha1_base64="CFNZZzJ2Kbpmtf8RXH1dXb66Ayc=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGFXBT0GvXiMYB6QhDA76U2GzD6YmVXDmk/x4kERr36JN//GSbIHTSxoKKq66e7yYsGVdpxva2l5ZXVtPbeR39za3tm1C3t1FSWSYY1FIpJNjyoUPMSa5lpgM5ZIA09gwxteT/zGPUrFo/BOj2LsBLQfcp8zqo3UtQt+6ZGckDbGigsjnB137aJTdqYgi8TNSBEyVLv2V7sXsSTAUDNBlWq5Tqw7KZWaM4HjfDtRGFM2pH1sGRrSAFUnnZ4+JkdG6RE/kqZCTabq74mUBkqNAs90BlQP1Lw3Ef/zWon2LzspD+NEY8hmi/xEEB2RSQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgzr+8SOqnZdcpu7fnxcpVFkcODuAQSuDCBVTgBqpQAwYP8Ayv8GY9WS/Wu/Uxa12yspl9+APr8wd7yJLX</latexit>

f(x+ ✏2)
<latexit sha1_base64="CjVVGyp6/BgJDs5eiprj59EgUUU=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGE3CHoMevEYwTwgWcLspDcZMvtgZlYNMZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ4Ir7Tjf1srq2vrGZm4rv72zu7dvFw4aKk4lwzqLRSxbPlUoeIR1zbXAViKRhr7Apj+8nvrNe5SKx9GdHiXohbQf8YAzqo3UtQtB6ZGckQ4migsjVE67dtEpOzOQZeJmpAgZal37q9OLWRpipJmgSrVdJ9HemErNmcBJvpMqTCgb0j62DY1oiMobz06fkBOj9EgQS1ORJjP198SYhkqNQt90hlQP1KI3Ff/z2qkOLr0xj5JUY8Tmi4JUEB2TaQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgLr68TBqVsuuU3dvzYvUqiyMHR3AMJXDhAqpwAzWoA4MHeIZXeLOerBfr3fqYt65Y2cwh/IH1+QN6Q5LW</latexit><latexit sha1_base64="CjVVGyp6/BgJDs5eiprj59EgUUU=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGE3CHoMevEYwTwgWcLspDcZMvtgZlYNMZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ4Ir7Tjf1srq2vrGZm4rv72zu7dvFw4aKk4lwzqLRSxbPlUoeIR1zbXAViKRhr7Apj+8nvrNe5SKx9GdHiXohbQf8YAzqo3UtQtB6ZGckQ4migsjVE67dtEpOzOQZeJmpAgZal37q9OLWRpipJmgSrVdJ9HemErNmcBJvpMqTCgb0j62DY1oiMobz06fkBOj9EgQS1ORJjP198SYhkqNQt90hlQP1KI3Ff/z2qkOLr0xj5JUY8Tmi4JUEB2TaQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgLr68TBqVsuuU3dvzYvUqiyMHR3AMJXDhAqpwAzWoA4MHeIZXeLOerBfr3fqYt65Y2cwh/IH1+QN6Q5LW</latexit><latexit sha1_base64="CjVVGyp6/BgJDs5eiprj59EgUUU=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGE3CHoMevEYwTwgWcLspDcZMvtgZlYNMZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ4Ir7Tjf1srq2vrGZm4rv72zu7dvFw4aKk4lwzqLRSxbPlUoeIR1zbXAViKRhr7Apj+8nvrNe5SKx9GdHiXohbQf8YAzqo3UtQtB6ZGckQ4migsjVE67dtEpOzOQZeJmpAgZal37q9OLWRpipJmgSrVdJ9HemErNmcBJvpMqTCgb0j62DY1oiMobz06fkBOj9EgQS1ORJjP198SYhkqNQt90hlQP1KI3Ff/z2qkOLr0xj5JUY8Tmi4JUEB2TaQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgLr68TBqVsuuU3dvzYvUqiyMHR3AMJXDhAqpwAzWoA4MHeIZXeLOerBfr3fqYt65Y2cwh/IH1+QN6Q5LW</latexit><latexit sha1_base64="CjVVGyp6/BgJDs5eiprj59EgUUU=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GICGE3CHoMevEYwTwgWcLspDcZMvtgZlYNMZ/ixYMiXv0Sb/6Nk2QPmljQUFR1093lJ4Ir7Tjf1srq2vrGZm4rv72zu7dvFw4aKk4lwzqLRSxbPlUoeIR1zbXAViKRhr7Apj+8nvrNe5SKx9GdHiXohbQf8YAzqo3UtQtB6ZGckQ4migsjVE67dtEpOzOQZeJmpAgZal37q9OLWRpipJmgSrVdJ9HemErNmcBJvpMqTCgb0j62DY1oiMobz06fkBOj9EgQS1ORJjP198SYhkqNQt90hlQP1KI3Ff/z2qkOLr0xj5JUY8Tmi4JUEB2TaQ6kxyUyLUaGUCa5uZWwAZWUaZNW3oTgLr68TBqVsuuU3dvzYvUqiyMHR3AMJXDhAqpwAzWoA4MHeIZXeLOerBfr3fqYt65Y2cwh/IH1+QN6Q5LW</latexit>

f(x)
<latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit><latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit><latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit><latexit sha1_base64="Appt6dOASLoU0puF9XJna1LvMt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5FNWfzgfVmttw50CrxCtIDQq0BtWv/jAmqaDSEI617nluYoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpDZ1YZoihWtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQdZEwmqaGSLBZFKUcmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwVt+eZW0Lxqe2/DuL2vNmyKOMpzAKdTBgytowh20wAcCY3iGV3hzhPPivDsfi9aSU8wcwx84nz9sX43R</latexit>

Represents the 
rate that function  

changes

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

f(x)
<latexit sha1_base64="l+wTkNgHrQCBgS+cpvSu9YH8xC0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlh9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSrte8i1r9/rLSuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHba2N1Q==</latexit>



Derivatives and gradients

- Definition of a derivative

f : R ! R
<latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit><latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit><latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit><latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit>

@f

@x
= f 0(x) = lim

✏!0

f(x+ ✏)� f(x)

✏
<latexit sha1_base64="e1/hieF77weSI9lRr2PJzsLNS1o="></latexit><latexit sha1_base64="e1/hieF77weSI9lRr2PJzsLNS1o="></latexit><latexit sha1_base64="e1/hieF77weSI9lRr2PJzsLNS1o="></latexit><latexit sha1_base64="e1/hieF77weSI9lRr2PJzsLNS1o="></latexit>

- Intuition: generate a sequence of points                      , and compute the  
   limit as 

{f(x+ ✏i), ✏i}
<latexit sha1_base64="i8JpvXBSkqHJJndA+u5sHLOtTBU=">AAACCnicbVDLSgMxFL1TX7W+Rl26iRahopQZEXRZdOOygn1AZyiZNNOGZjJDkhHL0LUbf8WNC0Xc+gXu/BvTx6K2Hrhwcs695N4TJJwp7Tg/Vm5peWV1Lb9e2Njc2t6xd/fqKk4loTUS81g2A6woZ4LWNNOcNhNJcRRw2gj6NyO/8UClYrG414OE+hHuChYygrWR2vahl4WlR3SKPJooxo3ETs5mHt6wbRedsjMGWiTulBRhimrb/vY6MUkjKjThWKmW6yTaz7DUjHA6LHipogkmfdylLUMFjqjys/EpQ3RslA4KY2lKaDRWZycyHCk1iALTGWHdU/PeSPzPa6U6vPIzJpJUU0EmH4UpRzpGo1xQh0lKNB8YgolkZldEelhiok16BROCO3/yIqmfl12n7N5dFCvX0zjycABHUAIXLqECt1CFGhB4ghd4g3fr2Xq1PqzPSWvOms7swx9YX7/qRpnH</latexit><latexit sha1_base64="i8JpvXBSkqHJJndA+u5sHLOtTBU=">AAACCnicbVDLSgMxFL1TX7W+Rl26iRahopQZEXRZdOOygn1AZyiZNNOGZjJDkhHL0LUbf8WNC0Xc+gXu/BvTx6K2Hrhwcs695N4TJJwp7Tg/Vm5peWV1Lb9e2Njc2t6xd/fqKk4loTUS81g2A6woZ4LWNNOcNhNJcRRw2gj6NyO/8UClYrG414OE+hHuChYygrWR2vahl4WlR3SKPJooxo3ETs5mHt6wbRedsjMGWiTulBRhimrb/vY6MUkjKjThWKmW6yTaz7DUjHA6LHipogkmfdylLUMFjqjys/EpQ3RslA4KY2lKaDRWZycyHCk1iALTGWHdU/PeSPzPa6U6vPIzJpJUU0EmH4UpRzpGo1xQh0lKNB8YgolkZldEelhiok16BROCO3/yIqmfl12n7N5dFCvX0zjycABHUAIXLqECt1CFGhB4ghd4g3fr2Xq1PqzPSWvOms7swx9YX7/qRpnH</latexit><latexit sha1_base64="i8JpvXBSkqHJJndA+u5sHLOtTBU=">AAACCnicbVDLSgMxFL1TX7W+Rl26iRahopQZEXRZdOOygn1AZyiZNNOGZjJDkhHL0LUbf8WNC0Xc+gXu/BvTx6K2Hrhwcs695N4TJJwp7Tg/Vm5peWV1Lb9e2Njc2t6xd/fqKk4loTUS81g2A6woZ4LWNNOcNhNJcRRw2gj6NyO/8UClYrG414OE+hHuChYygrWR2vahl4WlR3SKPJooxo3ETs5mHt6wbRedsjMGWiTulBRhimrb/vY6MUkjKjThWKmW6yTaz7DUjHA6LHipogkmfdylLUMFjqjys/EpQ3RslA4KY2lKaDRWZycyHCk1iALTGWHdU/PeSPzPa6U6vPIzJpJUU0EmH4UpRzpGo1xQh0lKNB8YgolkZldEelhiok16BROCO3/yIqmfl12n7N5dFCvX0zjycABHUAIXLqECt1CFGhB4ghd4g3fr2Xq1PqzPSWvOms7swx9YX7/qRpnH</latexit><latexit sha1_base64="i8JpvXBSkqHJJndA+u5sHLOtTBU=">AAACCnicbVDLSgMxFL1TX7W+Rl26iRahopQZEXRZdOOygn1AZyiZNNOGZjJDkhHL0LUbf8WNC0Xc+gXu/BvTx6K2Hrhwcs695N4TJJwp7Tg/Vm5peWV1Lb9e2Njc2t6xd/fqKk4loTUS81g2A6woZ4LWNNOcNhNJcRRw2gj6NyO/8UClYrG414OE+hHuChYygrWR2vahl4WlR3SKPJooxo3ETs5mHt6wbRedsjMGWiTulBRhimrb/vY6MUkjKjThWKmW6yTaz7DUjHA6LHipogkmfdylLUMFjqjys/EpQ3RslA4KY2lKaDRWZycyHCk1iALTGWHdU/PeSPzPa6U6vPIzJpJUU0EmH4UpRzpGo1xQh0lKNB8YgolkZldEelhiok16BROCO3/yIqmfl12n7N5dFCvX0zjycABHUAIXLqECt1CFGhB4ghd4g3fr2Xq1PqzPSWvOms7swx9YX7/qRpnH</latexit>

✏i ! 0
<latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit><latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit><latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit><latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit>

- Definition of second-order derivative

f : R ! R
<latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit><latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit><latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit><latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit>

@2f

@x2
= f 00(x) = lim

✏!0

f 0(x+ ✏)� f 0(x)

✏
<latexit sha1_base64="UD47ojyJb3tH1btsFfyFz6c+cHM="></latexit><latexit sha1_base64="UD47ojyJb3tH1btsFfyFz6c+cHM="></latexit><latexit sha1_base64="UD47ojyJb3tH1btsFfyFz6c+cHM="></latexit><latexit sha1_base64="UD47ojyJb3tH1btsFfyFz6c+cHM="></latexit>



Derivatives and gradients

- Definition of a derivative

f : R ! R
<latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit><latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit><latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit><latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit>

@f

@x
= f 0(x) = lim

✏!0

f(x+ ✏)� f(x)

✏
<latexit sha1_base64="e1/hieF77weSI9lRr2PJzsLNS1o="></latexit><latexit sha1_base64="e1/hieF77weSI9lRr2PJzsLNS1o="></latexit><latexit sha1_base64="e1/hieF77weSI9lRr2PJzsLNS1o="></latexit><latexit sha1_base64="e1/hieF77weSI9lRr2PJzsLNS1o="></latexit>

- Intuition: generate a sequence of points                      , and compute the  
   limit as 

{f(x+ ✏i), ✏i}
<latexit sha1_base64="i8JpvXBSkqHJJndA+u5sHLOtTBU=">AAACCnicbVDLSgMxFL1TX7W+Rl26iRahopQZEXRZdOOygn1AZyiZNNOGZjJDkhHL0LUbf8WNC0Xc+gXu/BvTx6K2Hrhwcs695N4TJJwp7Tg/Vm5peWV1Lb9e2Njc2t6xd/fqKk4loTUS81g2A6woZ4LWNNOcNhNJcRRw2gj6NyO/8UClYrG414OE+hHuChYygrWR2vahl4WlR3SKPJooxo3ETs5mHt6wbRedsjMGWiTulBRhimrb/vY6MUkjKjThWKmW6yTaz7DUjHA6LHipogkmfdylLUMFjqjys/EpQ3RslA4KY2lKaDRWZycyHCk1iALTGWHdU/PeSPzPa6U6vPIzJpJUU0EmH4UpRzpGo1xQh0lKNB8YgolkZldEelhiok16BROCO3/yIqmfl12n7N5dFCvX0zjycABHUAIXLqECt1CFGhB4ghd4g3fr2Xq1PqzPSWvOms7swx9YX7/qRpnH</latexit><latexit sha1_base64="i8JpvXBSkqHJJndA+u5sHLOtTBU=">AAACCnicbVDLSgMxFL1TX7W+Rl26iRahopQZEXRZdOOygn1AZyiZNNOGZjJDkhHL0LUbf8WNC0Xc+gXu/BvTx6K2Hrhwcs695N4TJJwp7Tg/Vm5peWV1Lb9e2Njc2t6xd/fqKk4loTUS81g2A6woZ4LWNNOcNhNJcRRw2gj6NyO/8UClYrG414OE+hHuChYygrWR2vahl4WlR3SKPJooxo3ETs5mHt6wbRedsjMGWiTulBRhimrb/vY6MUkjKjThWKmW6yTaz7DUjHA6LHipogkmfdylLUMFjqjys/EpQ3RslA4KY2lKaDRWZycyHCk1iALTGWHdU/PeSPzPa6U6vPIzJpJUU0EmH4UpRzpGo1xQh0lKNB8YgolkZldEelhiok16BROCO3/yIqmfl12n7N5dFCvX0zjycABHUAIXLqECt1CFGhB4ghd4g3fr2Xq1PqzPSWvOms7swx9YX7/qRpnH</latexit><latexit sha1_base64="i8JpvXBSkqHJJndA+u5sHLOtTBU=">AAACCnicbVDLSgMxFL1TX7W+Rl26iRahopQZEXRZdOOygn1AZyiZNNOGZjJDkhHL0LUbf8WNC0Xc+gXu/BvTx6K2Hrhwcs695N4TJJwp7Tg/Vm5peWV1Lb9e2Njc2t6xd/fqKk4loTUS81g2A6woZ4LWNNOcNhNJcRRw2gj6NyO/8UClYrG414OE+hHuChYygrWR2vahl4WlR3SKPJooxo3ETs5mHt6wbRedsjMGWiTulBRhimrb/vY6MUkjKjThWKmW6yTaz7DUjHA6LHipogkmfdylLUMFjqjys/EpQ3RslA4KY2lKaDRWZycyHCk1iALTGWHdU/PeSPzPa6U6vPIzJpJUU0EmH4UpRzpGo1xQh0lKNB8YgolkZldEelhiok16BROCO3/yIqmfl12n7N5dFCvX0zjycABHUAIXLqECt1CFGhB4ghd4g3fr2Xq1PqzPSWvOms7swx9YX7/qRpnH</latexit><latexit sha1_base64="i8JpvXBSkqHJJndA+u5sHLOtTBU=">AAACCnicbVDLSgMxFL1TX7W+Rl26iRahopQZEXRZdOOygn1AZyiZNNOGZjJDkhHL0LUbf8WNC0Xc+gXu/BvTx6K2Hrhwcs695N4TJJwp7Tg/Vm5peWV1Lb9e2Njc2t6xd/fqKk4loTUS81g2A6woZ4LWNNOcNhNJcRRw2gj6NyO/8UClYrG414OE+hHuChYygrWR2vahl4WlR3SKPJooxo3ETs5mHt6wbRedsjMGWiTulBRhimrb/vY6MUkjKjThWKmW6yTaz7DUjHA6LHipogkmfdylLUMFjqjys/EpQ3RslA4KY2lKaDRWZycyHCk1iALTGWHdU/PeSPzPa6U6vPIzJpJUU0EmH4UpRzpGo1xQh0lKNB8YgolkZldEelhiok16BROCO3/yIqmfl12n7N5dFCvX0zjycABHUAIXLqECt1CFGhB4ghd4g3fr2Xq1PqzPSWvOms7swx9YX7/qRpnH</latexit>

✏i ! 0
<latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit><latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit><latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit><latexit sha1_base64="P+EpuDO8EUpUfOW6xLQFpyMfDrk=">AAACAXicbZDNSgMxFIUz9a/Wv1E3gptgEVyVGRF0WXTjsoJthc5QMmmmDc0kQ3JHKUPd+CpuXCji1rdw59uYtrPQ1gOBj3Pv5eaeKBXcgOd9O6Wl5ZXVtfJ6ZWNza3vH3d1rGZVpyppUCaXvImKY4JI1gYNgd6lmJIkEa0fDq0m9fc+04UrewihlYUL6ksecErBW1z0IWGq4sMhxoHl/AERr9YC9rlv1at5UeBH8AqqoUKPrfgU9RbOESaCCGNPxvRTCnGjgVLBxJcgMSwkdkj7rWJQkYSbMpxeM8bF1ejhW2j4JeOr+nshJYswoiWxnQmBg5msT879aJ4P4Isy5TDNgks4WxZnAoPAkDtzjmlEQIwuEam7/iumAaELBhlaxIfjzJy9C67TmezX/5qxavyziKKNDdIROkI/OUR1dowZqIooe0TN6RW/Ok/PivDsfs9aSU8zsoz9yPn8AW6KWzg==</latexit>

- Definition of second-order derivative

f : R ! R
<latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit><latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit><latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit><latexit sha1_base64="v00FetrUiHOpyHr9Oa5lwyiFXHk=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFbBU0lEUDwVvXisYj+gKWWz3bRLN9mwO1FK6B/w4l/x4kERr969+W/ctDnU1gcDj/dmmJnnx4JrcJwfq7C0vLK6VlwvbWxube/Yu3sNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+8zvzmA1Oay+geRjHrhKQf8YBTAkbq2kfBJfZCAgPfT+/G2FO8PwCilHyckbt22ak4E+BF4uakjHLUuva315M0CVkEVBCt264TQyclCjgVbFzyEs1iQoekz9qGRiRkupNOvhnjY6P0cCCVqQjwRJ2dSEmo9Sj0TWd2oZ73MvE/r51AcNFJeRQnwCI6XRQkAoPEWTS4xxWjIEaGEKq4uRXTAVGEggmwZEJw519eJI3TiutU3NuzcvUqj6OIDtAhOkEuOkdVdINqqI4oekIv6A29W8/Wq/VhfU5bC1Y+s4/+wPr6BY/zm+A=</latexit>

@2f

@x2
= f 00(x) = lim

✏!0

f 0(x+ ✏)� f 0(x)

✏
<latexit sha1_base64="UD47ojyJb3tH1btsFfyFz6c+cHM="></latexit><latexit sha1_base64="UD47ojyJb3tH1btsFfyFz6c+cHM="></latexit><latexit sha1_base64="UD47ojyJb3tH1btsFfyFz6c+cHM="></latexit><latexit sha1_base64="UD47ojyJb3tH1btsFfyFz6c+cHM="></latexit>

Represents the local curvature: 
How the slope of the function changes



Derivatives and gradients

- Generalization to multiple components: gradient 

rf(x) =

2

66664

@f
@x1
@f
@x2

...
@f
@xp

3

77775

<latexit sha1_base64="dVa5yVrP/HqT8HSK5SyoxjwAL9w="></latexit><latexit sha1_base64="dVa5yVrP/HqT8HSK5SyoxjwAL9w="></latexit><latexit sha1_base64="dVa5yVrP/HqT8HSK5SyoxjwAL9w="></latexit><latexit sha1_base64="dVa5yVrP/HqT8HSK5SyoxjwAL9w="></latexit>

f : Rp ! R
<latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit><latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit><latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit><latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit>

where

@f

@xi
= lim

✏!0

f(x1, . . . , xi�1, xi + ✏, xi+1, . . . , xp)� f(x1, . . . , xi�1, xi, xi+1, . . . , xp)

✏
=

f(x+ ✏ei)� f(x)

✏
<latexit sha1_base64="xG854/uxC9wFP2FzRwITGAZyVRQ="></latexit><latexit sha1_base64="xG854/uxC9wFP2FzRwITGAZyVRQ="></latexit><latexit sha1_base64="xG854/uxC9wFP2FzRwITGAZyVRQ="></latexit><latexit sha1_base64="xG854/uxC9wFP2FzRwITGAZyVRQ="></latexit>

2 Rp
<latexit sha1_base64="gVWZP2y9LUh4pR0LHP019mHDmME=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQi6LLoxmUV+4Amlsl00g6dTMLMpFBC/8SNC0Xc+ifu/BsnaRbaemDgcM693DMnSDhT2nG+rcra+sbmVnW7trO7t39gHx51VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnO/O6VSsVg86llC/QiPBAsZwdpIA9v2mEBehPU4CLKH+VMysOtOwymAVolbkjqUaA3sL28YkzSiQhOOleq7TqL9DEvNCKfzmpcqmmAywSPaN1TgiCo/K5LP0ZlRhiiMpXlCo0L9vZHhSKlZFJjJPKNa9nLxP6+f6vDaz5hIUk0FWRwKU450jPIa0JBJSjSfGYKJZCYrImMsMdGmrJopwV3+8irpXDRcp+HeX9abN2UdVTiBUzgHF66gCXfQgjYQmMIzvMKblVkv1rv1sRitWOXOMfyB9fkDaCKTgA==</latexit><latexit sha1_base64="gVWZP2y9LUh4pR0LHP019mHDmME=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQi6LLoxmUV+4Amlsl00g6dTMLMpFBC/8SNC0Xc+ifu/BsnaRbaemDgcM693DMnSDhT2nG+rcra+sbmVnW7trO7t39gHx51VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnO/O6VSsVg86llC/QiPBAsZwdpIA9v2mEBehPU4CLKH+VMysOtOwymAVolbkjqUaA3sL28YkzSiQhOOleq7TqL9DEvNCKfzmpcqmmAywSPaN1TgiCo/K5LP0ZlRhiiMpXlCo0L9vZHhSKlZFJjJPKNa9nLxP6+f6vDaz5hIUk0FWRwKU450jPIa0JBJSjSfGYKJZCYrImMsMdGmrJopwV3+8irpXDRcp+HeX9abN2UdVTiBUzgHF66gCXfQgjYQmMIzvMKblVkv1rv1sRitWOXOMfyB9fkDaCKTgA==</latexit><latexit sha1_base64="gVWZP2y9LUh4pR0LHP019mHDmME=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQi6LLoxmUV+4Amlsl00g6dTMLMpFBC/8SNC0Xc+ifu/BsnaRbaemDgcM693DMnSDhT2nG+rcra+sbmVnW7trO7t39gHx51VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnO/O6VSsVg86llC/QiPBAsZwdpIA9v2mEBehPU4CLKH+VMysOtOwymAVolbkjqUaA3sL28YkzSiQhOOleq7TqL9DEvNCKfzmpcqmmAywSPaN1TgiCo/K5LP0ZlRhiiMpXlCo0L9vZHhSKlZFJjJPKNa9nLxP6+f6vDaz5hIUk0FWRwKU450jPIa0JBJSjSfGYKJZCYrImMsMdGmrJopwV3+8irpXDRcp+HeX9abN2UdVTiBUzgHF66gCXfQgjYQmMIzvMKblVkv1rv1sRitWOXOMfyB9fkDaCKTgA==</latexit><latexit sha1_base64="gVWZP2y9LUh4pR0LHP019mHDmME=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQi6LLoxmUV+4Amlsl00g6dTMLMpFBC/8SNC0Xc+ifu/BsnaRbaemDgcM693DMnSDhT2nG+rcra+sbmVnW7trO7t39gHx51VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnO/O6VSsVg86llC/QiPBAsZwdpIA9v2mEBehPU4CLKH+VMysOtOwymAVolbkjqUaA3sL28YkzSiQhOOleq7TqL9DEvNCKfzmpcqmmAywSPaN1TgiCo/K5LP0ZlRhiiMpXlCo0L9vZHhSKlZFJjJPKNa9nLxP6+f6vDaz5hIUk0FWRwKU450jPIa0JBJSjSfGYKJZCYrImMsMdGmrJopwV3+8irpXDRcp+HeX9abN2UdVTiBUzgHF66gCXfQgjYQmMIzvMKblVkv1rv1sRitWOXOMfyB9fkDaCKTgA==</latexit>



Derivatives and gradients

- Jacobian matrix (relates to neural networks)

Df(x) =

2

664

@f1
@x1

@f1
@x2

. . . @f1
@xp

...
...

...
@fm
@x1

@fm
@x2

. . . @fm
@xp

3

775 2 Rm⇥p

<latexit sha1_base64="7PG61WwZwabw6JY1we3ZqsYmvgg="></latexit><latexit sha1_base64="7PG61WwZwabw6JY1we3ZqsYmvgg="></latexit><latexit sha1_base64="7PG61WwZwabw6JY1we3ZqsYmvgg="></latexit><latexit sha1_base64="7PG61WwZwabw6JY1we3ZqsYmvgg="></latexit>

f : Rp ! Rm
<latexit sha1_base64="1I02kaW5rIw35AgyavBhAx5CDs4=">AAACEXicbVC7SgNBFJ31GeNr1dJmMAipwq4IilXQxjKKeUCyhtnJbDJkHsvMrBKW/IKNv2JjoYitnZ1/42yyRUw8cOFwzr3ce08YM6qN5/04S8srq2vrhY3i5tb2zq67t9/QMlGY1LFkUrVCpAmjgtQNNYy0YkUQDxlphsOrzG8+EKWpFHdmFJOAo76gEcXIWKnrlqML2OHIDMIwvR3fx7CjaH9gkFLycdbgXbfkVbwJ4CLxc1ICOWpd97vTkzjhRBjMkNZt34tNkCJlKGZkXOwkmsQID1GftC0ViBMdpJOPxvDYKj0YSWVLGDhRZydSxLUe8dB2ZjfqeS8T//PaiYnOg5SKODFE4OmiKGHQSJjFA3tUEWzYyBKEFbW3QjxACmFjQyzaEPz5lxdJ46TiexX/5rRUvczjKIBDcATKwAdnoAquQQ3UAQZP4AW8gXfn2Xl1PpzPaeuSk88cgD9wvn4By1CdoQ==</latexit><latexit sha1_base64="1I02kaW5rIw35AgyavBhAx5CDs4=">AAACEXicbVC7SgNBFJ31GeNr1dJmMAipwq4IilXQxjKKeUCyhtnJbDJkHsvMrBKW/IKNv2JjoYitnZ1/42yyRUw8cOFwzr3ce08YM6qN5/04S8srq2vrhY3i5tb2zq67t9/QMlGY1LFkUrVCpAmjgtQNNYy0YkUQDxlphsOrzG8+EKWpFHdmFJOAo76gEcXIWKnrlqML2OHIDMIwvR3fx7CjaH9gkFLycdbgXbfkVbwJ4CLxc1ICOWpd97vTkzjhRBjMkNZt34tNkCJlKGZkXOwkmsQID1GftC0ViBMdpJOPxvDYKj0YSWVLGDhRZydSxLUe8dB2ZjfqeS8T//PaiYnOg5SKODFE4OmiKGHQSJjFA3tUEWzYyBKEFbW3QjxACmFjQyzaEPz5lxdJ46TiexX/5rRUvczjKIBDcATKwAdnoAquQQ3UAQZP4AW8gXfn2Xl1PpzPaeuSk88cgD9wvn4By1CdoQ==</latexit><latexit sha1_base64="1I02kaW5rIw35AgyavBhAx5CDs4=">AAACEXicbVC7SgNBFJ31GeNr1dJmMAipwq4IilXQxjKKeUCyhtnJbDJkHsvMrBKW/IKNv2JjoYitnZ1/42yyRUw8cOFwzr3ce08YM6qN5/04S8srq2vrhY3i5tb2zq67t9/QMlGY1LFkUrVCpAmjgtQNNYy0YkUQDxlphsOrzG8+EKWpFHdmFJOAo76gEcXIWKnrlqML2OHIDMIwvR3fx7CjaH9gkFLycdbgXbfkVbwJ4CLxc1ICOWpd97vTkzjhRBjMkNZt34tNkCJlKGZkXOwkmsQID1GftC0ViBMdpJOPxvDYKj0YSWVLGDhRZydSxLUe8dB2ZjfqeS8T//PaiYnOg5SKODFE4OmiKGHQSJjFA3tUEWzYyBKEFbW3QjxACmFjQyzaEPz5lxdJ46TiexX/5rRUvczjKIBDcATKwAdnoAquQQ3UAQZP4AW8gXfn2Xl1PpzPaeuSk88cgD9wvn4By1CdoQ==</latexit><latexit sha1_base64="1I02kaW5rIw35AgyavBhAx5CDs4=">AAACEXicbVC7SgNBFJ31GeNr1dJmMAipwq4IilXQxjKKeUCyhtnJbDJkHsvMrBKW/IKNv2JjoYitnZ1/42yyRUw8cOFwzr3ce08YM6qN5/04S8srq2vrhY3i5tb2zq67t9/QMlGY1LFkUrVCpAmjgtQNNYy0YkUQDxlphsOrzG8+EKWpFHdmFJOAo76gEcXIWKnrlqML2OHIDMIwvR3fx7CjaH9gkFLycdbgXbfkVbwJ4CLxc1ICOWpd97vTkzjhRBjMkNZt34tNkCJlKGZkXOwkmsQID1GftC0ViBMdpJOPxvDYKj0YSWVLGDhRZydSxLUe8dB2ZjfqeS8T//PaiYnOg5SKODFE4OmiKGHQSJjFA3tUEWzYyBKEFbW3QjxACmFjQyzaEPz5lxdJ46TiexX/5rRUvczjKIBDcATKwAdnoAquQQ3UAQZP4AW8gXfn2Xl1PpzPaeuSk88cgD9wvn4By1CdoQ==</latexit>

- Generalizes the notion of gradient to multiple-output functions



Derivatives and gradients

- Hessian matrix

f : Rp ! R
<latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit><latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit><latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit><latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit>
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2 Rp⇥p

<latexit sha1_base64="FpdWPxgt6zLbikh3XA4KWOLyUBc="></latexit><latexit sha1_base64="FpdWPxgt6zLbikh3XA4KWOLyUBc="></latexit><latexit sha1_base64="FpdWPxgt6zLbikh3XA4KWOLyUBc="></latexit><latexit sha1_base64="FpdWPxgt6zLbikh3XA4KWOLyUBc="></latexit>



Derivatives and gradients

- Hessian matrix

f : Rp ! R
<latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit><latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit><latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit><latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit>
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2 Rp⇥p

<latexit sha1_base64="FpdWPxgt6zLbikh3XA4KWOLyUBc="></latexit><latexit sha1_base64="FpdWPxgt6zLbikh3XA4KWOLyUBc="></latexit><latexit sha1_base64="FpdWPxgt6zLbikh3XA4KWOLyUBc="></latexit><latexit sha1_base64="FpdWPxgt6zLbikh3XA4KWOLyUBc="></latexit>
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r2f(·) � 0
<latexit sha1_base64="J69Am5FSU2UsfXgxBYA8mND+frg=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuilJEXRZdOOygn1AE8vkZtIOnUzCzEQoobjxV9y4UMStX+HOv3H6WGjrgQuHc+7l3nuClDOlHefbKqysrq1vFDdLW9s7u3v2/kFLJZkE2oSEJ7ITEEU5E7Spmea0k0pK4oDTdjC8nvjtByoVS8SdHqXUj0lfsIgB0Ubq2UeeIAEn9zUcVTwIE32GPZUBYKdnl52qMwVeJu6clNEcjZ795YUJZDEVGjhRqus6qfZzIjUDTsclL1M0JTAkfdo1VJCYKj+fvjDGp0YJcZRIU0Ljqfp7IiexUqM4MJ0x0QO16E3E/7xupqNLP2cizTQVMFsUZRzrBE/ywCGTFDQfGUJAMnMrhgGRBLRJrWRCcBdfXiatWtV1qu7tebl+NY+jiI7RCaogF12gOrpBDdREgB7RM3pFb9aT9WK9Wx+z1oI1nzlEf2B9/gALZJXm</latexit><latexit sha1_base64="J69Am5FSU2UsfXgxBYA8mND+frg=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuilJEXRZdOOygn1AE8vkZtIOnUzCzEQoobjxV9y4UMStX+HOv3H6WGjrgQuHc+7l3nuClDOlHefbKqysrq1vFDdLW9s7u3v2/kFLJZkE2oSEJ7ITEEU5E7Spmea0k0pK4oDTdjC8nvjtByoVS8SdHqXUj0lfsIgB0Ubq2UeeIAEn9zUcVTwIE32GPZUBYKdnl52qMwVeJu6clNEcjZ795YUJZDEVGjhRqus6qfZzIjUDTsclL1M0JTAkfdo1VJCYKj+fvjDGp0YJcZRIU0Ljqfp7IiexUqM4MJ0x0QO16E3E/7xupqNLP2cizTQVMFsUZRzrBE/ywCGTFDQfGUJAMnMrhgGRBLRJrWRCcBdfXiatWtV1qu7tebl+NY+jiI7RCaogF12gOrpBDdREgB7RM3pFb9aT9WK9Wx+z1oI1nzlEf2B9/gALZJXm</latexit><latexit sha1_base64="J69Am5FSU2UsfXgxBYA8mND+frg=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuilJEXRZdOOygn1AE8vkZtIOnUzCzEQoobjxV9y4UMStX+HOv3H6WGjrgQuHc+7l3nuClDOlHefbKqysrq1vFDdLW9s7u3v2/kFLJZkE2oSEJ7ITEEU5E7Spmea0k0pK4oDTdjC8nvjtByoVS8SdHqXUj0lfsIgB0Ubq2UeeIAEn9zUcVTwIE32GPZUBYKdnl52qMwVeJu6clNEcjZ795YUJZDEVGjhRqus6qfZzIjUDTsclL1M0JTAkfdo1VJCYKj+fvjDGp0YJcZRIU0Ljqfp7IiexUqM4MJ0x0QO16E3E/7xupqNLP2cizTQVMFsUZRzrBE/ywCGTFDQfGUJAMnMrhgGRBLRJrWRCcBdfXiatWtV1qu7tebl+NY+jiI7RCaogF12gOrpBDdREgB7RM3pFb9aT9WK9Wx+z1oI1nzlEf2B9/gALZJXm</latexit><latexit sha1_base64="J69Am5FSU2UsfXgxBYA8mND+frg=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuilJEXRZdOOygn1AE8vkZtIOnUzCzEQoobjxV9y4UMStX+HOv3H6WGjrgQuHc+7l3nuClDOlHefbKqysrq1vFDdLW9s7u3v2/kFLJZkE2oSEJ7ITEEU5E7Spmea0k0pK4oDTdjC8nvjtByoVS8SdHqXUj0lfsIgB0Ubq2UeeIAEn9zUcVTwIE32GPZUBYKdnl52qMwVeJu6clNEcjZ795YUJZDEVGjhRqus6qfZzIjUDTsclL1M0JTAkfdo1VJCYKj+fvjDGp0YJcZRIU0Ljqfp7IiexUqM4MJ0x0QO16E3E/7xupqNLP2cizTQVMFsUZRzrBE/ywCGTFDQfGUJAMnMrhgGRBLRJrWRCcBdfXiatWtV1qu7tebl+NY+jiI7RCaogF12gOrpBDdREgB7RM3pFb9aT9WK9Wx+z1oI1nzlEf2B9/gALZJXm</latexit>

r2f(·) � 0
<latexit sha1_base64="J1SPHXxTli78sR7AfgX5Tez+wvo=">AAACAnicbVDLSgMxFL1TX7W+Rl2Jm2AR6qbMFEGXRTcuK9gHdMaSyWTa0ExmSDJCGYobf8WNC0Xc+hXu/BvTx0JbDwQO59yb5Jwg5Uxpx/m2Ciura+sbxc3S1vbO7p69f9BSSSYJbZKEJ7ITYEU5E7Spmea0k0qK44DTdjC8nvjtByoVS8SdHqXUj3FfsIgRrI3Us488gQOO72soqngkTPQZ8swFBDk9u+xUnSnQMnHnpAxzNHr2lxcmJIup0IRjpbquk2o/x1Izwum45GWKppgMcZ92DRU4psrPpxHG6NQoIYoSaY7QaKr+3shxrNQoDsxkjPVALXoT8T+vm+no0s+ZSDNNBZk9FGUc6QRN+kAhM2k1HxmCiWTmr4gMsMREm9ZKpgR3MfIyadWqrlN1b8/L9at5HUU4hhOogAsXUIcbaEATCDzCM7zCm/VkvVjv1sdstGDNdw7hD6zPHwU/leI=</latexit><latexit sha1_base64="J1SPHXxTli78sR7AfgX5Tez+wvo=">AAACAnicbVDLSgMxFL1TX7W+Rl2Jm2AR6qbMFEGXRTcuK9gHdMaSyWTa0ExmSDJCGYobf8WNC0Xc+hXu/BvTx0JbDwQO59yb5Jwg5Uxpx/m2Ciura+sbxc3S1vbO7p69f9BSSSYJbZKEJ7ITYEU5E7Spmea0k0qK44DTdjC8nvjtByoVS8SdHqXUj3FfsIgRrI3Us488gQOO72soqngkTPQZ8swFBDk9u+xUnSnQMnHnpAxzNHr2lxcmJIup0IRjpbquk2o/x1Izwum45GWKppgMcZ92DRU4psrPpxHG6NQoIYoSaY7QaKr+3shxrNQoDsxkjPVALXoT8T+vm+no0s+ZSDNNBZk9FGUc6QRN+kAhM2k1HxmCiWTmr4gMsMREm9ZKpgR3MfIyadWqrlN1b8/L9at5HUU4hhOogAsXUIcbaEATCDzCM7zCm/VkvVjv1sdstGDNdw7hD6zPHwU/leI=</latexit><latexit sha1_base64="J1SPHXxTli78sR7AfgX5Tez+wvo=">AAACAnicbVDLSgMxFL1TX7W+Rl2Jm2AR6qbMFEGXRTcuK9gHdMaSyWTa0ExmSDJCGYobf8WNC0Xc+hXu/BvTx0JbDwQO59yb5Jwg5Uxpx/m2Ciura+sbxc3S1vbO7p69f9BSSSYJbZKEJ7ITYEU5E7Spmea0k0qK44DTdjC8nvjtByoVS8SdHqXUj3FfsIgRrI3Us488gQOO72soqngkTPQZ8swFBDk9u+xUnSnQMnHnpAxzNHr2lxcmJIup0IRjpbquk2o/x1Izwum45GWKppgMcZ92DRU4psrPpxHG6NQoIYoSaY7QaKr+3shxrNQoDsxkjPVALXoT8T+vm+no0s+ZSDNNBZk9FGUc6QRN+kAhM2k1HxmCiWTmr4gMsMREm9ZKpgR3MfIyadWqrlN1b8/L9at5HUU4hhOogAsXUIcbaEATCDzCM7zCm/VkvVjv1sdstGDNdw7hD6zPHwU/leI=</latexit><latexit sha1_base64="J1SPHXxTli78sR7AfgX5Tez+wvo=">AAACAnicbVDLSgMxFL1TX7W+Rl2Jm2AR6qbMFEGXRTcuK9gHdMaSyWTa0ExmSDJCGYobf8WNC0Xc+hXu/BvTx0JbDwQO59yb5Jwg5Uxpx/m2Ciura+sbxc3S1vbO7p69f9BSSSYJbZKEJ7ITYEU5E7Spmea0k0qK44DTdjC8nvjtByoVS8SdHqXUj3FfsIgRrI3Us488gQOO72soqngkTPQZ8swFBDk9u+xUnSnQMnHnpAxzNHr2lxcmJIup0IRjpbquk2o/x1Izwum45GWKppgMcZ92DRU4psrPpxHG6NQoIYoSaY7QaKr+3shxrNQoDsxkjPVALXoT8T+vm+no0s+ZSDNNBZk9FGUc6QRN+kAhM2k1HxmCiWTmr4gMsMREm9ZKpgR3MfIyadWqrlN1b8/L9at5HUU4hhOogAsXUIcbaEATCDzCM7zCm/VkvVjv1sdstGDNdw7hD6zPHwU/leI=</latexit>

Indefinite
<latexit sha1_base64="41ilQoNlOD1BytTJl2lOZEgT36I=">AAAB+3icbVBNS8NAEN3Ur1q/aj16WSyCp5KIoMeiF71VsLXQhrLZTNqlm03YnUhL6F/x4kERr/4Rb/4btx8HbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+bDSMkmmOTR5IhPdDpgBKRQ0UaCEdqqBxYGEx2B4M/Ufn0AbkagHHKfgx6yvRCQ4Qyv1ypUuwgjzOxVCJJRAmNBeuerW3BnoKvEWpEoWaPTKX90w4VkMCrlkxnQ8N0U/ZxoFlzApdTMDKeND1oeOpYrFYPx8dvuEnlolpFGibSmkM/X3RM5iY8ZxYDtjhgOz7E3F/7xOhtGVnwuVZgiKzxdFmaSY0GkQNBQaOMqxJYxrYW+lfMA042jjKtkQvOWXV0nrvOa5Ne/+olq/XsRRJMfkhJwRj1ySOrklDdIknIzIM3klb87EeXHenY95a8FZzByRP3A+fwBNmJSX</latexit><latexit sha1_base64="41ilQoNlOD1BytTJl2lOZEgT36I=">AAAB+3icbVBNS8NAEN3Ur1q/aj16WSyCp5KIoMeiF71VsLXQhrLZTNqlm03YnUhL6F/x4kERr/4Rb/4btx8HbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+bDSMkmmOTR5IhPdDpgBKRQ0UaCEdqqBxYGEx2B4M/Ufn0AbkagHHKfgx6yvRCQ4Qyv1ypUuwgjzOxVCJJRAmNBeuerW3BnoKvEWpEoWaPTKX90w4VkMCrlkxnQ8N0U/ZxoFlzApdTMDKeND1oeOpYrFYPx8dvuEnlolpFGibSmkM/X3RM5iY8ZxYDtjhgOz7E3F/7xOhtGVnwuVZgiKzxdFmaSY0GkQNBQaOMqxJYxrYW+lfMA042jjKtkQvOWXV0nrvOa5Ne/+olq/XsRRJMfkhJwRj1ySOrklDdIknIzIM3klb87EeXHenY95a8FZzByRP3A+fwBNmJSX</latexit><latexit sha1_base64="41ilQoNlOD1BytTJl2lOZEgT36I=">AAAB+3icbVBNS8NAEN3Ur1q/aj16WSyCp5KIoMeiF71VsLXQhrLZTNqlm03YnUhL6F/x4kERr/4Rb/4btx8HbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+bDSMkmmOTR5IhPdDpgBKRQ0UaCEdqqBxYGEx2B4M/Ufn0AbkagHHKfgx6yvRCQ4Qyv1ypUuwgjzOxVCJJRAmNBeuerW3BnoKvEWpEoWaPTKX90w4VkMCrlkxnQ8N0U/ZxoFlzApdTMDKeND1oeOpYrFYPx8dvuEnlolpFGibSmkM/X3RM5iY8ZxYDtjhgOz7E3F/7xOhtGVnwuVZgiKzxdFmaSY0GkQNBQaOMqxJYxrYW+lfMA042jjKtkQvOWXV0nrvOa5Ne/+olq/XsRRJMfkhJwRj1ySOrklDdIknIzIM3klb87EeXHenY95a8FZzByRP3A+fwBNmJSX</latexit><latexit sha1_base64="41ilQoNlOD1BytTJl2lOZEgT36I=">AAAB+3icbVBNS8NAEN3Ur1q/aj16WSyCp5KIoMeiF71VsLXQhrLZTNqlm03YnUhL6F/x4kERr/4Rb/4btx8HbX0w8Hhvhpl5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+bDSMkmmOTR5IhPdDpgBKRQ0UaCEdqqBxYGEx2B4M/Ufn0AbkagHHKfgx6yvRCQ4Qyv1ypUuwgjzOxVCJJRAmNBeuerW3BnoKvEWpEoWaPTKX90w4VkMCrlkxnQ8N0U/ZxoFlzApdTMDKeND1oeOpYrFYPx8dvuEnlolpFGibSmkM/X3RM5iY8ZxYDtjhgOz7E3F/7xOhtGVnwuVZgiKzxdFmaSY0GkQNBQaOMqxJYxrYW+lfMA042jjKtkQvOWXV0nrvOa5Ne/+olq/XsRRJMfkhJwRj1ySOrklDdIknIzIM3klb87EeXHenY95a8FZzByRP3A+fwBNmJSX</latexit>r2f(·) ⌫ 0
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Taylor’s expansion

- Taylor’s expansion: used for (locally) approximating a function

f(x)
���
x=↵

= f(↵) + f 0(↵)(x� ↵) + f 00(a)
2! (x� ↵)2 + · · ·+ f(n)(↵)

n! (x� ↵)n +Rn
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Example:  
exponential function



Taylor’s expansion

- Taylor’s expansion: used for (locally) approximating a function

f(x)
���
x=↵

= f(↵) + f 0(↵)(x� ↵) + f 00(a)
2! (x� ↵)2 + · · ·+ f(n)(↵)

n! (x� ↵)n +Rn
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Example:  
exponential function



Taylor’s expansion

- Taylor’s expansion: used for (locally) approximating a function

f(x)
���
x=↵

= f(↵) + f 0(↵)(x� ↵) + f 00(a)
2! (x� ↵)2 + · · ·+ f(n)(↵)

n! (x� ↵)n +Rn
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Example:  
exponential function

- Key properties/assumptions:

- Function     is differentiable as many times we’d likef
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- Provides (locally) a good approximation of the function



Taylor’s expansion

- First-order Taylor’s approximation

f : Rp ! R
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f(x) ⇡ f(↵) + hrf(↵), x� ↵i
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,↵ 2 Rp
<latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit><latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit><latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit><latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit>



Taylor’s expansion

- First-order Taylor’s approximation

f : Rp ! R
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f(x) ⇡ f(↵) + hrf(↵), x� ↵i
<latexit sha1_base64="qEMpOpnJet0yJVfEFi7zmKA1Y1Y="></latexit><latexit sha1_base64="qEMpOpnJet0yJVfEFi7zmKA1Y1Y="></latexit><latexit sha1_base64="qEMpOpnJet0yJVfEFi7zmKA1Y1Y="></latexit><latexit sha1_base64="qEMpOpnJet0yJVfEFi7zmKA1Y1Y="></latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

f(x)
<latexit sha1_base64="l+wTkNgHrQCBgS+cpvSu9YH8xC0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlh9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSrte8i1r9/rLSuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHba2N1Q==</latexit>

,↵ 2 Rp
<latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit><latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit><latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit><latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit>



Taylor’s expansion

- First-order Taylor’s approximation

f : Rp ! R
<latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit><latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit><latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit><latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit>

f(x) ⇡ f(↵) + hrf(↵), x� ↵i
<latexit sha1_base64="qEMpOpnJet0yJVfEFi7zmKA1Y1Y="></latexit><latexit sha1_base64="qEMpOpnJet0yJVfEFi7zmKA1Y1Y="></latexit><latexit sha1_base64="qEMpOpnJet0yJVfEFi7zmKA1Y1Y="></latexit><latexit sha1_base64="qEMpOpnJet0yJVfEFi7zmKA1Y1Y="></latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

f(x)
<latexit sha1_base64="l+wTkNgHrQCBgS+cpvSu9YH8xC0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlh9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSrte8i1r9/rLSuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHba2N1Q==</latexit>

↵
<latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit>

,↵ 2 Rp
<latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit><latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit><latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit><latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit>



Taylor’s expansion

- First-order Taylor’s approximation

f : Rp ! R
<latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit><latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit><latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit><latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit>

f(x) ⇡ f(↵) + hrf(↵), x� ↵i
<latexit sha1_base64="qEMpOpnJet0yJVfEFi7zmKA1Y1Y="></latexit><latexit sha1_base64="qEMpOpnJet0yJVfEFi7zmKA1Y1Y="></latexit><latexit sha1_base64="qEMpOpnJet0yJVfEFi7zmKA1Y1Y="></latexit><latexit sha1_base64="qEMpOpnJet0yJVfEFi7zmKA1Y1Y="></latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

f(x)
<latexit sha1_base64="l+wTkNgHrQCBgS+cpvSu9YH8xC0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlh9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSrte8i1r9/rLSuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHba2N1Q==</latexit>

↵
<latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit>

,↵ 2 Rp
<latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit><latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit><latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit><latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit>

f(↵) + f 0(↵)(x� ↵)
<latexit sha1_base64="bqMQaoYETTSiROIZcYPMy0f9P2I=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiVsQyI4Iui25cVrAXaIdyJs20wUxmSDJiGbp346u4caGIW1/AnW9j2o6grT8EvvznHJLz+zFnSjvOl5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySLR8U5UzQumaa01YsKYQ+p03/9nJcb95RqVgkbvQwpl4IfcECRkAbq2sXg3IHeDyAQ3yEg4OfS/keH+OMu3bJqTgT4XlwMyihTLWu/dnpRSQJqdCEg1Jt14m1l4LUjHA6KnQSRWMgt9CnbYMCQqq8dLLLCO8bp4eDSJojNJ64vydSCJUahr7pDEEP1GxtbP5Xayc6OPdSJuJEU0GmDwUJxzrC42Bwj0lKNB8aACKZ+SsmA5BAtImvYEJwZ1eeh8ZJxXUq7vVpqXqRxZFHe6iIyshFZ6iKrlAN1RFBD+gJvaBX69F6tt6s92lrzspmdtEfWR/fz1CYWw==</latexit><latexit sha1_base64="bqMQaoYETTSiROIZcYPMy0f9P2I=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiVsQyI4Iui25cVrAXaIdyJs20wUxmSDJiGbp346u4caGIW1/AnW9j2o6grT8EvvznHJLz+zFnSjvOl5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySLR8U5UzQumaa01YsKYQ+p03/9nJcb95RqVgkbvQwpl4IfcECRkAbq2sXg3IHeDyAQ3yEg4OfS/keH+OMu3bJqTgT4XlwMyihTLWu/dnpRSQJqdCEg1Jt14m1l4LUjHA6KnQSRWMgt9CnbYMCQqq8dLLLCO8bp4eDSJojNJ64vydSCJUahr7pDEEP1GxtbP5Xayc6OPdSJuJEU0GmDwUJxzrC42Bwj0lKNB8aACKZ+SsmA5BAtImvYEJwZ1eeh8ZJxXUq7vVpqXqRxZFHe6iIyshFZ6iKrlAN1RFBD+gJvaBX69F6tt6s92lrzspmdtEfWR/fz1CYWw==</latexit><latexit sha1_base64="bqMQaoYETTSiROIZcYPMy0f9P2I=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiVsQyI4Iui25cVrAXaIdyJs20wUxmSDJiGbp346u4caGIW1/AnW9j2o6grT8EvvznHJLz+zFnSjvOl5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySLR8U5UzQumaa01YsKYQ+p03/9nJcb95RqVgkbvQwpl4IfcECRkAbq2sXg3IHeDyAQ3yEg4OfS/keH+OMu3bJqTgT4XlwMyihTLWu/dnpRSQJqdCEg1Jt14m1l4LUjHA6KnQSRWMgt9CnbYMCQqq8dLLLCO8bp4eDSJojNJ64vydSCJUahr7pDEEP1GxtbP5Xayc6OPdSJuJEU0GmDwUJxzrC42Bwj0lKNB8aACKZ+SsmA5BAtImvYEJwZ1eeh8ZJxXUq7vVpqXqRxZFHe6iIyshFZ6iKrlAN1RFBD+gJvaBX69F6tt6s92lrzspmdtEfWR/fz1CYWw==</latexit><latexit sha1_base64="bqMQaoYETTSiROIZcYPMy0f9P2I=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiVsQyI4Iui25cVrAXaIdyJs20wUxmSDJiGbp346u4caGIW1/AnW9j2o6grT8EvvznHJLz+zFnSjvOl5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySLR8U5UzQumaa01YsKYQ+p03/9nJcb95RqVgkbvQwpl4IfcECRkAbq2sXg3IHeDyAQ3yEg4OfS/keH+OMu3bJqTgT4XlwMyihTLWu/dnpRSQJqdCEg1Jt14m1l4LUjHA6KnQSRWMgt9CnbYMCQqq8dLLLCO8bp4eDSJojNJ64vydSCJUahr7pDEEP1GxtbP5Xayc6OPdSJuJEU0GmDwUJxzrC42Bwj0lKNB8aACKZ+SsmA5BAtImvYEJwZ1eeh8ZJxXUq7vVpqXqRxZFHe6iIyshFZ6iKrlAN1RFBD+gJvaBX69F6tt6s92lrzspmdtEfWR/fz1CYWw==</latexit>



Taylor’s expansion

- First-order Taylor’s approximation

f : Rp ! R
<latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit><latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit><latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit><latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit>

f(x) ⇡ f(↵) + hrf(↵), x� ↵i
<latexit sha1_base64="qEMpOpnJet0yJVfEFi7zmKA1Y1Y="></latexit><latexit sha1_base64="qEMpOpnJet0yJVfEFi7zmKA1Y1Y="></latexit><latexit sha1_base64="qEMpOpnJet0yJVfEFi7zmKA1Y1Y="></latexit><latexit sha1_base64="qEMpOpnJet0yJVfEFi7zmKA1Y1Y="></latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

f(x)
<latexit sha1_base64="l+wTkNgHrQCBgS+cpvSu9YH8xC0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlh9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSrte8i1r9/rLSuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHba2N1Q==</latexit>

↵
<latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit>

,↵ 2 Rp
<latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit><latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit><latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit><latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit>

f(↵) + f 0(↵)(x� ↵)
<latexit sha1_base64="bqMQaoYETTSiROIZcYPMy0f9P2I=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiVsQyI4Iui25cVrAXaIdyJs20wUxmSDJiGbp346u4caGIW1/AnW9j2o6grT8EvvznHJLz+zFnSjvOl5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySLR8U5UzQumaa01YsKYQ+p03/9nJcb95RqVgkbvQwpl4IfcECRkAbq2sXg3IHeDyAQ3yEg4OfS/keH+OMu3bJqTgT4XlwMyihTLWu/dnpRSQJqdCEg1Jt14m1l4LUjHA6KnQSRWMgt9CnbYMCQqq8dLLLCO8bp4eDSJojNJ64vydSCJUahr7pDEEP1GxtbP5Xayc6OPdSJuJEU0GmDwUJxzrC42Bwj0lKNB8aACKZ+SsmA5BAtImvYEJwZ1eeh8ZJxXUq7vVpqXqRxZFHe6iIyshFZ6iKrlAN1RFBD+gJvaBX69F6tt6s92lrzspmdtEfWR/fz1CYWw==</latexit><latexit sha1_base64="bqMQaoYETTSiROIZcYPMy0f9P2I=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiVsQyI4Iui25cVrAXaIdyJs20wUxmSDJiGbp346u4caGIW1/AnW9j2o6grT8EvvznHJLz+zFnSjvOl5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySLR8U5UzQumaa01YsKYQ+p03/9nJcb95RqVgkbvQwpl4IfcECRkAbq2sXg3IHeDyAQ3yEg4OfS/keH+OMu3bJqTgT4XlwMyihTLWu/dnpRSQJqdCEg1Jt14m1l4LUjHA6KnQSRWMgt9CnbYMCQqq8dLLLCO8bp4eDSJojNJ64vydSCJUahr7pDEEP1GxtbP5Xayc6OPdSJuJEU0GmDwUJxzrC42Bwj0lKNB8aACKZ+SsmA5BAtImvYEJwZ1eeh8ZJxXUq7vVpqXqRxZFHe6iIyshFZ6iKrlAN1RFBD+gJvaBX69F6tt6s92lrzspmdtEfWR/fz1CYWw==</latexit><latexit sha1_base64="bqMQaoYETTSiROIZcYPMy0f9P2I=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiVsQyI4Iui25cVrAXaIdyJs20wUxmSDJiGbp346u4caGIW1/AnW9j2o6grT8EvvznHJLz+zFnSjvOl5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySLR8U5UzQumaa01YsKYQ+p03/9nJcb95RqVgkbvQwpl4IfcECRkAbq2sXg3IHeDyAQ3yEg4OfS/keH+OMu3bJqTgT4XlwMyihTLWu/dnpRSQJqdCEg1Jt14m1l4LUjHA6KnQSRWMgt9CnbYMCQqq8dLLLCO8bp4eDSJojNJ64vydSCJUahr7pDEEP1GxtbP5Xayc6OPdSJuJEU0GmDwUJxzrC42Bwj0lKNB8aACKZ+SsmA5BAtImvYEJwZ1eeh8ZJxXUq7vVpqXqRxZFHe6iIyshFZ6iKrlAN1RFBD+gJvaBX69F6tt6s92lrzspmdtEfWR/fz1CYWw==</latexit><latexit sha1_base64="bqMQaoYETTSiROIZcYPMy0f9P2I=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiVsQyI4Iui25cVrAXaIdyJs20wUxmSDJiGbp346u4caGIW1/AnW9j2o6grT8EvvznHJLz+zFnSjvOl5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySLR8U5UzQumaa01YsKYQ+p03/9nJcb95RqVgkbvQwpl4IfcECRkAbq2sXg3IHeDyAQ3yEg4OfS/keH+OMu3bJqTgT4XlwMyihTLWu/dnpRSQJqdCEg1Jt14m1l4LUjHA6KnQSRWMgt9CnbYMCQqq8dLLLCO8bp4eDSJojNJ64vydSCJUahr7pDEEP1GxtbP5Xayc6OPdSJuJEU0GmDwUJxzrC42Bwj0lKNB8aACKZ+SsmA5BAtImvYEJwZ1eeh8ZJxXUq7vVpqXqRxZFHe6iIyshFZ6iKrlAN1RFBD+gJvaBX69F6tt6s92lrzspmdtEfWR/fz1CYWw==</latexit>

Good approximation!



Taylor’s expansion

- First-order Taylor’s approximation

f : Rp ! R
<latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit><latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit><latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit><latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit>

f(x) ⇡ f(↵) + hrf(↵), x� ↵i
<latexit sha1_base64="qEMpOpnJet0yJVfEFi7zmKA1Y1Y="></latexit><latexit sha1_base64="qEMpOpnJet0yJVfEFi7zmKA1Y1Y="></latexit><latexit sha1_base64="qEMpOpnJet0yJVfEFi7zmKA1Y1Y="></latexit><latexit sha1_base64="qEMpOpnJet0yJVfEFi7zmKA1Y1Y="></latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

f(x)
<latexit sha1_base64="l+wTkNgHrQCBgS+cpvSu9YH8xC0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlh9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSrte8i1r9/rLSuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHba2N1Q==</latexit>

↵
<latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit>

,↵ 2 Rp
<latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit><latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit><latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit><latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit>

f(↵) + f 0(↵)(x� ↵)
<latexit sha1_base64="bqMQaoYETTSiROIZcYPMy0f9P2I=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiVsQyI4Iui25cVrAXaIdyJs20wUxmSDJiGbp346u4caGIW1/AnW9j2o6grT8EvvznHJLz+zFnSjvOl5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySLR8U5UzQumaa01YsKYQ+p03/9nJcb95RqVgkbvQwpl4IfcECRkAbq2sXg3IHeDyAQ3yEg4OfS/keH+OMu3bJqTgT4XlwMyihTLWu/dnpRSQJqdCEg1Jt14m1l4LUjHA6KnQSRWMgt9CnbYMCQqq8dLLLCO8bp4eDSJojNJ64vydSCJUahr7pDEEP1GxtbP5Xayc6OPdSJuJEU0GmDwUJxzrC42Bwj0lKNB8aACKZ+SsmA5BAtImvYEJwZ1eeh8ZJxXUq7vVpqXqRxZFHe6iIyshFZ6iKrlAN1RFBD+gJvaBX69F6tt6s92lrzspmdtEfWR/fz1CYWw==</latexit><latexit sha1_base64="bqMQaoYETTSiROIZcYPMy0f9P2I=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiVsQyI4Iui25cVrAXaIdyJs20wUxmSDJiGbp346u4caGIW1/AnW9j2o6grT8EvvznHJLz+zFnSjvOl5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySLR8U5UzQumaa01YsKYQ+p03/9nJcb95RqVgkbvQwpl4IfcECRkAbq2sXg3IHeDyAQ3yEg4OfS/keH+OMu3bJqTgT4XlwMyihTLWu/dnpRSQJqdCEg1Jt14m1l4LUjHA6KnQSRWMgt9CnbYMCQqq8dLLLCO8bp4eDSJojNJ64vydSCJUahr7pDEEP1GxtbP5Xayc6OPdSJuJEU0GmDwUJxzrC42Bwj0lKNB8aACKZ+SsmA5BAtImvYEJwZ1eeh8ZJxXUq7vVpqXqRxZFHe6iIyshFZ6iKrlAN1RFBD+gJvaBX69F6tt6s92lrzspmdtEfWR/fz1CYWw==</latexit><latexit sha1_base64="bqMQaoYETTSiROIZcYPMy0f9P2I=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiVsQyI4Iui25cVrAXaIdyJs20wUxmSDJiGbp346u4caGIW1/AnW9j2o6grT8EvvznHJLz+zFnSjvOl5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySLR8U5UzQumaa01YsKYQ+p03/9nJcb95RqVgkbvQwpl4IfcECRkAbq2sXg3IHeDyAQ3yEg4OfS/keH+OMu3bJqTgT4XlwMyihTLWu/dnpRSQJqdCEg1Jt14m1l4LUjHA6KnQSRWMgt9CnbYMCQqq8dLLLCO8bp4eDSJojNJ64vydSCJUahr7pDEEP1GxtbP5Xayc6OPdSJuJEU0GmDwUJxzrC42Bwj0lKNB8aACKZ+SsmA5BAtImvYEJwZ1eeh8ZJxXUq7vVpqXqRxZFHe6iIyshFZ6iKrlAN1RFBD+gJvaBX69F6tt6s92lrzspmdtEfWR/fz1CYWw==</latexit><latexit sha1_base64="bqMQaoYETTSiROIZcYPMy0f9P2I=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiVsQyI4Iui25cVrAXaIdyJs20wUxmSDJiGbp346u4caGIW1/AnW9j2o6grT8EvvznHJLz+zFnSjvOl5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySLR8U5UzQumaa01YsKYQ+p03/9nJcb95RqVgkbvQwpl4IfcECRkAbq2sXg3IHeDyAQ3yEg4OfS/keH+OMu3bJqTgT4XlwMyihTLWu/dnpRSQJqdCEg1Jt14m1l4LUjHA6KnQSRWMgt9CnbYMCQqq8dLLLCO8bp4eDSJojNJ64vydSCJUahr7pDEEP1GxtbP5Xayc6OPdSJuJEU0GmDwUJxzrC42Bwj0lKNB8aACKZ+SsmA5BAtImvYEJwZ1eeh8ZJxXUq7vVpqXqRxZFHe6iIyshFZ6iKrlAN1RFBD+gJvaBX69F6tt6s92lrzspmdtEfWR/fz1CYWw==</latexit>

Good approximation!

Bad approximation..



Taylor’s expansion

- Second-order Taylor’s approximation

f : Rp ! R
<latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit><latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit><latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit><latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit>

,↵ 2 Rp
<latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit><latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit><latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit><latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit>

f(x) ⇡ f(↵) + hrf(↵), x� ↵i+ 1
2

⌦
r2f(↵)(x� ↵), x� ↵

↵
<latexit sha1_base64="be9LInXfrnU+JCIOQ/lD1vV2XuA="></latexit><latexit sha1_base64="be9LInXfrnU+JCIOQ/lD1vV2XuA="></latexit><latexit sha1_base64="be9LInXfrnU+JCIOQ/lD1vV2XuA="></latexit><latexit sha1_base64="be9LInXfrnU+JCIOQ/lD1vV2XuA="></latexit>



Taylor’s expansion

- Second-order Taylor’s approximation

f : Rp ! R
<latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit><latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit><latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit><latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit>

,↵ 2 Rp
<latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit><latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit><latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit><latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit>

f(x) ⇡ f(↵) + hrf(↵), x� ↵i+ 1
2

⌦
r2f(↵)(x� ↵), x� ↵

↵
<latexit sha1_base64="be9LInXfrnU+JCIOQ/lD1vV2XuA="></latexit><latexit sha1_base64="be9LInXfrnU+JCIOQ/lD1vV2XuA="></latexit><latexit sha1_base64="be9LInXfrnU+JCIOQ/lD1vV2XuA="></latexit><latexit sha1_base64="be9LInXfrnU+JCIOQ/lD1vV2XuA="></latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

f(x)
<latexit sha1_base64="l+wTkNgHrQCBgS+cpvSu9YH8xC0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlh9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSrte8i1r9/rLSuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHba2N1Q==</latexit>



Taylor’s expansion

- Second-order Taylor’s approximation

f : Rp ! R
<latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit><latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit><latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit><latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit>

↵
<latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit>

,↵ 2 Rp
<latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit><latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit><latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit><latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit>

f(x) ⇡ f(↵) + hrf(↵), x� ↵i+ 1
2

⌦
r2f(↵)(x� ↵), x� ↵

↵
<latexit sha1_base64="be9LInXfrnU+JCIOQ/lD1vV2XuA="></latexit><latexit sha1_base64="be9LInXfrnU+JCIOQ/lD1vV2XuA="></latexit><latexit sha1_base64="be9LInXfrnU+JCIOQ/lD1vV2XuA="></latexit><latexit sha1_base64="be9LInXfrnU+JCIOQ/lD1vV2XuA="></latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

f(x)
<latexit sha1_base64="l+wTkNgHrQCBgS+cpvSu9YH8xC0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlh9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSrte8i1r9/rLSuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHba2N1Q==</latexit>



Taylor’s expansion

- Second-order Taylor’s approximation

f : Rp ! R
<latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit><latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit><latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit><latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit>

↵
<latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit>

,↵ 2 Rp
<latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit><latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit><latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit><latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit>

f(x) ⇡ f(↵) + hrf(↵), x� ↵i+ 1
2

⌦
r2f(↵)(x� ↵), x� ↵

↵
<latexit sha1_base64="be9LInXfrnU+JCIOQ/lD1vV2XuA="></latexit><latexit sha1_base64="be9LInXfrnU+JCIOQ/lD1vV2XuA="></latexit><latexit sha1_base64="be9LInXfrnU+JCIOQ/lD1vV2XuA="></latexit><latexit sha1_base64="be9LInXfrnU+JCIOQ/lD1vV2XuA="></latexit>

Even better approximation!

f(↵) + f 0(↵)(x� ↵) + 1
2f

00(↵)(x� ↵)2
<latexit sha1_base64="G4AStzJv0SfqzDnv0LCT2QAm5Bc=">AAACNHicbVDNS8MwHE39nPOr6tFLcIgTcbRD0OPQi+BlgvuAtY40S7ewNC1JKo7SP8qLf4gXETwo4tW/wWyrqNseBF7eez+S3/MiRqWyrBdjbn5hcWk5t5JfXVvf2DS3tusyjAUmNRyyUDQ9JAmjnNQUVYw0I0FQ4DHS8PoXQ79xR4SkIb9Rg4i4Aepy6lOMlJba5pVfdBCLeugQHkH/4OdSvIfH8NdwlC8QTuw0Kac6NTN2W26bBatkjQCniZ2RAshQbZtPTifEcUC4wgxJ2bKtSLkJEopiRtK8E0sSIdxHXdLSlKOASDcZLZ3Cfa10oB8KfbiCI/XvRIICKQeBp5MBUj056Q3FWV4rVv6Zm1AexYpwPH7IjxlUIRw2CDtUEKzYQBOEBdV/hbiHdD9K95zXJdiTK0+TerlkWyX7+qRQOc/qyIFdsAeKwAanoAIuQRXUAAYP4Bm8gXfj0Xg1PozPcXTOyGZ2wD8YX9/zaKbO</latexit><latexit sha1_base64="G4AStzJv0SfqzDnv0LCT2QAm5Bc=">AAACNHicbVDNS8MwHE39nPOr6tFLcIgTcbRD0OPQi+BlgvuAtY40S7ewNC1JKo7SP8qLf4gXETwo4tW/wWyrqNseBF7eez+S3/MiRqWyrBdjbn5hcWk5t5JfXVvf2DS3tusyjAUmNRyyUDQ9JAmjnNQUVYw0I0FQ4DHS8PoXQ79xR4SkIb9Rg4i4Aepy6lOMlJba5pVfdBCLeugQHkH/4OdSvIfH8NdwlC8QTuw0Kac6NTN2W26bBatkjQCniZ2RAshQbZtPTifEcUC4wgxJ2bKtSLkJEopiRtK8E0sSIdxHXdLSlKOASDcZLZ3Cfa10oB8KfbiCI/XvRIICKQeBp5MBUj056Q3FWV4rVv6Zm1AexYpwPH7IjxlUIRw2CDtUEKzYQBOEBdV/hbiHdD9K95zXJdiTK0+TerlkWyX7+qRQOc/qyIFdsAeKwAanoAIuQRXUAAYP4Bm8gXfj0Xg1PozPcXTOyGZ2wD8YX9/zaKbO</latexit><latexit sha1_base64="G4AStzJv0SfqzDnv0LCT2QAm5Bc=">AAACNHicbVDNS8MwHE39nPOr6tFLcIgTcbRD0OPQi+BlgvuAtY40S7ewNC1JKo7SP8qLf4gXETwo4tW/wWyrqNseBF7eez+S3/MiRqWyrBdjbn5hcWk5t5JfXVvf2DS3tusyjAUmNRyyUDQ9JAmjnNQUVYw0I0FQ4DHS8PoXQ79xR4SkIb9Rg4i4Aepy6lOMlJba5pVfdBCLeugQHkH/4OdSvIfH8NdwlC8QTuw0Kac6NTN2W26bBatkjQCniZ2RAshQbZtPTifEcUC4wgxJ2bKtSLkJEopiRtK8E0sSIdxHXdLSlKOASDcZLZ3Cfa10oB8KfbiCI/XvRIICKQeBp5MBUj056Q3FWV4rVv6Zm1AexYpwPH7IjxlUIRw2CDtUEKzYQBOEBdV/hbiHdD9K95zXJdiTK0+TerlkWyX7+qRQOc/qyIFdsAeKwAanoAIuQRXUAAYP4Bm8gXfj0Xg1PozPcXTOyGZ2wD8YX9/zaKbO</latexit><latexit sha1_base64="G4AStzJv0SfqzDnv0LCT2QAm5Bc=">AAACNHicbVDNS8MwHE39nPOr6tFLcIgTcbRD0OPQi+BlgvuAtY40S7ewNC1JKo7SP8qLf4gXETwo4tW/wWyrqNseBF7eez+S3/MiRqWyrBdjbn5hcWk5t5JfXVvf2DS3tusyjAUmNRyyUDQ9JAmjnNQUVYw0I0FQ4DHS8PoXQ79xR4SkIb9Rg4i4Aepy6lOMlJba5pVfdBCLeugQHkH/4OdSvIfH8NdwlC8QTuw0Kac6NTN2W26bBatkjQCniZ2RAshQbZtPTifEcUC4wgxJ2bKtSLkJEopiRtK8E0sSIdxHXdLSlKOASDcZLZ3Cfa10oB8KfbiCI/XvRIICKQeBp5MBUj056Q3FWV4rVv6Zm1AexYpwPH7IjxlUIRw2CDtUEKzYQBOEBdV/hbiHdD9K95zXJdiTK0+TerlkWyX7+qRQOc/qyIFdsAeKwAanoAIuQRXUAAYP4Bm8gXfj0Xg1PozPcXTOyGZ2wD8YX9/zaKbO</latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

f(x)
<latexit sha1_base64="l+wTkNgHrQCBgS+cpvSu9YH8xC0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlh9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSrte8i1r9/rLSuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHba2N1Q==</latexit>



Taylor’s expansion

- Second-order Taylor’s approximation

f : Rp ! R
<latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit><latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit><latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit><latexit sha1_base64="9ludftfrQmnbwVsDVcbG2+wITSI=">AAACD3icbVBNS8NAEJ34WetX1KOXxaJ4KokIiqeiF49V7Ac0sWy2m3bpJht2N0oJ/Qde/CtePCji1as3/42btofa+mDg8d4MM/OChDOlHefHWlhcWl5ZLawV1zc2t7btnd26EqkktEYEF7IZYEU5i2lNM81pM5EURwGnjaB/lfuNByoVE/GdHiTUj3A3ZiEjWBupbR+FF8iLsO4FQXY7vE+QJ1m3p7GU4nHKaNslp+yMgOaJOyElmKDatr+9jiBpRGNNOFaq5TqJ9jMsNSOcDoteqmiCSR93acvQGEdU+dnonyE6NEoHhUKaijUaqdMTGY6UGkSB6cwvVLNeLv7ntVIdnvsZi5NU05iMF4UpR1qgPBzUYZISzQeGYCKZuRWRHpaYaBNh0YTgzr48T+onZdcpuzenpcrlJI4C7MMBHIMLZ1CBa6hCDQg8wQu8wbv1bL1aH9bnuHXBmszswR9YX78vZZzC</latexit>

↵
<latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit>

,↵ 2 Rp
<latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit><latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit><latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit><latexit sha1_base64="uy1pRmuXOtYjwW0K/eV1poC0+iU=">AAACAnicbVBNS8NAEJ34WetX1JN4WSyCBymJCHosevFYxX5AE8tmu2mXbjZhdyOUULz4V7x4UMSrv8Kb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4lfutByoVi8WdHiXUj3BfsJARrI3UtfdPkId5MsDIYwJ5EdaDIMhux/dJ1644VWcCNE/cglSgQL1rf3m9mKQRFZpwrFTHdRLtZ1hqRjgdl71U0QSTIe7TjqECR1T52eSFMToySg+FsTQlNJqovycyHCk1igLTmd+oZr1c/M/rpDq88DMmklRTQaaLwpQjHaM8D9RjkhLNR4ZgIpm5FZEBlphok1rZhODOvjxPmqdV16m6N2eV2mURRwkO4BCOwYVzqME11KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnDy6Dlqg=</latexit>

f(x) ⇡ f(↵) + hrf(↵), x� ↵i+ 1
2

⌦
r2f(↵)(x� ↵), x� ↵

↵
<latexit sha1_base64="be9LInXfrnU+JCIOQ/lD1vV2XuA="></latexit><latexit sha1_base64="be9LInXfrnU+JCIOQ/lD1vV2XuA="></latexit><latexit sha1_base64="be9LInXfrnU+JCIOQ/lD1vV2XuA="></latexit><latexit sha1_base64="be9LInXfrnU+JCIOQ/lD1vV2XuA="></latexit>

Bad approximation..

Even better approximation!

f(↵) + f 0(↵)(x� ↵) + 1
2f

00(↵)(x� ↵)2
<latexit sha1_base64="G4AStzJv0SfqzDnv0LCT2QAm5Bc=">AAACNHicbVDNS8MwHE39nPOr6tFLcIgTcbRD0OPQi+BlgvuAtY40S7ewNC1JKo7SP8qLf4gXETwo4tW/wWyrqNseBF7eez+S3/MiRqWyrBdjbn5hcWk5t5JfXVvf2DS3tusyjAUmNRyyUDQ9JAmjnNQUVYw0I0FQ4DHS8PoXQ79xR4SkIb9Rg4i4Aepy6lOMlJba5pVfdBCLeugQHkH/4OdSvIfH8NdwlC8QTuw0Kac6NTN2W26bBatkjQCniZ2RAshQbZtPTifEcUC4wgxJ2bKtSLkJEopiRtK8E0sSIdxHXdLSlKOASDcZLZ3Cfa10oB8KfbiCI/XvRIICKQeBp5MBUj056Q3FWV4rVv6Zm1AexYpwPH7IjxlUIRw2CDtUEKzYQBOEBdV/hbiHdD9K95zXJdiTK0+TerlkWyX7+qRQOc/qyIFdsAeKwAanoAIuQRXUAAYP4Bm8gXfj0Xg1PozPcXTOyGZ2wD8YX9/zaKbO</latexit><latexit sha1_base64="G4AStzJv0SfqzDnv0LCT2QAm5Bc=">AAACNHicbVDNS8MwHE39nPOr6tFLcIgTcbRD0OPQi+BlgvuAtY40S7ewNC1JKo7SP8qLf4gXETwo4tW/wWyrqNseBF7eez+S3/MiRqWyrBdjbn5hcWk5t5JfXVvf2DS3tusyjAUmNRyyUDQ9JAmjnNQUVYw0I0FQ4DHS8PoXQ79xR4SkIb9Rg4i4Aepy6lOMlJba5pVfdBCLeugQHkH/4OdSvIfH8NdwlC8QTuw0Kac6NTN2W26bBatkjQCniZ2RAshQbZtPTifEcUC4wgxJ2bKtSLkJEopiRtK8E0sSIdxHXdLSlKOASDcZLZ3Cfa10oB8KfbiCI/XvRIICKQeBp5MBUj056Q3FWV4rVv6Zm1AexYpwPH7IjxlUIRw2CDtUEKzYQBOEBdV/hbiHdD9K95zXJdiTK0+TerlkWyX7+qRQOc/qyIFdsAeKwAanoAIuQRXUAAYP4Bm8gXfj0Xg1PozPcXTOyGZ2wD8YX9/zaKbO</latexit><latexit sha1_base64="G4AStzJv0SfqzDnv0LCT2QAm5Bc=">AAACNHicbVDNS8MwHE39nPOr6tFLcIgTcbRD0OPQi+BlgvuAtY40S7ewNC1JKo7SP8qLf4gXETwo4tW/wWyrqNseBF7eez+S3/MiRqWyrBdjbn5hcWk5t5JfXVvf2DS3tusyjAUmNRyyUDQ9JAmjnNQUVYw0I0FQ4DHS8PoXQ79xR4SkIb9Rg4i4Aepy6lOMlJba5pVfdBCLeugQHkH/4OdSvIfH8NdwlC8QTuw0Kac6NTN2W26bBatkjQCniZ2RAshQbZtPTifEcUC4wgxJ2bKtSLkJEopiRtK8E0sSIdxHXdLSlKOASDcZLZ3Cfa10oB8KfbiCI/XvRIICKQeBp5MBUj056Q3FWV4rVv6Zm1AexYpwPH7IjxlUIRw2CDtUEKzYQBOEBdV/hbiHdD9K95zXJdiTK0+TerlkWyX7+qRQOc/qyIFdsAeKwAanoAIuQRXUAAYP4Bm8gXfj0Xg1PozPcXTOyGZ2wD8YX9/zaKbO</latexit><latexit sha1_base64="G4AStzJv0SfqzDnv0LCT2QAm5Bc=">AAACNHicbVDNS8MwHE39nPOr6tFLcIgTcbRD0OPQi+BlgvuAtY40S7ewNC1JKo7SP8qLf4gXETwo4tW/wWyrqNseBF7eez+S3/MiRqWyrBdjbn5hcWk5t5JfXVvf2DS3tusyjAUmNRyyUDQ9JAmjnNQUVYw0I0FQ4DHS8PoXQ79xR4SkIb9Rg4i4Aepy6lOMlJba5pVfdBCLeugQHkH/4OdSvIfH8NdwlC8QTuw0Kac6NTN2W26bBatkjQCniZ2RAshQbZtPTifEcUC4wgxJ2bKtSLkJEopiRtK8E0sSIdxHXdLSlKOASDcZLZ3Cfa10oB8KfbiCI/XvRIICKQeBp5MBUj056Q3FWV4rVv6Zm1AexYpwPH7IjxlUIRw2CDtUEKzYQBOEBdV/hbiHdD9K95zXJdiTK0+TerlkWyX7+qRQOc/qyIFdsAeKwAanoAIuQRXUAAYP4Bm8gXfj0Xg1PozPcXTOyGZ2wD8YX9/zaKbO</latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

f(x)
<latexit sha1_base64="l+wTkNgHrQCBgS+cpvSu9YH8xC0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlh9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSrte8i1r9/rLSuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHba2N1Q==</latexit>
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x
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<latexit sha1_base64="z5DR4dTE2NgdroJmUE69qXZyUr8=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJeyKoMegF48RzAM2S5idzCZD5rHM9EpCyGd48aCIV7/Gm3/jJNmDJhY0FFXddHfFqeAWfP/bW1vf2NzaLuwUd/f2Dw5LR8dNqzNDWYNqoU07JpYJrlgDOAjWTg0jMhasFQ/vZn7riRnLtXqEccoiSfqKJ5wScFLYkVx1RzipjC66pbJf9efAqyTISRnlqHdLX52epplkCqgg1oaBn0I0IQY4FWxa7GSWpYQOSZ+FjioimY0m85On+NwpPZxo40oBnqu/JyZEWjuWseuUBAZ22ZuJ/3lhBslNNOEqzYApuliUZAKDxrP/cY8bRkGMHSHUcHcrpgNiCAWXUtGFECy/vEqal9XArwYPV+XabR5HAZ2iM1RBAbpGNXSP6qiBKNLoGb2iNw+8F+/d+1i0rnn5zAn6A+/zB27fkK4=</latexit><latexit sha1_base64="z5DR4dTE2NgdroJmUE69qXZyUr8=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJeyKoMegF48RzAM2S5idzCZD5rHM9EpCyGd48aCIV7/Gm3/jJNmDJhY0FFXddHfFqeAWfP/bW1vf2NzaLuwUd/f2Dw5LR8dNqzNDWYNqoU07JpYJrlgDOAjWTg0jMhasFQ/vZn7riRnLtXqEccoiSfqKJ5wScFLYkVx1RzipjC66pbJf9efAqyTISRnlqHdLX52epplkCqgg1oaBn0I0IQY4FWxa7GSWpYQOSZ+FjioimY0m85On+NwpPZxo40oBnqu/JyZEWjuWseuUBAZ22ZuJ/3lhBslNNOEqzYApuliUZAKDxrP/cY8bRkGMHSHUcHcrpgNiCAWXUtGFECy/vEqal9XArwYPV+XabR5HAZ2iM1RBAbpGNXSP6qiBKNLoGb2iNw+8F+/d+1i0rnn5zAn6A+/zB27fkK4=</latexit><latexit sha1_base64="z5DR4dTE2NgdroJmUE69qXZyUr8=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJeyKoMegF48RzAM2S5idzCZD5rHM9EpCyGd48aCIV7/Gm3/jJNmDJhY0FFXddHfFqeAWfP/bW1vf2NzaLuwUd/f2Dw5LR8dNqzNDWYNqoU07JpYJrlgDOAjWTg0jMhasFQ/vZn7riRnLtXqEccoiSfqKJ5wScFLYkVx1RzipjC66pbJf9efAqyTISRnlqHdLX52epplkCqgg1oaBn0I0IQY4FWxa7GSWpYQOSZ+FjioimY0m85On+NwpPZxo40oBnqu/JyZEWjuWseuUBAZ22ZuJ/3lhBslNNOEqzYApuliUZAKDxrP/cY8bRkGMHSHUcHcrpgNiCAWXUtGFECy/vEqal9XArwYPV+XabR5HAZ2iM1RBAbpGNXSP6qiBKNLoGb2iNw+8F+/d+1i0rnn5zAn6A+/zB27fkK4=</latexit><latexit sha1_base64="z5DR4dTE2NgdroJmUE69qXZyUr8=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJeyKoMegF48RzAM2S5idzCZD5rHM9EpCyGd48aCIV7/Gm3/jJNmDJhY0FFXddHfFqeAWfP/bW1vf2NzaLuwUd/f2Dw5LR8dNqzNDWYNqoU07JpYJrlgDOAjWTg0jMhasFQ/vZn7riRnLtXqEccoiSfqKJ5wScFLYkVx1RzipjC66pbJf9efAqyTISRnlqHdLX52epplkCqgg1oaBn0I0IQY4FWxa7GSWpYQOSZ+FjioimY0m85On+NwpPZxo40oBnqu/JyZEWjuWseuUBAZ22ZuJ/3lhBslNNOEqzYApuliUZAKDxrP/cY8bRkGMHSHUcHcrpgNiCAWXUtGFECy/vEqal9XArwYPV+XabR5HAZ2iM1RBAbpGNXSP6qiBKNLoGb2iNw+8F+/d+1i0rnn5zAn6A+/zB27fkK4=</latexit>



Taylor’s expansion

- Spoiler alert: “Why are all these useful?”

- Often, we optimize a function through its local approximations

- E.g., second order approximations are.. quadratic functions!

min
x

f(x)
<latexit sha1_base64="z5DR4dTE2NgdroJmUE69qXZyUr8=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJeyKoMegF48RzAM2S5idzCZD5rHM9EpCyGd48aCIV7/Gm3/jJNmDJhY0FFXddHfFqeAWfP/bW1vf2NzaLuwUd/f2Dw5LR8dNqzNDWYNqoU07JpYJrlgDOAjWTg0jMhasFQ/vZn7riRnLtXqEccoiSfqKJ5wScFLYkVx1RzipjC66pbJf9efAqyTISRnlqHdLX52epplkCqgg1oaBn0I0IQY4FWxa7GSWpYQOSZ+FjioimY0m85On+NwpPZxo40oBnqu/JyZEWjuWseuUBAZ22ZuJ/3lhBslNNOEqzYApuliUZAKDxrP/cY8bRkGMHSHUcHcrpgNiCAWXUtGFECy/vEqal9XArwYPV+XabR5HAZ2iM1RBAbpGNXSP6qiBKNLoGb2iNw+8F+/d+1i0rnn5zAn6A+/zB27fkK4=</latexit><latexit sha1_base64="z5DR4dTE2NgdroJmUE69qXZyUr8=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJeyKoMegF48RzAM2S5idzCZD5rHM9EpCyGd48aCIV7/Gm3/jJNmDJhY0FFXddHfFqeAWfP/bW1vf2NzaLuwUd/f2Dw5LR8dNqzNDWYNqoU07JpYJrlgDOAjWTg0jMhasFQ/vZn7riRnLtXqEccoiSfqKJ5wScFLYkVx1RzipjC66pbJf9efAqyTISRnlqHdLX52epplkCqgg1oaBn0I0IQY4FWxa7GSWpYQOSZ+FjioimY0m85On+NwpPZxo40oBnqu/JyZEWjuWseuUBAZ22ZuJ/3lhBslNNOEqzYApuliUZAKDxrP/cY8bRkGMHSHUcHcrpgNiCAWXUtGFECy/vEqal9XArwYPV+XabR5HAZ2iM1RBAbpGNXSP6qiBKNLoGb2iNw+8F+/d+1i0rnn5zAn6A+/zB27fkK4=</latexit><latexit sha1_base64="z5DR4dTE2NgdroJmUE69qXZyUr8=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJeyKoMegF48RzAM2S5idzCZD5rHM9EpCyGd48aCIV7/Gm3/jJNmDJhY0FFXddHfFqeAWfP/bW1vf2NzaLuwUd/f2Dw5LR8dNqzNDWYNqoU07JpYJrlgDOAjWTg0jMhasFQ/vZn7riRnLtXqEccoiSfqKJ5wScFLYkVx1RzipjC66pbJf9efAqyTISRnlqHdLX52epplkCqgg1oaBn0I0IQY4FWxa7GSWpYQOSZ+FjioimY0m85On+NwpPZxo40oBnqu/JyZEWjuWseuUBAZ22ZuJ/3lhBslNNOEqzYApuliUZAKDxrP/cY8bRkGMHSHUcHcrpgNiCAWXUtGFECy/vEqal9XArwYPV+XabR5HAZ2iM1RBAbpGNXSP6qiBKNLoGb2iNw+8F+/d+1i0rnn5zAn6A+/zB27fkK4=</latexit><latexit sha1_base64="z5DR4dTE2NgdroJmUE69qXZyUr8=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJeyKoMegF48RzAM2S5idzCZD5rHM9EpCyGd48aCIV7/Gm3/jJNmDJhY0FFXddHfFqeAWfP/bW1vf2NzaLuwUd/f2Dw5LR8dNqzNDWYNqoU07JpYJrlgDOAjWTg0jMhasFQ/vZn7riRnLtXqEccoiSfqKJ5wScFLYkVx1RzipjC66pbJf9efAqyTISRnlqHdLX52epplkCqgg1oaBn0I0IQY4FWxa7GSWpYQOSZ+FjioimY0m85On+NwpPZxo40oBnqu/JyZEWjuWseuUBAZ22ZuJ/3lhBslNNOEqzYApuliUZAKDxrP/cY8bRkGMHSHUcHcrpgNiCAWXUtGFECy/vEqal9XArwYPV+XabR5HAZ2iM1RBAbpGNXSP6qiBKNLoGb2iNw+8F+/d+1i0rnn5zAn6A+/zB27fkK4=</latexit>

Weirdest function ever  
(but differentiable)



Taylor’s expansion

- Spoiler alert: “Why are all these useful?”

- Often, we optimize a function through its local approximations

- E.g., second order approximations are.. quadratic functions!

min
x

f(x)
<latexit sha1_base64="z5DR4dTE2NgdroJmUE69qXZyUr8=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJeyKoMegF48RzAM2S5idzCZD5rHM9EpCyGd48aCIV7/Gm3/jJNmDJhY0FFXddHfFqeAWfP/bW1vf2NzaLuwUd/f2Dw5LR8dNqzNDWYNqoU07JpYJrlgDOAjWTg0jMhasFQ/vZn7riRnLtXqEccoiSfqKJ5wScFLYkVx1RzipjC66pbJf9efAqyTISRnlqHdLX52epplkCqgg1oaBn0I0IQY4FWxa7GSWpYQOSZ+FjioimY0m85On+NwpPZxo40oBnqu/JyZEWjuWseuUBAZ22ZuJ/3lhBslNNOEqzYApuliUZAKDxrP/cY8bRkGMHSHUcHcrpgNiCAWXUtGFECy/vEqal9XArwYPV+XabR5HAZ2iM1RBAbpGNXSP6qiBKNLoGb2iNw+8F+/d+1i0rnn5zAn6A+/zB27fkK4=</latexit><latexit sha1_base64="z5DR4dTE2NgdroJmUE69qXZyUr8=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJeyKoMegF48RzAM2S5idzCZD5rHM9EpCyGd48aCIV7/Gm3/jJNmDJhY0FFXddHfFqeAWfP/bW1vf2NzaLuwUd/f2Dw5LR8dNqzNDWYNqoU07JpYJrlgDOAjWTg0jMhasFQ/vZn7riRnLtXqEccoiSfqKJ5wScFLYkVx1RzipjC66pbJf9efAqyTISRnlqHdLX52epplkCqgg1oaBn0I0IQY4FWxa7GSWpYQOSZ+FjioimY0m85On+NwpPZxo40oBnqu/JyZEWjuWseuUBAZ22ZuJ/3lhBslNNOEqzYApuliUZAKDxrP/cY8bRkGMHSHUcHcrpgNiCAWXUtGFECy/vEqal9XArwYPV+XabR5HAZ2iM1RBAbpGNXSP6qiBKNLoGb2iNw+8F+/d+1i0rnn5zAn6A+/zB27fkK4=</latexit><latexit sha1_base64="z5DR4dTE2NgdroJmUE69qXZyUr8=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJeyKoMegF48RzAM2S5idzCZD5rHM9EpCyGd48aCIV7/Gm3/jJNmDJhY0FFXddHfFqeAWfP/bW1vf2NzaLuwUd/f2Dw5LR8dNqzNDWYNqoU07JpYJrlgDOAjWTg0jMhasFQ/vZn7riRnLtXqEccoiSfqKJ5wScFLYkVx1RzipjC66pbJf9efAqyTISRnlqHdLX52epplkCqgg1oaBn0I0IQY4FWxa7GSWpYQOSZ+FjioimY0m85On+NwpPZxo40oBnqu/JyZEWjuWseuUBAZ22ZuJ/3lhBslNNOEqzYApuliUZAKDxrP/cY8bRkGMHSHUcHcrpgNiCAWXUtGFECy/vEqal9XArwYPV+XabR5HAZ2iM1RBAbpGNXSP6qiBKNLoGb2iNw+8F+/d+1i0rnn5zAn6A+/zB27fkK4=</latexit><latexit sha1_base64="z5DR4dTE2NgdroJmUE69qXZyUr8=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJeyKoMegF48RzAM2S5idzCZD5rHM9EpCyGd48aCIV7/Gm3/jJNmDJhY0FFXddHfFqeAWfP/bW1vf2NzaLuwUd/f2Dw5LR8dNqzNDWYNqoU07JpYJrlgDOAjWTg0jMhasFQ/vZn7riRnLtXqEccoiSfqKJ5wScFLYkVx1RzipjC66pbJf9efAqyTISRnlqHdLX52epplkCqgg1oaBn0I0IQY4FWxa7GSWpYQOSZ+FjioimY0m85On+NwpPZxo40oBnqu/JyZEWjuWseuUBAZ22ZuJ/3lhBslNNOEqzYApuliUZAKDxrP/cY8bRkGMHSHUcHcrpgNiCAWXUtGFECy/vEqal9XArwYPV+XabR5HAZ2iM1RBAbpGNXSP6qiBKNLoGb2iNw+8F+/d+1i0rnn5zAn6A+/zB27fkK4=</latexit>

Weirdest function ever  
(but differentiable)

<latexit sha1_base64="OgOV/q6uqpx0ebLSjFRg10Ikia8="></latexit>
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Taylor’s expansion

- Spoiler alert: “Why are all these useful?”

- Often, we optimize a function through its local approximations

- E.g., second order approximations are.. quadratic functions!
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x
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Weirdest function ever  
(but differentiable)

min
x

�
p
>
x+ 1

2x
>
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Taylor’s expansion

- Spoiler alert: “Why are all these useful?”

- Often, we optimize a function through its local approximations

- E.g., second order approximations are.. quadratic functions!

min
x

f(x)
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Weirdest function ever  
(but differentiable)
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Agnostic optimization

Demo



Agnostic optimization



Agnostic optimization



Lipschitz conditions
- Lipschitz continuity: |f(x)� f(y)|  Mkx� yk2, 8x, y
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Lipschitz conditions
- Lipschitz continuity: |f(x)� f(y)|  Mkx� yk2, 8x, y
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Interpretation via  
double cone 

Function examples: 
1. Absolute value 
2. Trigonometric functions 
3. Quadratics (..)



Lipschitz conditions
- Lipschitz gradient continuity: krf(x)�rf(y)k2  Lkx� yk2, 8x, y
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Lipschitz conditions
- Lipschitz gradient continuity: krf(x)�rf(y)k2  Lkx� yk2, 8x, y
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- Intuition + comparison with Lipschitz continuity:

“Lipschitz continuity implies that       should not be too steep”f
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“Lipschitz gradient continuity implies that changes in the slope of 
should not happen suddenly”
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Lipschitz conditions
- Lipschitz gradient continuity: krf(x)�rf(y)k2  Lkx� yk2, 8x, y
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- Intuition + comparison with Lipschitz continuity:

“Lipschitz continuity implies that       should not be too steep”f
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“Lipschitz gradient continuity implies that changes in the slope of 
should not happen suddenly”
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- Example: Quadratics are not globally Lipschitz continuous
(the function becomes arbitrarily steep as we approach infinity)

but:  

f(x) = 1
2kAx� bk22
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krf(x)�rf(y)k2  kA>Ak2 · kx� yk2
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for:  



Lipschitz conditions
- Lipschitz gradient continuity: krf(x)�rf(y)k2  Lkx� yk2, 8x, y
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- Intuition + comparison with Lipschitz continuity:

“Lipschitz continuity implies that       should not be too steep”f
<latexit sha1_base64="b4HLEbhr7TEtaehBb4ygFYyuiV8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AyvGM6g==</latexit><latexit sha1_base64="b4HLEbhr7TEtaehBb4ygFYyuiV8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AyvGM6g==</latexit><latexit sha1_base64="b4HLEbhr7TEtaehBb4ygFYyuiV8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AyvGM6g==</latexit><latexit sha1_base64="b4HLEbhr7TEtaehBb4ygFYyuiV8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AyvGM6g==</latexit>

“Lipschitz gradient continuity implies that changes in the slope of 
should not happen suddenly”

f
<latexit sha1_base64="b4HLEbhr7TEtaehBb4ygFYyuiV8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AyvGM6g==</latexit><latexit sha1_base64="b4HLEbhr7TEtaehBb4ygFYyuiV8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AyvGM6g==</latexit><latexit sha1_base64="b4HLEbhr7TEtaehBb4ygFYyuiV8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AyvGM6g==</latexit><latexit sha1_base64="b4HLEbhr7TEtaehBb4ygFYyuiV8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AyvGM6g==</latexit>

- Example: Quadratics are not globally Lipschitz continuous
(the function becomes arbitrarily steep as we approach infinity)

but:  

f(x) = 1
2kAx� bk22

<latexit sha1_base64="Be/nvzxIJa2jSv5wkIN8m/bkVms=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHqwpIEQTdC1Y3LCvYBTQyT6aQdOnkwM5GWNHs3/oobF4q49Qfc+TdO2yy09cCFwzn3cu89XsyokIbxrS0tr6yurRc2iptb2zu7+t5+U0QJx6SBIxbxtocEYTQkDUklI+2YExR4jLS8wfXEbz0QLmgU3slRTJwA9ULqU4ykkly95FeGx/AC2tLnCKdmlloZtMeXQ3gCPXvsWveWq5eNqjEFXCRmTsogR93Vv+xuhJOAhBIzJETHNGLppIhLihnJinYiSIzwAPVIR9EQBUQ46fSXDB4ppQv9iKsKJZyqvydSFAgxCjzVGSDZF/PeRPzP6yTSP3dSGsaJJCGeLfITBmUEJ8HALuUESzZSBGFO1a0Q95EKRar4iioEc/7lRdK0qqZRNW9Py7WrPI4COAQlUAEmOAM1cAPqoAEweATP4BW8aU/ai/aufcxal7R85gD8gfb5A6Z9mOM=</latexit><latexit sha1_base64="Be/nvzxIJa2jSv5wkIN8m/bkVms=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHqwpIEQTdC1Y3LCvYBTQyT6aQdOnkwM5GWNHs3/oobF4q49Qfc+TdO2yy09cCFwzn3cu89XsyokIbxrS0tr6yurRc2iptb2zu7+t5+U0QJx6SBIxbxtocEYTQkDUklI+2YExR4jLS8wfXEbz0QLmgU3slRTJwA9ULqU4ykkly95FeGx/AC2tLnCKdmlloZtMeXQ3gCPXvsWveWq5eNqjEFXCRmTsogR93Vv+xuhJOAhBIzJETHNGLppIhLihnJinYiSIzwAPVIR9EQBUQ46fSXDB4ppQv9iKsKJZyqvydSFAgxCjzVGSDZF/PeRPzP6yTSP3dSGsaJJCGeLfITBmUEJ8HALuUESzZSBGFO1a0Q95EKRar4iioEc/7lRdK0qqZRNW9Py7WrPI4COAQlUAEmOAM1cAPqoAEweATP4BW8aU/ai/aufcxal7R85gD8gfb5A6Z9mOM=</latexit><latexit sha1_base64="Be/nvzxIJa2jSv5wkIN8m/bkVms=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHqwpIEQTdC1Y3LCvYBTQyT6aQdOnkwM5GWNHs3/oobF4q49Qfc+TdO2yy09cCFwzn3cu89XsyokIbxrS0tr6yurRc2iptb2zu7+t5+U0QJx6SBIxbxtocEYTQkDUklI+2YExR4jLS8wfXEbz0QLmgU3slRTJwA9ULqU4ykkly95FeGx/AC2tLnCKdmlloZtMeXQ3gCPXvsWveWq5eNqjEFXCRmTsogR93Vv+xuhJOAhBIzJETHNGLppIhLihnJinYiSIzwAPVIR9EQBUQ46fSXDB4ppQv9iKsKJZyqvydSFAgxCjzVGSDZF/PeRPzP6yTSP3dSGsaJJCGeLfITBmUEJ8HALuUESzZSBGFO1a0Q95EKRar4iioEc/7lRdK0qqZRNW9Py7WrPI4COAQlUAEmOAM1cAPqoAEweATP4BW8aU/ai/aufcxal7R85gD8gfb5A6Z9mOM=</latexit><latexit sha1_base64="Be/nvzxIJa2jSv5wkIN8m/bkVms=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHqwpIEQTdC1Y3LCvYBTQyT6aQdOnkwM5GWNHs3/oobF4q49Qfc+TdO2yy09cCFwzn3cu89XsyokIbxrS0tr6yurRc2iptb2zu7+t5+U0QJx6SBIxbxtocEYTQkDUklI+2YExR4jLS8wfXEbz0QLmgU3slRTJwA9ULqU4ykkly95FeGx/AC2tLnCKdmlloZtMeXQ3gCPXvsWveWq5eNqjEFXCRmTsogR93Vv+xuhJOAhBIzJETHNGLppIhLihnJinYiSIzwAPVIR9EQBUQ46fSXDB4ppQv9iKsKJZyqvydSFAgxCjzVGSDZF/PeRPzP6yTSP3dSGsaJJCGeLfITBmUEJ8HALuUESzZSBGFO1a0Q95EKRar4iioEc/7lRdK0qqZRNW9Py7WrPI4COAQlUAEmOAM1cAPqoAEweATP4BW8aU/ai/aufcxal7R85gD8gfb5A6Z9mOM=</latexit>

krf(x)�rf(y)k2  kA>Ak2 · kx� yk2
<latexit sha1_base64="Atm5By9Oh6qkGAHdFOorduYfTEc="></latexit><latexit sha1_base64="Atm5By9Oh6qkGAHdFOorduYfTEc="></latexit><latexit sha1_base64="Atm5By9Oh6qkGAHdFOorduYfTEc="></latexit><latexit sha1_base64="Atm5By9Oh6qkGAHdFOorduYfTEc="></latexit>

for:  
Largest singular value 



Lipschitz conditions
- Equivalent characterizations: krf(x)�rf(y)k2  Lkx� yk2, 8x, y

<latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit><latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit><latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit><latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit>

f(y)  f(x) + hrf(x), y � xi+ L
2 kx� yk22

f(y) � f(x) + hrf(x), y � xi+ 1
2Lkrf(x)�rf(y)k22

hrf(x)�rf(y), x� yi  Lkx� yk22
...

...
<latexit sha1_base64="fA4/enGGILGUvzKeJVSZSmefmtA="></latexit><latexit sha1_base64="fA4/enGGILGUvzKeJVSZSmefmtA="></latexit><latexit sha1_base64="fA4/enGGILGUvzKeJVSZSmefmtA="></latexit><latexit sha1_base64="fA4/enGGILGUvzKeJVSZSmefmtA="></latexit>

(some require convexity - to be defined later)



Lipschitz conditions
- Equivalent characterizations: krf(x)�rf(y)k2  Lkx� yk2, 8x, y

<latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit><latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit><latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit><latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit>

f(y)  f(x) + hrf(x), y � xi+ L
2 kx� yk22

f(y) � f(x) + hrf(x), y � xi+ 1
2Lkrf(x)�rf(y)k22

hrf(x)�rf(y), x� yi  Lkx� yk22
...

...
<latexit sha1_base64="fA4/enGGILGUvzKeJVSZSmefmtA="></latexit><latexit sha1_base64="fA4/enGGILGUvzKeJVSZSmefmtA="></latexit><latexit sha1_base64="fA4/enGGILGUvzKeJVSZSmefmtA="></latexit><latexit sha1_base64="fA4/enGGILGUvzKeJVSZSmefmtA="></latexit>

- Another important one:

r2f(x) � LI
<latexit sha1_base64="OxOYCXJCAJSqVCLuMTBGzHDLHyQ=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIdVOSIuiy6EbBRQX7gCaWyXTSDp1MYmYillDc+CtuXCji1q9w5984bbPQ1gMDh3Pu4c49XsSZVJb1beQWFpeWV/KrhbX1jc0tc3unIcMkJrROQh7GLQ9LypmgdcUUp60opjjwOG16g/Ox37ynsWShuFHDiLoB7gnmM4KVljrmniOwx/FtBfmlhyPk6DChd+gKXXbMolW2JkDzxM5IETLUOuaX0w1JElChCMdStm0rUm6KY8UIp6OCk0gaYTLAPdrWVOCASjednDBCh1rpIj+M9RMKTdTfiRQHUg4DT08GWPXlrDcW//PaifJP3ZSJKFFUkOkiP+FIhWjcB+oyfbHiQ00wiZn+KyJ9HGOidGsFXYI9e/I8aVTKtlW2r4+L1bOsjjzswwGUwIYTqMIF1KAOBB7hGV7hzXgyXox342M6mjOyzC78gfH5A7Xnla8=</latexit><latexit sha1_base64="OxOYCXJCAJSqVCLuMTBGzHDLHyQ=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIdVOSIuiy6EbBRQX7gCaWyXTSDp1MYmYillDc+CtuXCji1q9w5984bbPQ1gMDh3Pu4c49XsSZVJb1beQWFpeWV/KrhbX1jc0tc3unIcMkJrROQh7GLQ9LypmgdcUUp60opjjwOG16g/Ox37ynsWShuFHDiLoB7gnmM4KVljrmniOwx/FtBfmlhyPk6DChd+gKXXbMolW2JkDzxM5IETLUOuaX0w1JElChCMdStm0rUm6KY8UIp6OCk0gaYTLAPdrWVOCASjednDBCh1rpIj+M9RMKTdTfiRQHUg4DT08GWPXlrDcW//PaifJP3ZSJKFFUkOkiP+FIhWjcB+oyfbHiQ00wiZn+KyJ9HGOidGsFXYI9e/I8aVTKtlW2r4+L1bOsjjzswwGUwIYTqMIF1KAOBB7hGV7hzXgyXox342M6mjOyzC78gfH5A7Xnla8=</latexit><latexit sha1_base64="OxOYCXJCAJSqVCLuMTBGzHDLHyQ=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIdVOSIuiy6EbBRQX7gCaWyXTSDp1MYmYillDc+CtuXCji1q9w5984bbPQ1gMDh3Pu4c49XsSZVJb1beQWFpeWV/KrhbX1jc0tc3unIcMkJrROQh7GLQ9LypmgdcUUp60opjjwOG16g/Ox37ynsWShuFHDiLoB7gnmM4KVljrmniOwx/FtBfmlhyPk6DChd+gKXXbMolW2JkDzxM5IETLUOuaX0w1JElChCMdStm0rUm6KY8UIp6OCk0gaYTLAPdrWVOCASjednDBCh1rpIj+M9RMKTdTfiRQHUg4DT08GWPXlrDcW//PaifJP3ZSJKFFUkOkiP+FIhWjcB+oyfbHiQ00wiZn+KyJ9HGOidGsFXYI9e/I8aVTKtlW2r4+L1bOsjjzswwGUwIYTqMIF1KAOBB7hGV7hzXgyXox342M6mjOyzC78gfH5A7Xnla8=</latexit><latexit sha1_base64="OxOYCXJCAJSqVCLuMTBGzHDLHyQ=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIdVOSIuiy6EbBRQX7gCaWyXTSDp1MYmYillDc+CtuXCji1q9w5984bbPQ1gMDh3Pu4c49XsSZVJb1beQWFpeWV/KrhbX1jc0tc3unIcMkJrROQh7GLQ9LypmgdcUUp60opjjwOG16g/Ox37ynsWShuFHDiLoB7gnmM4KVljrmniOwx/FtBfmlhyPk6DChd+gKXXbMolW2JkDzxM5IETLUOuaX0w1JElChCMdStm0rUm6KY8UIp6OCk0gaYTLAPdrWVOCASjednDBCh1rpIj+M9RMKTdTfiRQHUg4DT08GWPXlrDcW//PaifJP3ZSJKFFUkOkiP+FIhWjcB+oyfbHiQ00wiZn+KyJ9HGOidGsFXYI9e/I8aVTKtlW2r4+L1bOsjjzswwGUwIYTqMIF1KAOBB7hGV7hzXgyXox342M6mjOyzC78gfH5A7Xnla8=</latexit>

(some require convexity - to be defined later)



Lipschitz conditions
- Equivalent characterizations: krf(x)�rf(y)k2  Lkx� yk2, 8x, y

<latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit><latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit><latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit><latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit>

f(y)  f(x) + hrf(x), y � xi+ L
2 kx� yk22

f(y) � f(x) + hrf(x), y � xi+ 1
2Lkrf(x)�rf(y)k22

hrf(x)�rf(y), x� yi  Lkx� yk22
...

...
<latexit sha1_base64="fA4/enGGILGUvzKeJVSZSmefmtA="></latexit><latexit sha1_base64="fA4/enGGILGUvzKeJVSZSmefmtA="></latexit><latexit sha1_base64="fA4/enGGILGUvzKeJVSZSmefmtA="></latexit><latexit sha1_base64="fA4/enGGILGUvzKeJVSZSmefmtA="></latexit>

- Another important one:

r2f(x) � LI
<latexit sha1_base64="OxOYCXJCAJSqVCLuMTBGzHDLHyQ=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIdVOSIuiy6EbBRQX7gCaWyXTSDp1MYmYillDc+CtuXCji1q9w5984bbPQ1gMDh3Pu4c49XsSZVJb1beQWFpeWV/KrhbX1jc0tc3unIcMkJrROQh7GLQ9LypmgdcUUp60opjjwOG16g/Ox37ynsWShuFHDiLoB7gnmM4KVljrmniOwx/FtBfmlhyPk6DChd+gKXXbMolW2JkDzxM5IETLUOuaX0w1JElChCMdStm0rUm6KY8UIp6OCk0gaYTLAPdrWVOCASjednDBCh1rpIj+M9RMKTdTfiRQHUg4DT08GWPXlrDcW//PaifJP3ZSJKFFUkOkiP+FIhWjcB+oyfbHiQ00wiZn+KyJ9HGOidGsFXYI9e/I8aVTKtlW2r4+L1bOsjjzswwGUwIYTqMIF1KAOBB7hGV7hzXgyXox342M6mjOyzC78gfH5A7Xnla8=</latexit><latexit sha1_base64="OxOYCXJCAJSqVCLuMTBGzHDLHyQ=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIdVOSIuiy6EbBRQX7gCaWyXTSDp1MYmYillDc+CtuXCji1q9w5984bbPQ1gMDh3Pu4c49XsSZVJb1beQWFpeWV/KrhbX1jc0tc3unIcMkJrROQh7GLQ9LypmgdcUUp60opjjwOG16g/Ox37ynsWShuFHDiLoB7gnmM4KVljrmniOwx/FtBfmlhyPk6DChd+gKXXbMolW2JkDzxM5IETLUOuaX0w1JElChCMdStm0rUm6KY8UIp6OCk0gaYTLAPdrWVOCASjednDBCh1rpIj+M9RMKTdTfiRQHUg4DT08GWPXlrDcW//PaifJP3ZSJKFFUkOkiP+FIhWjcB+oyfbHiQ00wiZn+KyJ9HGOidGsFXYI9e/I8aVTKtlW2r4+L1bOsjjzswwGUwIYTqMIF1KAOBB7hGV7hzXgyXox342M6mjOyzC78gfH5A7Xnla8=</latexit><latexit sha1_base64="OxOYCXJCAJSqVCLuMTBGzHDLHyQ=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIdVOSIuiy6EbBRQX7gCaWyXTSDp1MYmYillDc+CtuXCji1q9w5984bbPQ1gMDh3Pu4c49XsSZVJb1beQWFpeWV/KrhbX1jc0tc3unIcMkJrROQh7GLQ9LypmgdcUUp60opjjwOG16g/Ox37ynsWShuFHDiLoB7gnmM4KVljrmniOwx/FtBfmlhyPk6DChd+gKXXbMolW2JkDzxM5IETLUOuaX0w1JElChCMdStm0rUm6KY8UIp6OCk0gaYTLAPdrWVOCASjednDBCh1rpIj+M9RMKTdTfiRQHUg4DT08GWPXlrDcW//PaifJP3ZSJKFFUkOkiP+FIhWjcB+oyfbHiQ00wiZn+KyJ9HGOidGsFXYI9e/I8aVTKtlW2r4+L1bOsjjzswwGUwIYTqMIF1KAOBB7hGV7hzXgyXox342M6mjOyzC78gfH5A7Xnla8=</latexit><latexit sha1_base64="OxOYCXJCAJSqVCLuMTBGzHDLHyQ=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIdVOSIuiy6EbBRQX7gCaWyXTSDp1MYmYillDc+CtuXCji1q9w5984bbPQ1gMDh3Pu4c49XsSZVJb1beQWFpeWV/KrhbX1jc0tc3unIcMkJrROQh7GLQ9LypmgdcUUp60opjjwOG16g/Ox37ynsWShuFHDiLoB7gnmM4KVljrmniOwx/FtBfmlhyPk6DChd+gKXXbMolW2JkDzxM5IETLUOuaX0w1JElChCMdStm0rUm6KY8UIp6OCk0gaYTLAPdrWVOCASjednDBCh1rpIj+M9RMKTdTfiRQHUg4DT08GWPXlrDcW//PaifJP3ZSJKFFUkOkiP+FIhWjcB+oyfbHiQ00wiZn+KyJ9HGOidGsFXYI9e/I8aVTKtlW2r4+L1bOsjjzswwGUwIYTqMIF1KAOBB7hGV7hzXgyXox342M6mjOyzC78gfH5A7Xnla8=</latexit>

Interpretation?

(some require convexity - to be defined later)



Lipschitz conditions
- Equivalent characterizations: krf(x)�rf(y)k2  Lkx� yk2, 8x, y

<latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit><latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit><latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit><latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit>

f(y)  f(x) + hrf(x), y � xi+ L
2 kx� yk22

f(y) � f(x) + hrf(x), y � xi+ 1
2Lkrf(x)�rf(y)k22

hrf(x)�rf(y), x� yi  Lkx� yk22
...

...
<latexit sha1_base64="fA4/enGGILGUvzKeJVSZSmefmtA="></latexit><latexit sha1_base64="fA4/enGGILGUvzKeJVSZSmefmtA="></latexit><latexit sha1_base64="fA4/enGGILGUvzKeJVSZSmefmtA="></latexit><latexit sha1_base64="fA4/enGGILGUvzKeJVSZSmefmtA="></latexit>

- Another important one:

r2f(x) � LI
<latexit sha1_base64="OxOYCXJCAJSqVCLuMTBGzHDLHyQ=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIdVOSIuiy6EbBRQX7gCaWyXTSDp1MYmYillDc+CtuXCji1q9w5984bbPQ1gMDh3Pu4c49XsSZVJb1beQWFpeWV/KrhbX1jc0tc3unIcMkJrROQh7GLQ9LypmgdcUUp60opjjwOG16g/Ox37ynsWShuFHDiLoB7gnmM4KVljrmniOwx/FtBfmlhyPk6DChd+gKXXbMolW2JkDzxM5IETLUOuaX0w1JElChCMdStm0rUm6KY8UIp6OCk0gaYTLAPdrWVOCASjednDBCh1rpIj+M9RMKTdTfiRQHUg4DT08GWPXlrDcW//PaifJP3ZSJKFFUkOkiP+FIhWjcB+oyfbHiQ00wiZn+KyJ9HGOidGsFXYI9e/I8aVTKtlW2r4+L1bOsjjzswwGUwIYTqMIF1KAOBB7hGV7hzXgyXox342M6mjOyzC78gfH5A7Xnla8=</latexit><latexit sha1_base64="OxOYCXJCAJSqVCLuMTBGzHDLHyQ=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIdVOSIuiy6EbBRQX7gCaWyXTSDp1MYmYillDc+CtuXCji1q9w5984bbPQ1gMDh3Pu4c49XsSZVJb1beQWFpeWV/KrhbX1jc0tc3unIcMkJrROQh7GLQ9LypmgdcUUp60opjjwOG16g/Ox37ynsWShuFHDiLoB7gnmM4KVljrmniOwx/FtBfmlhyPk6DChd+gKXXbMolW2JkDzxM5IETLUOuaX0w1JElChCMdStm0rUm6KY8UIp6OCk0gaYTLAPdrWVOCASjednDBCh1rpIj+M9RMKTdTfiRQHUg4DT08GWPXlrDcW//PaifJP3ZSJKFFUkOkiP+FIhWjcB+oyfbHiQ00wiZn+KyJ9HGOidGsFXYI9e/I8aVTKtlW2r4+L1bOsjjzswwGUwIYTqMIF1KAOBB7hGV7hzXgyXox342M6mjOyzC78gfH5A7Xnla8=</latexit><latexit sha1_base64="OxOYCXJCAJSqVCLuMTBGzHDLHyQ=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIdVOSIuiy6EbBRQX7gCaWyXTSDp1MYmYillDc+CtuXCji1q9w5984bbPQ1gMDh3Pu4c49XsSZVJb1beQWFpeWV/KrhbX1jc0tc3unIcMkJrROQh7GLQ9LypmgdcUUp60opjjwOG16g/Ox37ynsWShuFHDiLoB7gnmM4KVljrmniOwx/FtBfmlhyPk6DChd+gKXXbMolW2JkDzxM5IETLUOuaX0w1JElChCMdStm0rUm6KY8UIp6OCk0gaYTLAPdrWVOCASjednDBCh1rpIj+M9RMKTdTfiRQHUg4DT08GWPXlrDcW//PaifJP3ZSJKFFUkOkiP+FIhWjcB+oyfbHiQ00wiZn+KyJ9HGOidGsFXYI9e/I8aVTKtlW2r4+L1bOsjjzswwGUwIYTqMIF1KAOBB7hGV7hzXgyXox342M6mjOyzC78gfH5A7Xnla8=</latexit><latexit sha1_base64="OxOYCXJCAJSqVCLuMTBGzHDLHyQ=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIdVOSIuiy6EbBRQX7gCaWyXTSDp1MYmYillDc+CtuXCji1q9w5984bbPQ1gMDh3Pu4c49XsSZVJb1beQWFpeWV/KrhbX1jc0tc3unIcMkJrROQh7GLQ9LypmgdcUUp60opjjwOG16g/Ox37ynsWShuFHDiLoB7gnmM4KVljrmniOwx/FtBfmlhyPk6DChd+gKXXbMolW2JkDzxM5IETLUOuaX0w1JElChCMdStm0rUm6KY8UIp6OCk0gaYTLAPdrWVOCASjednDBCh1rpIj+M9RMKTdTfiRQHUg4DT08GWPXlrDcW//PaifJP3ZSJKFFUkOkiP+FIhWjcB+oyfbHiQ00wiZn+KyJ9HGOidGsFXYI9e/I8aVTKtlW2r4+L1bOsjjzswwGUwIYTqMIF1KAOBB7hGV7hzXgyXox342M6mjOyzC78gfH5A7Xnla8=</latexit>

Interpretation?

(some require convexity - to be defined later)



Lipschitz conditions
- Equivalent characterizations: krf(x)�rf(y)k2  Lkx� yk2, 8x, y

<latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit><latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit><latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit><latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit>

f(y)
<latexit sha1_base64="IFm8tnd3NsJIziOO9UsxaYjyWIk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvXisYD+gDWWz3bRLdzdhdyOE0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2V3u956o0iySjyaNqS/wRLKQEWxyKaynl6NqzW24C6B14hWkBgXao+rXcByRRFBpCMdaDzw3Nn6GlWGE03llmGgaYzLDEzqwVGJBtZ8tbp2jC6uMURgpW9Kghfp7IsNC61QEtlNgM9WrXi7+5w0SE974GZNxYqgky0VhwpGJUP44GjNFieGpJZgoZm9FZIoVJsbGU7EheKsvr5PuVcNzG95Ds9a6LeIowxmcQx08uIYW3EMbOkBgCs/wCm+OcF6cd+dj2VpyiplT+APn8wdt5I3S</latexit><latexit sha1_base64="IFm8tnd3NsJIziOO9UsxaYjyWIk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvXisYD+gDWWz3bRLdzdhdyOE0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2V3u956o0iySjyaNqS/wRLKQEWxyKaynl6NqzW24C6B14hWkBgXao+rXcByRRFBpCMdaDzw3Nn6GlWGE03llmGgaYzLDEzqwVGJBtZ8tbp2jC6uMURgpW9Kghfp7IsNC61QEtlNgM9WrXi7+5w0SE974GZNxYqgky0VhwpGJUP44GjNFieGpJZgoZm9FZIoVJsbGU7EheKsvr5PuVcNzG95Ds9a6LeIowxmcQx08uIYW3EMbOkBgCs/wCm+OcF6cd+dj2VpyiplT+APn8wdt5I3S</latexit><latexit sha1_base64="IFm8tnd3NsJIziOO9UsxaYjyWIk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvXisYD+gDWWz3bRLdzdhdyOE0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2V3u956o0iySjyaNqS/wRLKQEWxyKaynl6NqzW24C6B14hWkBgXao+rXcByRRFBpCMdaDzw3Nn6GlWGE03llmGgaYzLDEzqwVGJBtZ8tbp2jC6uMURgpW9Kghfp7IsNC61QEtlNgM9WrXi7+5w0SE974GZNxYqgky0VhwpGJUP44GjNFieGpJZgoZm9FZIoVJsbGU7EheKsvr5PuVcNzG95Ds9a6LeIowxmcQx08uIYW3EMbOkBgCs/wCm+OcF6cd+dj2VpyiplT+APn8wdt5I3S</latexit><latexit sha1_base64="IFm8tnd3NsJIziOO9UsxaYjyWIk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvXisYD+gDWWz3bRLdzdhdyOE0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2V3u956o0iySjyaNqS/wRLKQEWxyKaynl6NqzW24C6B14hWkBgXao+rXcByRRFBpCMdaDzw3Nn6GlWGE03llmGgaYzLDEzqwVGJBtZ8tbp2jC6uMURgpW9Kghfp7IsNC61QEtlNgM9WrXi7+5w0SE974GZNxYqgky0VhwpGJUP44GjNFieGpJZgoZm9FZIoVJsbGU7EheKsvr5PuVcNzG95Ds9a6LeIowxmcQx08uIYW3EMbOkBgCs/wCm+OcF6cd+dj2VpyiplT+APn8wdt5I3S</latexit>

y
<latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit>

f(y)  f(x) + hrf(x), y � xi+ L
2 kx� yk22

<latexit sha1_base64="ueuljY6XX1ChnRYetF1RM4rjIes="></latexit><latexit sha1_base64="ueuljY6XX1ChnRYetF1RM4rjIes="></latexit><latexit sha1_base64="ueuljY6XX1ChnRYetF1RM4rjIes="></latexit><latexit sha1_base64="ueuljY6XX1ChnRYetF1RM4rjIes="></latexit>



Lipschitz conditions
- Equivalent characterizations: krf(x)�rf(y)k2  Lkx� yk2, 8x, y

<latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit><latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit><latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit><latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit>

f(y)
<latexit sha1_base64="IFm8tnd3NsJIziOO9UsxaYjyWIk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvXisYD+gDWWz3bRLdzdhdyOE0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2V3u956o0iySjyaNqS/wRLKQEWxyKaynl6NqzW24C6B14hWkBgXao+rXcByRRFBpCMdaDzw3Nn6GlWGE03llmGgaYzLDEzqwVGJBtZ8tbp2jC6uMURgpW9Kghfp7IsNC61QEtlNgM9WrXi7+5w0SE974GZNxYqgky0VhwpGJUP44GjNFieGpJZgoZm9FZIoVJsbGU7EheKsvr5PuVcNzG95Ds9a6LeIowxmcQx08uIYW3EMbOkBgCs/wCm+OcF6cd+dj2VpyiplT+APn8wdt5I3S</latexit><latexit sha1_base64="IFm8tnd3NsJIziOO9UsxaYjyWIk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvXisYD+gDWWz3bRLdzdhdyOE0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2V3u956o0iySjyaNqS/wRLKQEWxyKaynl6NqzW24C6B14hWkBgXao+rXcByRRFBpCMdaDzw3Nn6GlWGE03llmGgaYzLDEzqwVGJBtZ8tbp2jC6uMURgpW9Kghfp7IsNC61QEtlNgM9WrXi7+5w0SE974GZNxYqgky0VhwpGJUP44GjNFieGpJZgoZm9FZIoVJsbGU7EheKsvr5PuVcNzG95Ds9a6LeIowxmcQx08uIYW3EMbOkBgCs/wCm+OcF6cd+dj2VpyiplT+APn8wdt5I3S</latexit><latexit sha1_base64="IFm8tnd3NsJIziOO9UsxaYjyWIk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvXisYD+gDWWz3bRLdzdhdyOE0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2V3u956o0iySjyaNqS/wRLKQEWxyKaynl6NqzW24C6B14hWkBgXao+rXcByRRFBpCMdaDzw3Nn6GlWGE03llmGgaYzLDEzqwVGJBtZ8tbp2jC6uMURgpW9Kghfp7IsNC61QEtlNgM9WrXi7+5w0SE974GZNxYqgky0VhwpGJUP44GjNFieGpJZgoZm9FZIoVJsbGU7EheKsvr5PuVcNzG95Ds9a6LeIowxmcQx08uIYW3EMbOkBgCs/wCm+OcF6cd+dj2VpyiplT+APn8wdt5I3S</latexit><latexit sha1_base64="IFm8tnd3NsJIziOO9UsxaYjyWIk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvXisYD+gDWWz3bRLdzdhdyOE0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2V3u956o0iySjyaNqS/wRLKQEWxyKaynl6NqzW24C6B14hWkBgXao+rXcByRRFBpCMdaDzw3Nn6GlWGE03llmGgaYzLDEzqwVGJBtZ8tbp2jC6uMURgpW9Kghfp7IsNC61QEtlNgM9WrXi7+5w0SE974GZNxYqgky0VhwpGJUP44GjNFieGpJZgoZm9FZIoVJsbGU7EheKsvr5PuVcNzG95Ds9a6LeIowxmcQx08uIYW3EMbOkBgCs/wCm+OcF6cd+dj2VpyiplT+APn8wdt5I3S</latexit>

y
<latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit>

↵
<latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit>

f(y)  f(x) + hrf(x), y � xi+ L
2 kx� yk22

<latexit sha1_base64="ueuljY6XX1ChnRYetF1RM4rjIes="></latexit><latexit sha1_base64="ueuljY6XX1ChnRYetF1RM4rjIes="></latexit><latexit sha1_base64="ueuljY6XX1ChnRYetF1RM4rjIes="></latexit><latexit sha1_base64="ueuljY6XX1ChnRYetF1RM4rjIes="></latexit>



Lipschitz conditions
- Equivalent characterizations: krf(x)�rf(y)k2  Lkx� yk2, 8x, y

<latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit><latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit><latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit><latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit>

f(y)
<latexit sha1_base64="IFm8tnd3NsJIziOO9UsxaYjyWIk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvXisYD+gDWWz3bRLdzdhdyOE0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2V3u956o0iySjyaNqS/wRLKQEWxyKaynl6NqzW24C6B14hWkBgXao+rXcByRRFBpCMdaDzw3Nn6GlWGE03llmGgaYzLDEzqwVGJBtZ8tbp2jC6uMURgpW9Kghfp7IsNC61QEtlNgM9WrXi7+5w0SE974GZNxYqgky0VhwpGJUP44GjNFieGpJZgoZm9FZIoVJsbGU7EheKsvr5PuVcNzG95Ds9a6LeIowxmcQx08uIYW3EMbOkBgCs/wCm+OcF6cd+dj2VpyiplT+APn8wdt5I3S</latexit><latexit sha1_base64="IFm8tnd3NsJIziOO9UsxaYjyWIk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvXisYD+gDWWz3bRLdzdhdyOE0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2V3u956o0iySjyaNqS/wRLKQEWxyKaynl6NqzW24C6B14hWkBgXao+rXcByRRFBpCMdaDzw3Nn6GlWGE03llmGgaYzLDEzqwVGJBtZ8tbp2jC6uMURgpW9Kghfp7IsNC61QEtlNgM9WrXi7+5w0SE974GZNxYqgky0VhwpGJUP44GjNFieGpJZgoZm9FZIoVJsbGU7EheKsvr5PuVcNzG95Ds9a6LeIowxmcQx08uIYW3EMbOkBgCs/wCm+OcF6cd+dj2VpyiplT+APn8wdt5I3S</latexit><latexit sha1_base64="IFm8tnd3NsJIziOO9UsxaYjyWIk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvXisYD+gDWWz3bRLdzdhdyOE0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2V3u956o0iySjyaNqS/wRLKQEWxyKaynl6NqzW24C6B14hWkBgXao+rXcByRRFBpCMdaDzw3Nn6GlWGE03llmGgaYzLDEzqwVGJBtZ8tbp2jC6uMURgpW9Kghfp7IsNC61QEtlNgM9WrXi7+5w0SE974GZNxYqgky0VhwpGJUP44GjNFieGpJZgoZm9FZIoVJsbGU7EheKsvr5PuVcNzG95Ds9a6LeIowxmcQx08uIYW3EMbOkBgCs/wCm+OcF6cd+dj2VpyiplT+APn8wdt5I3S</latexit><latexit sha1_base64="IFm8tnd3NsJIziOO9UsxaYjyWIk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvXisYD+gDWWz3bRLdzdhdyOE0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2V3u956o0iySjyaNqS/wRLKQEWxyKaynl6NqzW24C6B14hWkBgXao+rXcByRRFBpCMdaDzw3Nn6GlWGE03llmGgaYzLDEzqwVGJBtZ8tbp2jC6uMURgpW9Kghfp7IsNC61QEtlNgM9WrXi7+5w0SE974GZNxYqgky0VhwpGJUP44GjNFieGpJZgoZm9FZIoVJsbGU7EheKsvr5PuVcNzG95Ds9a6LeIowxmcQx08uIYW3EMbOkBgCs/wCm+OcF6cd+dj2VpyiplT+APn8wdt5I3S</latexit>

y
<latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit>

↵
<latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit>

f(↵) + f 0(↵)(x� ↵)
<latexit sha1_base64="bqMQaoYETTSiROIZcYPMy0f9P2I=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiVsQyI4Iui25cVrAXaIdyJs20wUxmSDJiGbp346u4caGIW1/AnW9j2o6grT8EvvznHJLz+zFnSjvOl5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySLR8U5UzQumaa01YsKYQ+p03/9nJcb95RqVgkbvQwpl4IfcECRkAbq2sXg3IHeDyAQ3yEg4OfS/keH+OMu3bJqTgT4XlwMyihTLWu/dnpRSQJqdCEg1Jt14m1l4LUjHA6KnQSRWMgt9CnbYMCQqq8dLLLCO8bp4eDSJojNJ64vydSCJUahr7pDEEP1GxtbP5Xayc6OPdSJuJEU0GmDwUJxzrC42Bwj0lKNB8aACKZ+SsmA5BAtImvYEJwZ1eeh8ZJxXUq7vVpqXqRxZFHe6iIyshFZ6iKrlAN1RFBD+gJvaBX69F6tt6s92lrzspmdtEfWR/fz1CYWw==</latexit><latexit sha1_base64="bqMQaoYETTSiROIZcYPMy0f9P2I=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiVsQyI4Iui25cVrAXaIdyJs20wUxmSDJiGbp346u4caGIW1/AnW9j2o6grT8EvvznHJLz+zFnSjvOl5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySLR8U5UzQumaa01YsKYQ+p03/9nJcb95RqVgkbvQwpl4IfcECRkAbq2sXg3IHeDyAQ3yEg4OfS/keH+OMu3bJqTgT4XlwMyihTLWu/dnpRSQJqdCEg1Jt14m1l4LUjHA6KnQSRWMgt9CnbYMCQqq8dLLLCO8bp4eDSJojNJ64vydSCJUahr7pDEEP1GxtbP5Xayc6OPdSJuJEU0GmDwUJxzrC42Bwj0lKNB8aACKZ+SsmA5BAtImvYEJwZ1eeh8ZJxXUq7vVpqXqRxZFHe6iIyshFZ6iKrlAN1RFBD+gJvaBX69F6tt6s92lrzspmdtEfWR/fz1CYWw==</latexit><latexit sha1_base64="bqMQaoYETTSiROIZcYPMy0f9P2I=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiVsQyI4Iui25cVrAXaIdyJs20wUxmSDJiGbp346u4caGIW1/AnW9j2o6grT8EvvznHJLz+zFnSjvOl5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySLR8U5UzQumaa01YsKYQ+p03/9nJcb95RqVgkbvQwpl4IfcECRkAbq2sXg3IHeDyAQ3yEg4OfS/keH+OMu3bJqTgT4XlwMyihTLWu/dnpRSQJqdCEg1Jt14m1l4LUjHA6KnQSRWMgt9CnbYMCQqq8dLLLCO8bp4eDSJojNJ64vydSCJUahr7pDEEP1GxtbP5Xayc6OPdSJuJEU0GmDwUJxzrC42Bwj0lKNB8aACKZ+SsmA5BAtImvYEJwZ1eeh8ZJxXUq7vVpqXqRxZFHe6iIyshFZ6iKrlAN1RFBD+gJvaBX69F6tt6s92lrzspmdtEfWR/fz1CYWw==</latexit><latexit sha1_base64="bqMQaoYETTSiROIZcYPMy0f9P2I=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiVsQyI4Iui25cVrAXaIdyJs20wUxmSDJiGbp346u4caGIW1/AnW9j2o6grT8EvvznHJLz+zFnSjvOl5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySLR8U5UzQumaa01YsKYQ+p03/9nJcb95RqVgkbvQwpl4IfcECRkAbq2sXg3IHeDyAQ3yEg4OfS/keH+OMu3bJqTgT4XlwMyihTLWu/dnpRSQJqdCEg1Jt14m1l4LUjHA6KnQSRWMgt9CnbYMCQqq8dLLLCO8bp4eDSJojNJ64vydSCJUahr7pDEEP1GxtbP5Xayc6OPdSJuJEU0GmDwUJxzrC42Bwj0lKNB8aACKZ+SsmA5BAtImvYEJwZ1eeh8ZJxXUq7vVpqXqRxZFHe6iIyshFZ6iKrlAN1RFBD+gJvaBX69F6tt6s92lrzspmdtEfWR/fz1CYWw==</latexit>

f(y)  f(x) + hrf(x), y � xi+ L
2 kx� yk22

<latexit sha1_base64="ueuljY6XX1ChnRYetF1RM4rjIes="></latexit><latexit sha1_base64="ueuljY6XX1ChnRYetF1RM4rjIes="></latexit><latexit sha1_base64="ueuljY6XX1ChnRYetF1RM4rjIes="></latexit><latexit sha1_base64="ueuljY6XX1ChnRYetF1RM4rjIes="></latexit>



Lipschitz conditions
- Equivalent characterizations: krf(x)�rf(y)k2  Lkx� yk2, 8x, y

<latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit><latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit><latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit><latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit>

f(y)
<latexit sha1_base64="IFm8tnd3NsJIziOO9UsxaYjyWIk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvXisYD+gDWWz3bRLdzdhdyOE0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2V3u956o0iySjyaNqS/wRLKQEWxyKaynl6NqzW24C6B14hWkBgXao+rXcByRRFBpCMdaDzw3Nn6GlWGE03llmGgaYzLDEzqwVGJBtZ8tbp2jC6uMURgpW9Kghfp7IsNC61QEtlNgM9WrXi7+5w0SE974GZNxYqgky0VhwpGJUP44GjNFieGpJZgoZm9FZIoVJsbGU7EheKsvr5PuVcNzG95Ds9a6LeIowxmcQx08uIYW3EMbOkBgCs/wCm+OcF6cd+dj2VpyiplT+APn8wdt5I3S</latexit><latexit sha1_base64="IFm8tnd3NsJIziOO9UsxaYjyWIk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvXisYD+gDWWz3bRLdzdhdyOE0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2V3u956o0iySjyaNqS/wRLKQEWxyKaynl6NqzW24C6B14hWkBgXao+rXcByRRFBpCMdaDzw3Nn6GlWGE03llmGgaYzLDEzqwVGJBtZ8tbp2jC6uMURgpW9Kghfp7IsNC61QEtlNgM9WrXi7+5w0SE974GZNxYqgky0VhwpGJUP44GjNFieGpJZgoZm9FZIoVJsbGU7EheKsvr5PuVcNzG95Ds9a6LeIowxmcQx08uIYW3EMbOkBgCs/wCm+OcF6cd+dj2VpyiplT+APn8wdt5I3S</latexit><latexit sha1_base64="IFm8tnd3NsJIziOO9UsxaYjyWIk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvXisYD+gDWWz3bRLdzdhdyOE0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2V3u956o0iySjyaNqS/wRLKQEWxyKaynl6NqzW24C6B14hWkBgXao+rXcByRRFBpCMdaDzw3Nn6GlWGE03llmGgaYzLDEzqwVGJBtZ8tbp2jC6uMURgpW9Kghfp7IsNC61QEtlNgM9WrXi7+5w0SE974GZNxYqgky0VhwpGJUP44GjNFieGpJZgoZm9FZIoVJsbGU7EheKsvr5PuVcNzG95Ds9a6LeIowxmcQx08uIYW3EMbOkBgCs/wCm+OcF6cd+dj2VpyiplT+APn8wdt5I3S</latexit><latexit sha1_base64="IFm8tnd3NsJIziOO9UsxaYjyWIk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvXisYD+gDWWz3bRLdzdhdyOE0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2V3u956o0iySjyaNqS/wRLKQEWxyKaynl6NqzW24C6B14hWkBgXao+rXcByRRFBpCMdaDzw3Nn6GlWGE03llmGgaYzLDEzqwVGJBtZ8tbp2jC6uMURgpW9Kghfp7IsNC61QEtlNgM9WrXi7+5w0SE974GZNxYqgky0VhwpGJUP44GjNFieGpJZgoZm9FZIoVJsbGU7EheKsvr5PuVcNzG95Ds9a6LeIowxmcQx08uIYW3EMbOkBgCs/wCm+OcF6cd+dj2VpyiplT+APn8wdt5I3S</latexit>

y
<latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit>

↵
<latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit>

f(↵) + f 0(↵)(x� ↵)
<latexit sha1_base64="bqMQaoYETTSiROIZcYPMy0f9P2I=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiVsQyI4Iui25cVrAXaIdyJs20wUxmSDJiGbp346u4caGIW1/AnW9j2o6grT8EvvznHJLz+zFnSjvOl5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySLR8U5UzQumaa01YsKYQ+p03/9nJcb95RqVgkbvQwpl4IfcECRkAbq2sXg3IHeDyAQ3yEg4OfS/keH+OMu3bJqTgT4XlwMyihTLWu/dnpRSQJqdCEg1Jt14m1l4LUjHA6KnQSRWMgt9CnbYMCQqq8dLLLCO8bp4eDSJojNJ64vydSCJUahr7pDEEP1GxtbP5Xayc6OPdSJuJEU0GmDwUJxzrC42Bwj0lKNB8aACKZ+SsmA5BAtImvYEJwZ1eeh8ZJxXUq7vVpqXqRxZFHe6iIyshFZ6iKrlAN1RFBD+gJvaBX69F6tt6s92lrzspmdtEfWR/fz1CYWw==</latexit><latexit sha1_base64="bqMQaoYETTSiROIZcYPMy0f9P2I=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiVsQyI4Iui25cVrAXaIdyJs20wUxmSDJiGbp346u4caGIW1/AnW9j2o6grT8EvvznHJLz+zFnSjvOl5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySLR8U5UzQumaa01YsKYQ+p03/9nJcb95RqVgkbvQwpl4IfcECRkAbq2sXg3IHeDyAQ3yEg4OfS/keH+OMu3bJqTgT4XlwMyihTLWu/dnpRSQJqdCEg1Jt14m1l4LUjHA6KnQSRWMgt9CnbYMCQqq8dLLLCO8bp4eDSJojNJ64vydSCJUahr7pDEEP1GxtbP5Xayc6OPdSJuJEU0GmDwUJxzrC42Bwj0lKNB8aACKZ+SsmA5BAtImvYEJwZ1eeh8ZJxXUq7vVpqXqRxZFHe6iIyshFZ6iKrlAN1RFBD+gJvaBX69F6tt6s92lrzspmdtEfWR/fz1CYWw==</latexit><latexit sha1_base64="bqMQaoYETTSiROIZcYPMy0f9P2I=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiVsQyI4Iui25cVrAXaIdyJs20wUxmSDJiGbp346u4caGIW1/AnW9j2o6grT8EvvznHJLz+zFnSjvOl5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySLR8U5UzQumaa01YsKYQ+p03/9nJcb95RqVgkbvQwpl4IfcECRkAbq2sXg3IHeDyAQ3yEg4OfS/keH+OMu3bJqTgT4XlwMyihTLWu/dnpRSQJqdCEg1Jt14m1l4LUjHA6KnQSRWMgt9CnbYMCQqq8dLLLCO8bp4eDSJojNJ64vydSCJUahr7pDEEP1GxtbP5Xayc6OPdSJuJEU0GmDwUJxzrC42Bwj0lKNB8aACKZ+SsmA5BAtImvYEJwZ1eeh8ZJxXUq7vVpqXqRxZFHe6iIyshFZ6iKrlAN1RFBD+gJvaBX69F6tt6s92lrzspmdtEfWR/fz1CYWw==</latexit><latexit sha1_base64="bqMQaoYETTSiROIZcYPMy0f9P2I=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiVsQyI4Iui25cVrAXaIdyJs20wUxmSDJiGbp346u4caGIW1/AnW9j2o6grT8EvvznHJLz+zFnSjvOl5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySLR8U5UzQumaa01YsKYQ+p03/9nJcb95RqVgkbvQwpl4IfcECRkAbq2sXg3IHeDyAQ3yEg4OfS/keH+OMu3bJqTgT4XlwMyihTLWu/dnpRSQJqdCEg1Jt14m1l4LUjHA6KnQSRWMgt9CnbYMCQqq8dLLLCO8bp4eDSJojNJ64vydSCJUahr7pDEEP1GxtbP5Xayc6OPdSJuJEU0GmDwUJxzrC42Bwj0lKNB8aACKZ+SsmA5BAtImvYEJwZ1eeh8ZJxXUq7vVpqXqRxZFHe6iIyshFZ6iKrlAN1RFBD+gJvaBX69F6tt6s92lrzspmdtEfWR/fz1CYWw==</latexit>

f(y)  f(x) + hrf(x), y � xi+ L
2 kx� yk22

<latexit sha1_base64="ueuljY6XX1ChnRYetF1RM4rjIes="></latexit><latexit sha1_base64="ueuljY6XX1ChnRYetF1RM4rjIes="></latexit><latexit sha1_base64="ueuljY6XX1ChnRYetF1RM4rjIes="></latexit><latexit sha1_base64="ueuljY6XX1ChnRYetF1RM4rjIes="></latexit>

f(y)  f(↵) + f 0(↵)(y � ↵) + L
2 (y � ↵)2

<latexit sha1_base64="Kt7sgUERX1G00aY2sdHLELgGqag="></latexit><latexit sha1_base64="Kt7sgUERX1G00aY2sdHLELgGqag="></latexit><latexit sha1_base64="Kt7sgUERX1G00aY2sdHLELgGqag="></latexit><latexit sha1_base64="Kt7sgUERX1G00aY2sdHLELgGqag="></latexit>



Lipschitz conditions
- Equivalent characterizations: krf(x)�rf(y)k2  Lkx� yk2, 8x, y

<latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit><latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit><latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit><latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit>

f(y)
<latexit sha1_base64="IFm8tnd3NsJIziOO9UsxaYjyWIk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvXisYD+gDWWz3bRLdzdhdyOE0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2V3u956o0iySjyaNqS/wRLKQEWxyKaynl6NqzW24C6B14hWkBgXao+rXcByRRFBpCMdaDzw3Nn6GlWGE03llmGgaYzLDEzqwVGJBtZ8tbp2jC6uMURgpW9Kghfp7IsNC61QEtlNgM9WrXi7+5w0SE974GZNxYqgky0VhwpGJUP44GjNFieGpJZgoZm9FZIoVJsbGU7EheKsvr5PuVcNzG95Ds9a6LeIowxmcQx08uIYW3EMbOkBgCs/wCm+OcF6cd+dj2VpyiplT+APn8wdt5I3S</latexit><latexit sha1_base64="IFm8tnd3NsJIziOO9UsxaYjyWIk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvXisYD+gDWWz3bRLdzdhdyOE0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2V3u956o0iySjyaNqS/wRLKQEWxyKaynl6NqzW24C6B14hWkBgXao+rXcByRRFBpCMdaDzw3Nn6GlWGE03llmGgaYzLDEzqwVGJBtZ8tbp2jC6uMURgpW9Kghfp7IsNC61QEtlNgM9WrXi7+5w0SE974GZNxYqgky0VhwpGJUP44GjNFieGpJZgoZm9FZIoVJsbGU7EheKsvr5PuVcNzG95Ds9a6LeIowxmcQx08uIYW3EMbOkBgCs/wCm+OcF6cd+dj2VpyiplT+APn8wdt5I3S</latexit><latexit sha1_base64="IFm8tnd3NsJIziOO9UsxaYjyWIk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvXisYD+gDWWz3bRLdzdhdyOE0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2V3u956o0iySjyaNqS/wRLKQEWxyKaynl6NqzW24C6B14hWkBgXao+rXcByRRFBpCMdaDzw3Nn6GlWGE03llmGgaYzLDEzqwVGJBtZ8tbp2jC6uMURgpW9Kghfp7IsNC61QEtlNgM9WrXi7+5w0SE974GZNxYqgky0VhwpGJUP44GjNFieGpJZgoZm9FZIoVJsbGU7EheKsvr5PuVcNzG95Ds9a6LeIowxmcQx08uIYW3EMbOkBgCs/wCm+OcF6cd+dj2VpyiplT+APn8wdt5I3S</latexit><latexit sha1_base64="IFm8tnd3NsJIziOO9UsxaYjyWIk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvXisYD+gDWWz3bRLdzdhdyOE0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2V3u956o0iySjyaNqS/wRLKQEWxyKaynl6NqzW24C6B14hWkBgXao+rXcByRRFBpCMdaDzw3Nn6GlWGE03llmGgaYzLDEzqwVGJBtZ8tbp2jC6uMURgpW9Kghfp7IsNC61QEtlNgM9WrXi7+5w0SE974GZNxYqgky0VhwpGJUP44GjNFieGpJZgoZm9FZIoVJsbGU7EheKsvr5PuVcNzG95Ds9a6LeIowxmcQx08uIYW3EMbOkBgCs/wCm+OcF6cd+dj2VpyiplT+APn8wdt5I3S</latexit>

y
<latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit>

↵
<latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit>

f(↵) + f 0(↵)(x� ↵)
<latexit sha1_base64="bqMQaoYETTSiROIZcYPMy0f9P2I=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiVsQyI4Iui25cVrAXaIdyJs20wUxmSDJiGbp346u4caGIW1/AnW9j2o6grT8EvvznHJLz+zFnSjvOl5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySLR8U5UzQumaa01YsKYQ+p03/9nJcb95RqVgkbvQwpl4IfcECRkAbq2sXg3IHeDyAQ3yEg4OfS/keH+OMu3bJqTgT4XlwMyihTLWu/dnpRSQJqdCEg1Jt14m1l4LUjHA6KnQSRWMgt9CnbYMCQqq8dLLLCO8bp4eDSJojNJ64vydSCJUahr7pDEEP1GxtbP5Xayc6OPdSJuJEU0GmDwUJxzrC42Bwj0lKNB8aACKZ+SsmA5BAtImvYEJwZ1eeh8ZJxXUq7vVpqXqRxZFHe6iIyshFZ6iKrlAN1RFBD+gJvaBX69F6tt6s92lrzspmdtEfWR/fz1CYWw==</latexit><latexit sha1_base64="bqMQaoYETTSiROIZcYPMy0f9P2I=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiVsQyI4Iui25cVrAXaIdyJs20wUxmSDJiGbp346u4caGIW1/AnW9j2o6grT8EvvznHJLz+zFnSjvOl5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySLR8U5UzQumaa01YsKYQ+p03/9nJcb95RqVgkbvQwpl4IfcECRkAbq2sXg3IHeDyAQ3yEg4OfS/keH+OMu3bJqTgT4XlwMyihTLWu/dnpRSQJqdCEg1Jt14m1l4LUjHA6KnQSRWMgt9CnbYMCQqq8dLLLCO8bp4eDSJojNJ64vydSCJUahr7pDEEP1GxtbP5Xayc6OPdSJuJEU0GmDwUJxzrC42Bwj0lKNB8aACKZ+SsmA5BAtImvYEJwZ1eeh8ZJxXUq7vVpqXqRxZFHe6iIyshFZ6iKrlAN1RFBD+gJvaBX69F6tt6s92lrzspmdtEfWR/fz1CYWw==</latexit><latexit sha1_base64="bqMQaoYETTSiROIZcYPMy0f9P2I=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiVsQyI4Iui25cVrAXaIdyJs20wUxmSDJiGbp346u4caGIW1/AnW9j2o6grT8EvvznHJLz+zFnSjvOl5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySLR8U5UzQumaa01YsKYQ+p03/9nJcb95RqVgkbvQwpl4IfcECRkAbq2sXg3IHeDyAQ3yEg4OfS/keH+OMu3bJqTgT4XlwMyihTLWu/dnpRSQJqdCEg1Jt14m1l4LUjHA6KnQSRWMgt9CnbYMCQqq8dLLLCO8bp4eDSJojNJ64vydSCJUahr7pDEEP1GxtbP5Xayc6OPdSJuJEU0GmDwUJxzrC42Bwj0lKNB8aACKZ+SsmA5BAtImvYEJwZ1eeh8ZJxXUq7vVpqXqRxZFHe6iIyshFZ6iKrlAN1RFBD+gJvaBX69F6tt6s92lrzspmdtEfWR/fz1CYWw==</latexit><latexit sha1_base64="bqMQaoYETTSiROIZcYPMy0f9P2I=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiVsQyI4Iui25cVrAXaIdyJs20wUxmSDJiGbp346u4caGIW1/AnW9j2o6grT8EvvznHJLz+zFnSjvOl5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySLR8U5UzQumaa01YsKYQ+p03/9nJcb95RqVgkbvQwpl4IfcECRkAbq2sXg3IHeDyAQ3yEg4OfS/keH+OMu3bJqTgT4XlwMyihTLWu/dnpRSQJqdCEg1Jt14m1l4LUjHA6KnQSRWMgt9CnbYMCQqq8dLLLCO8bp4eDSJojNJ64vydSCJUahr7pDEEP1GxtbP5Xayc6OPdSJuJEU0GmDwUJxzrC42Bwj0lKNB8aACKZ+SsmA5BAtImvYEJwZ1eeh8ZJxXUq7vVpqXqRxZFHe6iIyshFZ6iKrlAN1RFBD+gJvaBX69F6tt6s92lrzspmdtEfWR/fz1CYWw==</latexit>

f(y)  f(x) + hrf(x), y � xi+ L
2 kx� yk22

<latexit sha1_base64="ueuljY6XX1ChnRYetF1RM4rjIes="></latexit><latexit sha1_base64="ueuljY6XX1ChnRYetF1RM4rjIes="></latexit><latexit sha1_base64="ueuljY6XX1ChnRYetF1RM4rjIes="></latexit><latexit sha1_base64="ueuljY6XX1ChnRYetF1RM4rjIes="></latexit>

Depends on L
<latexit sha1_base64="5puov2m8/Zu/Hvbse1+ETxmDeIg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2GRgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWD2aSoB/RoeQhZ9RYqXHfL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A6OJjNA=</latexit><latexit sha1_base64="5puov2m8/Zu/Hvbse1+ETxmDeIg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2GRgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWD2aSoB/RoeQhZ9RYqXHfL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A6OJjNA=</latexit><latexit sha1_base64="5puov2m8/Zu/Hvbse1+ETxmDeIg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2GRgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWD2aSoB/RoeQhZ9RYqXHfL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A6OJjNA=</latexit><latexit sha1_base64="5puov2m8/Zu/Hvbse1+ETxmDeIg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2GRgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWD2aSoB/RoeQhZ9RYqXHfL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A6OJjNA=</latexit>

f(y)  f(↵) + f 0(↵)(y � ↵) + L
2 (y � ↵)2

<latexit sha1_base64="Kt7sgUERX1G00aY2sdHLELgGqag="></latexit><latexit sha1_base64="Kt7sgUERX1G00aY2sdHLELgGqag="></latexit><latexit sha1_base64="Kt7sgUERX1G00aY2sdHLELgGqag="></latexit><latexit sha1_base64="Kt7sgUERX1G00aY2sdHLELgGqag="></latexit>



Lipschitz conditions
- Equivalent characterizations: krf(x)�rf(y)k2  Lkx� yk2, 8x, y

<latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit><latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit><latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit><latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit>

f(y)
<latexit sha1_base64="IFm8tnd3NsJIziOO9UsxaYjyWIk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvXisYD+gDWWz3bRLdzdhdyOE0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2V3u956o0iySjyaNqS/wRLKQEWxyKaynl6NqzW24C6B14hWkBgXao+rXcByRRFBpCMdaDzw3Nn6GlWGE03llmGgaYzLDEzqwVGJBtZ8tbp2jC6uMURgpW9Kghfp7IsNC61QEtlNgM9WrXi7+5w0SE974GZNxYqgky0VhwpGJUP44GjNFieGpJZgoZm9FZIoVJsbGU7EheKsvr5PuVcNzG95Ds9a6LeIowxmcQx08uIYW3EMbOkBgCs/wCm+OcF6cd+dj2VpyiplT+APn8wdt5I3S</latexit><latexit sha1_base64="IFm8tnd3NsJIziOO9UsxaYjyWIk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvXisYD+gDWWz3bRLdzdhdyOE0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2V3u956o0iySjyaNqS/wRLKQEWxyKaynl6NqzW24C6B14hWkBgXao+rXcByRRFBpCMdaDzw3Nn6GlWGE03llmGgaYzLDEzqwVGJBtZ8tbp2jC6uMURgpW9Kghfp7IsNC61QEtlNgM9WrXi7+5w0SE974GZNxYqgky0VhwpGJUP44GjNFieGpJZgoZm9FZIoVJsbGU7EheKsvr5PuVcNzG95Ds9a6LeIowxmcQx08uIYW3EMbOkBgCs/wCm+OcF6cd+dj2VpyiplT+APn8wdt5I3S</latexit><latexit sha1_base64="IFm8tnd3NsJIziOO9UsxaYjyWIk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvXisYD+gDWWz3bRLdzdhdyOE0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2V3u956o0iySjyaNqS/wRLKQEWxyKaynl6NqzW24C6B14hWkBgXao+rXcByRRFBpCMdaDzw3Nn6GlWGE03llmGgaYzLDEzqwVGJBtZ8tbp2jC6uMURgpW9Kghfp7IsNC61QEtlNgM9WrXi7+5w0SE974GZNxYqgky0VhwpGJUP44GjNFieGpJZgoZm9FZIoVJsbGU7EheKsvr5PuVcNzG95Ds9a6LeIowxmcQx08uIYW3EMbOkBgCs/wCm+OcF6cd+dj2VpyiplT+APn8wdt5I3S</latexit><latexit sha1_base64="IFm8tnd3NsJIziOO9UsxaYjyWIk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvXisYD+gDWWz3bRLdzdhdyOE0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2V3u956o0iySjyaNqS/wRLKQEWxyKaynl6NqzW24C6B14hWkBgXao+rXcByRRFBpCMdaDzw3Nn6GlWGE03llmGgaYzLDEzqwVGJBtZ8tbp2jC6uMURgpW9Kghfp7IsNC61QEtlNgM9WrXi7+5w0SE974GZNxYqgky0VhwpGJUP44GjNFieGpJZgoZm9FZIoVJsbGU7EheKsvr5PuVcNzG95Ds9a6LeIowxmcQx08uIYW3EMbOkBgCs/wCm+OcF6cd+dj2VpyiplT+APn8wdt5I3S</latexit>

y
<latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit>

↵
<latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit>

f(↵) + f 0(↵)(x� ↵)
<latexit sha1_base64="bqMQaoYETTSiROIZcYPMy0f9P2I=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiVsQyI4Iui25cVrAXaIdyJs20wUxmSDJiGbp346u4caGIW1/AnW9j2o6grT8EvvznHJLz+zFnSjvOl5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySLR8U5UzQumaa01YsKYQ+p03/9nJcb95RqVgkbvQwpl4IfcECRkAbq2sXg3IHeDyAQ3yEg4OfS/keH+OMu3bJqTgT4XlwMyihTLWu/dnpRSQJqdCEg1Jt14m1l4LUjHA6KnQSRWMgt9CnbYMCQqq8dLLLCO8bp4eDSJojNJ64vydSCJUahr7pDEEP1GxtbP5Xayc6OPdSJuJEU0GmDwUJxzrC42Bwj0lKNB8aACKZ+SsmA5BAtImvYEJwZ1eeh8ZJxXUq7vVpqXqRxZFHe6iIyshFZ6iKrlAN1RFBD+gJvaBX69F6tt6s92lrzspmdtEfWR/fz1CYWw==</latexit><latexit sha1_base64="bqMQaoYETTSiROIZcYPMy0f9P2I=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiVsQyI4Iui25cVrAXaIdyJs20wUxmSDJiGbp346u4caGIW1/AnW9j2o6grT8EvvznHJLz+zFnSjvOl5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySLR8U5UzQumaa01YsKYQ+p03/9nJcb95RqVgkbvQwpl4IfcECRkAbq2sXg3IHeDyAQ3yEg4OfS/keH+OMu3bJqTgT4XlwMyihTLWu/dnpRSQJqdCEg1Jt14m1l4LUjHA6KnQSRWMgt9CnbYMCQqq8dLLLCO8bp4eDSJojNJ64vydSCJUahr7pDEEP1GxtbP5Xayc6OPdSJuJEU0GmDwUJxzrC42Bwj0lKNB8aACKZ+SsmA5BAtImvYEJwZ1eeh8ZJxXUq7vVpqXqRxZFHe6iIyshFZ6iKrlAN1RFBD+gJvaBX69F6tt6s92lrzspmdtEfWR/fz1CYWw==</latexit><latexit sha1_base64="bqMQaoYETTSiROIZcYPMy0f9P2I=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiVsQyI4Iui25cVrAXaIdyJs20wUxmSDJiGbp346u4caGIW1/AnW9j2o6grT8EvvznHJLz+zFnSjvOl5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySLR8U5UzQumaa01YsKYQ+p03/9nJcb95RqVgkbvQwpl4IfcECRkAbq2sXg3IHeDyAQ3yEg4OfS/keH+OMu3bJqTgT4XlwMyihTLWu/dnpRSQJqdCEg1Jt14m1l4LUjHA6KnQSRWMgt9CnbYMCQqq8dLLLCO8bp4eDSJojNJ64vydSCJUahr7pDEEP1GxtbP5Xayc6OPdSJuJEU0GmDwUJxzrC42Bwj0lKNB8aACKZ+SsmA5BAtImvYEJwZ1eeh8ZJxXUq7vVpqXqRxZFHe6iIyshFZ6iKrlAN1RFBD+gJvaBX69F6tt6s92lrzspmdtEfWR/fz1CYWw==</latexit><latexit sha1_base64="bqMQaoYETTSiROIZcYPMy0f9P2I=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiVsQyI4Iui25cVrAXaIdyJs20wUxmSDJiGbp346u4caGIW1/AnW9j2o6grT8EvvznHJLz+zFnSjvOl5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySLR8U5UzQumaa01YsKYQ+p03/9nJcb95RqVgkbvQwpl4IfcECRkAbq2sXg3IHeDyAQ3yEg4OfS/keH+OMu3bJqTgT4XlwMyihTLWu/dnpRSQJqdCEg1Jt14m1l4LUjHA6KnQSRWMgt9CnbYMCQqq8dLLLCO8bp4eDSJojNJ64vydSCJUahr7pDEEP1GxtbP5Xayc6OPdSJuJEU0GmDwUJxzrC42Bwj0lKNB8aACKZ+SsmA5BAtImvYEJwZ1eeh8ZJxXUq7vVpqXqRxZFHe6iIyshFZ6iKrlAN1RFBD+gJvaBX69F6tt6s92lrzspmdtEfWR/fz1CYWw==</latexit>

f(y)  f(x) + hrf(x), y � xi+ L
2 kx� yk22

<latexit sha1_base64="ueuljY6XX1ChnRYetF1RM4rjIes="></latexit><latexit sha1_base64="ueuljY6XX1ChnRYetF1RM4rjIes="></latexit><latexit sha1_base64="ueuljY6XX1ChnRYetF1RM4rjIes="></latexit><latexit sha1_base64="ueuljY6XX1ChnRYetF1RM4rjIes="></latexit>

Depends on L
<latexit sha1_base64="5puov2m8/Zu/Hvbse1+ETxmDeIg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2GRgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWD2aSoB/RoeQhZ9RYqXHfL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A6OJjNA=</latexit><latexit sha1_base64="5puov2m8/Zu/Hvbse1+ETxmDeIg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2GRgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWD2aSoB/RoeQhZ9RYqXHfL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A6OJjNA=</latexit><latexit sha1_base64="5puov2m8/Zu/Hvbse1+ETxmDeIg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2GRgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWD2aSoB/RoeQhZ9RYqXHfL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A6OJjNA=</latexit><latexit sha1_base64="5puov2m8/Zu/Hvbse1+ETxmDeIg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2GRgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWD2aSoB/RoeQhZ9RYqXHfL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A6OJjNA=</latexit>

L0 > L
<latexit sha1_base64="LA215TfHg07Qud8Hj0IoydqWMxA=">AAAB7XicbVA9SwNBEJ2LXzF+nVraLAbRKtyJoJUEbSxSRDAfkBxhb7OXrNnbPXb3hHDkP9hYKGLr/7Hz37hJrtDEBwOP92aYmRcmnGnjed9OYWV1bX2juFna2t7Z3XP3D5paporQBpFcqnaINeVM0IZhhtN2oiiOQ05b4eh26reeqNJMigczTmgQ44FgESPYWKlZO0XXqNZzy17FmwEtEz8nZchR77lf3b4kaUyFIRxr3fG9xAQZVoYRTielbqppgskID2jHUoFjqoNsdu0EnViljyKpbAmDZurviQzHWo/j0HbG2Az1ojcV//M6qYmugoyJJDVUkPmiKOXISDR9HfWZosTwsSWYKGZvRWSIFSbGBlSyIfiLLy+T5nnF9yr+/UW5epPHUYQjOIYz8OESqnAHdWgAgUd4hld4c6Tz4rw7H/PWgpPPHMIfOJ8/zIeN8w==</latexit><latexit sha1_base64="LA215TfHg07Qud8Hj0IoydqWMxA=">AAAB7XicbVA9SwNBEJ2LXzF+nVraLAbRKtyJoJUEbSxSRDAfkBxhb7OXrNnbPXb3hHDkP9hYKGLr/7Hz37hJrtDEBwOP92aYmRcmnGnjed9OYWV1bX2juFna2t7Z3XP3D5paporQBpFcqnaINeVM0IZhhtN2oiiOQ05b4eh26reeqNJMigczTmgQ44FgESPYWKlZO0XXqNZzy17FmwEtEz8nZchR77lf3b4kaUyFIRxr3fG9xAQZVoYRTielbqppgskID2jHUoFjqoNsdu0EnViljyKpbAmDZurviQzHWo/j0HbG2Az1ojcV//M6qYmugoyJJDVUkPmiKOXISDR9HfWZosTwsSWYKGZvRWSIFSbGBlSyIfiLLy+T5nnF9yr+/UW5epPHUYQjOIYz8OESqnAHdWgAgUd4hld4c6Tz4rw7H/PWgpPPHMIfOJ8/zIeN8w==</latexit><latexit sha1_base64="LA215TfHg07Qud8Hj0IoydqWMxA=">AAAB7XicbVA9SwNBEJ2LXzF+nVraLAbRKtyJoJUEbSxSRDAfkBxhb7OXrNnbPXb3hHDkP9hYKGLr/7Hz37hJrtDEBwOP92aYmRcmnGnjed9OYWV1bX2juFna2t7Z3XP3D5paporQBpFcqnaINeVM0IZhhtN2oiiOQ05b4eh26reeqNJMigczTmgQ44FgESPYWKlZO0XXqNZzy17FmwEtEz8nZchR77lf3b4kaUyFIRxr3fG9xAQZVoYRTielbqppgskID2jHUoFjqoNsdu0EnViljyKpbAmDZurviQzHWo/j0HbG2Az1ojcV//M6qYmugoyJJDVUkPmiKOXISDR9HfWZosTwsSWYKGZvRWSIFSbGBlSyIfiLLy+T5nnF9yr+/UW5epPHUYQjOIYz8OESqnAHdWgAgUd4hld4c6Tz4rw7H/PWgpPPHMIfOJ8/zIeN8w==</latexit><latexit sha1_base64="LA215TfHg07Qud8Hj0IoydqWMxA=">AAAB7XicbVA9SwNBEJ2LXzF+nVraLAbRKtyJoJUEbSxSRDAfkBxhb7OXrNnbPXb3hHDkP9hYKGLr/7Hz37hJrtDEBwOP92aYmRcmnGnjed9OYWV1bX2juFna2t7Z3XP3D5paporQBpFcqnaINeVM0IZhhtN2oiiOQ05b4eh26reeqNJMigczTmgQ44FgESPYWKlZO0XXqNZzy17FmwEtEz8nZchR77lf3b4kaUyFIRxr3fG9xAQZVoYRTielbqppgskID2jHUoFjqoNsdu0EnViljyKpbAmDZurviQzHWo/j0HbG2Az1ojcV//M6qYmugoyJJDVUkPmiKOXISDR9HfWZosTwsSWYKGZvRWSIFSbGBlSyIfiLLy+T5nnF9yr+/UW5epPHUYQjOIYz8OESqnAHdWgAgUd4hld4c6Tz4rw7H/PWgpPPHMIfOJ8/zIeN8w==</latexit>

f(y)  f(↵) + f 0(↵)(y � ↵) + L
2 (y � ↵)2

<latexit sha1_base64="Kt7sgUERX1G00aY2sdHLELgGqag="></latexit><latexit sha1_base64="Kt7sgUERX1G00aY2sdHLELgGqag="></latexit><latexit sha1_base64="Kt7sgUERX1G00aY2sdHLELgGqag="></latexit><latexit sha1_base64="Kt7sgUERX1G00aY2sdHLELgGqag="></latexit>



Lipschitz conditions
- Equivalent characterizations: krf(x)�rf(y)k2  Lkx� yk2, 8x, y

<latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit><latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit><latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit><latexit sha1_base64="7HuCki1VW7mfyWueFZ/sI2l4nNM="></latexit>

f(y)
<latexit sha1_base64="IFm8tnd3NsJIziOO9UsxaYjyWIk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvXisYD+gDWWz3bRLdzdhdyOE0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2V3u956o0iySjyaNqS/wRLKQEWxyKaynl6NqzW24C6B14hWkBgXao+rXcByRRFBpCMdaDzw3Nn6GlWGE03llmGgaYzLDEzqwVGJBtZ8tbp2jC6uMURgpW9Kghfp7IsNC61QEtlNgM9WrXi7+5w0SE974GZNxYqgky0VhwpGJUP44GjNFieGpJZgoZm9FZIoVJsbGU7EheKsvr5PuVcNzG95Ds9a6LeIowxmcQx08uIYW3EMbOkBgCs/wCm+OcF6cd+dj2VpyiplT+APn8wdt5I3S</latexit><latexit sha1_base64="IFm8tnd3NsJIziOO9UsxaYjyWIk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvXisYD+gDWWz3bRLdzdhdyOE0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2V3u956o0iySjyaNqS/wRLKQEWxyKaynl6NqzW24C6B14hWkBgXao+rXcByRRFBpCMdaDzw3Nn6GlWGE03llmGgaYzLDEzqwVGJBtZ8tbp2jC6uMURgpW9Kghfp7IsNC61QEtlNgM9WrXi7+5w0SE974GZNxYqgky0VhwpGJUP44GjNFieGpJZgoZm9FZIoVJsbGU7EheKsvr5PuVcNzG95Ds9a6LeIowxmcQx08uIYW3EMbOkBgCs/wCm+OcF6cd+dj2VpyiplT+APn8wdt5I3S</latexit><latexit sha1_base64="IFm8tnd3NsJIziOO9UsxaYjyWIk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvXisYD+gDWWz3bRLdzdhdyOE0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2V3u956o0iySjyaNqS/wRLKQEWxyKaynl6NqzW24C6B14hWkBgXao+rXcByRRFBpCMdaDzw3Nn6GlWGE03llmGgaYzLDEzqwVGJBtZ8tbp2jC6uMURgpW9Kghfp7IsNC61QEtlNgM9WrXi7+5w0SE974GZNxYqgky0VhwpGJUP44GjNFieGpJZgoZm9FZIoVJsbGU7EheKsvr5PuVcNzG95Ds9a6LeIowxmcQx08uIYW3EMbOkBgCs/wCm+OcF6cd+dj2VpyiplT+APn8wdt5I3S</latexit><latexit sha1_base64="IFm8tnd3NsJIziOO9UsxaYjyWIk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvXisYD+gDWWz3bRLdzdhdyOE0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBTFn2rjut1Pa2Nza3invVvb2Dw6PqscnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2V3u956o0iySjyaNqS/wRLKQEWxyKaynl6NqzW24C6B14hWkBgXao+rXcByRRFBpCMdaDzw3Nn6GlWGE03llmGgaYzLDEzqwVGJBtZ8tbp2jC6uMURgpW9Kghfp7IsNC61QEtlNgM9WrXi7+5w0SE974GZNxYqgky0VhwpGJUP44GjNFieGpJZgoZm9FZIoVJsbGU7EheKsvr5PuVcNzG95Ds9a6LeIowxmcQx08uIYW3EMbOkBgCs/wCm+OcF6cd+dj2VpyiplT+APn8wdt5I3S</latexit>

y
<latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit>

↵
<latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit>

f(↵) + f 0(↵)(x� ↵)
<latexit sha1_base64="bqMQaoYETTSiROIZcYPMy0f9P2I=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiVsQyI4Iui25cVrAXaIdyJs20wUxmSDJiGbp346u4caGIW1/AnW9j2o6grT8EvvznHJLz+zFnSjvOl5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySLR8U5UzQumaa01YsKYQ+p03/9nJcb95RqVgkbvQwpl4IfcECRkAbq2sXg3IHeDyAQ3yEg4OfS/keH+OMu3bJqTgT4XlwMyihTLWu/dnpRSQJqdCEg1Jt14m1l4LUjHA6KnQSRWMgt9CnbYMCQqq8dLLLCO8bp4eDSJojNJ64vydSCJUahr7pDEEP1GxtbP5Xayc6OPdSJuJEU0GmDwUJxzrC42Bwj0lKNB8aACKZ+SsmA5BAtImvYEJwZ1eeh8ZJxXUq7vVpqXqRxZFHe6iIyshFZ6iKrlAN1RFBD+gJvaBX69F6tt6s92lrzspmdtEfWR/fz1CYWw==</latexit><latexit sha1_base64="bqMQaoYETTSiROIZcYPMy0f9P2I=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiVsQyI4Iui25cVrAXaIdyJs20wUxmSDJiGbp346u4caGIW1/AnW9j2o6grT8EvvznHJLz+zFnSjvOl5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySLR8U5UzQumaa01YsKYQ+p03/9nJcb95RqVgkbvQwpl4IfcECRkAbq2sXg3IHeDyAQ3yEg4OfS/keH+OMu3bJqTgT4XlwMyihTLWu/dnpRSQJqdCEg1Jt14m1l4LUjHA6KnQSRWMgt9CnbYMCQqq8dLLLCO8bp4eDSJojNJ64vydSCJUahr7pDEEP1GxtbP5Xayc6OPdSJuJEU0GmDwUJxzrC42Bwj0lKNB8aACKZ+SsmA5BAtImvYEJwZ1eeh8ZJxXUq7vVpqXqRxZFHe6iIyshFZ6iKrlAN1RFBD+gJvaBX69F6tt6s92lrzspmdtEfWR/fz1CYWw==</latexit><latexit sha1_base64="bqMQaoYETTSiROIZcYPMy0f9P2I=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiVsQyI4Iui25cVrAXaIdyJs20wUxmSDJiGbp346u4caGIW1/AnW9j2o6grT8EvvznHJLz+zFnSjvOl5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySLR8U5UzQumaa01YsKYQ+p03/9nJcb95RqVgkbvQwpl4IfcECRkAbq2sXg3IHeDyAQ3yEg4OfS/keH+OMu3bJqTgT4XlwMyihTLWu/dnpRSQJqdCEg1Jt14m1l4LUjHA6KnQSRWMgt9CnbYMCQqq8dLLLCO8bp4eDSJojNJ64vydSCJUahr7pDEEP1GxtbP5Xayc6OPdSJuJEU0GmDwUJxzrC42Bwj0lKNB8aACKZ+SsmA5BAtImvYEJwZ1eeh8ZJxXUq7vVpqXqRxZFHe6iIyshFZ6iKrlAN1RFBD+gJvaBX69F6tt6s92lrzspmdtEfWR/fz1CYWw==</latexit><latexit sha1_base64="bqMQaoYETTSiROIZcYPMy0f9P2I=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiVsQyI4Iui25cVrAXaIdyJs20wUxmSDJiGbp346u4caGIW1/AnW9j2o6grT8EvvznHJLz+zFnSjvOl5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySLR8U5UzQumaa01YsKYQ+p03/9nJcb95RqVgkbvQwpl4IfcECRkAbq2sXg3IHeDyAQ3yEg4OfS/keH+OMu3bJqTgT4XlwMyihTLWu/dnpRSQJqdCEg1Jt14m1l4LUjHA6KnQSRWMgt9CnbYMCQqq8dLLLCO8bp4eDSJojNJ64vydSCJUahr7pDEEP1GxtbP5Xayc6OPdSJuJEU0GmDwUJxzrC42Bwj0lKNB8aACKZ+SsmA5BAtImvYEJwZ1eeh8ZJxXUq7vVpqXqRxZFHe6iIyshFZ6iKrlAN1RFBD+gJvaBX69F6tt6s92lrzspmdtEfWR/fz1CYWw==</latexit>

f(y)  f(x) + hrf(x), y � xi+ L
2 kx� yk22

<latexit sha1_base64="ueuljY6XX1ChnRYetF1RM4rjIes="></latexit><latexit sha1_base64="ueuljY6XX1ChnRYetF1RM4rjIes="></latexit><latexit sha1_base64="ueuljY6XX1ChnRYetF1RM4rjIes="></latexit><latexit sha1_base64="ueuljY6XX1ChnRYetF1RM4rjIes="></latexit>

Depends on L
<latexit sha1_base64="5puov2m8/Zu/Hvbse1+ETxmDeIg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2GRgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWD2aSoB/RoeQhZ9RYqXHfL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A6OJjNA=</latexit><latexit sha1_base64="5puov2m8/Zu/Hvbse1+ETxmDeIg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2GRgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWD2aSoB/RoeQhZ9RYqXHfL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A6OJjNA=</latexit><latexit sha1_base64="5puov2m8/Zu/Hvbse1+ETxmDeIg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2GRgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWD2aSoB/RoeQhZ9RYqXHfL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A6OJjNA=</latexit><latexit sha1_base64="5puov2m8/Zu/Hvbse1+ETxmDeIg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2GRgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWD2aSoB/RoeQhZ9RYqXHfL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A6OJjNA=</latexit>

L0 > L
<latexit sha1_base64="LA215TfHg07Qud8Hj0IoydqWMxA=">AAAB7XicbVA9SwNBEJ2LXzF+nVraLAbRKtyJoJUEbSxSRDAfkBxhb7OXrNnbPXb3hHDkP9hYKGLr/7Hz37hJrtDEBwOP92aYmRcmnGnjed9OYWV1bX2juFna2t7Z3XP3D5paporQBpFcqnaINeVM0IZhhtN2oiiOQ05b4eh26reeqNJMigczTmgQ44FgESPYWKlZO0XXqNZzy17FmwEtEz8nZchR77lf3b4kaUyFIRxr3fG9xAQZVoYRTielbqppgskID2jHUoFjqoNsdu0EnViljyKpbAmDZurviQzHWo/j0HbG2Az1ojcV//M6qYmugoyJJDVUkPmiKOXISDR9HfWZosTwsSWYKGZvRWSIFSbGBlSyIfiLLy+T5nnF9yr+/UW5epPHUYQjOIYz8OESqnAHdWgAgUd4hld4c6Tz4rw7H/PWgpPPHMIfOJ8/zIeN8w==</latexit><latexit sha1_base64="LA215TfHg07Qud8Hj0IoydqWMxA=">AAAB7XicbVA9SwNBEJ2LXzF+nVraLAbRKtyJoJUEbSxSRDAfkBxhb7OXrNnbPXb3hHDkP9hYKGLr/7Hz37hJrtDEBwOP92aYmRcmnGnjed9OYWV1bX2juFna2t7Z3XP3D5paporQBpFcqnaINeVM0IZhhtN2oiiOQ05b4eh26reeqNJMigczTmgQ44FgESPYWKlZO0XXqNZzy17FmwEtEz8nZchR77lf3b4kaUyFIRxr3fG9xAQZVoYRTielbqppgskID2jHUoFjqoNsdu0EnViljyKpbAmDZurviQzHWo/j0HbG2Az1ojcV//M6qYmugoyJJDVUkPmiKOXISDR9HfWZosTwsSWYKGZvRWSIFSbGBlSyIfiLLy+T5nnF9yr+/UW5epPHUYQjOIYz8OESqnAHdWgAgUd4hld4c6Tz4rw7H/PWgpPPHMIfOJ8/zIeN8w==</latexit><latexit sha1_base64="LA215TfHg07Qud8Hj0IoydqWMxA=">AAAB7XicbVA9SwNBEJ2LXzF+nVraLAbRKtyJoJUEbSxSRDAfkBxhb7OXrNnbPXb3hHDkP9hYKGLr/7Hz37hJrtDEBwOP92aYmRcmnGnjed9OYWV1bX2juFna2t7Z3XP3D5paporQBpFcqnaINeVM0IZhhtN2oiiOQ05b4eh26reeqNJMigczTmgQ44FgESPYWKlZO0XXqNZzy17FmwEtEz8nZchR77lf3b4kaUyFIRxr3fG9xAQZVoYRTielbqppgskID2jHUoFjqoNsdu0EnViljyKpbAmDZurviQzHWo/j0HbG2Az1ojcV//M6qYmugoyJJDVUkPmiKOXISDR9HfWZosTwsSWYKGZvRWSIFSbGBlSyIfiLLy+T5nnF9yr+/UW5epPHUYQjOIYz8OESqnAHdWgAgUd4hld4c6Tz4rw7H/PWgpPPHMIfOJ8/zIeN8w==</latexit><latexit sha1_base64="LA215TfHg07Qud8Hj0IoydqWMxA=">AAAB7XicbVA9SwNBEJ2LXzF+nVraLAbRKtyJoJUEbSxSRDAfkBxhb7OXrNnbPXb3hHDkP9hYKGLr/7Hz37hJrtDEBwOP92aYmRcmnGnjed9OYWV1bX2juFna2t7Z3XP3D5paporQBpFcqnaINeVM0IZhhtN2oiiOQ05b4eh26reeqNJMigczTmgQ44FgESPYWKlZO0XXqNZzy17FmwEtEz8nZchR77lf3b4kaUyFIRxr3fG9xAQZVoYRTielbqppgskID2jHUoFjqoNsdu0EnViljyKpbAmDZurviQzHWo/j0HbG2Az1ojcV//M6qYmugoyJJDVUkPmiKOXISDR9HfWZosTwsSWYKGZvRWSIFSbGBlSyIfiLLy+T5nnF9yr+/UW5epPHUYQjOIYz8OESqnAHdWgAgUd4hld4c6Tz4rw7H/PWgpPPHMIfOJ8/zIeN8w==</latexit>

We will later on see how 
this term appear in 

optimizationf(y)  f(↵) + f 0(↵)(y � ↵) + L
2 (y � ↵)2

<latexit sha1_base64="Kt7sgUERX1G00aY2sdHLELgGqag="></latexit><latexit sha1_base64="Kt7sgUERX1G00aY2sdHLELgGqag="></latexit><latexit sha1_base64="Kt7sgUERX1G00aY2sdHLELgGqag="></latexit><latexit sha1_base64="Kt7sgUERX1G00aY2sdHLELgGqag="></latexit>
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2

⌦
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↵
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<latexit sha1_base64="iPXU3qbumMVqovmATkKGhH+7Wgk="></latexit><latexit sha1_base64="iPXU3qbumMVqovmATkKGhH+7Wgk="></latexit><latexit sha1_base64="iPXU3qbumMVqovmATkKGhH+7Wgk="></latexit><latexit sha1_base64="iPXU3qbumMVqovmATkKGhH+7Wgk="></latexit>

- From                    , we have:r2f(x) � LI
<latexit sha1_base64="OxOYCXJCAJSqVCLuMTBGzHDLHyQ=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIdVOSIuiy6EbBRQX7gCaWyXTSDp1MYmYillDc+CtuXCji1q9w5984bbPQ1gMDh3Pu4c49XsSZVJb1beQWFpeWV/KrhbX1jc0tc3unIcMkJrROQh7GLQ9LypmgdcUUp60opjjwOG16g/Ox37ynsWShuFHDiLoB7gnmM4KVljrmniOwx/FtBfmlhyPk6DChd+gKXXbMolW2JkDzxM5IETLUOuaX0w1JElChCMdStm0rUm6KY8UIp6OCk0gaYTLAPdrWVOCASjednDBCh1rpIj+M9RMKTdTfiRQHUg4DT08GWPXlrDcW//PaifJP3ZSJKFFUkOkiP+FIhWjcB+oyfbHiQ00wiZn+KyJ9HGOidGsFXYI9e/I8aVTKtlW2r4+L1bOsjjzswwGUwIYTqMIF1KAOBB7hGV7hzXgyXox342M6mjOyzC78gfH5A7Xnla8=</latexit><latexit sha1_base64="OxOYCXJCAJSqVCLuMTBGzHDLHyQ=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIdVOSIuiy6EbBRQX7gCaWyXTSDp1MYmYillDc+CtuXCji1q9w5984bbPQ1gMDh3Pu4c49XsSZVJb1beQWFpeWV/KrhbX1jc0tc3unIcMkJrROQh7GLQ9LypmgdcUUp60opjjwOG16g/Ox37ynsWShuFHDiLoB7gnmM4KVljrmniOwx/FtBfmlhyPk6DChd+gKXXbMolW2JkDzxM5IETLUOuaX0w1JElChCMdStm0rUm6KY8UIp6OCk0gaYTLAPdrWVOCASjednDBCh1rpIj+M9RMKTdTfiRQHUg4DT08GWPXlrDcW//PaifJP3ZSJKFFUkOkiP+FIhWjcB+oyfbHiQ00wiZn+KyJ9HGOidGsFXYI9e/I8aVTKtlW2r4+L1bOsjjzswwGUwIYTqMIF1KAOBB7hGV7hzXgyXox342M6mjOyzC78gfH5A7Xnla8=</latexit><latexit sha1_base64="OxOYCXJCAJSqVCLuMTBGzHDLHyQ=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIdVOSIuiy6EbBRQX7gCaWyXTSDp1MYmYillDc+CtuXCji1q9w5984bbPQ1gMDh3Pu4c49XsSZVJb1beQWFpeWV/KrhbX1jc0tc3unIcMkJrROQh7GLQ9LypmgdcUUp60opjjwOG16g/Ox37ynsWShuFHDiLoB7gnmM4KVljrmniOwx/FtBfmlhyPk6DChd+gKXXbMolW2JkDzxM5IETLUOuaX0w1JElChCMdStm0rUm6KY8UIp6OCk0gaYTLAPdrWVOCASjednDBCh1rpIj+M9RMKTdTfiRQHUg4DT08GWPXlrDcW//PaifJP3ZSJKFFUkOkiP+FIhWjcB+oyfbHiQ00wiZn+KyJ9HGOidGsFXYI9e/I8aVTKtlW2r4+L1bOsjjzswwGUwIYTqMIF1KAOBB7hGV7hzXgyXox342M6mjOyzC78gfH5A7Xnla8=</latexit><latexit sha1_base64="OxOYCXJCAJSqVCLuMTBGzHDLHyQ=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIdVOSIuiy6EbBRQX7gCaWyXTSDp1MYmYillDc+CtuXCji1q9w5984bbPQ1gMDh3Pu4c49XsSZVJb1beQWFpeWV/KrhbX1jc0tc3unIcMkJrROQh7GLQ9LypmgdcUUp60opjjwOG16g/Ox37ynsWShuFHDiLoB7gnmM4KVljrmniOwx/FtBfmlhyPk6DChd+gKXXbMolW2JkDzxM5IETLUOuaX0w1JElChCMdStm0rUm6KY8UIp6OCk0gaYTLAPdrWVOCASjednDBCh1rpIj+M9RMKTdTfiRQHUg4DT08GWPXlrDcW//PaifJP3ZSJKFFUkOkiP+FIhWjcB+oyfbHiQ00wiZn+KyJ9HGOidGsFXYI9e/I8aVTKtlW2r4+L1bOsjjzswwGUwIYTqMIF1KAOBB7hGV7hzXgyXox342M6mjOyzC78gfH5A7Xnla8=</latexit>

r2f(x) � LI ) kr2f(x)k2  kLIk2 ) kr2f(x)k2  L
<latexit sha1_base64="7BaYRy9oTTD+h1VRLnv6JXJnk1c="></latexit><latexit sha1_base64="7BaYRy9oTTD+h1VRLnv6JXJnk1c="></latexit><latexit sha1_base64="7BaYRy9oTTD+h1VRLnv6JXJnk1c="></latexit><latexit sha1_base64="7BaYRy9oTTD+h1VRLnv6JXJnk1c="></latexit>
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<latexit sha1_base64="OxOYCXJCAJSqVCLuMTBGzHDLHyQ=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIdVOSIuiy6EbBRQX7gCaWyXTSDp1MYmYillDc+CtuXCji1q9w5984bbPQ1gMDh3Pu4c49XsSZVJb1beQWFpeWV/KrhbX1jc0tc3unIcMkJrROQh7GLQ9LypmgdcUUp60opjjwOG16g/Ox37ynsWShuFHDiLoB7gnmM4KVljrmniOwx/FtBfmlhyPk6DChd+gKXXbMolW2JkDzxM5IETLUOuaX0w1JElChCMdStm0rUm6KY8UIp6OCk0gaYTLAPdrWVOCASjednDBCh1rpIj+M9RMKTdTfiRQHUg4DT08GWPXlrDcW//PaifJP3ZSJKFFUkOkiP+FIhWjcB+oyfbHiQ00wiZn+KyJ9HGOidGsFXYI9e/I8aVTKtlW2r4+L1bOsjjzswwGUwIYTqMIF1KAOBB7hGV7hzXgyXox342M6mjOyzC78gfH5A7Xnla8=</latexit><latexit sha1_base64="OxOYCXJCAJSqVCLuMTBGzHDLHyQ=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIdVOSIuiy6EbBRQX7gCaWyXTSDp1MYmYillDc+CtuXCji1q9w5984bbPQ1gMDh3Pu4c49XsSZVJb1beQWFpeWV/KrhbX1jc0tc3unIcMkJrROQh7GLQ9LypmgdcUUp60opjjwOG16g/Ox37ynsWShuFHDiLoB7gnmM4KVljrmniOwx/FtBfmlhyPk6DChd+gKXXbMolW2JkDzxM5IETLUOuaX0w1JElChCMdStm0rUm6KY8UIp6OCk0gaYTLAPdrWVOCASjednDBCh1rpIj+M9RMKTdTfiRQHUg4DT08GWPXlrDcW//PaifJP3ZSJKFFUkOkiP+FIhWjcB+oyfbHiQ00wiZn+KyJ9HGOidGsFXYI9e/I8aVTKtlW2r4+L1bOsjjzswwGUwIYTqMIF1KAOBB7hGV7hzXgyXox342M6mjOyzC78gfH5A7Xnla8=</latexit><latexit sha1_base64="OxOYCXJCAJSqVCLuMTBGzHDLHyQ=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIdVOSIuiy6EbBRQX7gCaWyXTSDp1MYmYillDc+CtuXCji1q9w5984bbPQ1gMDh3Pu4c49XsSZVJb1beQWFpeWV/KrhbX1jc0tc3unIcMkJrROQh7GLQ9LypmgdcUUp60opjjwOG16g/Ox37ynsWShuFHDiLoB7gnmM4KVljrmniOwx/FtBfmlhyPk6DChd+gKXXbMolW2JkDzxM5IETLUOuaX0w1JElChCMdStm0rUm6KY8UIp6OCk0gaYTLAPdrWVOCASjednDBCh1rpIj+M9RMKTdTfiRQHUg4DT08GWPXlrDcW//PaifJP3ZSJKFFUkOkiP+FIhWjcB+oyfbHiQ00wiZn+KyJ9HGOidGsFXYI9e/I8aVTKtlW2r4+L1bOsjjzswwGUwIYTqMIF1KAOBB7hGV7hzXgyXox342M6mjOyzC78gfH5A7Xnla8=</latexit><latexit sha1_base64="OxOYCXJCAJSqVCLuMTBGzHDLHyQ=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIdVOSIuiy6EbBRQX7gCaWyXTSDp1MYmYillDc+CtuXCji1q9w5984bbPQ1gMDh3Pu4c49XsSZVJb1beQWFpeWV/KrhbX1jc0tc3unIcMkJrROQh7GLQ9LypmgdcUUp60opjjwOG16g/Ox37ynsWShuFHDiLoB7gnmM4KVljrmniOwx/FtBfmlhyPk6DChd+gKXXbMolW2JkDzxM5IETLUOuaX0w1JElChCMdStm0rUm6KY8UIp6OCk0gaYTLAPdrWVOCASjednDBCh1rpIj+M9RMKTdTfiRQHUg4DT08GWPXlrDcW//PaifJP3ZSJKFFUkOkiP+FIhWjcB+oyfbHiQ00wiZn+KyJ9HGOidGsFXYI9e/I8aVTKtlW2r4+L1bOsjjzswwGUwIYTqMIF1KAOBB7hGV7hzXgyXox342M6mjOyzC78gfH5A7Xnla8=</latexit>

r2f(x) � LI ) kr2f(x)k2  kLIk2 ) kr2f(x)k2  L
<latexit sha1_base64="7BaYRy9oTTD+h1VRLnv6JXJnk1c="></latexit><latexit sha1_base64="7BaYRy9oTTD+h1VRLnv6JXJnk1c="></latexit><latexit sha1_base64="7BaYRy9oTTD+h1VRLnv6JXJnk1c="></latexit><latexit sha1_base64="7BaYRy9oTTD+h1VRLnv6JXJnk1c="></latexit>

1
2

⌦
r2f(x)(y � x), y � x)

↵
 1

2kr
2f(x)(y � x)k2 · ky � xk2  kr2f(x)k2ky � xk22

<latexit sha1_base64="Sk8xecx/QChB3jSAVBI7EMsIsOY="></latexit><latexit sha1_base64="Sk8xecx/QChB3jSAVBI7EMsIsOY="></latexit><latexit sha1_base64="Sk8xecx/QChB3jSAVBI7EMsIsOY="></latexit><latexit sha1_base64="Sk8xecx/QChB3jSAVBI7EMsIsOY="></latexit>

- Then:
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r2f(x) � LI ) kr2f(x)k2  kLIk2 ) kr2f(x)k2  L
<latexit sha1_base64="7BaYRy9oTTD+h1VRLnv6JXJnk1c="></latexit><latexit sha1_base64="7BaYRy9oTTD+h1VRLnv6JXJnk1c="></latexit><latexit sha1_base64="7BaYRy9oTTD+h1VRLnv6JXJnk1c="></latexit><latexit sha1_base64="7BaYRy9oTTD+h1VRLnv6JXJnk1c="></latexit>

1
2

⌦
r2f(x)(y � x), y � x)

↵
 1

2kr
2f(x)(y � x)k2 · ky � xk2  kr2f(x)k2ky � xk22

<latexit sha1_base64="Sk8xecx/QChB3jSAVBI7EMsIsOY="></latexit><latexit sha1_base64="Sk8xecx/QChB3jSAVBI7EMsIsOY="></latexit><latexit sha1_base64="Sk8xecx/QChB3jSAVBI7EMsIsOY="></latexit><latexit sha1_base64="Sk8xecx/QChB3jSAVBI7EMsIsOY="></latexit>

- Then:

f(y)  f(x) + hrf(x), y � xi+ L
2 kx� yk22

<latexit sha1_base64="ueuljY6XX1ChnRYetF1RM4rjIes="></latexit><latexit sha1_base64="ueuljY6XX1ChnRYetF1RM4rjIes="></latexit><latexit sha1_base64="ueuljY6XX1ChnRYetF1RM4rjIes="></latexit><latexit sha1_base64="ueuljY6XX1ChnRYetF1RM4rjIes="></latexit>



Agnostic optimization



Agnostic optimization
What do you observe at 
local minima/maxima 
with respect to their 

slope?



Types of solutions
- Global minimizer    :x?

<latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit><latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit><latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit><latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit>



Types of solutions
- Global minimizer    :x?

<latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit><latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit><latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit><latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit>

f(x?)  f(x), 8x
<latexit sha1_base64="9zXLI/pm7CQ3l19rFhSXPwfGpl4=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0FIQMKuCFoGbSwjmAdk13B3MpsMmX04MysJSyxt/BUbC0Vs/QM7/8ZJsoUmHhg495x7uXOPF3MmlWV9G7ml5ZXVtfx6YWNza3vH3N1ryCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNLid+854KyaLwRo1i6gbQC5nPCCgtdUzsl4a3jlQgytjh9G5Sl4/xg+NHAjjHw45ZtCrWFHiR2Bkpogy1jvnldCOSBDRUhIOUbduKlZuCUIxwOi44iaQxkAH0aFvTEAIq3XR6yRgfaaWL9W79QoWn6u+JFAIpR4GnOwNQfTnvTcT/vHai/HM3ZWGcKBqS2SI/4VhFeBIL7jJBieIjTYAIpv+KSR8EEKXDK+gQ7PmTF0njpGJbFfv6tFi9yOLIowN0iErIRmeoiq5QDdURQY/oGb2iN+PJeDHejY9Za87IZvbRHxifP2BGmNk=</latexit><latexit sha1_base64="9zXLI/pm7CQ3l19rFhSXPwfGpl4=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0FIQMKuCFoGbSwjmAdk13B3MpsMmX04MysJSyxt/BUbC0Vs/QM7/8ZJsoUmHhg495x7uXOPF3MmlWV9G7ml5ZXVtfx6YWNza3vH3N1ryCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNLid+854KyaLwRo1i6gbQC5nPCCgtdUzsl4a3jlQgytjh9G5Sl4/xg+NHAjjHw45ZtCrWFHiR2Bkpogy1jvnldCOSBDRUhIOUbduKlZuCUIxwOi44iaQxkAH0aFvTEAIq3XR6yRgfaaWL9W79QoWn6u+JFAIpR4GnOwNQfTnvTcT/vHai/HM3ZWGcKBqS2SI/4VhFeBIL7jJBieIjTYAIpv+KSR8EEKXDK+gQ7PmTF0njpGJbFfv6tFi9yOLIowN0iErIRmeoiq5QDdURQY/oGb2iN+PJeDHejY9Za87IZvbRHxifP2BGmNk=</latexit><latexit sha1_base64="9zXLI/pm7CQ3l19rFhSXPwfGpl4=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0FIQMKuCFoGbSwjmAdk13B3MpsMmX04MysJSyxt/BUbC0Vs/QM7/8ZJsoUmHhg495x7uXOPF3MmlWV9G7ml5ZXVtfx6YWNza3vH3N1ryCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNLid+854KyaLwRo1i6gbQC5nPCCgtdUzsl4a3jlQgytjh9G5Sl4/xg+NHAjjHw45ZtCrWFHiR2Bkpogy1jvnldCOSBDRUhIOUbduKlZuCUIxwOi44iaQxkAH0aFvTEAIq3XR6yRgfaaWL9W79QoWn6u+JFAIpR4GnOwNQfTnvTcT/vHai/HM3ZWGcKBqS2SI/4VhFeBIL7jJBieIjTYAIpv+KSR8EEKXDK+gQ7PmTF0njpGJbFfv6tFi9yOLIowN0iErIRmeoiq5QDdURQY/oGb2iN+PJeDHejY9Za87IZvbRHxifP2BGmNk=</latexit><latexit sha1_base64="9zXLI/pm7CQ3l19rFhSXPwfGpl4=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0FIQMKuCFoGbSwjmAdk13B3MpsMmX04MysJSyxt/BUbC0Vs/QM7/8ZJsoUmHhg495x7uXOPF3MmlWV9G7ml5ZXVtfx6YWNza3vH3N1ryCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNLid+854KyaLwRo1i6gbQC5nPCCgtdUzsl4a3jlQgytjh9G5Sl4/xg+NHAjjHw45ZtCrWFHiR2Bkpogy1jvnldCOSBDRUhIOUbduKlZuCUIxwOi44iaQxkAH0aFvTEAIq3XR6yRgfaaWL9W79QoWn6u+JFAIpR4GnOwNQfTnvTcT/vHai/HM3ZWGcKBqS2SI/4VhFeBIL7jJBieIjTYAIpv+KSR8EEKXDK+gQ7PmTF0njpGJbFfv6tFi9yOLIowN0iErIRmeoiq5QDdURQY/oGb2iN+PJeDHejY9Za87IZvbRHxifP2BGmNk=</latexit>

(If we could somehow check that, we are golden!)



Types of solutions
- Global minimizer    :x?

<latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit><latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit><latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit><latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit>

f(x?)  f(x), 8x
<latexit sha1_base64="9zXLI/pm7CQ3l19rFhSXPwfGpl4=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0FIQMKuCFoGbSwjmAdk13B3MpsMmX04MysJSyxt/BUbC0Vs/QM7/8ZJsoUmHhg495x7uXOPF3MmlWV9G7ml5ZXVtfx6YWNza3vH3N1ryCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNLid+854KyaLwRo1i6gbQC5nPCCgtdUzsl4a3jlQgytjh9G5Sl4/xg+NHAjjHw45ZtCrWFHiR2Bkpogy1jvnldCOSBDRUhIOUbduKlZuCUIxwOi44iaQxkAH0aFvTEAIq3XR6yRgfaaWL9W79QoWn6u+JFAIpR4GnOwNQfTnvTcT/vHai/HM3ZWGcKBqS2SI/4VhFeBIL7jJBieIjTYAIpv+KSR8EEKXDK+gQ7PmTF0njpGJbFfv6tFi9yOLIowN0iErIRmeoiq5QDdURQY/oGb2iN+PJeDHejY9Za87IZvbRHxifP2BGmNk=</latexit><latexit sha1_base64="9zXLI/pm7CQ3l19rFhSXPwfGpl4=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0FIQMKuCFoGbSwjmAdk13B3MpsMmX04MysJSyxt/BUbC0Vs/QM7/8ZJsoUmHhg495x7uXOPF3MmlWV9G7ml5ZXVtfx6YWNza3vH3N1ryCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNLid+854KyaLwRo1i6gbQC5nPCCgtdUzsl4a3jlQgytjh9G5Sl4/xg+NHAjjHw45ZtCrWFHiR2Bkpogy1jvnldCOSBDRUhIOUbduKlZuCUIxwOi44iaQxkAH0aFvTEAIq3XR6yRgfaaWL9W79QoWn6u+JFAIpR4GnOwNQfTnvTcT/vHai/HM3ZWGcKBqS2SI/4VhFeBIL7jJBieIjTYAIpv+KSR8EEKXDK+gQ7PmTF0njpGJbFfv6tFi9yOLIowN0iErIRmeoiq5QDdURQY/oGb2iN+PJeDHejY9Za87IZvbRHxifP2BGmNk=</latexit><latexit sha1_base64="9zXLI/pm7CQ3l19rFhSXPwfGpl4=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0FIQMKuCFoGbSwjmAdk13B3MpsMmX04MysJSyxt/BUbC0Vs/QM7/8ZJsoUmHhg495x7uXOPF3MmlWV9G7ml5ZXVtfx6YWNza3vH3N1ryCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNLid+854KyaLwRo1i6gbQC5nPCCgtdUzsl4a3jlQgytjh9G5Sl4/xg+NHAjjHw45ZtCrWFHiR2Bkpogy1jvnldCOSBDRUhIOUbduKlZuCUIxwOi44iaQxkAH0aFvTEAIq3XR6yRgfaaWL9W79QoWn6u+JFAIpR4GnOwNQfTnvTcT/vHai/HM3ZWGcKBqS2SI/4VhFeBIL7jJBieIjTYAIpv+KSR8EEKXDK+gQ7PmTF0njpGJbFfv6tFi9yOLIowN0iErIRmeoiq5QDdURQY/oGb2iN+PJeDHejY9Za87IZvbRHxifP2BGmNk=</latexit><latexit sha1_base64="9zXLI/pm7CQ3l19rFhSXPwfGpl4=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0FIQMKuCFoGbSwjmAdk13B3MpsMmX04MysJSyxt/BUbC0Vs/QM7/8ZJsoUmHhg495x7uXOPF3MmlWV9G7ml5ZXVtfx6YWNza3vH3N1ryCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNLid+854KyaLwRo1i6gbQC5nPCCgtdUzsl4a3jlQgytjh9G5Sl4/xg+NHAjjHw45ZtCrWFHiR2Bkpogy1jvnldCOSBDRUhIOUbduKlZuCUIxwOi44iaQxkAH0aFvTEAIq3XR6yRgfaaWL9W79QoWn6u+JFAIpR4GnOwNQfTnvTcT/vHai/HM3ZWGcKBqS2SI/4VhFeBIL7jJBieIjTYAIpv+KSR8EEKXDK+gQ7PmTF0njpGJbFfv6tFi9yOLIowN0iErIRmeoiq5QDdURQY/oGb2iN+PJeDHejY9Za87IZvbRHxifP2BGmNk=</latexit>

(If we could somehow check that, we are golden!)

- Local minimizer    :bx
<latexit sha1_base64="j6nbGonJnqBcXFXF64KKBlnk+LM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6LHoxWMF2wppKJvNtF262Q27E7WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0gxZTQun7iBoQXEILOQq4TzXQJBLQiUbXU7/zANpwJe9wnEKY0IHkfc4oWinoPvIYhhTzp0mvWvPq3gzuMvELUiMFmr3qVzdWLEtAIhPUmMD3UgxzqpEzAZNKNzOQUjaiAwgslTQBE+azkyfuiVVit6+0LYnuTP09kdPEmHES2c6E4tAselPxPy/IsH8Z5lymGYJk80X9TLio3On/bsw1MBRjSyjT3N7qsiHVlKFNqWJD8BdfXibts7rv1f3b81rjqoijTI7IMTklPrkgDXJDmqRFGFHkmbySNwedF+fd+Zi3lpxi5pD8gfP5A9ZakZo=</latexit><latexit sha1_base64="j6nbGonJnqBcXFXF64KKBlnk+LM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6LHoxWMF2wppKJvNtF262Q27E7WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0gxZTQun7iBoQXEILOQq4TzXQJBLQiUbXU7/zANpwJe9wnEKY0IHkfc4oWinoPvIYhhTzp0mvWvPq3gzuMvELUiMFmr3qVzdWLEtAIhPUmMD3UgxzqpEzAZNKNzOQUjaiAwgslTQBE+azkyfuiVVit6+0LYnuTP09kdPEmHES2c6E4tAselPxPy/IsH8Z5lymGYJk80X9TLio3On/bsw1MBRjSyjT3N7qsiHVlKFNqWJD8BdfXibts7rv1f3b81rjqoijTI7IMTklPrkgDXJDmqRFGFHkmbySNwedF+fd+Zi3lpxi5pD8gfP5A9ZakZo=</latexit><latexit sha1_base64="j6nbGonJnqBcXFXF64KKBlnk+LM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6LHoxWMF2wppKJvNtF262Q27E7WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0gxZTQun7iBoQXEILOQq4TzXQJBLQiUbXU7/zANpwJe9wnEKY0IHkfc4oWinoPvIYhhTzp0mvWvPq3gzuMvELUiMFmr3qVzdWLEtAIhPUmMD3UgxzqpEzAZNKNzOQUjaiAwgslTQBE+azkyfuiVVit6+0LYnuTP09kdPEmHES2c6E4tAselPxPy/IsH8Z5lymGYJk80X9TLio3On/bsw1MBRjSyjT3N7qsiHVlKFNqWJD8BdfXibts7rv1f3b81rjqoijTI7IMTklPrkgDXJDmqRFGFHkmbySNwedF+fd+Zi3lpxi5pD8gfP5A9ZakZo=</latexit><latexit sha1_base64="j6nbGonJnqBcXFXF64KKBlnk+LM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6LHoxWMF2wppKJvNtF262Q27E7WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0gxZTQun7iBoQXEILOQq4TzXQJBLQiUbXU7/zANpwJe9wnEKY0IHkfc4oWinoPvIYhhTzp0mvWvPq3gzuMvELUiMFmr3qVzdWLEtAIhPUmMD3UgxzqpEzAZNKNzOQUjaiAwgslTQBE+azkyfuiVVit6+0LYnuTP09kdPEmHES2c6E4tAselPxPy/IsH8Z5lymGYJk80X9TLio3On/bsw1MBRjSyjT3N7qsiHVlKFNqWJD8BdfXibts7rv1f3b81rjqoijTI7IMTklPrkgDXJDmqRFGFHkmbySNwedF+fd+Zi3lpxi5pD8gfP5A9ZakZo=</latexit>



Types of solutions
- Global minimizer    :x?

<latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit><latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit><latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit><latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit>

f(x?)  f(x), 8x
<latexit sha1_base64="9zXLI/pm7CQ3l19rFhSXPwfGpl4=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0FIQMKuCFoGbSwjmAdk13B3MpsMmX04MysJSyxt/BUbC0Vs/QM7/8ZJsoUmHhg495x7uXOPF3MmlWV9G7ml5ZXVtfx6YWNza3vH3N1ryCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNLid+854KyaLwRo1i6gbQC5nPCCgtdUzsl4a3jlQgytjh9G5Sl4/xg+NHAjjHw45ZtCrWFHiR2Bkpogy1jvnldCOSBDRUhIOUbduKlZuCUIxwOi44iaQxkAH0aFvTEAIq3XR6yRgfaaWL9W79QoWn6u+JFAIpR4GnOwNQfTnvTcT/vHai/HM3ZWGcKBqS2SI/4VhFeBIL7jJBieIjTYAIpv+KSR8EEKXDK+gQ7PmTF0njpGJbFfv6tFi9yOLIowN0iErIRmeoiq5QDdURQY/oGb2iN+PJeDHejY9Za87IZvbRHxifP2BGmNk=</latexit><latexit sha1_base64="9zXLI/pm7CQ3l19rFhSXPwfGpl4=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0FIQMKuCFoGbSwjmAdk13B3MpsMmX04MysJSyxt/BUbC0Vs/QM7/8ZJsoUmHhg495x7uXOPF3MmlWV9G7ml5ZXVtfx6YWNza3vH3N1ryCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNLid+854KyaLwRo1i6gbQC5nPCCgtdUzsl4a3jlQgytjh9G5Sl4/xg+NHAjjHw45ZtCrWFHiR2Bkpogy1jvnldCOSBDRUhIOUbduKlZuCUIxwOi44iaQxkAH0aFvTEAIq3XR6yRgfaaWL9W79QoWn6u+JFAIpR4GnOwNQfTnvTcT/vHai/HM3ZWGcKBqS2SI/4VhFeBIL7jJBieIjTYAIpv+KSR8EEKXDK+gQ7PmTF0njpGJbFfv6tFi9yOLIowN0iErIRmeoiq5QDdURQY/oGb2iN+PJeDHejY9Za87IZvbRHxifP2BGmNk=</latexit><latexit sha1_base64="9zXLI/pm7CQ3l19rFhSXPwfGpl4=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0FIQMKuCFoGbSwjmAdk13B3MpsMmX04MysJSyxt/BUbC0Vs/QM7/8ZJsoUmHhg495x7uXOPF3MmlWV9G7ml5ZXVtfx6YWNza3vH3N1ryCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNLid+854KyaLwRo1i6gbQC5nPCCgtdUzsl4a3jlQgytjh9G5Sl4/xg+NHAjjHw45ZtCrWFHiR2Bkpogy1jvnldCOSBDRUhIOUbduKlZuCUIxwOi44iaQxkAH0aFvTEAIq3XR6yRgfaaWL9W79QoWn6u+JFAIpR4GnOwNQfTnvTcT/vHai/HM3ZWGcKBqS2SI/4VhFeBIL7jJBieIjTYAIpv+KSR8EEKXDK+gQ7PmTF0njpGJbFfv6tFi9yOLIowN0iErIRmeoiq5QDdURQY/oGb2iN+PJeDHejY9Za87IZvbRHxifP2BGmNk=</latexit><latexit sha1_base64="9zXLI/pm7CQ3l19rFhSXPwfGpl4=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0FIQMKuCFoGbSwjmAdk13B3MpsMmX04MysJSyxt/BUbC0Vs/QM7/8ZJsoUmHhg495x7uXOPF3MmlWV9G7ml5ZXVtfx6YWNza3vH3N1ryCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNLid+854KyaLwRo1i6gbQC5nPCCgtdUzsl4a3jlQgytjh9G5Sl4/xg+NHAjjHw45ZtCrWFHiR2Bkpogy1jvnldCOSBDRUhIOUbduKlZuCUIxwOi44iaQxkAH0aFvTEAIq3XR6yRgfaaWL9W79QoWn6u+JFAIpR4GnOwNQfTnvTcT/vHai/HM3ZWGcKBqS2SI/4VhFeBIL7jJBieIjTYAIpv+KSR8EEKXDK+gQ7PmTF0njpGJbFfv6tFi9yOLIowN0iErIRmeoiq5QDdURQY/oGb2iN+PJeDHejY9Za87IZvbRHxifP2BGmNk=</latexit>

(If we could somehow check that, we are golden!)

- Local minimizer    :bx
<latexit sha1_base64="j6nbGonJnqBcXFXF64KKBlnk+LM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6LHoxWMF2wppKJvNtF262Q27E7WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0gxZTQun7iBoQXEILOQq4TzXQJBLQiUbXU7/zANpwJe9wnEKY0IHkfc4oWinoPvIYhhTzp0mvWvPq3gzuMvELUiMFmr3qVzdWLEtAIhPUmMD3UgxzqpEzAZNKNzOQUjaiAwgslTQBE+azkyfuiVVit6+0LYnuTP09kdPEmHES2c6E4tAselPxPy/IsH8Z5lymGYJk80X9TLio3On/bsw1MBRjSyjT3N7qsiHVlKFNqWJD8BdfXibts7rv1f3b81rjqoijTI7IMTklPrkgDXJDmqRFGFHkmbySNwedF+fd+Zi3lpxi5pD8gfP5A9ZakZo=</latexit><latexit sha1_base64="j6nbGonJnqBcXFXF64KKBlnk+LM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6LHoxWMF2wppKJvNtF262Q27E7WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0gxZTQun7iBoQXEILOQq4TzXQJBLQiUbXU7/zANpwJe9wnEKY0IHkfc4oWinoPvIYhhTzp0mvWvPq3gzuMvELUiMFmr3qVzdWLEtAIhPUmMD3UgxzqpEzAZNKNzOQUjaiAwgslTQBE+azkyfuiVVit6+0LYnuTP09kdPEmHES2c6E4tAselPxPy/IsH8Z5lymGYJk80X9TLio3On/bsw1MBRjSyjT3N7qsiHVlKFNqWJD8BdfXibts7rv1f3b81rjqoijTI7IMTklPrkgDXJDmqRFGFHkmbySNwedF+fd+Zi3lpxi5pD8gfP5A9ZakZo=</latexit><latexit sha1_base64="j6nbGonJnqBcXFXF64KKBlnk+LM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6LHoxWMF2wppKJvNtF262Q27E7WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0gxZTQun7iBoQXEILOQq4TzXQJBLQiUbXU7/zANpwJe9wnEKY0IHkfc4oWinoPvIYhhTzp0mvWvPq3gzuMvELUiMFmr3qVzdWLEtAIhPUmMD3UgxzqpEzAZNKNzOQUjaiAwgslTQBE+azkyfuiVVit6+0LYnuTP09kdPEmHES2c6E4tAselPxPy/IsH8Z5lymGYJk80X9TLio3On/bsw1MBRjSyjT3N7qsiHVlKFNqWJD8BdfXibts7rv1f3b81rjqoijTI7IMTklPrkgDXJDmqRFGFHkmbySNwedF+fd+Zi3lpxi5pD8gfP5A9ZakZo=</latexit><latexit sha1_base64="j6nbGonJnqBcXFXF64KKBlnk+LM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6LHoxWMF2wppKJvNtF262Q27E7WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0gxZTQun7iBoQXEILOQq4TzXQJBLQiUbXU7/zANpwJe9wnEKY0IHkfc4oWinoPvIYhhTzp0mvWvPq3gzuMvELUiMFmr3qVzdWLEtAIhPUmMD3UgxzqpEzAZNKNzOQUjaiAwgslTQBE+azkyfuiVVit6+0LYnuTP09kdPEmHES2c6E4tAselPxPy/IsH8Z5lymGYJk80X9TLio3On/bsw1MBRjSyjT3N7qsiHVlKFNqWJD8BdfXibts7rv1f3b81rjqoijTI7IMTklPrkgDXJDmqRFGFHkmbySNwedF+fd+Zi3lpxi5pD8gfP5A9ZakZo=</latexit>

f(bx)  f(x), 8x 2 Nbx
<latexit sha1_base64="EceLIN7UqNkO7C4D3an81UvpI18="></latexit><latexit sha1_base64="EceLIN7UqNkO7C4D3an81UvpI18="></latexit><latexit sha1_base64="EceLIN7UqNkO7C4D3an81UvpI18="></latexit><latexit sha1_base64="EceLIN7UqNkO7C4D3an81UvpI18="></latexit>



Types of solutions
- Global minimizer    :x?

<latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit><latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit><latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit><latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit>

f(x?)  f(x), 8x
<latexit sha1_base64="9zXLI/pm7CQ3l19rFhSXPwfGpl4=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0FIQMKuCFoGbSwjmAdk13B3MpsMmX04MysJSyxt/BUbC0Vs/QM7/8ZJsoUmHhg495x7uXOPF3MmlWV9G7ml5ZXVtfx6YWNza3vH3N1ryCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNLid+854KyaLwRo1i6gbQC5nPCCgtdUzsl4a3jlQgytjh9G5Sl4/xg+NHAjjHw45ZtCrWFHiR2Bkpogy1jvnldCOSBDRUhIOUbduKlZuCUIxwOi44iaQxkAH0aFvTEAIq3XR6yRgfaaWL9W79QoWn6u+JFAIpR4GnOwNQfTnvTcT/vHai/HM3ZWGcKBqS2SI/4VhFeBIL7jJBieIjTYAIpv+KSR8EEKXDK+gQ7PmTF0njpGJbFfv6tFi9yOLIowN0iErIRmeoiq5QDdURQY/oGb2iN+PJeDHejY9Za87IZvbRHxifP2BGmNk=</latexit><latexit sha1_base64="9zXLI/pm7CQ3l19rFhSXPwfGpl4=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0FIQMKuCFoGbSwjmAdk13B3MpsMmX04MysJSyxt/BUbC0Vs/QM7/8ZJsoUmHhg495x7uXOPF3MmlWV9G7ml5ZXVtfx6YWNza3vH3N1ryCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNLid+854KyaLwRo1i6gbQC5nPCCgtdUzsl4a3jlQgytjh9G5Sl4/xg+NHAjjHw45ZtCrWFHiR2Bkpogy1jvnldCOSBDRUhIOUbduKlZuCUIxwOi44iaQxkAH0aFvTEAIq3XR6yRgfaaWL9W79QoWn6u+JFAIpR4GnOwNQfTnvTcT/vHai/HM3ZWGcKBqS2SI/4VhFeBIL7jJBieIjTYAIpv+KSR8EEKXDK+gQ7PmTF0njpGJbFfv6tFi9yOLIowN0iErIRmeoiq5QDdURQY/oGb2iN+PJeDHejY9Za87IZvbRHxifP2BGmNk=</latexit><latexit sha1_base64="9zXLI/pm7CQ3l19rFhSXPwfGpl4=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0FIQMKuCFoGbSwjmAdk13B3MpsMmX04MysJSyxt/BUbC0Vs/QM7/8ZJsoUmHhg495x7uXOPF3MmlWV9G7ml5ZXVtfx6YWNza3vH3N1ryCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNLid+854KyaLwRo1i6gbQC5nPCCgtdUzsl4a3jlQgytjh9G5Sl4/xg+NHAjjHw45ZtCrWFHiR2Bkpogy1jvnldCOSBDRUhIOUbduKlZuCUIxwOi44iaQxkAH0aFvTEAIq3XR6yRgfaaWL9W79QoWn6u+JFAIpR4GnOwNQfTnvTcT/vHai/HM3ZWGcKBqS2SI/4VhFeBIL7jJBieIjTYAIpv+KSR8EEKXDK+gQ7PmTF0njpGJbFfv6tFi9yOLIowN0iErIRmeoiq5QDdURQY/oGb2iN+PJeDHejY9Za87IZvbRHxifP2BGmNk=</latexit><latexit sha1_base64="9zXLI/pm7CQ3l19rFhSXPwfGpl4=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0FIQMKuCFoGbSwjmAdk13B3MpsMmX04MysJSyxt/BUbC0Vs/QM7/8ZJsoUmHhg495x7uXOPF3MmlWV9G7ml5ZXVtfx6YWNza3vH3N1ryCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNLid+854KyaLwRo1i6gbQC5nPCCgtdUzsl4a3jlQgytjh9G5Sl4/xg+NHAjjHw45ZtCrWFHiR2Bkpogy1jvnldCOSBDRUhIOUbduKlZuCUIxwOi44iaQxkAH0aFvTEAIq3XR6yRgfaaWL9W79QoWn6u+JFAIpR4GnOwNQfTnvTcT/vHai/HM3ZWGcKBqS2SI/4VhFeBIL7jJBieIjTYAIpv+KSR8EEKXDK+gQ7PmTF0njpGJbFfv6tFi9yOLIowN0iErIRmeoiq5QDdURQY/oGb2iN+PJeDHejY9Za87IZvbRHxifP2BGmNk=</latexit>

(If we could somehow check that, we are golden!)

- Local minimizer    :bx
<latexit sha1_base64="j6nbGonJnqBcXFXF64KKBlnk+LM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6LHoxWMF2wppKJvNtF262Q27E7WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0gxZTQun7iBoQXEILOQq4TzXQJBLQiUbXU7/zANpwJe9wnEKY0IHkfc4oWinoPvIYhhTzp0mvWvPq3gzuMvELUiMFmr3qVzdWLEtAIhPUmMD3UgxzqpEzAZNKNzOQUjaiAwgslTQBE+azkyfuiVVit6+0LYnuTP09kdPEmHES2c6E4tAselPxPy/IsH8Z5lymGYJk80X9TLio3On/bsw1MBRjSyjT3N7qsiHVlKFNqWJD8BdfXibts7rv1f3b81rjqoijTI7IMTklPrkgDXJDmqRFGFHkmbySNwedF+fd+Zi3lpxi5pD8gfP5A9ZakZo=</latexit><latexit sha1_base64="j6nbGonJnqBcXFXF64KKBlnk+LM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6LHoxWMF2wppKJvNtF262Q27E7WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0gxZTQun7iBoQXEILOQq4TzXQJBLQiUbXU7/zANpwJe9wnEKY0IHkfc4oWinoPvIYhhTzp0mvWvPq3gzuMvELUiMFmr3qVzdWLEtAIhPUmMD3UgxzqpEzAZNKNzOQUjaiAwgslTQBE+azkyfuiVVit6+0LYnuTP09kdPEmHES2c6E4tAselPxPy/IsH8Z5lymGYJk80X9TLio3On/bsw1MBRjSyjT3N7qsiHVlKFNqWJD8BdfXibts7rv1f3b81rjqoijTI7IMTklPrkgDXJDmqRFGFHkmbySNwedF+fd+Zi3lpxi5pD8gfP5A9ZakZo=</latexit><latexit sha1_base64="j6nbGonJnqBcXFXF64KKBlnk+LM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6LHoxWMF2wppKJvNtF262Q27E7WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0gxZTQun7iBoQXEILOQq4TzXQJBLQiUbXU7/zANpwJe9wnEKY0IHkfc4oWinoPvIYhhTzp0mvWvPq3gzuMvELUiMFmr3qVzdWLEtAIhPUmMD3UgxzqpEzAZNKNzOQUjaiAwgslTQBE+azkyfuiVVit6+0LYnuTP09kdPEmHES2c6E4tAselPxPy/IsH8Z5lymGYJk80X9TLio3On/bsw1MBRjSyjT3N7qsiHVlKFNqWJD8BdfXibts7rv1f3b81rjqoijTI7IMTklPrkgDXJDmqRFGFHkmbySNwedF+fd+Zi3lpxi5pD8gfP5A9ZakZo=</latexit><latexit sha1_base64="j6nbGonJnqBcXFXF64KKBlnk+LM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6LHoxWMF2wppKJvNtF262Q27E7WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0gxZTQun7iBoQXEILOQq4TzXQJBLQiUbXU7/zANpwJe9wnEKY0IHkfc4oWinoPvIYhhTzp0mvWvPq3gzuMvELUiMFmr3qVzdWLEtAIhPUmMD3UgxzqpEzAZNKNzOQUjaiAwgslTQBE+azkyfuiVVit6+0LYnuTP09kdPEmHES2c6E4tAselPxPy/IsH8Z5lymGYJk80X9TLio3On/bsw1MBRjSyjT3N7qsiHVlKFNqWJD8BdfXibts7rv1f3b81rjqoijTI7IMTklPrkgDXJDmqRFGFHkmbySNwedF+fd+Zi3lpxi5pD8gfP5A9ZakZo=</latexit>

f(bx)  f(x), 8x 2 Nbx
<latexit sha1_base64="EceLIN7UqNkO7C4D3an81UvpI18="></latexit><latexit sha1_base64="EceLIN7UqNkO7C4D3an81UvpI18="></latexit><latexit sha1_base64="EceLIN7UqNkO7C4D3an81UvpI18="></latexit><latexit sha1_base64="EceLIN7UqNkO7C4D3an81UvpI18="></latexit>

- What is the meaning of strict inequality vs. inequality?



Types of solutions
- Global minimizer    :x?

<latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit><latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit><latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit><latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit>

f(x?)  f(x), 8x
<latexit sha1_base64="9zXLI/pm7CQ3l19rFhSXPwfGpl4=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0FIQMKuCFoGbSwjmAdk13B3MpsMmX04MysJSyxt/BUbC0Vs/QM7/8ZJsoUmHhg495x7uXOPF3MmlWV9G7ml5ZXVtfx6YWNza3vH3N1ryCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNLid+854KyaLwRo1i6gbQC5nPCCgtdUzsl4a3jlQgytjh9G5Sl4/xg+NHAjjHw45ZtCrWFHiR2Bkpogy1jvnldCOSBDRUhIOUbduKlZuCUIxwOi44iaQxkAH0aFvTEAIq3XR6yRgfaaWL9W79QoWn6u+JFAIpR4GnOwNQfTnvTcT/vHai/HM3ZWGcKBqS2SI/4VhFeBIL7jJBieIjTYAIpv+KSR8EEKXDK+gQ7PmTF0njpGJbFfv6tFi9yOLIowN0iErIRmeoiq5QDdURQY/oGb2iN+PJeDHejY9Za87IZvbRHxifP2BGmNk=</latexit><latexit sha1_base64="9zXLI/pm7CQ3l19rFhSXPwfGpl4=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0FIQMKuCFoGbSwjmAdk13B3MpsMmX04MysJSyxt/BUbC0Vs/QM7/8ZJsoUmHhg495x7uXOPF3MmlWV9G7ml5ZXVtfx6YWNza3vH3N1ryCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNLid+854KyaLwRo1i6gbQC5nPCCgtdUzsl4a3jlQgytjh9G5Sl4/xg+NHAjjHw45ZtCrWFHiR2Bkpogy1jvnldCOSBDRUhIOUbduKlZuCUIxwOi44iaQxkAH0aFvTEAIq3XR6yRgfaaWL9W79QoWn6u+JFAIpR4GnOwNQfTnvTcT/vHai/HM3ZWGcKBqS2SI/4VhFeBIL7jJBieIjTYAIpv+KSR8EEKXDK+gQ7PmTF0njpGJbFfv6tFi9yOLIowN0iErIRmeoiq5QDdURQY/oGb2iN+PJeDHejY9Za87IZvbRHxifP2BGmNk=</latexit><latexit sha1_base64="9zXLI/pm7CQ3l19rFhSXPwfGpl4=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0FIQMKuCFoGbSwjmAdk13B3MpsMmX04MysJSyxt/BUbC0Vs/QM7/8ZJsoUmHhg495x7uXOPF3MmlWV9G7ml5ZXVtfx6YWNza3vH3N1ryCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNLid+854KyaLwRo1i6gbQC5nPCCgtdUzsl4a3jlQgytjh9G5Sl4/xg+NHAjjHw45ZtCrWFHiR2Bkpogy1jvnldCOSBDRUhIOUbduKlZuCUIxwOi44iaQxkAH0aFvTEAIq3XR6yRgfaaWL9W79QoWn6u+JFAIpR4GnOwNQfTnvTcT/vHai/HM3ZWGcKBqS2SI/4VhFeBIL7jJBieIjTYAIpv+KSR8EEKXDK+gQ7PmTF0njpGJbFfv6tFi9yOLIowN0iErIRmeoiq5QDdURQY/oGb2iN+PJeDHejY9Za87IZvbRHxifP2BGmNk=</latexit><latexit sha1_base64="9zXLI/pm7CQ3l19rFhSXPwfGpl4=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0FIQMKuCFoGbSwjmAdk13B3MpsMmX04MysJSyxt/BUbC0Vs/QM7/8ZJsoUmHhg495x7uXOPF3MmlWV9G7ml5ZXVtfx6YWNza3vH3N1ryCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNLid+854KyaLwRo1i6gbQC5nPCCgtdUzsl4a3jlQgytjh9G5Sl4/xg+NHAjjHw45ZtCrWFHiR2Bkpogy1jvnldCOSBDRUhIOUbduKlZuCUIxwOi44iaQxkAH0aFvTEAIq3XR6yRgfaaWL9W79QoWn6u+JFAIpR4GnOwNQfTnvTcT/vHai/HM3ZWGcKBqS2SI/4VhFeBIL7jJBieIjTYAIpv+KSR8EEKXDK+gQ7PmTF0njpGJbFfv6tFi9yOLIowN0iErIRmeoiq5QDdURQY/oGb2iN+PJeDHejY9Za87IZvbRHxifP2BGmNk=</latexit>

(If we could somehow check that, we are golden!)

- Local minimizer    :bx
<latexit sha1_base64="j6nbGonJnqBcXFXF64KKBlnk+LM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6LHoxWMF2wppKJvNtF262Q27E7WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0gxZTQun7iBoQXEILOQq4TzXQJBLQiUbXU7/zANpwJe9wnEKY0IHkfc4oWinoPvIYhhTzp0mvWvPq3gzuMvELUiMFmr3qVzdWLEtAIhPUmMD3UgxzqpEzAZNKNzOQUjaiAwgslTQBE+azkyfuiVVit6+0LYnuTP09kdPEmHES2c6E4tAselPxPy/IsH8Z5lymGYJk80X9TLio3On/bsw1MBRjSyjT3N7qsiHVlKFNqWJD8BdfXibts7rv1f3b81rjqoijTI7IMTklPrkgDXJDmqRFGFHkmbySNwedF+fd+Zi3lpxi5pD8gfP5A9ZakZo=</latexit><latexit sha1_base64="j6nbGonJnqBcXFXF64KKBlnk+LM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6LHoxWMF2wppKJvNtF262Q27E7WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0gxZTQun7iBoQXEILOQq4TzXQJBLQiUbXU7/zANpwJe9wnEKY0IHkfc4oWinoPvIYhhTzp0mvWvPq3gzuMvELUiMFmr3qVzdWLEtAIhPUmMD3UgxzqpEzAZNKNzOQUjaiAwgslTQBE+azkyfuiVVit6+0LYnuTP09kdPEmHES2c6E4tAselPxPy/IsH8Z5lymGYJk80X9TLio3On/bsw1MBRjSyjT3N7qsiHVlKFNqWJD8BdfXibts7rv1f3b81rjqoijTI7IMTklPrkgDXJDmqRFGFHkmbySNwedF+fd+Zi3lpxi5pD8gfP5A9ZakZo=</latexit><latexit sha1_base64="j6nbGonJnqBcXFXF64KKBlnk+LM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6LHoxWMF2wppKJvNtF262Q27E7WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0gxZTQun7iBoQXEILOQq4TzXQJBLQiUbXU7/zANpwJe9wnEKY0IHkfc4oWinoPvIYhhTzp0mvWvPq3gzuMvELUiMFmr3qVzdWLEtAIhPUmMD3UgxzqpEzAZNKNzOQUjaiAwgslTQBE+azkyfuiVVit6+0LYnuTP09kdPEmHES2c6E4tAselPxPy/IsH8Z5lymGYJk80X9TLio3On/bsw1MBRjSyjT3N7qsiHVlKFNqWJD8BdfXibts7rv1f3b81rjqoijTI7IMTklPrkgDXJDmqRFGFHkmbySNwedF+fd+Zi3lpxi5pD8gfP5A9ZakZo=</latexit><latexit sha1_base64="j6nbGonJnqBcXFXF64KKBlnk+LM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6LHoxWMF2wppKJvNtF262Q27E7WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0gxZTQun7iBoQXEILOQq4TzXQJBLQiUbXU7/zANpwJe9wnEKY0IHkfc4oWinoPvIYhhTzp0mvWvPq3gzuMvELUiMFmr3qVzdWLEtAIhPUmMD3UgxzqpEzAZNKNzOQUjaiAwgslTQBE+azkyfuiVVit6+0LYnuTP09kdPEmHES2c6E4tAselPxPy/IsH8Z5lymGYJk80X9TLio3On/bsw1MBRjSyjT3N7qsiHVlKFNqWJD8BdfXibts7rv1f3b81rjqoijTI7IMTklPrkgDXJDmqRFGFHkmbySNwedF+fd+Zi3lpxi5pD8gfP5A9ZakZo=</latexit>

f(bx)  f(x), 8x 2 Nbx
<latexit sha1_base64="EceLIN7UqNkO7C4D3an81UvpI18="></latexit><latexit sha1_base64="EceLIN7UqNkO7C4D3an81UvpI18="></latexit><latexit sha1_base64="EceLIN7UqNkO7C4D3an81UvpI18="></latexit><latexit sha1_base64="EceLIN7UqNkO7C4D3an81UvpI18="></latexit>

- What is the meaning of strict inequality vs. inequality?

- How do we recognize that a solution we have is a local (global) solution?



Types of solutions
- Global minimizer    :x?

<latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit><latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit><latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit><latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit>

f(x?)  f(x), 8x
<latexit sha1_base64="9zXLI/pm7CQ3l19rFhSXPwfGpl4=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0FIQMKuCFoGbSwjmAdk13B3MpsMmX04MysJSyxt/BUbC0Vs/QM7/8ZJsoUmHhg495x7uXOPF3MmlWV9G7ml5ZXVtfx6YWNza3vH3N1ryCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNLid+854KyaLwRo1i6gbQC5nPCCgtdUzsl4a3jlQgytjh9G5Sl4/xg+NHAjjHw45ZtCrWFHiR2Bkpogy1jvnldCOSBDRUhIOUbduKlZuCUIxwOi44iaQxkAH0aFvTEAIq3XR6yRgfaaWL9W79QoWn6u+JFAIpR4GnOwNQfTnvTcT/vHai/HM3ZWGcKBqS2SI/4VhFeBIL7jJBieIjTYAIpv+KSR8EEKXDK+gQ7PmTF0njpGJbFfv6tFi9yOLIowN0iErIRmeoiq5QDdURQY/oGb2iN+PJeDHejY9Za87IZvbRHxifP2BGmNk=</latexit><latexit sha1_base64="9zXLI/pm7CQ3l19rFhSXPwfGpl4=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0FIQMKuCFoGbSwjmAdk13B3MpsMmX04MysJSyxt/BUbC0Vs/QM7/8ZJsoUmHhg495x7uXOPF3MmlWV9G7ml5ZXVtfx6YWNza3vH3N1ryCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNLid+854KyaLwRo1i6gbQC5nPCCgtdUzsl4a3jlQgytjh9G5Sl4/xg+NHAjjHw45ZtCrWFHiR2Bkpogy1jvnldCOSBDRUhIOUbduKlZuCUIxwOi44iaQxkAH0aFvTEAIq3XR6yRgfaaWL9W79QoWn6u+JFAIpR4GnOwNQfTnvTcT/vHai/HM3ZWGcKBqS2SI/4VhFeBIL7jJBieIjTYAIpv+KSR8EEKXDK+gQ7PmTF0njpGJbFfv6tFi9yOLIowN0iErIRmeoiq5QDdURQY/oGb2iN+PJeDHejY9Za87IZvbRHxifP2BGmNk=</latexit><latexit sha1_base64="9zXLI/pm7CQ3l19rFhSXPwfGpl4=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0FIQMKuCFoGbSwjmAdk13B3MpsMmX04MysJSyxt/BUbC0Vs/QM7/8ZJsoUmHhg495x7uXOPF3MmlWV9G7ml5ZXVtfx6YWNza3vH3N1ryCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNLid+854KyaLwRo1i6gbQC5nPCCgtdUzsl4a3jlQgytjh9G5Sl4/xg+NHAjjHw45ZtCrWFHiR2Bkpogy1jvnldCOSBDRUhIOUbduKlZuCUIxwOi44iaQxkAH0aFvTEAIq3XR6yRgfaaWL9W79QoWn6u+JFAIpR4GnOwNQfTnvTcT/vHai/HM3ZWGcKBqS2SI/4VhFeBIL7jJBieIjTYAIpv+KSR8EEKXDK+gQ7PmTF0njpGJbFfv6tFi9yOLIowN0iErIRmeoiq5QDdURQY/oGb2iN+PJeDHejY9Za87IZvbRHxifP2BGmNk=</latexit><latexit sha1_base64="9zXLI/pm7CQ3l19rFhSXPwfGpl4=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0FIQMKuCFoGbSwjmAdk13B3MpsMmX04MysJSyxt/BUbC0Vs/QM7/8ZJsoUmHhg495x7uXOPF3MmlWV9G7ml5ZXVtfx6YWNza3vH3N1ryCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNLid+854KyaLwRo1i6gbQC5nPCCgtdUzsl4a3jlQgytjh9G5Sl4/xg+NHAjjHw45ZtCrWFHiR2Bkpogy1jvnldCOSBDRUhIOUbduKlZuCUIxwOi44iaQxkAH0aFvTEAIq3XR6yRgfaaWL9W79QoWn6u+JFAIpR4GnOwNQfTnvTcT/vHai/HM3ZWGcKBqS2SI/4VhFeBIL7jJBieIjTYAIpv+KSR8EEKXDK+gQ7PmTF0njpGJbFfv6tFi9yOLIowN0iErIRmeoiq5QDdURQY/oGb2iN+PJeDHejY9Za87IZvbRHxifP2BGmNk=</latexit>

(If we could somehow check that, we are golden!)

- Local minimizer    :bx
<latexit sha1_base64="j6nbGonJnqBcXFXF64KKBlnk+LM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6LHoxWMF2wppKJvNtF262Q27E7WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0gxZTQun7iBoQXEILOQq4TzXQJBLQiUbXU7/zANpwJe9wnEKY0IHkfc4oWinoPvIYhhTzp0mvWvPq3gzuMvELUiMFmr3qVzdWLEtAIhPUmMD3UgxzqpEzAZNKNzOQUjaiAwgslTQBE+azkyfuiVVit6+0LYnuTP09kdPEmHES2c6E4tAselPxPy/IsH8Z5lymGYJk80X9TLio3On/bsw1MBRjSyjT3N7qsiHVlKFNqWJD8BdfXibts7rv1f3b81rjqoijTI7IMTklPrkgDXJDmqRFGFHkmbySNwedF+fd+Zi3lpxi5pD8gfP5A9ZakZo=</latexit><latexit sha1_base64="j6nbGonJnqBcXFXF64KKBlnk+LM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6LHoxWMF2wppKJvNtF262Q27E7WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0gxZTQun7iBoQXEILOQq4TzXQJBLQiUbXU7/zANpwJe9wnEKY0IHkfc4oWinoPvIYhhTzp0mvWvPq3gzuMvELUiMFmr3qVzdWLEtAIhPUmMD3UgxzqpEzAZNKNzOQUjaiAwgslTQBE+azkyfuiVVit6+0LYnuTP09kdPEmHES2c6E4tAselPxPy/IsH8Z5lymGYJk80X9TLio3On/bsw1MBRjSyjT3N7qsiHVlKFNqWJD8BdfXibts7rv1f3b81rjqoijTI7IMTklPrkgDXJDmqRFGFHkmbySNwedF+fd+Zi3lpxi5pD8gfP5A9ZakZo=</latexit><latexit sha1_base64="j6nbGonJnqBcXFXF64KKBlnk+LM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6LHoxWMF2wppKJvNtF262Q27E7WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0gxZTQun7iBoQXEILOQq4TzXQJBLQiUbXU7/zANpwJe9wnEKY0IHkfc4oWinoPvIYhhTzp0mvWvPq3gzuMvELUiMFmr3qVzdWLEtAIhPUmMD3UgxzqpEzAZNKNzOQUjaiAwgslTQBE+azkyfuiVVit6+0LYnuTP09kdPEmHES2c6E4tAselPxPy/IsH8Z5lymGYJk80X9TLio3On/bsw1MBRjSyjT3N7qsiHVlKFNqWJD8BdfXibts7rv1f3b81rjqoijTI7IMTklPrkgDXJDmqRFGFHkmbySNwedF+fd+Zi3lpxi5pD8gfP5A9ZakZo=</latexit><latexit sha1_base64="j6nbGonJnqBcXFXF64KKBlnk+LM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6LHoxWMF2wppKJvNtF262Q27E7WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0gxZTQun7iBoQXEILOQq4TzXQJBLQiUbXU7/zANpwJe9wnEKY0IHkfc4oWinoPvIYhhTzp0mvWvPq3gzuMvELUiMFmr3qVzdWLEtAIhPUmMD3UgxzqpEzAZNKNzOQUjaiAwgslTQBE+azkyfuiVVit6+0LYnuTP09kdPEmHES2c6E4tAselPxPy/IsH8Z5lymGYJk80X9TLio3On/bsw1MBRjSyjT3N7qsiHVlKFNqWJD8BdfXibts7rv1f3b81rjqoijTI7IMTklPrkgDXJDmqRFGFHkmbySNwedF+fd+Zi3lpxi5pD8gfP5A9ZakZo=</latexit>

f(bx)  f(x), 8x 2 Nbx
<latexit sha1_base64="EceLIN7UqNkO7C4D3an81UvpI18="></latexit><latexit sha1_base64="EceLIN7UqNkO7C4D3an81UvpI18="></latexit><latexit sha1_base64="EceLIN7UqNkO7C4D3an81UvpI18="></latexit><latexit sha1_base64="EceLIN7UqNkO7C4D3an81UvpI18="></latexit>

- What is the meaning of strict inequality vs. inequality?

- How do we recognize that a solution we have is a local (global) solution?

-    -order optimality condition: 1st
<latexit sha1_base64="REFIzVtWJ5VmXIAFLL4EEjIbtaU=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAby2a7bZduNnF3Uiwhv8OLB0W8+mO8+W/ctjlo64OBx3szzMwLYikMuu63s7K6tr6xWdgqbu/s7u2XDg4bJko043UWyUi3Amq4FIrXUaDkrVhzGgaSN4PRzdRvjrk2IlL3OIm5H9KBEn3BKFrJ9x7SDvInTA1mWbdUdivuDGSZeDkpQ45at/TV6UUsCblCJqkxbc+N0U+pRsEkz4qdxPCYshEd8Laliobc+Ons6IycWqVH+pG2pZDM1N8TKQ2NmYSB7QwpDs2iNxX/89oJ9q/8VKg4Qa7YfFE/kQQjMk2A9ITmDOXEEsq0sLcSNqSaMrQ5FW0I3uLLy6RxXvHcind3Ua5e53EU4BhO4Aw8uIQq3EIN6sDgEZ7hFd6csfPivDsf89YVJ585gj9wPn8Aa0CSgw==</latexit><latexit sha1_base64="REFIzVtWJ5VmXIAFLL4EEjIbtaU=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAby2a7bZduNnF3Uiwhv8OLB0W8+mO8+W/ctjlo64OBx3szzMwLYikMuu63s7K6tr6xWdgqbu/s7u2XDg4bJko043UWyUi3Amq4FIrXUaDkrVhzGgaSN4PRzdRvjrk2IlL3OIm5H9KBEn3BKFrJ9x7SDvInTA1mWbdUdivuDGSZeDkpQ45at/TV6UUsCblCJqkxbc+N0U+pRsEkz4qdxPCYshEd8Laliobc+Ons6IycWqVH+pG2pZDM1N8TKQ2NmYSB7QwpDs2iNxX/89oJ9q/8VKg4Qa7YfFE/kQQjMk2A9ITmDOXEEsq0sLcSNqSaMrQ5FW0I3uLLy6RxXvHcind3Ua5e53EU4BhO4Aw8uIQq3EIN6sDgEZ7hFd6csfPivDsf89YVJ585gj9wPn8Aa0CSgw==</latexit><latexit sha1_base64="REFIzVtWJ5VmXIAFLL4EEjIbtaU=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAby2a7bZduNnF3Uiwhv8OLB0W8+mO8+W/ctjlo64OBx3szzMwLYikMuu63s7K6tr6xWdgqbu/s7u2XDg4bJko043UWyUi3Amq4FIrXUaDkrVhzGgaSN4PRzdRvjrk2IlL3OIm5H9KBEn3BKFrJ9x7SDvInTA1mWbdUdivuDGSZeDkpQ45at/TV6UUsCblCJqkxbc+N0U+pRsEkz4qdxPCYshEd8Laliobc+Ons6IycWqVH+pG2pZDM1N8TKQ2NmYSB7QwpDs2iNxX/89oJ9q/8VKg4Qa7YfFE/kQQjMk2A9ITmDOXEEsq0sLcSNqSaMrQ5FW0I3uLLy6RxXvHcind3Ua5e53EU4BhO4Aw8uIQq3EIN6sDgEZ7hFd6csfPivDsf89YVJ585gj9wPn8Aa0CSgw==</latexit><latexit sha1_base64="REFIzVtWJ5VmXIAFLL4EEjIbtaU=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAby2a7bZduNnF3Uiwhv8OLB0W8+mO8+W/ctjlo64OBx3szzMwLYikMuu63s7K6tr6xWdgqbu/s7u2XDg4bJko043UWyUi3Amq4FIrXUaDkrVhzGgaSN4PRzdRvjrk2IlL3OIm5H9KBEn3BKFrJ9x7SDvInTA1mWbdUdivuDGSZeDkpQ45at/TV6UUsCblCJqkxbc+N0U+pRsEkz4qdxPCYshEd8Laliobc+Ons6IycWqVH+pG2pZDM1N8TKQ2NmYSB7QwpDs2iNxX/89oJ9q/8VKg4Qa7YfFE/kQQjMk2A9ITmDOXEEsq0sLcSNqSaMrQ5FW0I3uLLy6RxXvHcind3Ua5e53EU4BhO4Aw8uIQq3EIN6sDgEZ7hFd6csfPivDsf89YVJ585gj9wPn8Aa0CSgw==</latexit> rf(bx) = 0

<latexit sha1_base64="XefxIdJ605aMb3vpnr3yQReIbAU=">AAACAnicbVBNS8NAEN34WetX1JN4WSxCvZREBL0IRS8eK9gPaEOZbDbt0s0m7G7UEooX/4oXD4p49Vd489+4bXPQ1gcDj/dmmJnnJ5wp7Tjf1sLi0vLKamGtuL6xubVt7+w2VJxKQusk5rFs+aAoZ4LWNdOcthJJIfI5bfqDq7HfvKNSsVjc6mFCvQh6goWMgDZS197vCPA54LDcuWcB7YPOHkbH+AI7XbvkVJwJ8Dxxc1JCOWpd+6sTxCSNqNCEg1Jt10m0l4HUjHA6KnZSRRMgA+jRtqECIqq8bPLCCB8ZJcBhLE0JjSfq74kMIqWGkW86I9B9NeuNxf+8dqrDcy9jIkk1FWS6KEw51jEe54EDJinRfGgIEMnMrZj0QQLRJrWiCcGdfXmeNE4qrlNxb05L1cs8jgI6QIeojFx0hqroGtVQHRH0iJ7RK3qznqwX6936mLYuWPnMHvoD6/MHia2WNQ==</latexit><latexit sha1_base64="XefxIdJ605aMb3vpnr3yQReIbAU=">AAACAnicbVBNS8NAEN34WetX1JN4WSxCvZREBL0IRS8eK9gPaEOZbDbt0s0m7G7UEooX/4oXD4p49Vd489+4bXPQ1gcDj/dmmJnnJ5wp7Tjf1sLi0vLKamGtuL6xubVt7+w2VJxKQusk5rFs+aAoZ4LWNdOcthJJIfI5bfqDq7HfvKNSsVjc6mFCvQh6goWMgDZS197vCPA54LDcuWcB7YPOHkbH+AI7XbvkVJwJ8Dxxc1JCOWpd+6sTxCSNqNCEg1Jt10m0l4HUjHA6KnZSRRMgA+jRtqECIqq8bPLCCB8ZJcBhLE0JjSfq74kMIqWGkW86I9B9NeuNxf+8dqrDcy9jIkk1FWS6KEw51jEe54EDJinRfGgIEMnMrZj0QQLRJrWiCcGdfXmeNE4qrlNxb05L1cs8jgI6QIeojFx0hqroGtVQHRH0iJ7RK3qznqwX6936mLYuWPnMHvoD6/MHia2WNQ==</latexit><latexit sha1_base64="XefxIdJ605aMb3vpnr3yQReIbAU=">AAACAnicbVBNS8NAEN34WetX1JN4WSxCvZREBL0IRS8eK9gPaEOZbDbt0s0m7G7UEooX/4oXD4p49Vd489+4bXPQ1gcDj/dmmJnnJ5wp7Tjf1sLi0vLKamGtuL6xubVt7+w2VJxKQusk5rFs+aAoZ4LWNdOcthJJIfI5bfqDq7HfvKNSsVjc6mFCvQh6goWMgDZS197vCPA54LDcuWcB7YPOHkbH+AI7XbvkVJwJ8Dxxc1JCOWpd+6sTxCSNqNCEg1Jt10m0l4HUjHA6KnZSRRMgA+jRtqECIqq8bPLCCB8ZJcBhLE0JjSfq74kMIqWGkW86I9B9NeuNxf+8dqrDcy9jIkk1FWS6KEw51jEe54EDJinRfGgIEMnMrZj0QQLRJrWiCcGdfXmeNE4qrlNxb05L1cs8jgI6QIeojFx0hqroGtVQHRH0iJ7RK3qznqwX6936mLYuWPnMHvoD6/MHia2WNQ==</latexit><latexit sha1_base64="XefxIdJ605aMb3vpnr3yQReIbAU=">AAACAnicbVBNS8NAEN34WetX1JN4WSxCvZREBL0IRS8eK9gPaEOZbDbt0s0m7G7UEooX/4oXD4p49Vd489+4bXPQ1gcDj/dmmJnnJ5wp7Tjf1sLi0vLKamGtuL6xubVt7+w2VJxKQusk5rFs+aAoZ4LWNdOcthJJIfI5bfqDq7HfvKNSsVjc6mFCvQh6goWMgDZS197vCPA54LDcuWcB7YPOHkbH+AI7XbvkVJwJ8Dxxc1JCOWpd+6sTxCSNqNCEg1Jt10m0l4HUjHA6KnZSRRMgA+jRtqECIqq8bPLCCB8ZJcBhLE0JjSfq74kMIqWGkW86I9B9NeuNxf+8dqrDcy9jIkk1FWS6KEw51jEe54EDJinRfGgIEMnMrZj0QQLRJrWiCcGdfXmeNE4qrlNxb05L1cs8jgI6QIeojFx0hqroGtVQHRH0iJ7RK3qznqwX6936mLYuWPnMHvoD6/MHia2WNQ==</latexit>



Types of solutions
- Global minimizer    :x?

<latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit><latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit><latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit><latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit>

f(x?)  f(x), 8x
<latexit sha1_base64="9zXLI/pm7CQ3l19rFhSXPwfGpl4=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0FIQMKuCFoGbSwjmAdk13B3MpsMmX04MysJSyxt/BUbC0Vs/QM7/8ZJsoUmHhg495x7uXOPF3MmlWV9G7ml5ZXVtfx6YWNza3vH3N1ryCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNLid+854KyaLwRo1i6gbQC5nPCCgtdUzsl4a3jlQgytjh9G5Sl4/xg+NHAjjHw45ZtCrWFHiR2Bkpogy1jvnldCOSBDRUhIOUbduKlZuCUIxwOi44iaQxkAH0aFvTEAIq3XR6yRgfaaWL9W79QoWn6u+JFAIpR4GnOwNQfTnvTcT/vHai/HM3ZWGcKBqS2SI/4VhFeBIL7jJBieIjTYAIpv+KSR8EEKXDK+gQ7PmTF0njpGJbFfv6tFi9yOLIowN0iErIRmeoiq5QDdURQY/oGb2iN+PJeDHejY9Za87IZvbRHxifP2BGmNk=</latexit><latexit sha1_base64="9zXLI/pm7CQ3l19rFhSXPwfGpl4=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0FIQMKuCFoGbSwjmAdk13B3MpsMmX04MysJSyxt/BUbC0Vs/QM7/8ZJsoUmHhg495x7uXOPF3MmlWV9G7ml5ZXVtfx6YWNza3vH3N1ryCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNLid+854KyaLwRo1i6gbQC5nPCCgtdUzsl4a3jlQgytjh9G5Sl4/xg+NHAjjHw45ZtCrWFHiR2Bkpogy1jvnldCOSBDRUhIOUbduKlZuCUIxwOi44iaQxkAH0aFvTEAIq3XR6yRgfaaWL9W79QoWn6u+JFAIpR4GnOwNQfTnvTcT/vHai/HM3ZWGcKBqS2SI/4VhFeBIL7jJBieIjTYAIpv+KSR8EEKXDK+gQ7PmTF0njpGJbFfv6tFi9yOLIowN0iErIRmeoiq5QDdURQY/oGb2iN+PJeDHejY9Za87IZvbRHxifP2BGmNk=</latexit><latexit sha1_base64="9zXLI/pm7CQ3l19rFhSXPwfGpl4=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0FIQMKuCFoGbSwjmAdk13B3MpsMmX04MysJSyxt/BUbC0Vs/QM7/8ZJsoUmHhg495x7uXOPF3MmlWV9G7ml5ZXVtfx6YWNza3vH3N1ryCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNLid+854KyaLwRo1i6gbQC5nPCCgtdUzsl4a3jlQgytjh9G5Sl4/xg+NHAjjHw45ZtCrWFHiR2Bkpogy1jvnldCOSBDRUhIOUbduKlZuCUIxwOi44iaQxkAH0aFvTEAIq3XR6yRgfaaWL9W79QoWn6u+JFAIpR4GnOwNQfTnvTcT/vHai/HM3ZWGcKBqS2SI/4VhFeBIL7jJBieIjTYAIpv+KSR8EEKXDK+gQ7PmTF0njpGJbFfv6tFi9yOLIowN0iErIRmeoiq5QDdURQY/oGb2iN+PJeDHejY9Za87IZvbRHxifP2BGmNk=</latexit><latexit sha1_base64="9zXLI/pm7CQ3l19rFhSXPwfGpl4=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0FIQMKuCFoGbSwjmAdk13B3MpsMmX04MysJSyxt/BUbC0Vs/QM7/8ZJsoUmHhg495x7uXOPF3MmlWV9G7ml5ZXVtfx6YWNza3vH3N1ryCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNLid+854KyaLwRo1i6gbQC5nPCCgtdUzsl4a3jlQgytjh9G5Sl4/xg+NHAjjHw45ZtCrWFHiR2Bkpogy1jvnldCOSBDRUhIOUbduKlZuCUIxwOi44iaQxkAH0aFvTEAIq3XR6yRgfaaWL9W79QoWn6u+JFAIpR4GnOwNQfTnvTcT/vHai/HM3ZWGcKBqS2SI/4VhFeBIL7jJBieIjTYAIpv+KSR8EEKXDK+gQ7PmTF0njpGJbFfv6tFi9yOLIowN0iErIRmeoiq5QDdURQY/oGb2iN+PJeDHejY9Za87IZvbRHxifP2BGmNk=</latexit>

(If we could somehow check that, we are golden!)

- Local minimizer    :bx
<latexit sha1_base64="j6nbGonJnqBcXFXF64KKBlnk+LM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6LHoxWMF2wppKJvNtF262Q27E7WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0gxZTQun7iBoQXEILOQq4TzXQJBLQiUbXU7/zANpwJe9wnEKY0IHkfc4oWinoPvIYhhTzp0mvWvPq3gzuMvELUiMFmr3qVzdWLEtAIhPUmMD3UgxzqpEzAZNKNzOQUjaiAwgslTQBE+azkyfuiVVit6+0LYnuTP09kdPEmHES2c6E4tAselPxPy/IsH8Z5lymGYJk80X9TLio3On/bsw1MBRjSyjT3N7qsiHVlKFNqWJD8BdfXibts7rv1f3b81rjqoijTI7IMTklPrkgDXJDmqRFGFHkmbySNwedF+fd+Zi3lpxi5pD8gfP5A9ZakZo=</latexit><latexit sha1_base64="j6nbGonJnqBcXFXF64KKBlnk+LM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6LHoxWMF2wppKJvNtF262Q27E7WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0gxZTQun7iBoQXEILOQq4TzXQJBLQiUbXU7/zANpwJe9wnEKY0IHkfc4oWinoPvIYhhTzp0mvWvPq3gzuMvELUiMFmr3qVzdWLEtAIhPUmMD3UgxzqpEzAZNKNzOQUjaiAwgslTQBE+azkyfuiVVit6+0LYnuTP09kdPEmHES2c6E4tAselPxPy/IsH8Z5lymGYJk80X9TLio3On/bsw1MBRjSyjT3N7qsiHVlKFNqWJD8BdfXibts7rv1f3b81rjqoijTI7IMTklPrkgDXJDmqRFGFHkmbySNwedF+fd+Zi3lpxi5pD8gfP5A9ZakZo=</latexit><latexit sha1_base64="j6nbGonJnqBcXFXF64KKBlnk+LM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6LHoxWMF2wppKJvNtF262Q27E7WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0gxZTQun7iBoQXEILOQq4TzXQJBLQiUbXU7/zANpwJe9wnEKY0IHkfc4oWinoPvIYhhTzp0mvWvPq3gzuMvELUiMFmr3qVzdWLEtAIhPUmMD3UgxzqpEzAZNKNzOQUjaiAwgslTQBE+azkyfuiVVit6+0LYnuTP09kdPEmHES2c6E4tAselPxPy/IsH8Z5lymGYJk80X9TLio3On/bsw1MBRjSyjT3N7qsiHVlKFNqWJD8BdfXibts7rv1f3b81rjqoijTI7IMTklPrkgDXJDmqRFGFHkmbySNwedF+fd+Zi3lpxi5pD8gfP5A9ZakZo=</latexit><latexit sha1_base64="j6nbGonJnqBcXFXF64KKBlnk+LM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6LHoxWMF2wppKJvNtF262Q27E7WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0gxZTQun7iBoQXEILOQq4TzXQJBLQiUbXU7/zANpwJe9wnEKY0IHkfc4oWinoPvIYhhTzp0mvWvPq3gzuMvELUiMFmr3qVzdWLEtAIhPUmMD3UgxzqpEzAZNKNzOQUjaiAwgslTQBE+azkyfuiVVit6+0LYnuTP09kdPEmHES2c6E4tAselPxPy/IsH8Z5lymGYJk80X9TLio3On/bsw1MBRjSyjT3N7qsiHVlKFNqWJD8BdfXibts7rv1f3b81rjqoijTI7IMTklPrkgDXJDmqRFGFHkmbySNwedF+fd+Zi3lpxi5pD8gfP5A9ZakZo=</latexit>

f(bx)  f(x), 8x 2 Nbx
<latexit sha1_base64="EceLIN7UqNkO7C4D3an81UvpI18="></latexit><latexit sha1_base64="EceLIN7UqNkO7C4D3an81UvpI18="></latexit><latexit sha1_base64="EceLIN7UqNkO7C4D3an81UvpI18="></latexit><latexit sha1_base64="EceLIN7UqNkO7C4D3an81UvpI18="></latexit>

- What is the meaning of strict inequality vs. inequality?

- How do we recognize that a solution we have is a local (global) solution?

-    -order optimality condition: 1st
<latexit sha1_base64="REFIzVtWJ5VmXIAFLL4EEjIbtaU=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAby2a7bZduNnF3Uiwhv8OLB0W8+mO8+W/ctjlo64OBx3szzMwLYikMuu63s7K6tr6xWdgqbu/s7u2XDg4bJko043UWyUi3Amq4FIrXUaDkrVhzGgaSN4PRzdRvjrk2IlL3OIm5H9KBEn3BKFrJ9x7SDvInTA1mWbdUdivuDGSZeDkpQ45at/TV6UUsCblCJqkxbc+N0U+pRsEkz4qdxPCYshEd8Laliobc+Ons6IycWqVH+pG2pZDM1N8TKQ2NmYSB7QwpDs2iNxX/89oJ9q/8VKg4Qa7YfFE/kQQjMk2A9ITmDOXEEsq0sLcSNqSaMrQ5FW0I3uLLy6RxXvHcind3Ua5e53EU4BhO4Aw8uIQq3EIN6sDgEZ7hFd6csfPivDsf89YVJ585gj9wPn8Aa0CSgw==</latexit><latexit sha1_base64="REFIzVtWJ5VmXIAFLL4EEjIbtaU=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAby2a7bZduNnF3Uiwhv8OLB0W8+mO8+W/ctjlo64OBx3szzMwLYikMuu63s7K6tr6xWdgqbu/s7u2XDg4bJko043UWyUi3Amq4FIrXUaDkrVhzGgaSN4PRzdRvjrk2IlL3OIm5H9KBEn3BKFrJ9x7SDvInTA1mWbdUdivuDGSZeDkpQ45at/TV6UUsCblCJqkxbc+N0U+pRsEkz4qdxPCYshEd8Laliobc+Ons6IycWqVH+pG2pZDM1N8TKQ2NmYSB7QwpDs2iNxX/89oJ9q/8VKg4Qa7YfFE/kQQjMk2A9ITmDOXEEsq0sLcSNqSaMrQ5FW0I3uLLy6RxXvHcind3Ua5e53EU4BhO4Aw8uIQq3EIN6sDgEZ7hFd6csfPivDsf89YVJ585gj9wPn8Aa0CSgw==</latexit><latexit sha1_base64="REFIzVtWJ5VmXIAFLL4EEjIbtaU=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAby2a7bZduNnF3Uiwhv8OLB0W8+mO8+W/ctjlo64OBx3szzMwLYikMuu63s7K6tr6xWdgqbu/s7u2XDg4bJko043UWyUi3Amq4FIrXUaDkrVhzGgaSN4PRzdRvjrk2IlL3OIm5H9KBEn3BKFrJ9x7SDvInTA1mWbdUdivuDGSZeDkpQ45at/TV6UUsCblCJqkxbc+N0U+pRsEkz4qdxPCYshEd8Laliobc+Ons6IycWqVH+pG2pZDM1N8TKQ2NmYSB7QwpDs2iNxX/89oJ9q/8VKg4Qa7YfFE/kQQjMk2A9ITmDOXEEsq0sLcSNqSaMrQ5FW0I3uLLy6RxXvHcind3Ua5e53EU4BhO4Aw8uIQq3EIN6sDgEZ7hFd6csfPivDsf89YVJ585gj9wPn8Aa0CSgw==</latexit><latexit sha1_base64="REFIzVtWJ5VmXIAFLL4EEjIbtaU=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAby2a7bZduNnF3Uiwhv8OLB0W8+mO8+W/ctjlo64OBx3szzMwLYikMuu63s7K6tr6xWdgqbu/s7u2XDg4bJko043UWyUi3Amq4FIrXUaDkrVhzGgaSN4PRzdRvjrk2IlL3OIm5H9KBEn3BKFrJ9x7SDvInTA1mWbdUdivuDGSZeDkpQ45at/TV6UUsCblCJqkxbc+N0U+pRsEkz4qdxPCYshEd8Laliobc+Ons6IycWqVH+pG2pZDM1N8TKQ2NmYSB7QwpDs2iNxX/89oJ9q/8VKg4Qa7YfFE/kQQjMk2A9ITmDOXEEsq0sLcSNqSaMrQ5FW0I3uLLy6RxXvHcind3Ua5e53EU4BhO4Aw8uIQq3EIN6sDgEZ7hFd6csfPivDsf89YVJ585gj9wPn8Aa0CSgw==</latexit> rf(bx) = 0

<latexit sha1_base64="XefxIdJ605aMb3vpnr3yQReIbAU=">AAACAnicbVBNS8NAEN34WetX1JN4WSxCvZREBL0IRS8eK9gPaEOZbDbt0s0m7G7UEooX/4oXD4p49Vd489+4bXPQ1gcDj/dmmJnnJ5wp7Tjf1sLi0vLKamGtuL6xubVt7+w2VJxKQusk5rFs+aAoZ4LWNdOcthJJIfI5bfqDq7HfvKNSsVjc6mFCvQh6goWMgDZS197vCPA54LDcuWcB7YPOHkbH+AI7XbvkVJwJ8Dxxc1JCOWpd+6sTxCSNqNCEg1Jt10m0l4HUjHA6KnZSRRMgA+jRtqECIqq8bPLCCB8ZJcBhLE0JjSfq74kMIqWGkW86I9B9NeuNxf+8dqrDcy9jIkk1FWS6KEw51jEe54EDJinRfGgIEMnMrZj0QQLRJrWiCcGdfXmeNE4qrlNxb05L1cs8jgI6QIeojFx0hqroGtVQHRH0iJ7RK3qznqwX6936mLYuWPnMHvoD6/MHia2WNQ==</latexit><latexit sha1_base64="XefxIdJ605aMb3vpnr3yQReIbAU=">AAACAnicbVBNS8NAEN34WetX1JN4WSxCvZREBL0IRS8eK9gPaEOZbDbt0s0m7G7UEooX/4oXD4p49Vd489+4bXPQ1gcDj/dmmJnnJ5wp7Tjf1sLi0vLKamGtuL6xubVt7+w2VJxKQusk5rFs+aAoZ4LWNdOcthJJIfI5bfqDq7HfvKNSsVjc6mFCvQh6goWMgDZS197vCPA54LDcuWcB7YPOHkbH+AI7XbvkVJwJ8Dxxc1JCOWpd+6sTxCSNqNCEg1Jt10m0l4HUjHA6KnZSRRMgA+jRtqECIqq8bPLCCB8ZJcBhLE0JjSfq74kMIqWGkW86I9B9NeuNxf+8dqrDcy9jIkk1FWS6KEw51jEe54EDJinRfGgIEMnMrZj0QQLRJrWiCcGdfXmeNE4qrlNxb05L1cs8jgI6QIeojFx0hqroGtVQHRH0iJ7RK3qznqwX6936mLYuWPnMHvoD6/MHia2WNQ==</latexit><latexit sha1_base64="XefxIdJ605aMb3vpnr3yQReIbAU=">AAACAnicbVBNS8NAEN34WetX1JN4WSxCvZREBL0IRS8eK9gPaEOZbDbt0s0m7G7UEooX/4oXD4p49Vd489+4bXPQ1gcDj/dmmJnnJ5wp7Tjf1sLi0vLKamGtuL6xubVt7+w2VJxKQusk5rFs+aAoZ4LWNdOcthJJIfI5bfqDq7HfvKNSsVjc6mFCvQh6goWMgDZS197vCPA54LDcuWcB7YPOHkbH+AI7XbvkVJwJ8Dxxc1JCOWpd+6sTxCSNqNCEg1Jt10m0l4HUjHA6KnZSRRMgA+jRtqECIqq8bPLCCB8ZJcBhLE0JjSfq74kMIqWGkW86I9B9NeuNxf+8dqrDcy9jIkk1FWS6KEw51jEe54EDJinRfGgIEMnMrZj0QQLRJrWiCcGdfXmeNE4qrlNxb05L1cs8jgI6QIeojFx0hqroGtVQHRH0iJ7RK3qznqwX6936mLYuWPnMHvoD6/MHia2WNQ==</latexit><latexit sha1_base64="XefxIdJ605aMb3vpnr3yQReIbAU=">AAACAnicbVBNS8NAEN34WetX1JN4WSxCvZREBL0IRS8eK9gPaEOZbDbt0s0m7G7UEooX/4oXD4p49Vd489+4bXPQ1gcDj/dmmJnnJ5wp7Tjf1sLi0vLKamGtuL6xubVt7+w2VJxKQusk5rFs+aAoZ4LWNdOcthJJIfI5bfqDq7HfvKNSsVjc6mFCvQh6goWMgDZS197vCPA54LDcuWcB7YPOHkbH+AI7XbvkVJwJ8Dxxc1JCOWpd+6sTxCSNqNCEg1Jt10m0l4HUjHA6KnZSRRMgA+jRtqECIqq8bPLCCB8ZJcBhLE0JjSfq74kMIqWGkW86I9B9NeuNxf+8dqrDcy9jIkk1FWS6KEw51jEe54EDJinRfGgIEMnMrZj0QQLRJrWiCcGdfXmeNE4qrlNxb05L1cs8jgI6QIeojFx0hqroGtVQHRH0iJ7RK3qznqwX6936mLYuWPnMHvoD6/MHia2WNQ==</latexit>

-    -order optimality condition:                   and  2nd
<latexit sha1_base64="WAntp8Cjwgohnvq6mn1/dpe2Rqo=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSRF0GPRi8cK9gPaWDababt0s4m7k2IJ+R1ePCji1R/jzX/jts1BWx8MPN6bYWaeHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkbzHaQxeSIeSDzijaCSv9pD2EJ4wlUGW9csVp+rMYa8SNycVkqPRL3/1goglIUhkgmrddZ0YvZQq5ExAVuolGmLKxnQIXUMlDUF76fzozD4zSmAPImVKoj1Xf0+kNNR6GvqmM6Q40sveTPzP6yY4uPJSLuMEQbLFokEibIzsWQJ2wBUwFFNDKFPc3GqzEVWUocmpZEJwl19eJa1a1XWq7t1FpX6dx1EkJ+SUnBOXXJI6uSUN0iSMPJJn8krerIn1Yr1bH4vWgpXPHJM/sD5/AEzNkm8=</latexit><latexit sha1_base64="WAntp8Cjwgohnvq6mn1/dpe2Rqo=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSRF0GPRi8cK9gPaWDababt0s4m7k2IJ+R1ePCji1R/jzX/jts1BWx8MPN6bYWaeHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkbzHaQxeSIeSDzijaCSv9pD2EJ4wlUGW9csVp+rMYa8SNycVkqPRL3/1goglIUhkgmrddZ0YvZQq5ExAVuolGmLKxnQIXUMlDUF76fzozD4zSmAPImVKoj1Xf0+kNNR6GvqmM6Q40sveTPzP6yY4uPJSLuMEQbLFokEibIzsWQJ2wBUwFFNDKFPc3GqzEVWUocmpZEJwl19eJa1a1XWq7t1FpX6dx1EkJ+SUnBOXXJI6uSUN0iSMPJJn8krerIn1Yr1bH4vWgpXPHJM/sD5/AEzNkm8=</latexit><latexit sha1_base64="WAntp8Cjwgohnvq6mn1/dpe2Rqo=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSRF0GPRi8cK9gPaWDababt0s4m7k2IJ+R1ePCji1R/jzX/jts1BWx8MPN6bYWaeHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkbzHaQxeSIeSDzijaCSv9pD2EJ4wlUGW9csVp+rMYa8SNycVkqPRL3/1goglIUhkgmrddZ0YvZQq5ExAVuolGmLKxnQIXUMlDUF76fzozD4zSmAPImVKoj1Xf0+kNNR6GvqmM6Q40sveTPzP6yY4uPJSLuMEQbLFokEibIzsWQJ2wBUwFFNDKFPc3GqzEVWUocmpZEJwl19eJa1a1XWq7t1FpX6dx1EkJ+SUnBOXXJI6uSUN0iSMPJJn8krerIn1Yr1bH4vWgpXPHJM/sD5/AEzNkm8=</latexit><latexit sha1_base64="WAntp8Cjwgohnvq6mn1/dpe2Rqo=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSRF0GPRi8cK9gPaWDababt0s4m7k2IJ+R1ePCji1R/jzX/jts1BWx8MPN6bYWaeHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkbzHaQxeSIeSDzijaCSv9pD2EJ4wlUGW9csVp+rMYa8SNycVkqPRL3/1goglIUhkgmrddZ0YvZQq5ExAVuolGmLKxnQIXUMlDUF76fzozD4zSmAPImVKoj1Xf0+kNNR6GvqmM6Q40sveTPzP6yY4uPJSLuMEQbLFokEibIzsWQJ2wBUwFFNDKFPc3GqzEVWUocmpZEJwl19eJa1a1XWq7t1FpX6dx1EkJ+SUnBOXXJI6uSUN0iSMPJJn8krerIn1Yr1bH4vWgpXPHJM/sD5/AEzNkm8=</latexit> rf(bx) = 0

<latexit sha1_base64="XefxIdJ605aMb3vpnr3yQReIbAU=">AAACAnicbVBNS8NAEN34WetX1JN4WSxCvZREBL0IRS8eK9gPaEOZbDbt0s0m7G7UEooX/4oXD4p49Vd489+4bXPQ1gcDj/dmmJnnJ5wp7Tjf1sLi0vLKamGtuL6xubVt7+w2VJxKQusk5rFs+aAoZ4LWNdOcthJJIfI5bfqDq7HfvKNSsVjc6mFCvQh6goWMgDZS197vCPA54LDcuWcB7YPOHkbH+AI7XbvkVJwJ8Dxxc1JCOWpd+6sTxCSNqNCEg1Jt10m0l4HUjHA6KnZSRRMgA+jRtqECIqq8bPLCCB8ZJcBhLE0JjSfq74kMIqWGkW86I9B9NeuNxf+8dqrDcy9jIkk1FWS6KEw51jEe54EDJinRfGgIEMnMrZj0QQLRJrWiCcGdfXmeNE4qrlNxb05L1cs8jgI6QIeojFx0hqroGtVQHRH0iJ7RK3qznqwX6936mLYuWPnMHvoD6/MHia2WNQ==</latexit><latexit sha1_base64="XefxIdJ605aMb3vpnr3yQReIbAU=">AAACAnicbVBNS8NAEN34WetX1JN4WSxCvZREBL0IRS8eK9gPaEOZbDbt0s0m7G7UEooX/4oXD4p49Vd489+4bXPQ1gcDj/dmmJnnJ5wp7Tjf1sLi0vLKamGtuL6xubVt7+w2VJxKQusk5rFs+aAoZ4LWNdOcthJJIfI5bfqDq7HfvKNSsVjc6mFCvQh6goWMgDZS197vCPA54LDcuWcB7YPOHkbH+AI7XbvkVJwJ8Dxxc1JCOWpd+6sTxCSNqNCEg1Jt10m0l4HUjHA6KnZSRRMgA+jRtqECIqq8bPLCCB8ZJcBhLE0JjSfq74kMIqWGkW86I9B9NeuNxf+8dqrDcy9jIkk1FWS6KEw51jEe54EDJinRfGgIEMnMrZj0QQLRJrWiCcGdfXmeNE4qrlNxb05L1cs8jgI6QIeojFx0hqroGtVQHRH0iJ7RK3qznqwX6936mLYuWPnMHvoD6/MHia2WNQ==</latexit><latexit sha1_base64="XefxIdJ605aMb3vpnr3yQReIbAU=">AAACAnicbVBNS8NAEN34WetX1JN4WSxCvZREBL0IRS8eK9gPaEOZbDbt0s0m7G7UEooX/4oXD4p49Vd489+4bXPQ1gcDj/dmmJnnJ5wp7Tjf1sLi0vLKamGtuL6xubVt7+w2VJxKQusk5rFs+aAoZ4LWNdOcthJJIfI5bfqDq7HfvKNSsVjc6mFCvQh6goWMgDZS197vCPA54LDcuWcB7YPOHkbH+AI7XbvkVJwJ8Dxxc1JCOWpd+6sTxCSNqNCEg1Jt10m0l4HUjHA6KnZSRRMgA+jRtqECIqq8bPLCCB8ZJcBhLE0JjSfq74kMIqWGkW86I9B9NeuNxf+8dqrDcy9jIkk1FWS6KEw51jEe54EDJinRfGgIEMnMrZj0QQLRJrWiCcGdfXmeNE4qrlNxb05L1cs8jgI6QIeojFx0hqroGtVQHRH0iJ7RK3qznqwX6936mLYuWPnMHvoD6/MHia2WNQ==</latexit><latexit sha1_base64="XefxIdJ605aMb3vpnr3yQReIbAU=">AAACAnicbVBNS8NAEN34WetX1JN4WSxCvZREBL0IRS8eK9gPaEOZbDbt0s0m7G7UEooX/4oXD4p49Vd489+4bXPQ1gcDj/dmmJnnJ5wp7Tjf1sLi0vLKamGtuL6xubVt7+w2VJxKQusk5rFs+aAoZ4LWNdOcthJJIfI5bfqDq7HfvKNSsVjc6mFCvQh6goWMgDZS197vCPA54LDcuWcB7YPOHkbH+AI7XbvkVJwJ8Dxxc1JCOWpd+6sTxCSNqNCEg1Jt10m0l4HUjHA6KnZSRRMgA+jRtqECIqq8bPLCCB8ZJcBhLE0JjSfq74kMIqWGkW86I9B9NeuNxf+8dqrDcy9jIkk1FWS6KEw51jEe54EDJinRfGgIEMnMrZj0QQLRJrWiCcGdfXmeNE4qrlNxb05L1cs8jgI6QIeojFx0hqroGtVQHRH0iJ7RK3qznqwX6936mLYuWPnMHvoD6/MHia2WNQ==</latexit>

r2f(bx) ⌫ 0
<latexit sha1_base64="N8OZqIsPRW3KrTRdDlDKK+vtXtk=">AAACCnicbVC7TsNAEDzzDOFloKQ5iJCgiewICcoIGsogkYAUh2h9XpMT57O5OwORlZqGX6GhACFavoCOv+ESUvAaaaXRzK52d8JMcG0878OZmJyanpktzZXnFxaXlt2V1ZZOc8WwyVKRqrMQNAousWm4EXiWKYQkFHgaXh4O/dNrVJqn8sT0M+wkcCF5zBkYK3XdjUBCKOC8RuPt4IZH2ANT3A52aKBzxvCKel234lW9Eehf4o9JhYzR6LrvQZSyPEFpmACt276XmU4BynAmcFAOco0ZsEu4wLalEhLUnWL0yoBuWSWicapsSUNH6veJAhKt+0loOxMwPf3bG4r/ee3cxPudgsssNyjZ16I4F9SkdJgLjbhCZkTfEmCK21sp64ECZmx6ZRuC//vlv6RVq/pe1T/erdQPxnGUyDrZJNvEJ3ukTo5IgzQJI3fkgTyRZ+feeXRenNev1glnPLNGfsB5+wTeLJm4</latexit><latexit sha1_base64="N8OZqIsPRW3KrTRdDlDKK+vtXtk=">AAACCnicbVC7TsNAEDzzDOFloKQ5iJCgiewICcoIGsogkYAUh2h9XpMT57O5OwORlZqGX6GhACFavoCOv+ESUvAaaaXRzK52d8JMcG0878OZmJyanpktzZXnFxaXlt2V1ZZOc8WwyVKRqrMQNAousWm4EXiWKYQkFHgaXh4O/dNrVJqn8sT0M+wkcCF5zBkYK3XdjUBCKOC8RuPt4IZH2ANT3A52aKBzxvCKel234lW9Eehf4o9JhYzR6LrvQZSyPEFpmACt276XmU4BynAmcFAOco0ZsEu4wLalEhLUnWL0yoBuWSWicapsSUNH6veJAhKt+0loOxMwPf3bG4r/ee3cxPudgsssNyjZ16I4F9SkdJgLjbhCZkTfEmCK21sp64ECZmx6ZRuC//vlv6RVq/pe1T/erdQPxnGUyDrZJNvEJ3ukTo5IgzQJI3fkgTyRZ+feeXRenNev1glnPLNGfsB5+wTeLJm4</latexit><latexit sha1_base64="N8OZqIsPRW3KrTRdDlDKK+vtXtk=">AAACCnicbVC7TsNAEDzzDOFloKQ5iJCgiewICcoIGsogkYAUh2h9XpMT57O5OwORlZqGX6GhACFavoCOv+ESUvAaaaXRzK52d8JMcG0878OZmJyanpktzZXnFxaXlt2V1ZZOc8WwyVKRqrMQNAousWm4EXiWKYQkFHgaXh4O/dNrVJqn8sT0M+wkcCF5zBkYK3XdjUBCKOC8RuPt4IZH2ANT3A52aKBzxvCKel234lW9Eehf4o9JhYzR6LrvQZSyPEFpmACt276XmU4BynAmcFAOco0ZsEu4wLalEhLUnWL0yoBuWSWicapsSUNH6veJAhKt+0loOxMwPf3bG4r/ee3cxPudgsssNyjZ16I4F9SkdJgLjbhCZkTfEmCK21sp64ECZmx6ZRuC//vlv6RVq/pe1T/erdQPxnGUyDrZJNvEJ3ukTo5IgzQJI3fkgTyRZ+feeXRenNev1glnPLNGfsB5+wTeLJm4</latexit><latexit sha1_base64="N8OZqIsPRW3KrTRdDlDKK+vtXtk=">AAACCnicbVC7TsNAEDzzDOFloKQ5iJCgiewICcoIGsogkYAUh2h9XpMT57O5OwORlZqGX6GhACFavoCOv+ESUvAaaaXRzK52d8JMcG0878OZmJyanpktzZXnFxaXlt2V1ZZOc8WwyVKRqrMQNAousWm4EXiWKYQkFHgaXh4O/dNrVJqn8sT0M+wkcCF5zBkYK3XdjUBCKOC8RuPt4IZH2ANT3A52aKBzxvCKel234lW9Eehf4o9JhYzR6LrvQZSyPEFpmACt276XmU4BynAmcFAOco0ZsEu4wLalEhLUnWL0yoBuWSWicapsSUNH6veJAhKt+0loOxMwPf3bG4r/ee3cxPudgsssNyjZ16I4F9SkdJgLjbhCZkTfEmCK21sp64ECZmx6ZRuC//vlv6RVq/pe1T/erdQPxnGUyDrZJNvEJ3ukTo5IgzQJI3fkgTyRZ+feeXRenNev1glnPLNGfsB5+wTeLJm4</latexit>



Types of solutions
- Global minimizer    :x?

<latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit><latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit><latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit><latexit sha1_base64="XTNfeCKAj4+IEnIdhQNtv/5qINU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0sWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2il9tNDzyDV/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPIzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui6rlV7+6yUr/O4yjCCZzCOXhQgzrcQgOawGAMz/AKb07ivDjvzseiteDkM8fwB87nD4SCj6w=</latexit>

f(x?)  f(x), 8x
<latexit sha1_base64="9zXLI/pm7CQ3l19rFhSXPwfGpl4=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0FIQMKuCFoGbSwjmAdk13B3MpsMmX04MysJSyxt/BUbC0Vs/QM7/8ZJsoUmHhg495x7uXOPF3MmlWV9G7ml5ZXVtfx6YWNza3vH3N1ryCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNLid+854KyaLwRo1i6gbQC5nPCCgtdUzsl4a3jlQgytjh9G5Sl4/xg+NHAjjHw45ZtCrWFHiR2Bkpogy1jvnldCOSBDRUhIOUbduKlZuCUIxwOi44iaQxkAH0aFvTEAIq3XR6yRgfaaWL9W79QoWn6u+JFAIpR4GnOwNQfTnvTcT/vHai/HM3ZWGcKBqS2SI/4VhFeBIL7jJBieIjTYAIpv+KSR8EEKXDK+gQ7PmTF0njpGJbFfv6tFi9yOLIowN0iErIRmeoiq5QDdURQY/oGb2iN+PJeDHejY9Za87IZvbRHxifP2BGmNk=</latexit><latexit sha1_base64="9zXLI/pm7CQ3l19rFhSXPwfGpl4=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0FIQMKuCFoGbSwjmAdk13B3MpsMmX04MysJSyxt/BUbC0Vs/QM7/8ZJsoUmHhg495x7uXOPF3MmlWV9G7ml5ZXVtfx6YWNza3vH3N1ryCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNLid+854KyaLwRo1i6gbQC5nPCCgtdUzsl4a3jlQgytjh9G5Sl4/xg+NHAjjHw45ZtCrWFHiR2Bkpogy1jvnldCOSBDRUhIOUbduKlZuCUIxwOi44iaQxkAH0aFvTEAIq3XR6yRgfaaWL9W79QoWn6u+JFAIpR4GnOwNQfTnvTcT/vHai/HM3ZWGcKBqS2SI/4VhFeBIL7jJBieIjTYAIpv+KSR8EEKXDK+gQ7PmTF0njpGJbFfv6tFi9yOLIowN0iErIRmeoiq5QDdURQY/oGb2iN+PJeDHejY9Za87IZvbRHxifP2BGmNk=</latexit><latexit sha1_base64="9zXLI/pm7CQ3l19rFhSXPwfGpl4=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0FIQMKuCFoGbSwjmAdk13B3MpsMmX04MysJSyxt/BUbC0Vs/QM7/8ZJsoUmHhg495x7uXOPF3MmlWV9G7ml5ZXVtfx6YWNza3vH3N1ryCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNLid+854KyaLwRo1i6gbQC5nPCCgtdUzsl4a3jlQgytjh9G5Sl4/xg+NHAjjHw45ZtCrWFHiR2Bkpogy1jvnldCOSBDRUhIOUbduKlZuCUIxwOi44iaQxkAH0aFvTEAIq3XR6yRgfaaWL9W79QoWn6u+JFAIpR4GnOwNQfTnvTcT/vHai/HM3ZWGcKBqS2SI/4VhFeBIL7jJBieIjTYAIpv+KSR8EEKXDK+gQ7PmTF0njpGJbFfv6tFi9yOLIowN0iErIRmeoiq5QDdURQY/oGb2iN+PJeDHejY9Za87IZvbRHxifP2BGmNk=</latexit><latexit sha1_base64="9zXLI/pm7CQ3l19rFhSXPwfGpl4=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0FIQMKuCFoGbSwjmAdk13B3MpsMmX04MysJSyxt/BUbC0Vs/QM7/8ZJsoUmHhg495x7uXOPF3MmlWV9G7ml5ZXVtfx6YWNza3vH3N1ryCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNLid+854KyaLwRo1i6gbQC5nPCCgtdUzsl4a3jlQgytjh9G5Sl4/xg+NHAjjHw45ZtCrWFHiR2Bkpogy1jvnldCOSBDRUhIOUbduKlZuCUIxwOi44iaQxkAH0aFvTEAIq3XR6yRgfaaWL9W79QoWn6u+JFAIpR4GnOwNQfTnvTcT/vHai/HM3ZWGcKBqS2SI/4VhFeBIL7jJBieIjTYAIpv+KSR8EEKXDK+gQ7PmTF0njpGJbFfv6tFi9yOLIowN0iErIRmeoiq5QDdURQY/oGb2iN+PJeDHejY9Za87IZvbRHxifP2BGmNk=</latexit>

(If we could somehow check that, we are golden!)

- Local minimizer    :bx
<latexit sha1_base64="j6nbGonJnqBcXFXF64KKBlnk+LM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6LHoxWMF2wppKJvNtF262Q27E7WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0gxZTQun7iBoQXEILOQq4TzXQJBLQiUbXU7/zANpwJe9wnEKY0IHkfc4oWinoPvIYhhTzp0mvWvPq3gzuMvELUiMFmr3qVzdWLEtAIhPUmMD3UgxzqpEzAZNKNzOQUjaiAwgslTQBE+azkyfuiVVit6+0LYnuTP09kdPEmHES2c6E4tAselPxPy/IsH8Z5lymGYJk80X9TLio3On/bsw1MBRjSyjT3N7qsiHVlKFNqWJD8BdfXibts7rv1f3b81rjqoijTI7IMTklPrkgDXJDmqRFGFHkmbySNwedF+fd+Zi3lpxi5pD8gfP5A9ZakZo=</latexit><latexit sha1_base64="j6nbGonJnqBcXFXF64KKBlnk+LM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6LHoxWMF2wppKJvNtF262Q27E7WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0gxZTQun7iBoQXEILOQq4TzXQJBLQiUbXU7/zANpwJe9wnEKY0IHkfc4oWinoPvIYhhTzp0mvWvPq3gzuMvELUiMFmr3qVzdWLEtAIhPUmMD3UgxzqpEzAZNKNzOQUjaiAwgslTQBE+azkyfuiVVit6+0LYnuTP09kdPEmHES2c6E4tAselPxPy/IsH8Z5lymGYJk80X9TLio3On/bsw1MBRjSyjT3N7qsiHVlKFNqWJD8BdfXibts7rv1f3b81rjqoijTI7IMTklPrkgDXJDmqRFGFHkmbySNwedF+fd+Zi3lpxi5pD8gfP5A9ZakZo=</latexit><latexit sha1_base64="j6nbGonJnqBcXFXF64KKBlnk+LM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6LHoxWMF2wppKJvNtF262Q27E7WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0gxZTQun7iBoQXEILOQq4TzXQJBLQiUbXU7/zANpwJe9wnEKY0IHkfc4oWinoPvIYhhTzp0mvWvPq3gzuMvELUiMFmr3qVzdWLEtAIhPUmMD3UgxzqpEzAZNKNzOQUjaiAwgslTQBE+azkyfuiVVit6+0LYnuTP09kdPEmHES2c6E4tAselPxPy/IsH8Z5lymGYJk80X9TLio3On/bsw1MBRjSyjT3N7qsiHVlKFNqWJD8BdfXibts7rv1f3b81rjqoijTI7IMTklPrkgDXJDmqRFGFHkmbySNwedF+fd+Zi3lpxi5pD8gfP5A9ZakZo=</latexit><latexit sha1_base64="j6nbGonJnqBcXFXF64KKBlnk+LM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6LHoxWMF2wppKJvNtF262Q27E7WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0gxZTQun7iBoQXEILOQq4TzXQJBLQiUbXU7/zANpwJe9wnEKY0IHkfc4oWinoPvIYhhTzp0mvWvPq3gzuMvELUiMFmr3qVzdWLEtAIhPUmMD3UgxzqpEzAZNKNzOQUjaiAwgslTQBE+azkyfuiVVit6+0LYnuTP09kdPEmHES2c6E4tAselPxPy/IsH8Z5lymGYJk80X9TLio3On/bsw1MBRjSyjT3N7qsiHVlKFNqWJD8BdfXibts7rv1f3b81rjqoijTI7IMTklPrkgDXJDmqRFGFHkmbySNwedF+fd+Zi3lpxi5pD8gfP5A9ZakZo=</latexit>

f(bx)  f(x), 8x 2 Nbx
<latexit sha1_base64="EceLIN7UqNkO7C4D3an81UvpI18="></latexit><latexit sha1_base64="EceLIN7UqNkO7C4D3an81UvpI18="></latexit><latexit sha1_base64="EceLIN7UqNkO7C4D3an81UvpI18="></latexit><latexit sha1_base64="EceLIN7UqNkO7C4D3an81UvpI18="></latexit>

- What is the meaning of strict inequality vs. inequality?

- How do we recognize that a solution we have is a local (global) solution?

-    -order optimality condition: 1st
<latexit sha1_base64="REFIzVtWJ5VmXIAFLL4EEjIbtaU=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAby2a7bZduNnF3Uiwhv8OLB0W8+mO8+W/ctjlo64OBx3szzMwLYikMuu63s7K6tr6xWdgqbu/s7u2XDg4bJko043UWyUi3Amq4FIrXUaDkrVhzGgaSN4PRzdRvjrk2IlL3OIm5H9KBEn3BKFrJ9x7SDvInTA1mWbdUdivuDGSZeDkpQ45at/TV6UUsCblCJqkxbc+N0U+pRsEkz4qdxPCYshEd8Laliobc+Ons6IycWqVH+pG2pZDM1N8TKQ2NmYSB7QwpDs2iNxX/89oJ9q/8VKg4Qa7YfFE/kQQjMk2A9ITmDOXEEsq0sLcSNqSaMrQ5FW0I3uLLy6RxXvHcind3Ua5e53EU4BhO4Aw8uIQq3EIN6sDgEZ7hFd6csfPivDsf89YVJ585gj9wPn8Aa0CSgw==</latexit><latexit sha1_base64="REFIzVtWJ5VmXIAFLL4EEjIbtaU=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAby2a7bZduNnF3Uiwhv8OLB0W8+mO8+W/ctjlo64OBx3szzMwLYikMuu63s7K6tr6xWdgqbu/s7u2XDg4bJko043UWyUi3Amq4FIrXUaDkrVhzGgaSN4PRzdRvjrk2IlL3OIm5H9KBEn3BKFrJ9x7SDvInTA1mWbdUdivuDGSZeDkpQ45at/TV6UUsCblCJqkxbc+N0U+pRsEkz4qdxPCYshEd8Laliobc+Ons6IycWqVH+pG2pZDM1N8TKQ2NmYSB7QwpDs2iNxX/89oJ9q/8VKg4Qa7YfFE/kQQjMk2A9ITmDOXEEsq0sLcSNqSaMrQ5FW0I3uLLy6RxXvHcind3Ua5e53EU4BhO4Aw8uIQq3EIN6sDgEZ7hFd6csfPivDsf89YVJ585gj9wPn8Aa0CSgw==</latexit><latexit sha1_base64="REFIzVtWJ5VmXIAFLL4EEjIbtaU=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAby2a7bZduNnF3Uiwhv8OLB0W8+mO8+W/ctjlo64OBx3szzMwLYikMuu63s7K6tr6xWdgqbu/s7u2XDg4bJko043UWyUi3Amq4FIrXUaDkrVhzGgaSN4PRzdRvjrk2IlL3OIm5H9KBEn3BKFrJ9x7SDvInTA1mWbdUdivuDGSZeDkpQ45at/TV6UUsCblCJqkxbc+N0U+pRsEkz4qdxPCYshEd8Laliobc+Ons6IycWqVH+pG2pZDM1N8TKQ2NmYSB7QwpDs2iNxX/89oJ9q/8VKg4Qa7YfFE/kQQjMk2A9ITmDOXEEsq0sLcSNqSaMrQ5FW0I3uLLy6RxXvHcind3Ua5e53EU4BhO4Aw8uIQq3EIN6sDgEZ7hFd6csfPivDsf89YVJ585gj9wPn8Aa0CSgw==</latexit><latexit sha1_base64="REFIzVtWJ5VmXIAFLL4EEjIbtaU=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAby2a7bZduNnF3Uiwhv8OLB0W8+mO8+W/ctjlo64OBx3szzMwLYikMuu63s7K6tr6xWdgqbu/s7u2XDg4bJko043UWyUi3Amq4FIrXUaDkrVhzGgaSN4PRzdRvjrk2IlL3OIm5H9KBEn3BKFrJ9x7SDvInTA1mWbdUdivuDGSZeDkpQ45at/TV6UUsCblCJqkxbc+N0U+pRsEkz4qdxPCYshEd8Laliobc+Ons6IycWqVH+pG2pZDM1N8TKQ2NmYSB7QwpDs2iNxX/89oJ9q/8VKg4Qa7YfFE/kQQjMk2A9ITmDOXEEsq0sLcSNqSaMrQ5FW0I3uLLy6RxXvHcind3Ua5e53EU4BhO4Aw8uIQq3EIN6sDgEZ7hFd6csfPivDsf89YVJ585gj9wPn8Aa0CSgw==</latexit> rf(bx) = 0

<latexit sha1_base64="XefxIdJ605aMb3vpnr3yQReIbAU=">AAACAnicbVBNS8NAEN34WetX1JN4WSxCvZREBL0IRS8eK9gPaEOZbDbt0s0m7G7UEooX/4oXD4p49Vd489+4bXPQ1gcDj/dmmJnnJ5wp7Tjf1sLi0vLKamGtuL6xubVt7+w2VJxKQusk5rFs+aAoZ4LWNdOcthJJIfI5bfqDq7HfvKNSsVjc6mFCvQh6goWMgDZS197vCPA54LDcuWcB7YPOHkbH+AI7XbvkVJwJ8Dxxc1JCOWpd+6sTxCSNqNCEg1Jt10m0l4HUjHA6KnZSRRMgA+jRtqECIqq8bPLCCB8ZJcBhLE0JjSfq74kMIqWGkW86I9B9NeuNxf+8dqrDcy9jIkk1FWS6KEw51jEe54EDJinRfGgIEMnMrZj0QQLRJrWiCcGdfXmeNE4qrlNxb05L1cs8jgI6QIeojFx0hqroGtVQHRH0iJ7RK3qznqwX6936mLYuWPnMHvoD6/MHia2WNQ==</latexit><latexit sha1_base64="XefxIdJ605aMb3vpnr3yQReIbAU=">AAACAnicbVBNS8NAEN34WetX1JN4WSxCvZREBL0IRS8eK9gPaEOZbDbt0s0m7G7UEooX/4oXD4p49Vd489+4bXPQ1gcDj/dmmJnnJ5wp7Tjf1sLi0vLKamGtuL6xubVt7+w2VJxKQusk5rFs+aAoZ4LWNdOcthJJIfI5bfqDq7HfvKNSsVjc6mFCvQh6goWMgDZS197vCPA54LDcuWcB7YPOHkbH+AI7XbvkVJwJ8Dxxc1JCOWpd+6sTxCSNqNCEg1Jt10m0l4HUjHA6KnZSRRMgA+jRtqECIqq8bPLCCB8ZJcBhLE0JjSfq74kMIqWGkW86I9B9NeuNxf+8dqrDcy9jIkk1FWS6KEw51jEe54EDJinRfGgIEMnMrZj0QQLRJrWiCcGdfXmeNE4qrlNxb05L1cs8jgI6QIeojFx0hqroGtVQHRH0iJ7RK3qznqwX6936mLYuWPnMHvoD6/MHia2WNQ==</latexit><latexit sha1_base64="XefxIdJ605aMb3vpnr3yQReIbAU=">AAACAnicbVBNS8NAEN34WetX1JN4WSxCvZREBL0IRS8eK9gPaEOZbDbt0s0m7G7UEooX/4oXD4p49Vd489+4bXPQ1gcDj/dmmJnnJ5wp7Tjf1sLi0vLKamGtuL6xubVt7+w2VJxKQusk5rFs+aAoZ4LWNdOcthJJIfI5bfqDq7HfvKNSsVjc6mFCvQh6goWMgDZS197vCPA54LDcuWcB7YPOHkbH+AI7XbvkVJwJ8Dxxc1JCOWpd+6sTxCSNqNCEg1Jt10m0l4HUjHA6KnZSRRMgA+jRtqECIqq8bPLCCB8ZJcBhLE0JjSfq74kMIqWGkW86I9B9NeuNxf+8dqrDcy9jIkk1FWS6KEw51jEe54EDJinRfGgIEMnMrZj0QQLRJrWiCcGdfXmeNE4qrlNxb05L1cs8jgI6QIeojFx0hqroGtVQHRH0iJ7RK3qznqwX6936mLYuWPnMHvoD6/MHia2WNQ==</latexit><latexit sha1_base64="XefxIdJ605aMb3vpnr3yQReIbAU=">AAACAnicbVBNS8NAEN34WetX1JN4WSxCvZREBL0IRS8eK9gPaEOZbDbt0s0m7G7UEooX/4oXD4p49Vd489+4bXPQ1gcDj/dmmJnnJ5wp7Tjf1sLi0vLKamGtuL6xubVt7+w2VJxKQusk5rFs+aAoZ4LWNdOcthJJIfI5bfqDq7HfvKNSsVjc6mFCvQh6goWMgDZS197vCPA54LDcuWcB7YPOHkbH+AI7XbvkVJwJ8Dxxc1JCOWpd+6sTxCSNqNCEg1Jt10m0l4HUjHA6KnZSRRMgA+jRtqECIqq8bPLCCB8ZJcBhLE0JjSfq74kMIqWGkW86I9B9NeuNxf+8dqrDcy9jIkk1FWS6KEw51jEe54EDJinRfGgIEMnMrZj0QQLRJrWiCcGdfXmeNE4qrlNxb05L1cs8jgI6QIeojFx0hqroGtVQHRH0iJ7RK3qznqwX6936mLYuWPnMHvoD6/MHia2WNQ==</latexit>

-    -order optimality condition:                   and  2nd
<latexit sha1_base64="WAntp8Cjwgohnvq6mn1/dpe2Rqo=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSRF0GPRi8cK9gPaWDababt0s4m7k2IJ+R1ePCji1R/jzX/jts1BWx8MPN6bYWaeHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkbzHaQxeSIeSDzijaCSv9pD2EJ4wlUGW9csVp+rMYa8SNycVkqPRL3/1goglIUhkgmrddZ0YvZQq5ExAVuolGmLKxnQIXUMlDUF76fzozD4zSmAPImVKoj1Xf0+kNNR6GvqmM6Q40sveTPzP6yY4uPJSLuMEQbLFokEibIzsWQJ2wBUwFFNDKFPc3GqzEVWUocmpZEJwl19eJa1a1XWq7t1FpX6dx1EkJ+SUnBOXXJI6uSUN0iSMPJJn8krerIn1Yr1bH4vWgpXPHJM/sD5/AEzNkm8=</latexit><latexit sha1_base64="WAntp8Cjwgohnvq6mn1/dpe2Rqo=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSRF0GPRi8cK9gPaWDababt0s4m7k2IJ+R1ePCji1R/jzX/jts1BWx8MPN6bYWaeHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkbzHaQxeSIeSDzijaCSv9pD2EJ4wlUGW9csVp+rMYa8SNycVkqPRL3/1goglIUhkgmrddZ0YvZQq5ExAVuolGmLKxnQIXUMlDUF76fzozD4zSmAPImVKoj1Xf0+kNNR6GvqmM6Q40sveTPzP6yY4uPJSLuMEQbLFokEibIzsWQJ2wBUwFFNDKFPc3GqzEVWUocmpZEJwl19eJa1a1XWq7t1FpX6dx1EkJ+SUnBOXXJI6uSUN0iSMPJJn8krerIn1Yr1bH4vWgpXPHJM/sD5/AEzNkm8=</latexit><latexit sha1_base64="WAntp8Cjwgohnvq6mn1/dpe2Rqo=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSRF0GPRi8cK9gPaWDababt0s4m7k2IJ+R1ePCji1R/jzX/jts1BWx8MPN6bYWaeHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkbzHaQxeSIeSDzijaCSv9pD2EJ4wlUGW9csVp+rMYa8SNycVkqPRL3/1goglIUhkgmrddZ0YvZQq5ExAVuolGmLKxnQIXUMlDUF76fzozD4zSmAPImVKoj1Xf0+kNNR6GvqmM6Q40sveTPzP6yY4uPJSLuMEQbLFokEibIzsWQJ2wBUwFFNDKFPc3GqzEVWUocmpZEJwl19eJa1a1XWq7t1FpX6dx1EkJ+SUnBOXXJI6uSUN0iSMPJJn8krerIn1Yr1bH4vWgpXPHJM/sD5/AEzNkm8=</latexit><latexit sha1_base64="WAntp8Cjwgohnvq6mn1/dpe2Rqo=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSRF0GPRi8cK9gPaWDababt0s4m7k2IJ+R1ePCji1R/jzX/jts1BWx8MPN6bYWaeHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6ShRDJosEpHq+FSD4BKayFFAJ1ZAQ19A2x/fzPz2BJTmkbzHaQxeSIeSDzijaCSv9pD2EJ4wlUGW9csVp+rMYa8SNycVkqPRL3/1goglIUhkgmrddZ0YvZQq5ExAVuolGmLKxnQIXUMlDUF76fzozD4zSmAPImVKoj1Xf0+kNNR6GvqmM6Q40sveTPzP6yY4uPJSLuMEQbLFokEibIzsWQJ2wBUwFFNDKFPc3GqzEVWUocmpZEJwl19eJa1a1XWq7t1FpX6dx1EkJ+SUnBOXXJI6uSUN0iSMPJJn8krerIn1Yr1bH4vWgpXPHJM/sD5/AEzNkm8=</latexit> rf(bx) = 0

<latexit sha1_base64="XefxIdJ605aMb3vpnr3yQReIbAU=">AAACAnicbVBNS8NAEN34WetX1JN4WSxCvZREBL0IRS8eK9gPaEOZbDbt0s0m7G7UEooX/4oXD4p49Vd489+4bXPQ1gcDj/dmmJnnJ5wp7Tjf1sLi0vLKamGtuL6xubVt7+w2VJxKQusk5rFs+aAoZ4LWNdOcthJJIfI5bfqDq7HfvKNSsVjc6mFCvQh6goWMgDZS197vCPA54LDcuWcB7YPOHkbH+AI7XbvkVJwJ8Dxxc1JCOWpd+6sTxCSNqNCEg1Jt10m0l4HUjHA6KnZSRRMgA+jRtqECIqq8bPLCCB8ZJcBhLE0JjSfq74kMIqWGkW86I9B9NeuNxf+8dqrDcy9jIkk1FWS6KEw51jEe54EDJinRfGgIEMnMrZj0QQLRJrWiCcGdfXmeNE4qrlNxb05L1cs8jgI6QIeojFx0hqroGtVQHRH0iJ7RK3qznqwX6936mLYuWPnMHvoD6/MHia2WNQ==</latexit><latexit sha1_base64="XefxIdJ605aMb3vpnr3yQReIbAU=">AAACAnicbVBNS8NAEN34WetX1JN4WSxCvZREBL0IRS8eK9gPaEOZbDbt0s0m7G7UEooX/4oXD4p49Vd489+4bXPQ1gcDj/dmmJnnJ5wp7Tjf1sLi0vLKamGtuL6xubVt7+w2VJxKQusk5rFs+aAoZ4LWNdOcthJJIfI5bfqDq7HfvKNSsVjc6mFCvQh6goWMgDZS197vCPA54LDcuWcB7YPOHkbH+AI7XbvkVJwJ8Dxxc1JCOWpd+6sTxCSNqNCEg1Jt10m0l4HUjHA6KnZSRRMgA+jRtqECIqq8bPLCCB8ZJcBhLE0JjSfq74kMIqWGkW86I9B9NeuNxf+8dqrDcy9jIkk1FWS6KEw51jEe54EDJinRfGgIEMnMrZj0QQLRJrWiCcGdfXmeNE4qrlNxb05L1cs8jgI6QIeojFx0hqroGtVQHRH0iJ7RK3qznqwX6936mLYuWPnMHvoD6/MHia2WNQ==</latexit><latexit sha1_base64="XefxIdJ605aMb3vpnr3yQReIbAU=">AAACAnicbVBNS8NAEN34WetX1JN4WSxCvZREBL0IRS8eK9gPaEOZbDbt0s0m7G7UEooX/4oXD4p49Vd489+4bXPQ1gcDj/dmmJnnJ5wp7Tjf1sLi0vLKamGtuL6xubVt7+w2VJxKQusk5rFs+aAoZ4LWNdOcthJJIfI5bfqDq7HfvKNSsVjc6mFCvQh6goWMgDZS197vCPA54LDcuWcB7YPOHkbH+AI7XbvkVJwJ8Dxxc1JCOWpd+6sTxCSNqNCEg1Jt10m0l4HUjHA6KnZSRRMgA+jRtqECIqq8bPLCCB8ZJcBhLE0JjSfq74kMIqWGkW86I9B9NeuNxf+8dqrDcy9jIkk1FWS6KEw51jEe54EDJinRfGgIEMnMrZj0QQLRJrWiCcGdfXmeNE4qrlNxb05L1cs8jgI6QIeojFx0hqroGtVQHRH0iJ7RK3qznqwX6936mLYuWPnMHvoD6/MHia2WNQ==</latexit><latexit sha1_base64="XefxIdJ605aMb3vpnr3yQReIbAU=">AAACAnicbVBNS8NAEN34WetX1JN4WSxCvZREBL0IRS8eK9gPaEOZbDbt0s0m7G7UEooX/4oXD4p49Vd489+4bXPQ1gcDj/dmmJnnJ5wp7Tjf1sLi0vLKamGtuL6xubVt7+w2VJxKQusk5rFs+aAoZ4LWNdOcthJJIfI5bfqDq7HfvKNSsVjc6mFCvQh6goWMgDZS197vCPA54LDcuWcB7YPOHkbH+AI7XbvkVJwJ8Dxxc1JCOWpd+6sTxCSNqNCEg1Jt10m0l4HUjHA6KnZSRRMgA+jRtqECIqq8bPLCCB8ZJcBhLE0JjSfq74kMIqWGkW86I9B9NeuNxf+8dqrDcy9jIkk1FWS6KEw51jEe54EDJinRfGgIEMnMrZj0QQLRJrWiCcGdfXmeNE4qrlNxb05L1cs8jgI6QIeojFx0hqroGtVQHRH0iJ7RK3qznqwX6936mLYuWPnMHvoD6/MHia2WNQ==</latexit>

r2f(bx) ⌫ 0
<latexit sha1_base64="N8OZqIsPRW3KrTRdDlDKK+vtXtk=">AAACCnicbVC7TsNAEDzzDOFloKQ5iJCgiewICcoIGsogkYAUh2h9XpMT57O5OwORlZqGX6GhACFavoCOv+ESUvAaaaXRzK52d8JMcG0878OZmJyanpktzZXnFxaXlt2V1ZZOc8WwyVKRqrMQNAousWm4EXiWKYQkFHgaXh4O/dNrVJqn8sT0M+wkcCF5zBkYK3XdjUBCKOC8RuPt4IZH2ANT3A52aKBzxvCKel234lW9Eehf4o9JhYzR6LrvQZSyPEFpmACt276XmU4BynAmcFAOco0ZsEu4wLalEhLUnWL0yoBuWSWicapsSUNH6veJAhKt+0loOxMwPf3bG4r/ee3cxPudgsssNyjZ16I4F9SkdJgLjbhCZkTfEmCK21sp64ECZmx6ZRuC//vlv6RVq/pe1T/erdQPxnGUyDrZJNvEJ3ukTo5IgzQJI3fkgTyRZ+feeXRenNev1glnPLNGfsB5+wTeLJm4</latexit><latexit sha1_base64="N8OZqIsPRW3KrTRdDlDKK+vtXtk=">AAACCnicbVC7TsNAEDzzDOFloKQ5iJCgiewICcoIGsogkYAUh2h9XpMT57O5OwORlZqGX6GhACFavoCOv+ESUvAaaaXRzK52d8JMcG0878OZmJyanpktzZXnFxaXlt2V1ZZOc8WwyVKRqrMQNAousWm4EXiWKYQkFHgaXh4O/dNrVJqn8sT0M+wkcCF5zBkYK3XdjUBCKOC8RuPt4IZH2ANT3A52aKBzxvCKel234lW9Eehf4o9JhYzR6LrvQZSyPEFpmACt276XmU4BynAmcFAOco0ZsEu4wLalEhLUnWL0yoBuWSWicapsSUNH6veJAhKt+0loOxMwPf3bG4r/ee3cxPudgsssNyjZ16I4F9SkdJgLjbhCZkTfEmCK21sp64ECZmx6ZRuC//vlv6RVq/pe1T/erdQPxnGUyDrZJNvEJ3ukTo5IgzQJI3fkgTyRZ+feeXRenNev1glnPLNGfsB5+wTeLJm4</latexit><latexit sha1_base64="N8OZqIsPRW3KrTRdDlDKK+vtXtk=">AAACCnicbVC7TsNAEDzzDOFloKQ5iJCgiewICcoIGsogkYAUh2h9XpMT57O5OwORlZqGX6GhACFavoCOv+ESUvAaaaXRzK52d8JMcG0878OZmJyanpktzZXnFxaXlt2V1ZZOc8WwyVKRqrMQNAousWm4EXiWKYQkFHgaXh4O/dNrVJqn8sT0M+wkcCF5zBkYK3XdjUBCKOC8RuPt4IZH2ANT3A52aKBzxvCKel234lW9Eehf4o9JhYzR6LrvQZSyPEFpmACt276XmU4BynAmcFAOco0ZsEu4wLalEhLUnWL0yoBuWSWicapsSUNH6veJAhKt+0loOxMwPf3bG4r/ee3cxPudgsssNyjZ16I4F9SkdJgLjbhCZkTfEmCK21sp64ECZmx6ZRuC//vlv6RVq/pe1T/erdQPxnGUyDrZJNvEJ3ukTo5IgzQJI3fkgTyRZ+feeXRenNev1glnPLNGfsB5+wTeLJm4</latexit><latexit sha1_base64="N8OZqIsPRW3KrTRdDlDKK+vtXtk=">AAACCnicbVC7TsNAEDzzDOFloKQ5iJCgiewICcoIGsogkYAUh2h9XpMT57O5OwORlZqGX6GhACFavoCOv+ESUvAaaaXRzK52d8JMcG0878OZmJyanpktzZXnFxaXlt2V1ZZOc8WwyVKRqrMQNAousWm4EXiWKYQkFHgaXh4O/dNrVJqn8sT0M+wkcCF5zBkYK3XdjUBCKOC8RuPt4IZH2ANT3A52aKBzxvCKel234lW9Eehf4o9JhYzR6LrvQZSyPEFpmACt276XmU4BynAmcFAOco0ZsEu4wLalEhLUnWL0yoBuWSWicapsSUNH6veJAhKt+0loOxMwPf3bG4r/ee3cxPudgsssNyjZ16I4F9SkdJgLjbhCZkTfEmCK21sp64ECZmx6ZRuC//vlv6RVq/pe1T/erdQPxnGUyDrZJNvEJ3ukTo5IgzQJI3fkgTyRZ+feeXRenNev1glnPLNGfsB5+wTeLJm4</latexit>
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Gradient descent



Gradient as local information (short story)



Gradient as local information (short story)

xt+1 = xt � ⌘rf(xt)

<latexit sha1_base64="KIC+F3A+7vQwLs3mw05Jk6SEoCk=">AAACC3icbVDJSgNBEO1xjXGLevTSJAiKGGZE0YsQ9OIxglkgCUNNpydp7OkZumvEMOTuxV/x4kERr/6AN//GznJwe1DweK+KqnpBIoVB1/10Zmbn5hcWc0v55ZXVtfXCxmbdxKlmvMZiGetmAIZLoXgNBUreTDSHKJC8EdxcjPzGLddGxOoaBwnvRNBTIhQM0Ep+oXjnZ7jvDekZvfORHtA2R6BtBYEEGu5abc8vlNyyOwb9S7wpKZEpqn7ho92NWRpxhUyCMS3PTbCTgUbBJB/m26nhCbAb6PGWpQoibjrZ+Jch3bFKl4axtqWQjtXvExlExgyiwHZGgH3z2xuJ/3mtFMPTTiZUkiJXbLIoTCXFmI6CoV2hOUM5sASYFvZWyvqggaGNL29D8H6//JfUD8veUfn46qhUOZ/GkSPbpEh2iUdOSIVckiqpEUbuySN5Ji/Og/PkvDpvk9YZZzqzRX7Aef8C30WZDQ==</latexit>



Gradient as local information

Problem to solve: min
x2Rp

f(x)

<latexit sha1_base64="BbQ98CeHM9h4cJoMNl9RWtyybOo=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyWRii6LblxWsQ9oYphMJ+3QySTMTKQlZOfGX3HjQhG3/oI7/8ZJ24W2HrhwOOde7r3HjxmVyrK+jcLS8srqWnG9tLG5tb1j7u61ZJQITJo4YpHo+EgSRjlpKqoY6cSCoNBnpO0Pr3K//UCEpBG/U+OYuCHqcxpQjJSWPPPQCSn30hF0KIdOiNTA99Pb7D7OYFAZnXhm2apaE8BFYs9IGczQ8MwvpxfhJCRcYYak7NpWrNwUCUUxI1nJSSSJER6iPulqylFIpJtO/sjgsVZ6MIiELq7gRP09kaJQynHo6878Ujnv5eJ/XjdRwYWbUh4ninA8XRQkDKoI5qHAHhUEKzbWBGFB9a0QD5BAWOnoSjoEe/7lRdI6rdq16tlNrVy/nMVRBAfgCFSADc5BHVyDBmgCDB7BM3gFb8aT8WK8Gx/T1oIxm9kHf2B8/gBNY5jy</latexit>

(long story)



Gradient as local information

Problem to solve: min
x2Rp

f(x)

<latexit sha1_base64="BbQ98CeHM9h4cJoMNl9RWtyybOo=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyWRii6LblxWsQ9oYphMJ+3QySTMTKQlZOfGX3HjQhG3/oI7/8ZJ24W2HrhwOOde7r3HjxmVyrK+jcLS8srqWnG9tLG5tb1j7u61ZJQITJo4YpHo+EgSRjlpKqoY6cSCoNBnpO0Pr3K//UCEpBG/U+OYuCHqcxpQjJSWPPPQCSn30hF0KIdOiNTA99Pb7D7OYFAZnXhm2apaE8BFYs9IGczQ8MwvpxfhJCRcYYak7NpWrNwUCUUxI1nJSSSJER6iPulqylFIpJtO/sjgsVZ6MIiELq7gRP09kaJQynHo6878Ujnv5eJ/XjdRwYWbUh4ninA8XRQkDKoI5qHAHhUEKzbWBGFB9a0QD5BAWOnoSjoEe/7lRdI6rdq16tlNrVy/nMVRBAfgCFSADc5BHVyDBmgCDB7BM3gFb8aT8WK8Gx/T1oIxm9kHf2B8/gBNY5jy</latexit>

Assume    is differentiable, a first order Taylor expansion around    :f

<latexit sha1_base64="JIPSKlqv1b4lmIl5tAGpYQSiSfw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1atXLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzYmM8g==</latexit>

x

<latexit sha1_base64="E+xWb622b2P97o+CO1oWwc/7ors=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOjRjQQ=</latexit>

f(x+ �) = f(x) + hrf(x), �i+ o (k�k)

<latexit sha1_base64="7ADF/qmgboMrs0V2sTi4VzQAv7Y="></latexit>

(long story)



Gradient as local information

Problem to solve: min
x2Rp

f(x)

<latexit sha1_base64="BbQ98CeHM9h4cJoMNl9RWtyybOo=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyWRii6LblxWsQ9oYphMJ+3QySTMTKQlZOfGX3HjQhG3/oI7/8ZJ24W2HrhwOOde7r3HjxmVyrK+jcLS8srqWnG9tLG5tb1j7u61ZJQITJo4YpHo+EgSRjlpKqoY6cSCoNBnpO0Pr3K//UCEpBG/U+OYuCHqcxpQjJSWPPPQCSn30hF0KIdOiNTA99Pb7D7OYFAZnXhm2apaE8BFYs9IGczQ8MwvpxfhJCRcYYak7NpWrNwUCUUxI1nJSSSJER6iPulqylFIpJtO/sjgsVZ6MIiELq7gRP09kaJQynHo6878Ujnv5eJ/XjdRwYWbUh4ninA8XRQkDKoI5qHAHhUEKzbWBGFB9a0QD5BAWOnoSjoEe/7lRdI6rdq16tlNrVy/nMVRBAfgCFSADc5BHVyDBmgCDB7BM3gFb8aT8WK8Gx/T1oIxm9kHf2B8/gBNY5jy</latexit>

Assume    is differentiable, a first order Taylor expansion around    :f

<latexit sha1_base64="JIPSKlqv1b4lmIl5tAGpYQSiSfw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1atXLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzYmM8g==</latexit>

x

<latexit sha1_base64="E+xWb622b2P97o+CO1oWwc/7ors=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOjRjQQ=</latexit>

f(x+ �) = f(x) + hrf(x), �i+ o (k�k)

<latexit sha1_base64="7ADF/qmgboMrs0V2sTi4VzQAv7Y="></latexit>

Minimizing    locally, the steepest descent direction is    such that:f

<latexit sha1_base64="JIPSKlqv1b4lmIl5tAGpYQSiSfw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1atXLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzYmM8g==</latexit>

h�,rf(x)i

<latexit sha1_base64="wrXOFsrYeHDS+GjTaCQ4XxYS6tY=">AAACGXicbVDLSgNBEJz1bXxFPXoZDIKChF2J6DHoxaOCMUI2hN5JbzI4O7vM9Ioh5De8+CtePCjiUU/+jZOYg0YLBoqqanq6okxJS77/6U1Nz8zOzS8sFpaWV1bXiusbVzbNjcCaSFVqriOwqKTGGklSeJ0ZhCRSWI9uTod+/RaNlam+pF6GzQQ6WsZSADmpVfRDhTHxUIHuKORhGxXBPg81RAp4vHu3x0MjO10XMaNIq1jyy/4I/C8JxqTExjhvFd/DdiryBDUJBdY2Aj+jZh8MSaFwUAhzixmIG+hgw1ENCdpmf3TZgO84pc3j1LiniY/UnxN9SKztJZFLJkBdO+kNxf+8Rk7xcbMvdZYTavG9KM4Vp5QPa+JtaVCQ6jkCwkj3Vy66YECQK7PgSggmT/5Lrg7KQaV8eFEpVU/GdSywLbbNdlnAjliVnbFzVmOC3bNH9sxevAfvyXv13r6jU954ZpP9gvfxBdLXn5M=</latexit>

�

<latexit sha1_base64="+VKucry2xu1d47EVc67mAsjeu4o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9SImkPTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16qX97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AJQkjyQ=</latexit>

(long story)



Gradient as local information

Problem to solve: min
x2Rp

f(x)

<latexit sha1_base64="BbQ98CeHM9h4cJoMNl9RWtyybOo=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyWRii6LblxWsQ9oYphMJ+3QySTMTKQlZOfGX3HjQhG3/oI7/8ZJ24W2HrhwOOde7r3HjxmVyrK+jcLS8srqWnG9tLG5tb1j7u61ZJQITJo4YpHo+EgSRjlpKqoY6cSCoNBnpO0Pr3K//UCEpBG/U+OYuCHqcxpQjJSWPPPQCSn30hF0KIdOiNTA99Pb7D7OYFAZnXhm2apaE8BFYs9IGczQ8MwvpxfhJCRcYYak7NpWrNwUCUUxI1nJSSSJER6iPulqylFIpJtO/sjgsVZ6MIiELq7gRP09kaJQynHo6878Ujnv5eJ/XjdRwYWbUh4ninA8XRQkDKoI5qHAHhUEKzbWBGFB9a0QD5BAWOnoSjoEe/7lRdI6rdq16tlNrVy/nMVRBAfgCFSADc5BHVyDBmgCDB7BM3gFb8aT8WK8Gx/T1oIxm9kHf2B8/gBNY5jy</latexit>

Assume    is differentiable, a first order Taylor expansion around    :f

<latexit sha1_base64="JIPSKlqv1b4lmIl5tAGpYQSiSfw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1atXLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzYmM8g==</latexit>

x

<latexit sha1_base64="E+xWb622b2P97o+CO1oWwc/7ors=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOjRjQQ=</latexit>

f(x+ �) = f(x) + hrf(x), �i+ o (k�k)

<latexit sha1_base64="7ADF/qmgboMrs0V2sTi4VzQAv7Y="></latexit>

Minimizing    locally, the steepest descent direction is    such that:f

<latexit sha1_base64="JIPSKlqv1b4lmIl5tAGpYQSiSfw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1atXLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzYmM8g==</latexit>

h�,rf(x)i

<latexit sha1_base64="wrXOFsrYeHDS+GjTaCQ4XxYS6tY=">AAACGXicbVDLSgNBEJz1bXxFPXoZDIKChF2J6DHoxaOCMUI2hN5JbzI4O7vM9Ioh5De8+CtePCjiUU/+jZOYg0YLBoqqanq6okxJS77/6U1Nz8zOzS8sFpaWV1bXiusbVzbNjcCaSFVqriOwqKTGGklSeJ0ZhCRSWI9uTod+/RaNlam+pF6GzQQ6WsZSADmpVfRDhTHxUIHuKORhGxXBPg81RAp4vHu3x0MjO10XMaNIq1jyy/4I/C8JxqTExjhvFd/DdiryBDUJBdY2Aj+jZh8MSaFwUAhzixmIG+hgw1ENCdpmf3TZgO84pc3j1LiniY/UnxN9SKztJZFLJkBdO+kNxf+8Rk7xcbMvdZYTavG9KM4Vp5QPa+JtaVCQ6jkCwkj3Vy66YECQK7PgSggmT/5Lrg7KQaV8eFEpVU/GdSywLbbNdlnAjliVnbFzVmOC3bNH9sxevAfvyXv13r6jU954ZpP9gvfxBdLXn5M=</latexit>

�

<latexit sha1_base64="+VKucry2xu1d47EVc67mAsjeu4o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9SImkPTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16qX97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AJQkjyQ=</latexit>

Focusing on the direction to move to, and assuming Euclidean space, we get:

� = � rf(x)
krf(x)k2

<latexit sha1_base64="lBJQbOkpeRKFAH5rLEdx0YnvUuM=">AAACGnicbVA9SwNBEN2LXzF+RS1tFoOgheEuRLQRgjaWEUwUciHMbfZ0yd7esTsnhkt+h41/xcZCETux8d+4iSnix4OBt+/NsDMvSKQw6LqfTm5mdm5+Ib9YWFpeWV0rrm80TZxqxhsslrG+CsBwKRRvoEDJrxLNIQokvwx6pyP/8pZrI2J1gf2EtyO4ViIUDNBKnaLnd7lEoMd0n/oYamCZryCQQMPdu71h5g+mnv6gUxl2iiW37I5B/xJvQkpkgnqn+O53Y5ZGXCGTYEzLcxNsZ6BRMMmHBT81PAHWg2veslRBxE07G582pDtW6dIw1rYU0rE6PZFBZEw/CmxnBHhjfnsj8T+vlWJ41M6ESlLkin1/FKaSYkxHOdGu0Jyh7FsCTAu7K2U3YPNBm2bBhuD9PvkvaVbKXrV8cF4t1U4mceTJFtkmu8Qjh6RGzkidNAgj9+SRPJMX58F5cl6dt+/WnDOZ2SQ/4Hx8AS2yn7w=</latexit>

(normalized direction)

(long story)



Gradient as local information

Problem to solve: min
x2Rp

f(x)

<latexit sha1_base64="BbQ98CeHM9h4cJoMNl9RWtyybOo=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyWRii6LblxWsQ9oYphMJ+3QySTMTKQlZOfGX3HjQhG3/oI7/8ZJ24W2HrhwOOde7r3HjxmVyrK+jcLS8srqWnG9tLG5tb1j7u61ZJQITJo4YpHo+EgSRjlpKqoY6cSCoNBnpO0Pr3K//UCEpBG/U+OYuCHqcxpQjJSWPPPQCSn30hF0KIdOiNTA99Pb7D7OYFAZnXhm2apaE8BFYs9IGczQ8MwvpxfhJCRcYYak7NpWrNwUCUUxI1nJSSSJER6iPulqylFIpJtO/sjgsVZ6MIiELq7gRP09kaJQynHo6878Ujnv5eJ/XjdRwYWbUh4ninA8XRQkDKoI5qHAHhUEKzbWBGFB9a0QD5BAWOnoSjoEe/7lRdI6rdq16tlNrVy/nMVRBAfgCFSADc5BHVyDBmgCDB7BM3gFb8aT8WK8Gx/T1oIxm9kHf2B8/gBNY5jy</latexit>

Assume    is differentiable, a first order Taylor expansion around    :f

<latexit sha1_base64="JIPSKlqv1b4lmIl5tAGpYQSiSfw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1atXLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzYmM8g==</latexit>

x

<latexit sha1_base64="E+xWb622b2P97o+CO1oWwc/7ors=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOjRjQQ=</latexit>

f(x+ �) = f(x) + hrf(x), �i+ o (k�k)

<latexit sha1_base64="7ADF/qmgboMrs0V2sTi4VzQAv7Y="></latexit>

Minimizing    locally, the steepest descent direction is    such that:f

<latexit sha1_base64="JIPSKlqv1b4lmIl5tAGpYQSiSfw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1atXLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzYmM8g==</latexit>

h�,rf(x)i

<latexit sha1_base64="wrXOFsrYeHDS+GjTaCQ4XxYS6tY=">AAACGXicbVDLSgNBEJz1bXxFPXoZDIKChF2J6DHoxaOCMUI2hN5JbzI4O7vM9Ioh5De8+CtePCjiUU/+jZOYg0YLBoqqanq6okxJS77/6U1Nz8zOzS8sFpaWV1bXiusbVzbNjcCaSFVqriOwqKTGGklSeJ0ZhCRSWI9uTod+/RaNlam+pF6GzQQ6WsZSADmpVfRDhTHxUIHuKORhGxXBPg81RAp4vHu3x0MjO10XMaNIq1jyy/4I/C8JxqTExjhvFd/DdiryBDUJBdY2Aj+jZh8MSaFwUAhzixmIG+hgw1ENCdpmf3TZgO84pc3j1LiniY/UnxN9SKztJZFLJkBdO+kNxf+8Rk7xcbMvdZYTavG9KM4Vp5QPa+JtaVCQ6jkCwkj3Vy66YECQK7PgSggmT/5Lrg7KQaV8eFEpVU/GdSywLbbNdlnAjliVnbFzVmOC3bNH9sxevAfvyXv13r6jU954ZpP9gvfxBdLXn5M=</latexit>

�

<latexit sha1_base64="+VKucry2xu1d47EVc67mAsjeu4o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9SImkPTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16qX97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AJQkjyQ=</latexit>

Focusing on the direction to move to, and assuming Euclidean space, we get:

� = � rf(x)
krf(x)k2

<latexit sha1_base64="lBJQbOkpeRKFAH5rLEdx0YnvUuM=">AAACGnicbVA9SwNBEN2LXzF+RS1tFoOgheEuRLQRgjaWEUwUciHMbfZ0yd7esTsnhkt+h41/xcZCETux8d+4iSnix4OBt+/NsDMvSKQw6LqfTm5mdm5+Ib9YWFpeWV0rrm80TZxqxhsslrG+CsBwKRRvoEDJrxLNIQokvwx6pyP/8pZrI2J1gf2EtyO4ViIUDNBKnaLnd7lEoMd0n/oYamCZryCQQMPdu71h5g+mnv6gUxl2iiW37I5B/xJvQkpkgnqn+O53Y5ZGXCGTYEzLcxNsZ6BRMMmHBT81PAHWg2veslRBxE07G582pDtW6dIw1rYU0rE6PZFBZEw/CmxnBHhjfnsj8T+vlWJ41M6ESlLkin1/FKaSYkxHOdGu0Jyh7FsCTAu7K2U3YPNBm2bBhuD9PvkvaVbKXrV8cF4t1U4mceTJFtkmu8Qjh6RGzkidNAgj9+SRPJMX58F5cl6dt+/WnDOZ2SQ/4Hx8AS2yn7w=</latexit>

(normalized direction)

Gradient descent: xt+1 = xt + �t = xt � ⌘rf(xt)

<latexit sha1_base64="zDWOZf9Ct7cl9FG8mSpTZjCjbb8=">AAACHHicbZBNSyNBEIZ7/FqNX1GPXhqDoIhhxlX0IoTdi8cIRoVMGGo6NdrY0zN014hhyA/x4l/Zyx5WFi8eBP+NnY+DXy80vDxVRXW9ca6kJd9/9SYmp6ZnfszOVeYXFpeWqyur5zYrjMCWyFRmLmOwqKTGFklSeJkbhDRWeBHf/B7UL27RWJnpM+rl2EnhSstECiCHourPu6iknaDPj/ldRHyHh11UBM6OwC4PkYCHGmIFPNlybDuq1vy6PxT/aoKxqbGxmlH1OexmokhRk1BgbTvwc+qUYEgKhf1KWFjMQdzAFbad1ZCi7ZTD4/p805EuTzLjniY+pO8nSkit7aWx60yBru3n2gB+V2sXlBx1SqnzglCL0aKkUJwyPkiKd6VBQarnDAgj3V+5uAYDglyeFRdC8Pnkr+Z8rx7s1w9O92uNX+M4Ztk622BbLGCHrMFOWJO1mGD37A/7xx69B++v9997GrVOeOOZNfZB3ssbduGfIw==</latexit>

(long story)



Gradient as local information

Problem to solve: min
x2Rp

f(x)

<latexit sha1_base64="BbQ98CeHM9h4cJoMNl9RWtyybOo=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyWRii6LblxWsQ9oYphMJ+3QySTMTKQlZOfGX3HjQhG3/oI7/8ZJ24W2HrhwOOde7r3HjxmVyrK+jcLS8srqWnG9tLG5tb1j7u61ZJQITJo4YpHo+EgSRjlpKqoY6cSCoNBnpO0Pr3K//UCEpBG/U+OYuCHqcxpQjJSWPPPQCSn30hF0KIdOiNTA99Pb7D7OYFAZnXhm2apaE8BFYs9IGczQ8MwvpxfhJCRcYYak7NpWrNwUCUUxI1nJSSSJER6iPulqylFIpJtO/sjgsVZ6MIiELq7gRP09kaJQynHo6878Ujnv5eJ/XjdRwYWbUh4ninA8XRQkDKoI5qHAHhUEKzbWBGFB9a0QD5BAWOnoSjoEe/7lRdI6rdq16tlNrVy/nMVRBAfgCFSADc5BHVyDBmgCDB7BM3gFb8aT8WK8Gx/T1oIxm9kHf2B8/gBNY5jy</latexit>

Assume    is differentiable, a first order Taylor expansion around    :f

<latexit sha1_base64="JIPSKlqv1b4lmIl5tAGpYQSiSfw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1atXLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzYmM8g==</latexit>

x

<latexit sha1_base64="E+xWb622b2P97o+CO1oWwc/7ors=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOjRjQQ=</latexit>

f(x+ �) = f(x) + hrf(x), �i+ o (k�k)

<latexit sha1_base64="7ADF/qmgboMrs0V2sTi4VzQAv7Y="></latexit>

Minimizing    locally, the steepest descent direction is    such that:f

<latexit sha1_base64="JIPSKlqv1b4lmIl5tAGpYQSiSfw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1atXLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzYmM8g==</latexit>

h�,rf(x)i

<latexit sha1_base64="wrXOFsrYeHDS+GjTaCQ4XxYS6tY=">AAACGXicbVDLSgNBEJz1bXxFPXoZDIKChF2J6DHoxaOCMUI2hN5JbzI4O7vM9Ioh5De8+CtePCjiUU/+jZOYg0YLBoqqanq6okxJS77/6U1Nz8zOzS8sFpaWV1bXiusbVzbNjcCaSFVqriOwqKTGGklSeJ0ZhCRSWI9uTod+/RaNlam+pF6GzQQ6WsZSADmpVfRDhTHxUIHuKORhGxXBPg81RAp4vHu3x0MjO10XMaNIq1jyy/4I/C8JxqTExjhvFd/DdiryBDUJBdY2Aj+jZh8MSaFwUAhzixmIG+hgw1ENCdpmf3TZgO84pc3j1LiniY/UnxN9SKztJZFLJkBdO+kNxf+8Rk7xcbMvdZYTavG9KM4Vp5QPa+JtaVCQ6jkCwkj3Vy66YECQK7PgSggmT/5Lrg7KQaV8eFEpVU/GdSywLbbNdlnAjliVnbFzVmOC3bNH9sxevAfvyXv13r6jU954ZpP9gvfxBdLXn5M=</latexit>

�

<latexit sha1_base64="+VKucry2xu1d47EVc67mAsjeu4o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9SImkPTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16qX97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AJQkjyQ=</latexit>

Focusing on the direction to move to, and assuming Euclidean space, we get:

� = � rf(x)
krf(x)k2

<latexit sha1_base64="lBJQbOkpeRKFAH5rLEdx0YnvUuM=">AAACGnicbVA9SwNBEN2LXzF+RS1tFoOgheEuRLQRgjaWEUwUciHMbfZ0yd7esTsnhkt+h41/xcZCETux8d+4iSnix4OBt+/NsDMvSKQw6LqfTm5mdm5+Ib9YWFpeWV0rrm80TZxqxhsslrG+CsBwKRRvoEDJrxLNIQokvwx6pyP/8pZrI2J1gf2EtyO4ViIUDNBKnaLnd7lEoMd0n/oYamCZryCQQMPdu71h5g+mnv6gUxl2iiW37I5B/xJvQkpkgnqn+O53Y5ZGXCGTYEzLcxNsZ6BRMMmHBT81PAHWg2veslRBxE07G582pDtW6dIw1rYU0rE6PZFBZEw/CmxnBHhjfnsj8T+vlWJ41M6ESlLkin1/FKaSYkxHOdGu0Jyh7FsCTAu7K2U3YPNBm2bBhuD9PvkvaVbKXrV8cF4t1U4mceTJFtkmu8Qjh6RGzkidNAgj9+SRPJMX58F5cl6dt+/WnDOZ2SQ/4Hx8AS2yn7w=</latexit>

(normalized direction)

Gradient descent: xt+1 = xt + �t = xt � ⌘rf(xt)

<latexit sha1_base64="zDWOZf9Ct7cl9FG8mSpTZjCjbb8=">AAACHHicbZBNSyNBEIZ7/FqNX1GPXhqDoIhhxlX0IoTdi8cIRoVMGGo6NdrY0zN014hhyA/x4l/Zyx5WFi8eBP+NnY+DXy80vDxVRXW9ca6kJd9/9SYmp6ZnfszOVeYXFpeWqyur5zYrjMCWyFRmLmOwqKTGFklSeJkbhDRWeBHf/B7UL27RWJnpM+rl2EnhSstECiCHourPu6iknaDPj/ldRHyHh11UBM6OwC4PkYCHGmIFPNlybDuq1vy6PxT/aoKxqbGxmlH1OexmokhRk1BgbTvwc+qUYEgKhf1KWFjMQdzAFbad1ZCi7ZTD4/p805EuTzLjniY+pO8nSkit7aWx60yBru3n2gB+V2sXlBx1SqnzglCL0aKkUJwyPkiKd6VBQarnDAgj3V+5uAYDglyeFRdC8Pnkr+Z8rx7s1w9O92uNX+M4Ztk622BbLGCHrMFOWJO1mGD37A/7xx69B++v9997GrVOeOOZNfZB3ssbduGfIw==</latexit>

(long story)



First convergence result

Whiteboard



Convergence rates 101 (Source: Wikipedia)

O(log 1/")
<latexit sha1_base64="TBEp0GhGrxN9ECjxf1iv7qHHM4I=">AAAB/nicbVBNSwMxEM3Wr1q/VsWTl2AR6qXuiqDHohdvVrAf0C0lm07b0GyyJNlCWQr+FS8eFPHq7/DmvzFt96CtDwYe780wMy+MOdPG876d3Mrq2vpGfrOwtb2zu+fuH9S1TBSFGpVcqmZINHAmoGaY4dCMFZAo5NAIh7dTvzECpZkUj2YcQzsifcF6jBJjpY57dF8KuOxj/zwYEQWxZlyKs45b9MreDHiZ+BkpogzVjvsVdCVNIhCGcqJ1y/di006JMoxymBSCRENM6JD0oWWpIBHodjo7f4JPrdLFPalsCYNn6u+JlERaj6PQdkbEDPSiNxX/81qJ6V23UybixICg80W9hGMj8TQL3GUKqOFjSwhVzN6K6YAoQo1NrGBD8BdfXib1i7Lvlf2Hy2LlJosjj47RCSohH12hCrpDVVRDFKXoGb2iN+fJeXHenY95a87JZg7RHzifP/trlNo=</latexit><latexit sha1_base64="TBEp0GhGrxN9ECjxf1iv7qHHM4I=">AAAB/nicbVBNSwMxEM3Wr1q/VsWTl2AR6qXuiqDHohdvVrAf0C0lm07b0GyyJNlCWQr+FS8eFPHq7/DmvzFt96CtDwYe780wMy+MOdPG876d3Mrq2vpGfrOwtb2zu+fuH9S1TBSFGpVcqmZINHAmoGaY4dCMFZAo5NAIh7dTvzECpZkUj2YcQzsifcF6jBJjpY57dF8KuOxj/zwYEQWxZlyKs45b9MreDHiZ+BkpogzVjvsVdCVNIhCGcqJ1y/di006JMoxymBSCRENM6JD0oWWpIBHodjo7f4JPrdLFPalsCYNn6u+JlERaj6PQdkbEDPSiNxX/81qJ6V23UybixICg80W9hGMj8TQL3GUKqOFjSwhVzN6K6YAoQo1NrGBD8BdfXib1i7Lvlf2Hy2LlJosjj47RCSohH12hCrpDVVRDFKXoGb2iN+fJeXHenY95a87JZg7RHzifP/trlNo=</latexit><latexit sha1_base64="TBEp0GhGrxN9ECjxf1iv7qHHM4I=">AAAB/nicbVBNSwMxEM3Wr1q/VsWTl2AR6qXuiqDHohdvVrAf0C0lm07b0GyyJNlCWQr+FS8eFPHq7/DmvzFt96CtDwYe780wMy+MOdPG876d3Mrq2vpGfrOwtb2zu+fuH9S1TBSFGpVcqmZINHAmoGaY4dCMFZAo5NAIh7dTvzECpZkUj2YcQzsifcF6jBJjpY57dF8KuOxj/zwYEQWxZlyKs45b9MreDHiZ+BkpogzVjvsVdCVNIhCGcqJ1y/di006JMoxymBSCRENM6JD0oWWpIBHodjo7f4JPrdLFPalsCYNn6u+JlERaj6PQdkbEDPSiNxX/81qJ6V23UybixICg80W9hGMj8TQL3GUKqOFjSwhVzN6K6YAoQo1NrGBD8BdfXib1i7Lvlf2Hy2LlJosjj47RCSohH12hCrpDVVRDFKXoGb2iN+fJeXHenY95a87JZg7RHzifP/trlNo=</latexit><latexit sha1_base64="TBEp0GhGrxN9ECjxf1iv7qHHM4I=">AAAB/nicbVBNSwMxEM3Wr1q/VsWTl2AR6qXuiqDHohdvVrAf0C0lm07b0GyyJNlCWQr+FS8eFPHq7/DmvzFt96CtDwYe780wMy+MOdPG876d3Mrq2vpGfrOwtb2zu+fuH9S1TBSFGpVcqmZINHAmoGaY4dCMFZAo5NAIh7dTvzECpZkUj2YcQzsifcF6jBJjpY57dF8KuOxj/zwYEQWxZlyKs45b9MreDHiZ+BkpogzVjvsVdCVNIhCGcqJ1y/di006JMoxymBSCRENM6JD0oWWpIBHodjo7f4JPrdLFPalsCYNn6u+JlERaj6PQdkbEDPSiNxX/81qJ6V23UybixICg80W9hGMj8TQL3GUKqOFjSwhVzN6K6YAoQo1NrGBD8BdfXib1i7Lvlf2Hy2LlJosjj47RCSohH12hCrpDVVRDFKXoGb2iN+fJeXHenY95a87JZg7RHzifP/trlNo=</latexit>

qk, q 2 (0, 1)
<latexit sha1_base64="RhWl/rUOhfSRwLlkcyUoogGd2lc=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0WoUEoigh6LXjxWsB/QxrLZbtqlm026uxFLqD/FiwdFvPpHvPlv3LY5aOuDgcd7M8zM82POlHacb2tldW19YzO3ld/e2d3btw8KDRUlktA6iXgkWz5WlDNB65ppTluxpDj0OW36w+up33ygUrFI3OlxTL0Q9wULGMHaSF27MLofltHTCHWYQCWnjNzTrl10Ks4MaJm4GSlChlrX/ur0IpKEVGjCsVJt14m1l2KpGeF0ku8kisaYDHGftg0VOKTKS2e3T9CJUXooiKQpodFM/T2R4lCpceibzhDrgVr0puJ/XjvRwaWXMhEnmgoyXxQkHOkITYNAPSYp0XxsCCaSmVsRGWCJiTZx5U0I7uLLy6RxVnGdint7XqxeZXHk4AiOoQQuXEAVbqAGdSDwCM/wCm/WxHqx3q2PeeuKlc0cwh9Ynz+6QZJF</latexit><latexit sha1_base64="RhWl/rUOhfSRwLlkcyUoogGd2lc=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0WoUEoigh6LXjxWsB/QxrLZbtqlm026uxFLqD/FiwdFvPpHvPlv3LY5aOuDgcd7M8zM82POlHacb2tldW19YzO3ld/e2d3btw8KDRUlktA6iXgkWz5WlDNB65ppTluxpDj0OW36w+up33ygUrFI3OlxTL0Q9wULGMHaSF27MLofltHTCHWYQCWnjNzTrl10Ks4MaJm4GSlChlrX/ur0IpKEVGjCsVJt14m1l2KpGeF0ku8kisaYDHGftg0VOKTKS2e3T9CJUXooiKQpodFM/T2R4lCpceibzhDrgVr0puJ/XjvRwaWXMhEnmgoyXxQkHOkITYNAPSYp0XxsCCaSmVsRGWCJiTZx5U0I7uLLy6RxVnGdint7XqxeZXHk4AiOoQQuXEAVbqAGdSDwCM/wCm/WxHqx3q2PeeuKlc0cwh9Ynz+6QZJF</latexit><latexit sha1_base64="RhWl/rUOhfSRwLlkcyUoogGd2lc=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0WoUEoigh6LXjxWsB/QxrLZbtqlm026uxFLqD/FiwdFvPpHvPlv3LY5aOuDgcd7M8zM82POlHacb2tldW19YzO3ld/e2d3btw8KDRUlktA6iXgkWz5WlDNB65ppTluxpDj0OW36w+up33ygUrFI3OlxTL0Q9wULGMHaSF27MLofltHTCHWYQCWnjNzTrl10Ks4MaJm4GSlChlrX/ur0IpKEVGjCsVJt14m1l2KpGeF0ku8kisaYDHGftg0VOKTKS2e3T9CJUXooiKQpodFM/T2R4lCpceibzhDrgVr0puJ/XjvRwaWXMhEnmgoyXxQkHOkITYNAPSYp0XxsCCaSmVsRGWCJiTZx5U0I7uLLy6RxVnGdint7XqxeZXHk4AiOoQQuXEAVbqAGdSDwCM/wCm/WxHqx3q2PeeuKlc0cwh9Ynz+6QZJF</latexit><latexit sha1_base64="RhWl/rUOhfSRwLlkcyUoogGd2lc=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0WoUEoigh6LXjxWsB/QxrLZbtqlm026uxFLqD/FiwdFvPpHvPlv3LY5aOuDgcd7M8zM82POlHacb2tldW19YzO3ld/e2d3btw8KDRUlktA6iXgkWz5WlDNB65ppTluxpDj0OW36w+up33ygUrFI3OlxTL0Q9wULGMHaSF27MLofltHTCHWYQCWnjNzTrl10Ks4MaJm4GSlChlrX/ur0IpKEVGjCsVJt14m1l2KpGeF0ku8kisaYDHGftg0VOKTKS2e3T9CJUXooiKQpodFM/T2R4lCpceibzhDrgVr0puJ/XjvRwaWXMhEnmgoyXxQkHOkITYNAPSYp0XxsCCaSmVsRGWCJiTZx5U0I7uLLy6RxVnGdint7XqxeZXHk4AiOoQQuXEAVbqAGdSDwCM/wCm/WxHqx3q2PeeuKlc0cwh9Ynz+6QZJF</latexit>

O (log log(1/"))
<latexit sha1_base64="ZxTvabiKGAmBLtZ+6w9RMpXFtaE=">AAACEHicbVC7SgNBFJ31GeNr1dJmMIixibsiaBm0sTOCUSEbwuzkbjI4O7PM3A2EkE+w8VdsLBSxtbTzb5w8Cl8H7uVwzr3M3BNnUlgMgk9vZnZufmGxsFRcXlldW/c3Nq+tzg2HOtdSm9uYWZBCQR0FSrjNDLA0lnAT352N/JseGCu0usJ+Bs2UdZRIBGfopJa/dxFJSLAcSd2h41YOD6IeM5BZIbXaj4zodHG/5ZeCSjAG/UvCKSmRKWot/yNqa56noJBLZm0jDDJsDphBwSUMi1FuIWP8jnWg4ahiKdjmYHzQkO46pU0TbVwppGP1+8aApdb209hNpgy79rc3Ev/zGjkmJ82BUFmOoPjkoSSXFDUdpUPbwgBH2XeEcSPcXynvMsM4ugyLLoTw98l/yfVhJQwq4eVRqXo6jaNAtskOKZOQHJMqOSc1Uiec3JNH8kxevAfvyXv13iajM950Z4v8gPf+BUvonB4=</latexit><latexit sha1_base64="ZxTvabiKGAmBLtZ+6w9RMpXFtaE=">AAACEHicbVC7SgNBFJ31GeNr1dJmMIixibsiaBm0sTOCUSEbwuzkbjI4O7PM3A2EkE+w8VdsLBSxtbTzb5w8Cl8H7uVwzr3M3BNnUlgMgk9vZnZufmGxsFRcXlldW/c3Nq+tzg2HOtdSm9uYWZBCQR0FSrjNDLA0lnAT352N/JseGCu0usJ+Bs2UdZRIBGfopJa/dxFJSLAcSd2h41YOD6IeM5BZIbXaj4zodHG/5ZeCSjAG/UvCKSmRKWot/yNqa56noJBLZm0jDDJsDphBwSUMi1FuIWP8jnWg4ahiKdjmYHzQkO46pU0TbVwppGP1+8aApdb209hNpgy79rc3Ev/zGjkmJ82BUFmOoPjkoSSXFDUdpUPbwgBH2XeEcSPcXynvMsM4ugyLLoTw98l/yfVhJQwq4eVRqXo6jaNAtskOKZOQHJMqOSc1Uiec3JNH8kxevAfvyXv13iajM950Z4v8gPf+BUvonB4=</latexit><latexit sha1_base64="ZxTvabiKGAmBLtZ+6w9RMpXFtaE=">AAACEHicbVC7SgNBFJ31GeNr1dJmMIixibsiaBm0sTOCUSEbwuzkbjI4O7PM3A2EkE+w8VdsLBSxtbTzb5w8Cl8H7uVwzr3M3BNnUlgMgk9vZnZufmGxsFRcXlldW/c3Nq+tzg2HOtdSm9uYWZBCQR0FSrjNDLA0lnAT352N/JseGCu0usJ+Bs2UdZRIBGfopJa/dxFJSLAcSd2h41YOD6IeM5BZIbXaj4zodHG/5ZeCSjAG/UvCKSmRKWot/yNqa56noJBLZm0jDDJsDphBwSUMi1FuIWP8jnWg4ahiKdjmYHzQkO46pU0TbVwppGP1+8aApdb209hNpgy79rc3Ev/zGjkmJ82BUFmOoPjkoSSXFDUdpUPbwgBH2XeEcSPcXynvMsM4ugyLLoTw98l/yfVhJQwq4eVRqXo6jaNAtskOKZOQHJMqOSc1Uiec3JNH8kxevAfvyXv13iajM950Z4v8gPf+BUvonB4=</latexit><latexit sha1_base64="ZxTvabiKGAmBLtZ+6w9RMpXFtaE=">AAACEHicbVC7SgNBFJ31GeNr1dJmMIixibsiaBm0sTOCUSEbwuzkbjI4O7PM3A2EkE+w8VdsLBSxtbTzb5w8Cl8H7uVwzr3M3BNnUlgMgk9vZnZufmGxsFRcXlldW/c3Nq+tzg2HOtdSm9uYWZBCQR0FSrjNDLA0lnAT352N/JseGCu0usJ+Bs2UdZRIBGfopJa/dxFJSLAcSd2h41YOD6IeM5BZIbXaj4zodHG/5ZeCSjAG/UvCKSmRKWot/yNqa56noJBLZm0jDDJsDphBwSUMi1FuIWP8jnWg4ahiKdjmYHzQkO46pU0TbVwppGP1+8aApdb209hNpgy79rc3Ev/zGjkmJ82BUFmOoPjkoSSXFDUdpUPbwgBH2XeEcSPcXynvMsM4ugyLLoTw98l/yfVhJQwq4eVRqXo6jaNAtskOKZOQHJMqOSc1Uiec3JNH8kxevAfvyXv13iajM950Z4v8gPf+BUvonB4=</latexit>

O(1/"2), O(1/"), O(1/
p
")

<latexit sha1_base64="AvR0nvy1FbObLsOAKl9HDetAjsg=">AAACJ3icbZDLSgMxFIYz9VbrbdSlm2ARWih1pgi6kqIbd1awF2jHkknTGppJxiRTKEN9Gje+ihtBRXTpm5i2s6itBwI/338OJ+f3Q0aVdpxvK7W0vLK6ll7PbGxube/Yu3s1JSKJSRULJmTDR4owyklVU81II5QEBT4jdb9/OfbrAyIVFfxWD0PiBajHaZdipA1q2+fXOfe4NUCShIoywe9K+cLjHMsX4BSpB6njGWOUb9tZp+hMCi4KNxFZkFSlbb+1OgJHAeEaM6RU03VC7cVIaooZGWVakSIhwn3UI00jOQqI8uLJnSN4ZEgHdoU0j2s4obMTMQqUGga+6QyQvlfz3hj+5zUj3T3zYsrDSBOOp4u6EYNawHFosEMlwZoNjUBYUvNXiO+RRFibaDMmBHf+5EVRKxVdp+jenGTLF0kcaXAADkEOuOAUlMEVqIAqwOAJvIB38GE9W6/Wp/U1bU1Zycw++FPWzy9kUKUW</latexit><latexit sha1_base64="AvR0nvy1FbObLsOAKl9HDetAjsg=">AAACJ3icbZDLSgMxFIYz9VbrbdSlm2ARWih1pgi6kqIbd1awF2jHkknTGppJxiRTKEN9Gje+ihtBRXTpm5i2s6itBwI/338OJ+f3Q0aVdpxvK7W0vLK6ll7PbGxube/Yu3s1JSKJSRULJmTDR4owyklVU81II5QEBT4jdb9/OfbrAyIVFfxWD0PiBajHaZdipA1q2+fXOfe4NUCShIoywe9K+cLjHMsX4BSpB6njGWOUb9tZp+hMCi4KNxFZkFSlbb+1OgJHAeEaM6RU03VC7cVIaooZGWVakSIhwn3UI00jOQqI8uLJnSN4ZEgHdoU0j2s4obMTMQqUGga+6QyQvlfz3hj+5zUj3T3zYsrDSBOOp4u6EYNawHFosEMlwZoNjUBYUvNXiO+RRFibaDMmBHf+5EVRKxVdp+jenGTLF0kcaXAADkEOuOAUlMEVqIAqwOAJvIB38GE9W6/Wp/U1bU1Zycw++FPWzy9kUKUW</latexit><latexit sha1_base64="AvR0nvy1FbObLsOAKl9HDetAjsg=">AAACJ3icbZDLSgMxFIYz9VbrbdSlm2ARWih1pgi6kqIbd1awF2jHkknTGppJxiRTKEN9Gje+ihtBRXTpm5i2s6itBwI/338OJ+f3Q0aVdpxvK7W0vLK6ll7PbGxube/Yu3s1JSKJSRULJmTDR4owyklVU81II5QEBT4jdb9/OfbrAyIVFfxWD0PiBajHaZdipA1q2+fXOfe4NUCShIoywe9K+cLjHMsX4BSpB6njGWOUb9tZp+hMCi4KNxFZkFSlbb+1OgJHAeEaM6RU03VC7cVIaooZGWVakSIhwn3UI00jOQqI8uLJnSN4ZEgHdoU0j2s4obMTMQqUGga+6QyQvlfz3hj+5zUj3T3zYsrDSBOOp4u6EYNawHFosEMlwZoNjUBYUvNXiO+RRFibaDMmBHf+5EVRKxVdp+jenGTLF0kcaXAADkEOuOAUlMEVqIAqwOAJvIB38GE9W6/Wp/U1bU1Zycw++FPWzy9kUKUW</latexit><latexit sha1_base64="AvR0nvy1FbObLsOAKl9HDetAjsg=">AAACJ3icbZDLSgMxFIYz9VbrbdSlm2ARWih1pgi6kqIbd1awF2jHkknTGppJxiRTKEN9Gje+ihtBRXTpm5i2s6itBwI/338OJ+f3Q0aVdpxvK7W0vLK6ll7PbGxube/Yu3s1JSKJSRULJmTDR4owyklVU81II5QEBT4jdb9/OfbrAyIVFfxWD0PiBajHaZdipA1q2+fXOfe4NUCShIoywe9K+cLjHMsX4BSpB6njGWOUb9tZp+hMCi4KNxFZkFSlbb+1OgJHAeEaM6RU03VC7cVIaooZGWVakSIhwn3UI00jOQqI8uLJnSN4ZEgHdoU0j2s4obMTMQqUGga+6QyQvlfz3hj+5zUj3T3zYsrDSBOOp4u6EYNawHFosEMlwZoNjUBYUvNXiO+RRFibaDMmBHf+5EVRKxVdp+jenGTLF0kcaXAADkEOuOAUlMEVqIAqwOAJvIB38GE9W6/Wp/U1bU1Zycw++FPWzy9kUKUW</latexit>

O(1/k2), O(1/k), O(
p

(k))
<latexit sha1_base64="162YUYT9Wi+cK/75cfsly9UX/oo=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEitCB1pgi6LLpxZwV7gXYsmTTThslcTM4IpXTlxldx40IRtz6DO9/GdDoLrR4I+fj/c0jO78aCK7CsLyO3sLi0vJJfLaytb2xumds7TRUlkrIGjUQk2y5RTPCQNYCDYO1YMhK4grVc/2Lqt+6ZVDwKb2AUMycgg5B7nBLQUs/cvyrZx/5ttXyEU0rvrrqTUPLL5Z5ZtCpWWvgv2BkUUVb1nvnZ7Uc0CVgIVBClOrYVgzMmEjgVbFLoJorFhPpkwDoaQxIw5YzTNSb4UCt97EVSnxBwqv6cGJNAqVHg6s6AwFDNe1PxP6+TgHfmjHkYJ8BCOnvISwSGCE8zwX0uGQUx0kCo5PqvmA6JJBR0cgUdgj2/8l9oViu2VbGvT4q18yyOPNpDB6iEbHSKaugS1VEDUfSAntALejUejWfjzXifteaMbGYX/Srj4xt3BJVN</latexit><latexit sha1_base64="162YUYT9Wi+cK/75cfsly9UX/oo=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEitCB1pgi6LLpxZwV7gXYsmTTThslcTM4IpXTlxldx40IRtz6DO9/GdDoLrR4I+fj/c0jO78aCK7CsLyO3sLi0vJJfLaytb2xumds7TRUlkrIGjUQk2y5RTPCQNYCDYO1YMhK4grVc/2Lqt+6ZVDwKb2AUMycgg5B7nBLQUs/cvyrZx/5ttXyEU0rvrrqTUPLL5Z5ZtCpWWvgv2BkUUVb1nvnZ7Uc0CVgIVBClOrYVgzMmEjgVbFLoJorFhPpkwDoaQxIw5YzTNSb4UCt97EVSnxBwqv6cGJNAqVHg6s6AwFDNe1PxP6+TgHfmjHkYJ8BCOnvISwSGCE8zwX0uGQUx0kCo5PqvmA6JJBR0cgUdgj2/8l9oViu2VbGvT4q18yyOPNpDB6iEbHSKaugS1VEDUfSAntALejUejWfjzXifteaMbGYX/Srj4xt3BJVN</latexit><latexit sha1_base64="162YUYT9Wi+cK/75cfsly9UX/oo=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEitCB1pgi6LLpxZwV7gXYsmTTThslcTM4IpXTlxldx40IRtz6DO9/GdDoLrR4I+fj/c0jO78aCK7CsLyO3sLi0vJJfLaytb2xumds7TRUlkrIGjUQk2y5RTPCQNYCDYO1YMhK4grVc/2Lqt+6ZVDwKb2AUMycgg5B7nBLQUs/cvyrZx/5ttXyEU0rvrrqTUPLL5Z5ZtCpWWvgv2BkUUVb1nvnZ7Uc0CVgIVBClOrYVgzMmEjgVbFLoJorFhPpkwDoaQxIw5YzTNSb4UCt97EVSnxBwqv6cGJNAqVHg6s6AwFDNe1PxP6+TgHfmjHkYJ8BCOnvISwSGCE8zwX0uGQUx0kCo5PqvmA6JJBR0cgUdgj2/8l9oViu2VbGvT4q18yyOPNpDB6iEbHSKaugS1VEDUfSAntALejUejWfjzXifteaMbGYX/Srj4xt3BJVN</latexit><latexit sha1_base64="162YUYT9Wi+cK/75cfsly9UX/oo=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEitCB1pgi6LLpxZwV7gXYsmTTThslcTM4IpXTlxldx40IRtz6DO9/GdDoLrR4I+fj/c0jO78aCK7CsLyO3sLi0vJJfLaytb2xumds7TRUlkrIGjUQk2y5RTPCQNYCDYO1YMhK4grVc/2Lqt+6ZVDwKb2AUMycgg5B7nBLQUs/cvyrZx/5ttXyEU0rvrrqTUPLL5Z5ZtCpWWvgv2BkUUVb1nvnZ7Uc0CVgIVBClOrYVgzMmEjgVbFLoJorFhPpkwDoaQxIw5YzTNSb4UCt97EVSnxBwqv6cGJNAqVHg6s6AwFDNe1PxP6+TgHfmjHkYJ8BCOnvISwSGCE8zwX0uGQUx0kCo5PqvmA6JJBR0cgUdgj2/8l9oViu2VbGvT4q18yyOPNpDB6iEbHSKaugS1VEDUfSAntALejUejWfjzXifteaMbGYX/Srj4xt3BJVN</latexit>



Convergence rates 101 (Source: Wikipedia)

O(log 1/")
<latexit sha1_base64="TBEp0GhGrxN9ECjxf1iv7qHHM4I=">AAAB/nicbVBNSwMxEM3Wr1q/VsWTl2AR6qXuiqDHohdvVrAf0C0lm07b0GyyJNlCWQr+FS8eFPHq7/DmvzFt96CtDwYe780wMy+MOdPG876d3Mrq2vpGfrOwtb2zu+fuH9S1TBSFGpVcqmZINHAmoGaY4dCMFZAo5NAIh7dTvzECpZkUj2YcQzsifcF6jBJjpY57dF8KuOxj/zwYEQWxZlyKs45b9MreDHiZ+BkpogzVjvsVdCVNIhCGcqJ1y/di006JMoxymBSCRENM6JD0oWWpIBHodjo7f4JPrdLFPalsCYNn6u+JlERaj6PQdkbEDPSiNxX/81qJ6V23UybixICg80W9hGMj8TQL3GUKqOFjSwhVzN6K6YAoQo1NrGBD8BdfXib1i7Lvlf2Hy2LlJosjj47RCSohH12hCrpDVVRDFKXoGb2iN+fJeXHenY95a87JZg7RHzifP/trlNo=</latexit><latexit sha1_base64="TBEp0GhGrxN9ECjxf1iv7qHHM4I=">AAAB/nicbVBNSwMxEM3Wr1q/VsWTl2AR6qXuiqDHohdvVrAf0C0lm07b0GyyJNlCWQr+FS8eFPHq7/DmvzFt96CtDwYe780wMy+MOdPG876d3Mrq2vpGfrOwtb2zu+fuH9S1TBSFGpVcqmZINHAmoGaY4dCMFZAo5NAIh7dTvzECpZkUj2YcQzsifcF6jBJjpY57dF8KuOxj/zwYEQWxZlyKs45b9MreDHiZ+BkpogzVjvsVdCVNIhCGcqJ1y/di006JMoxymBSCRENM6JD0oWWpIBHodjo7f4JPrdLFPalsCYNn6u+JlERaj6PQdkbEDPSiNxX/81qJ6V23UybixICg80W9hGMj8TQL3GUKqOFjSwhVzN6K6YAoQo1NrGBD8BdfXib1i7Lvlf2Hy2LlJosjj47RCSohH12hCrpDVVRDFKXoGb2iN+fJeXHenY95a87JZg7RHzifP/trlNo=</latexit><latexit sha1_base64="TBEp0GhGrxN9ECjxf1iv7qHHM4I=">AAAB/nicbVBNSwMxEM3Wr1q/VsWTl2AR6qXuiqDHohdvVrAf0C0lm07b0GyyJNlCWQr+FS8eFPHq7/DmvzFt96CtDwYe780wMy+MOdPG876d3Mrq2vpGfrOwtb2zu+fuH9S1TBSFGpVcqmZINHAmoGaY4dCMFZAo5NAIh7dTvzECpZkUj2YcQzsifcF6jBJjpY57dF8KuOxj/zwYEQWxZlyKs45b9MreDHiZ+BkpogzVjvsVdCVNIhCGcqJ1y/di006JMoxymBSCRENM6JD0oWWpIBHodjo7f4JPrdLFPalsCYNn6u+JlERaj6PQdkbEDPSiNxX/81qJ6V23UybixICg80W9hGMj8TQL3GUKqOFjSwhVzN6K6YAoQo1NrGBD8BdfXib1i7Lvlf2Hy2LlJosjj47RCSohH12hCrpDVVRDFKXoGb2iN+fJeXHenY95a87JZg7RHzifP/trlNo=</latexit><latexit sha1_base64="TBEp0GhGrxN9ECjxf1iv7qHHM4I=">AAAB/nicbVBNSwMxEM3Wr1q/VsWTl2AR6qXuiqDHohdvVrAf0C0lm07b0GyyJNlCWQr+FS8eFPHq7/DmvzFt96CtDwYe780wMy+MOdPG876d3Mrq2vpGfrOwtb2zu+fuH9S1TBSFGpVcqmZINHAmoGaY4dCMFZAo5NAIh7dTvzECpZkUj2YcQzsifcF6jBJjpY57dF8KuOxj/zwYEQWxZlyKs45b9MreDHiZ+BkpogzVjvsVdCVNIhCGcqJ1y/di006JMoxymBSCRENM6JD0oWWpIBHodjo7f4JPrdLFPalsCYNn6u+JlERaj6PQdkbEDPSiNxX/81qJ6V23UybixICg80W9hGMj8TQL3GUKqOFjSwhVzN6K6YAoQo1NrGBD8BdfXib1i7Lvlf2Hy2LlJosjj47RCSohH12hCrpDVVRDFKXoGb2iN+fJeXHenY95a87JZg7RHzifP/trlNo=</latexit>

qk, q 2 (0, 1)
<latexit sha1_base64="RhWl/rUOhfSRwLlkcyUoogGd2lc=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0WoUEoigh6LXjxWsB/QxrLZbtqlm026uxFLqD/FiwdFvPpHvPlv3LY5aOuDgcd7M8zM82POlHacb2tldW19YzO3ld/e2d3btw8KDRUlktA6iXgkWz5WlDNB65ppTluxpDj0OW36w+up33ygUrFI3OlxTL0Q9wULGMHaSF27MLofltHTCHWYQCWnjNzTrl10Ks4MaJm4GSlChlrX/ur0IpKEVGjCsVJt14m1l2KpGeF0ku8kisaYDHGftg0VOKTKS2e3T9CJUXooiKQpodFM/T2R4lCpceibzhDrgVr0puJ/XjvRwaWXMhEnmgoyXxQkHOkITYNAPSYp0XxsCCaSmVsRGWCJiTZx5U0I7uLLy6RxVnGdint7XqxeZXHk4AiOoQQuXEAVbqAGdSDwCM/wCm/WxHqx3q2PeeuKlc0cwh9Ynz+6QZJF</latexit><latexit sha1_base64="RhWl/rUOhfSRwLlkcyUoogGd2lc=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0WoUEoigh6LXjxWsB/QxrLZbtqlm026uxFLqD/FiwdFvPpHvPlv3LY5aOuDgcd7M8zM82POlHacb2tldW19YzO3ld/e2d3btw8KDRUlktA6iXgkWz5WlDNB65ppTluxpDj0OW36w+up33ygUrFI3OlxTL0Q9wULGMHaSF27MLofltHTCHWYQCWnjNzTrl10Ks4MaJm4GSlChlrX/ur0IpKEVGjCsVJt14m1l2KpGeF0ku8kisaYDHGftg0VOKTKS2e3T9CJUXooiKQpodFM/T2R4lCpceibzhDrgVr0puJ/XjvRwaWXMhEnmgoyXxQkHOkITYNAPSYp0XxsCCaSmVsRGWCJiTZx5U0I7uLLy6RxVnGdint7XqxeZXHk4AiOoQQuXEAVbqAGdSDwCM/wCm/WxHqx3q2PeeuKlc0cwh9Ynz+6QZJF</latexit><latexit sha1_base64="RhWl/rUOhfSRwLlkcyUoogGd2lc=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0WoUEoigh6LXjxWsB/QxrLZbtqlm026uxFLqD/FiwdFvPpHvPlv3LY5aOuDgcd7M8zM82POlHacb2tldW19YzO3ld/e2d3btw8KDRUlktA6iXgkWz5WlDNB65ppTluxpDj0OW36w+up33ygUrFI3OlxTL0Q9wULGMHaSF27MLofltHTCHWYQCWnjNzTrl10Ks4MaJm4GSlChlrX/ur0IpKEVGjCsVJt14m1l2KpGeF0ku8kisaYDHGftg0VOKTKS2e3T9CJUXooiKQpodFM/T2R4lCpceibzhDrgVr0puJ/XjvRwaWXMhEnmgoyXxQkHOkITYNAPSYp0XxsCCaSmVsRGWCJiTZx5U0I7uLLy6RxVnGdint7XqxeZXHk4AiOoQQuXEAVbqAGdSDwCM/wCm/WxHqx3q2PeeuKlc0cwh9Ynz+6QZJF</latexit><latexit sha1_base64="RhWl/rUOhfSRwLlkcyUoogGd2lc=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0WoUEoigh6LXjxWsB/QxrLZbtqlm026uxFLqD/FiwdFvPpHvPlv3LY5aOuDgcd7M8zM82POlHacb2tldW19YzO3ld/e2d3btw8KDRUlktA6iXgkWz5WlDNB65ppTluxpDj0OW36w+up33ygUrFI3OlxTL0Q9wULGMHaSF27MLofltHTCHWYQCWnjNzTrl10Ks4MaJm4GSlChlrX/ur0IpKEVGjCsVJt14m1l2KpGeF0ku8kisaYDHGftg0VOKTKS2e3T9CJUXooiKQpodFM/T2R4lCpceibzhDrgVr0puJ/XjvRwaWXMhEnmgoyXxQkHOkITYNAPSYp0XxsCCaSmVsRGWCJiTZx5U0I7uLLy6RxVnGdint7XqxeZXHk4AiOoQQuXEAVbqAGdSDwCM/wCm/WxHqx3q2PeeuKlc0cwh9Ynz+6QZJF</latexit>

O (log log(1/"))
<latexit sha1_base64="ZxTvabiKGAmBLtZ+6w9RMpXFtaE=">AAACEHicbVC7SgNBFJ31GeNr1dJmMIixibsiaBm0sTOCUSEbwuzkbjI4O7PM3A2EkE+w8VdsLBSxtbTzb5w8Cl8H7uVwzr3M3BNnUlgMgk9vZnZufmGxsFRcXlldW/c3Nq+tzg2HOtdSm9uYWZBCQR0FSrjNDLA0lnAT352N/JseGCu0usJ+Bs2UdZRIBGfopJa/dxFJSLAcSd2h41YOD6IeM5BZIbXaj4zodHG/5ZeCSjAG/UvCKSmRKWot/yNqa56noJBLZm0jDDJsDphBwSUMi1FuIWP8jnWg4ahiKdjmYHzQkO46pU0TbVwppGP1+8aApdb209hNpgy79rc3Ev/zGjkmJ82BUFmOoPjkoSSXFDUdpUPbwgBH2XeEcSPcXynvMsM4ugyLLoTw98l/yfVhJQwq4eVRqXo6jaNAtskOKZOQHJMqOSc1Uiec3JNH8kxevAfvyXv13iajM950Z4v8gPf+BUvonB4=</latexit><latexit sha1_base64="ZxTvabiKGAmBLtZ+6w9RMpXFtaE=">AAACEHicbVC7SgNBFJ31GeNr1dJmMIixibsiaBm0sTOCUSEbwuzkbjI4O7PM3A2EkE+w8VdsLBSxtbTzb5w8Cl8H7uVwzr3M3BNnUlgMgk9vZnZufmGxsFRcXlldW/c3Nq+tzg2HOtdSm9uYWZBCQR0FSrjNDLA0lnAT352N/JseGCu0usJ+Bs2UdZRIBGfopJa/dxFJSLAcSd2h41YOD6IeM5BZIbXaj4zodHG/5ZeCSjAG/UvCKSmRKWot/yNqa56noJBLZm0jDDJsDphBwSUMi1FuIWP8jnWg4ahiKdjmYHzQkO46pU0TbVwppGP1+8aApdb209hNpgy79rc3Ev/zGjkmJ82BUFmOoPjkoSSXFDUdpUPbwgBH2XeEcSPcXynvMsM4ugyLLoTw98l/yfVhJQwq4eVRqXo6jaNAtskOKZOQHJMqOSc1Uiec3JNH8kxevAfvyXv13iajM950Z4v8gPf+BUvonB4=</latexit><latexit sha1_base64="ZxTvabiKGAmBLtZ+6w9RMpXFtaE=">AAACEHicbVC7SgNBFJ31GeNr1dJmMIixibsiaBm0sTOCUSEbwuzkbjI4O7PM3A2EkE+w8VdsLBSxtbTzb5w8Cl8H7uVwzr3M3BNnUlgMgk9vZnZufmGxsFRcXlldW/c3Nq+tzg2HOtdSm9uYWZBCQR0FSrjNDLA0lnAT352N/JseGCu0usJ+Bs2UdZRIBGfopJa/dxFJSLAcSd2h41YOD6IeM5BZIbXaj4zodHG/5ZeCSjAG/UvCKSmRKWot/yNqa56noJBLZm0jDDJsDphBwSUMi1FuIWP8jnWg4ahiKdjmYHzQkO46pU0TbVwppGP1+8aApdb209hNpgy79rc3Ev/zGjkmJ82BUFmOoPjkoSSXFDUdpUPbwgBH2XeEcSPcXynvMsM4ugyLLoTw98l/yfVhJQwq4eVRqXo6jaNAtskOKZOQHJMqOSc1Uiec3JNH8kxevAfvyXv13iajM950Z4v8gPf+BUvonB4=</latexit><latexit sha1_base64="ZxTvabiKGAmBLtZ+6w9RMpXFtaE=">AAACEHicbVC7SgNBFJ31GeNr1dJmMIixibsiaBm0sTOCUSEbwuzkbjI4O7PM3A2EkE+w8VdsLBSxtbTzb5w8Cl8H7uVwzr3M3BNnUlgMgk9vZnZufmGxsFRcXlldW/c3Nq+tzg2HOtdSm9uYWZBCQR0FSrjNDLA0lnAT352N/JseGCu0usJ+Bs2UdZRIBGfopJa/dxFJSLAcSd2h41YOD6IeM5BZIbXaj4zodHG/5ZeCSjAG/UvCKSmRKWot/yNqa56noJBLZm0jDDJsDphBwSUMi1FuIWP8jnWg4ahiKdjmYHzQkO46pU0TbVwppGP1+8aApdb209hNpgy79rc3Ev/zGjkmJ82BUFmOoPjkoSSXFDUdpUPbwgBH2XeEcSPcXynvMsM4ugyLLoTw98l/yfVhJQwq4eVRqXo6jaNAtskOKZOQHJMqOSc1Uiec3JNH8kxevAfvyXv13iajM950Z4v8gPf+BUvonB4=</latexit>

O(1/"2), O(1/"), O(1/
p
")

<latexit sha1_base64="AvR0nvy1FbObLsOAKl9HDetAjsg=">AAACJ3icbZDLSgMxFIYz9VbrbdSlm2ARWih1pgi6kqIbd1awF2jHkknTGppJxiRTKEN9Gje+ihtBRXTpm5i2s6itBwI/338OJ+f3Q0aVdpxvK7W0vLK6ll7PbGxube/Yu3s1JSKJSRULJmTDR4owyklVU81II5QEBT4jdb9/OfbrAyIVFfxWD0PiBajHaZdipA1q2+fXOfe4NUCShIoywe9K+cLjHMsX4BSpB6njGWOUb9tZp+hMCi4KNxFZkFSlbb+1OgJHAeEaM6RU03VC7cVIaooZGWVakSIhwn3UI00jOQqI8uLJnSN4ZEgHdoU0j2s4obMTMQqUGga+6QyQvlfz3hj+5zUj3T3zYsrDSBOOp4u6EYNawHFosEMlwZoNjUBYUvNXiO+RRFibaDMmBHf+5EVRKxVdp+jenGTLF0kcaXAADkEOuOAUlMEVqIAqwOAJvIB38GE9W6/Wp/U1bU1Zycw++FPWzy9kUKUW</latexit><latexit sha1_base64="AvR0nvy1FbObLsOAKl9HDetAjsg=">AAACJ3icbZDLSgMxFIYz9VbrbdSlm2ARWih1pgi6kqIbd1awF2jHkknTGppJxiRTKEN9Gje+ihtBRXTpm5i2s6itBwI/338OJ+f3Q0aVdpxvK7W0vLK6ll7PbGxube/Yu3s1JSKJSRULJmTDR4owyklVU81II5QEBT4jdb9/OfbrAyIVFfxWD0PiBajHaZdipA1q2+fXOfe4NUCShIoywe9K+cLjHMsX4BSpB6njGWOUb9tZp+hMCi4KNxFZkFSlbb+1OgJHAeEaM6RU03VC7cVIaooZGWVakSIhwn3UI00jOQqI8uLJnSN4ZEgHdoU0j2s4obMTMQqUGga+6QyQvlfz3hj+5zUj3T3zYsrDSBOOp4u6EYNawHFosEMlwZoNjUBYUvNXiO+RRFibaDMmBHf+5EVRKxVdp+jenGTLF0kcaXAADkEOuOAUlMEVqIAqwOAJvIB38GE9W6/Wp/U1bU1Zycw++FPWzy9kUKUW</latexit><latexit sha1_base64="AvR0nvy1FbObLsOAKl9HDetAjsg=">AAACJ3icbZDLSgMxFIYz9VbrbdSlm2ARWih1pgi6kqIbd1awF2jHkknTGppJxiRTKEN9Gje+ihtBRXTpm5i2s6itBwI/338OJ+f3Q0aVdpxvK7W0vLK6ll7PbGxube/Yu3s1JSKJSRULJmTDR4owyklVU81II5QEBT4jdb9/OfbrAyIVFfxWD0PiBajHaZdipA1q2+fXOfe4NUCShIoywe9K+cLjHMsX4BSpB6njGWOUb9tZp+hMCi4KNxFZkFSlbb+1OgJHAeEaM6RU03VC7cVIaooZGWVakSIhwn3UI00jOQqI8uLJnSN4ZEgHdoU0j2s4obMTMQqUGga+6QyQvlfz3hj+5zUj3T3zYsrDSBOOp4u6EYNawHFosEMlwZoNjUBYUvNXiO+RRFibaDMmBHf+5EVRKxVdp+jenGTLF0kcaXAADkEOuOAUlMEVqIAqwOAJvIB38GE9W6/Wp/U1bU1Zycw++FPWzy9kUKUW</latexit><latexit sha1_base64="AvR0nvy1FbObLsOAKl9HDetAjsg=">AAACJ3icbZDLSgMxFIYz9VbrbdSlm2ARWih1pgi6kqIbd1awF2jHkknTGppJxiRTKEN9Gje+ihtBRXTpm5i2s6itBwI/338OJ+f3Q0aVdpxvK7W0vLK6ll7PbGxube/Yu3s1JSKJSRULJmTDR4owyklVU81II5QEBT4jdb9/OfbrAyIVFfxWD0PiBajHaZdipA1q2+fXOfe4NUCShIoywe9K+cLjHMsX4BSpB6njGWOUb9tZp+hMCi4KNxFZkFSlbb+1OgJHAeEaM6RU03VC7cVIaooZGWVakSIhwn3UI00jOQqI8uLJnSN4ZEgHdoU0j2s4obMTMQqUGga+6QyQvlfz3hj+5zUj3T3zYsrDSBOOp4u6EYNawHFosEMlwZoNjUBYUvNXiO+RRFibaDMmBHf+5EVRKxVdp+jenGTLF0kcaXAADkEOuOAUlMEVqIAqwOAJvIB38GE9W6/Wp/U1bU1Zycw++FPWzy9kUKUW</latexit>

O(1/k2), O(1/k), O(
p

(k))
<latexit sha1_base64="162YUYT9Wi+cK/75cfsly9UX/oo=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEitCB1pgi6LLpxZwV7gXYsmTTThslcTM4IpXTlxldx40IRtz6DO9/GdDoLrR4I+fj/c0jO78aCK7CsLyO3sLi0vJJfLaytb2xumds7TRUlkrIGjUQk2y5RTPCQNYCDYO1YMhK4grVc/2Lqt+6ZVDwKb2AUMycgg5B7nBLQUs/cvyrZx/5ttXyEU0rvrrqTUPLL5Z5ZtCpWWvgv2BkUUVb1nvnZ7Uc0CVgIVBClOrYVgzMmEjgVbFLoJorFhPpkwDoaQxIw5YzTNSb4UCt97EVSnxBwqv6cGJNAqVHg6s6AwFDNe1PxP6+TgHfmjHkYJ8BCOnvISwSGCE8zwX0uGQUx0kCo5PqvmA6JJBR0cgUdgj2/8l9oViu2VbGvT4q18yyOPNpDB6iEbHSKaugS1VEDUfSAntALejUejWfjzXifteaMbGYX/Srj4xt3BJVN</latexit><latexit sha1_base64="162YUYT9Wi+cK/75cfsly9UX/oo=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEitCB1pgi6LLpxZwV7gXYsmTTThslcTM4IpXTlxldx40IRtz6DO9/GdDoLrR4I+fj/c0jO78aCK7CsLyO3sLi0vJJfLaytb2xumds7TRUlkrIGjUQk2y5RTPCQNYCDYO1YMhK4grVc/2Lqt+6ZVDwKb2AUMycgg5B7nBLQUs/cvyrZx/5ttXyEU0rvrrqTUPLL5Z5ZtCpWWvgv2BkUUVb1nvnZ7Uc0CVgIVBClOrYVgzMmEjgVbFLoJorFhPpkwDoaQxIw5YzTNSb4UCt97EVSnxBwqv6cGJNAqVHg6s6AwFDNe1PxP6+TgHfmjHkYJ8BCOnvISwSGCE8zwX0uGQUx0kCo5PqvmA6JJBR0cgUdgj2/8l9oViu2VbGvT4q18yyOPNpDB6iEbHSKaugS1VEDUfSAntALejUejWfjzXifteaMbGYX/Srj4xt3BJVN</latexit><latexit sha1_base64="162YUYT9Wi+cK/75cfsly9UX/oo=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEitCB1pgi6LLpxZwV7gXYsmTTThslcTM4IpXTlxldx40IRtz6DO9/GdDoLrR4I+fj/c0jO78aCK7CsLyO3sLi0vJJfLaytb2xumds7TRUlkrIGjUQk2y5RTPCQNYCDYO1YMhK4grVc/2Lqt+6ZVDwKb2AUMycgg5B7nBLQUs/cvyrZx/5ttXyEU0rvrrqTUPLL5Z5ZtCpWWvgv2BkUUVb1nvnZ7Uc0CVgIVBClOrYVgzMmEjgVbFLoJorFhPpkwDoaQxIw5YzTNSb4UCt97EVSnxBwqv6cGJNAqVHg6s6AwFDNe1PxP6+TgHfmjHkYJ8BCOnvISwSGCE8zwX0uGQUx0kCo5PqvmA6JJBR0cgUdgj2/8l9oViu2VbGvT4q18yyOPNpDB6iEbHSKaugS1VEDUfSAntALejUejWfjzXifteaMbGYX/Srj4xt3BJVN</latexit><latexit sha1_base64="162YUYT9Wi+cK/75cfsly9UX/oo=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEitCB1pgi6LLpxZwV7gXYsmTTThslcTM4IpXTlxldx40IRtz6DO9/GdDoLrR4I+fj/c0jO78aCK7CsLyO3sLi0vJJfLaytb2xumds7TRUlkrIGjUQk2y5RTPCQNYCDYO1YMhK4grVc/2Lqt+6ZVDwKb2AUMycgg5B7nBLQUs/cvyrZx/5ttXyEU0rvrrqTUPLL5Z5ZtCpWWvgv2BkUUVb1nvnZ7Uc0CVgIVBClOrYVgzMmEjgVbFLoJorFhPpkwDoaQxIw5YzTNSb4UCt97EVSnxBwqv6cGJNAqVHg6s6AwFDNe1PxP6+TgHfmjHkYJ8BCOnvISwSGCE8zwX0uGQUx0kCo5PqvmA6JJBR0cgUdgj2/8l9oViu2VbGvT4q18yyOPNpDB6iEbHSKaugS1VEDUfSAntALejUejWfjzXifteaMbGYX/Srj4xt3BJVN</latexit>



First convergence result

min
x2Rp

f(x)
<latexit sha1_base64="U71Fnz3bCu9/oA3TaEpvezMJJOc=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyURQZdFNy6r2Ac0MUymk3boZBJmJtISsnPjr7hxoYhbf8Gdf+OkzUJbD1w4nHMv997jx4xKZVnfRmlpeWV1rbxe2djc2t4xd/faMkoEJi0csUh0fSQJo5y0FFWMdGNBUOgz0vFHV7nfeSBC0ojfqUlM3BANOA0oRkpLnnnohJR76Rg6lEMnRGro++ltdh9nMKiNTzyzatWtKeAisQtSBQWanvnl9COchIQrzJCUPduKlZsioShmJKs4iSQxwiM0ID1NOQqJdNPpHxk81kofBpHQxRWcqr8nUhRKOQl93ZlfKue9XPzP6yUquHBTyuNEEY5ni4KEQRXBPBTYp4JgxSaaICyovhXiIRIIKx1dRYdgz7+8SNqndduq2zdn1cZlEUcZHIAjUAM2OAcNcA2aoAUweATP4BW8GU/Gi/FufMxaS0Yxsw/+wPj8AUrLmOo=</latexit><latexit sha1_base64="U71Fnz3bCu9/oA3TaEpvezMJJOc=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyURQZdFNy6r2Ac0MUymk3boZBJmJtISsnPjr7hxoYhbf8Gdf+OkzUJbD1w4nHMv997jx4xKZVnfRmlpeWV1rbxe2djc2t4xd/faMkoEJi0csUh0fSQJo5y0FFWMdGNBUOgz0vFHV7nfeSBC0ojfqUlM3BANOA0oRkpLnnnohJR76Rg6lEMnRGro++ltdh9nMKiNTzyzatWtKeAisQtSBQWanvnl9COchIQrzJCUPduKlZsioShmJKs4iSQxwiM0ID1NOQqJdNPpHxk81kofBpHQxRWcqr8nUhRKOQl93ZlfKue9XPzP6yUquHBTyuNEEY5ni4KEQRXBPBTYp4JgxSaaICyovhXiIRIIKx1dRYdgz7+8SNqndduq2zdn1cZlEUcZHIAjUAM2OAcNcA2aoAUweATP4BW8GU/Gi/FufMxaS0Yxsw/+wPj8AUrLmOo=</latexit><latexit sha1_base64="U71Fnz3bCu9/oA3TaEpvezMJJOc=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyURQZdFNy6r2Ac0MUymk3boZBJmJtISsnPjr7hxoYhbf8Gdf+OkzUJbD1w4nHMv997jx4xKZVnfRmlpeWV1rbxe2djc2t4xd/faMkoEJi0csUh0fSQJo5y0FFWMdGNBUOgz0vFHV7nfeSBC0ojfqUlM3BANOA0oRkpLnnnohJR76Rg6lEMnRGro++ltdh9nMKiNTzyzatWtKeAisQtSBQWanvnl9COchIQrzJCUPduKlZsioShmJKs4iSQxwiM0ID1NOQqJdNPpHxk81kofBpHQxRWcqr8nUhRKOQl93ZlfKue9XPzP6yUquHBTyuNEEY5ni4KEQRXBPBTYp4JgxSaaICyovhXiIRIIKx1dRYdgz7+8SNqndduq2zdn1cZlEUcZHIAjUAM2OAcNcA2aoAUweATP4BW8GU/Gi/FufMxaS0Yxsw/+wPj8AUrLmOo=</latexit><latexit sha1_base64="U71Fnz3bCu9/oA3TaEpvezMJJOc=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyURQZdFNy6r2Ac0MUymk3boZBJmJtISsnPjr7hxoYhbf8Gdf+OkzUJbD1w4nHMv997jx4xKZVnfRmlpeWV1rbxe2djc2t4xd/faMkoEJi0csUh0fSQJo5y0FFWMdGNBUOgz0vFHV7nfeSBC0ojfqUlM3BANOA0oRkpLnnnohJR76Rg6lEMnRGro++ltdh9nMKiNTzyzatWtKeAisQtSBQWanvnl9COchIQrzJCUPduKlZsioShmJKs4iSQxwiM0ID1NOQqJdNPpHxk81kofBpHQxRWcqr8nUhRKOQl93ZlfKue9XPzP6yUquHBTyuNEEY5ni4KEQRXBPBTYp4JgxSaaICyovhXiIRIIKx1dRYdgz7+8SNqndduq2zdn1cZlEUcZHIAjUAM2OAcNcA2aoAUweATP4BW8GU/Gi/FufMxaS0Yxsw/+wPj8AUrLmOo=</latexit>

“Assume the objective is has Lipschitz continuous gradients. Then,  
 gradient descent: 

xt+1 = xt � ⌘rf(xt)
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with step size
⌘ = 1
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converges sublinearly to a stationary point; i.e.,

min
t

krf(xt)k2 
q

2L
T+1 · (f(x0)� f(x?))1/2 = O

⇣
1p
T

⌘
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- Logistic regression objectives: f(x) = 1
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krf(x)�rf(y)k2  kA>Ak2 · kx� yk2
<latexit sha1_base64="Atm5By9Oh6qkGAHdFOorduYfTEc="></latexit><latexit sha1_base64="Atm5By9Oh6qkGAHdFOorduYfTEc="></latexit><latexit sha1_base64="Atm5By9Oh6qkGAHdFOorduYfTEc="></latexit><latexit sha1_base64="Atm5By9Oh6qkGAHdFOorduYfTEc="></latexit>

- Logistic regression objectives: f(x) = 1
n

nX

i=1

log
�
1 + exp(�yi↵

>
i x)

�

<latexit sha1_base64="ZR4FNInL+JQotHVf4qxPez2aaj4="></latexit><latexit sha1_base64="ZR4FNInL+JQotHVf4qxPez2aaj4="></latexit><latexit sha1_base64="ZR4FNInL+JQotHVf4qxPez2aaj4="></latexit><latexit sha1_base64="ZR4FNInL+JQotHVf4qxPez2aaj4="></latexit>

Whiteboard
“But these are actually convex!”



First convergence result
- “But, which functions satisfy Lipschitz gradient continuity?”

- Least-squares objectives: f(x) = 1
2kAx� bk22

<latexit sha1_base64="Be/nvzxIJa2jSv5wkIN8m/bkVms=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHqwpIEQTdC1Y3LCvYBTQyT6aQdOnkwM5GWNHs3/oobF4q49Qfc+TdO2yy09cCFwzn3cu89XsyokIbxrS0tr6yurRc2iptb2zu7+t5+U0QJx6SBIxbxtocEYTQkDUklI+2YExR4jLS8wfXEbz0QLmgU3slRTJwA9ULqU4ykkly95FeGx/AC2tLnCKdmlloZtMeXQ3gCPXvsWveWq5eNqjEFXCRmTsogR93Vv+xuhJOAhBIzJETHNGLppIhLihnJinYiSIzwAPVIR9EQBUQ46fSXDB4ppQv9iKsKJZyqvydSFAgxCjzVGSDZF/PeRPzP6yTSP3dSGsaJJCGeLfITBmUEJ8HALuUESzZSBGFO1a0Q95EKRar4iioEc/7lRdK0qqZRNW9Py7WrPI4COAQlUAEmOAM1cAPqoAEweATP4BW8aU/ai/aufcxal7R85gD8gfb5A6Z9mOM=</latexit><latexit sha1_base64="Be/nvzxIJa2jSv5wkIN8m/bkVms=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHqwpIEQTdC1Y3LCvYBTQyT6aQdOnkwM5GWNHs3/oobF4q49Qfc+TdO2yy09cCFwzn3cu89XsyokIbxrS0tr6yurRc2iptb2zu7+t5+U0QJx6SBIxbxtocEYTQkDUklI+2YExR4jLS8wfXEbz0QLmgU3slRTJwA9ULqU4ykkly95FeGx/AC2tLnCKdmlloZtMeXQ3gCPXvsWveWq5eNqjEFXCRmTsogR93Vv+xuhJOAhBIzJETHNGLppIhLihnJinYiSIzwAPVIR9EQBUQ46fSXDB4ppQv9iKsKJZyqvydSFAgxCjzVGSDZF/PeRPzP6yTSP3dSGsaJJCGeLfITBmUEJ8HALuUESzZSBGFO1a0Q95EKRar4iioEc/7lRdK0qqZRNW9Py7WrPI4COAQlUAEmOAM1cAPqoAEweATP4BW8aU/ai/aufcxal7R85gD8gfb5A6Z9mOM=</latexit><latexit sha1_base64="Be/nvzxIJa2jSv5wkIN8m/bkVms=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHqwpIEQTdC1Y3LCvYBTQyT6aQdOnkwM5GWNHs3/oobF4q49Qfc+TdO2yy09cCFwzn3cu89XsyokIbxrS0tr6yurRc2iptb2zu7+t5+U0QJx6SBIxbxtocEYTQkDUklI+2YExR4jLS8wfXEbz0QLmgU3slRTJwA9ULqU4ykkly95FeGx/AC2tLnCKdmlloZtMeXQ3gCPXvsWveWq5eNqjEFXCRmTsogR93Vv+xuhJOAhBIzJETHNGLppIhLihnJinYiSIzwAPVIR9EQBUQ46fSXDB4ppQv9iKsKJZyqvydSFAgxCjzVGSDZF/PeRPzP6yTSP3dSGsaJJCGeLfITBmUEJ8HALuUESzZSBGFO1a0Q95EKRar4iioEc/7lRdK0qqZRNW9Py7WrPI4COAQlUAEmOAM1cAPqoAEweATP4BW8aU/ai/aufcxal7R85gD8gfb5A6Z9mOM=</latexit><latexit sha1_base64="Be/nvzxIJa2jSv5wkIN8m/bkVms=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHqwpIEQTdC1Y3LCvYBTQyT6aQdOnkwM5GWNHs3/oobF4q49Qfc+TdO2yy09cCFwzn3cu89XsyokIbxrS0tr6yurRc2iptb2zu7+t5+U0QJx6SBIxbxtocEYTQkDUklI+2YExR4jLS8wfXEbz0QLmgU3slRTJwA9ULqU4ykkly95FeGx/AC2tLnCKdmlloZtMeXQ3gCPXvsWveWq5eNqjEFXCRmTsogR93Vv+xuhJOAhBIzJETHNGLppIhLihnJinYiSIzwAPVIR9EQBUQ46fSXDB4ppQv9iKsKJZyqvydSFAgxCjzVGSDZF/PeRPzP6yTSP3dSGsaJJCGeLfITBmUEJ8HALuUESzZSBGFO1a0Q95EKRar4iioEc/7lRdK0qqZRNW9Py7WrPI4COAQlUAEmOAM1cAPqoAEweATP4BW8aU/ai/aufcxal7R85gD8gfb5A6Z9mOM=</latexit>

krf(x)�rf(y)k2  kA>Ak2 · kx� yk2
<latexit sha1_base64="Atm5By9Oh6qkGAHdFOorduYfTEc="></latexit><latexit sha1_base64="Atm5By9Oh6qkGAHdFOorduYfTEc="></latexit><latexit sha1_base64="Atm5By9Oh6qkGAHdFOorduYfTEc="></latexit><latexit sha1_base64="Atm5By9Oh6qkGAHdFOorduYfTEc="></latexit>

- Logistic regression objectives: f(x) = 1
n

nX

i=1

log
�
1 + exp(�yi↵

>
i x)

�

<latexit sha1_base64="ZR4FNInL+JQotHVf4qxPez2aaj4="></latexit><latexit sha1_base64="ZR4FNInL+JQotHVf4qxPez2aaj4="></latexit><latexit sha1_base64="ZR4FNInL+JQotHVf4qxPez2aaj4="></latexit><latexit sha1_base64="ZR4FNInL+JQotHVf4qxPez2aaj4="></latexit>

Whiteboard
“But these are actually convex!”

- Non-convex objective: f(x) = x2 + 3 sin2(x)
<latexit sha1_base64="24R/xoDKVSaelqd2hpkPkS5FvVM=">AAACAHicbVDLSgNBEOyNrxhfqx48eBkMQkQIu1HQixD04jGCeUCyCbOT2WTI7OwyMysJSy7+ihcPinj1M7z5N04eB40WNBRV3XR3+TFnSjvOl5VZWl5ZXcuu5zY2t7Z37N29mooSSWiVRDySDR8rypmgVc00p41YUhz6nNb9wc3Erz9QqVgk7vUopl6Ie4IFjGBtpI59EBSGJ+gKDdsldIrOWoqJdslIHTvvFJ0p0F/izkke5qh07M9WNyJJSIUmHCvVdJ1YeymWmhFOx7lWomiMyQD3aNNQgUOqvHT6wBgdG6WLgkiaEhpN1Z8TKQ6VGoW+6Qyx7qtFbyL+5zUTHVx6KRNxoqkgs0VBwpGO0CQN1GWSEs1HhmAimbkVkT6WmGiTWc6E4C6+/JfUSkXXKbp35/ny9TyOLBzCERTAhQsowy1UoAoExvAEL/BqPVrP1pv1PmvNWPOZffgF6+MbrUiT4g==</latexit><latexit sha1_base64="24R/xoDKVSaelqd2hpkPkS5FvVM=">AAACAHicbVDLSgNBEOyNrxhfqx48eBkMQkQIu1HQixD04jGCeUCyCbOT2WTI7OwyMysJSy7+ihcPinj1M7z5N04eB40WNBRV3XR3+TFnSjvOl5VZWl5ZXcuu5zY2t7Z37N29mooSSWiVRDySDR8rypmgVc00p41YUhz6nNb9wc3Erz9QqVgk7vUopl6Ie4IFjGBtpI59EBSGJ+gKDdsldIrOWoqJdslIHTvvFJ0p0F/izkke5qh07M9WNyJJSIUmHCvVdJ1YeymWmhFOx7lWomiMyQD3aNNQgUOqvHT6wBgdG6WLgkiaEhpN1Z8TKQ6VGoW+6Qyx7qtFbyL+5zUTHVx6KRNxoqkgs0VBwpGO0CQN1GWSEs1HhmAimbkVkT6WmGiTWc6E4C6+/JfUSkXXKbp35/ny9TyOLBzCERTAhQsowy1UoAoExvAEL/BqPVrP1pv1PmvNWPOZffgF6+MbrUiT4g==</latexit><latexit sha1_base64="24R/xoDKVSaelqd2hpkPkS5FvVM=">AAACAHicbVDLSgNBEOyNrxhfqx48eBkMQkQIu1HQixD04jGCeUCyCbOT2WTI7OwyMysJSy7+ihcPinj1M7z5N04eB40WNBRV3XR3+TFnSjvOl5VZWl5ZXcuu5zY2t7Z37N29mooSSWiVRDySDR8rypmgVc00p41YUhz6nNb9wc3Erz9QqVgk7vUopl6Ie4IFjGBtpI59EBSGJ+gKDdsldIrOWoqJdslIHTvvFJ0p0F/izkke5qh07M9WNyJJSIUmHCvVdJ1YeymWmhFOx7lWomiMyQD3aNNQgUOqvHT6wBgdG6WLgkiaEhpN1Z8TKQ6VGoW+6Qyx7qtFbyL+5zUTHVx6KRNxoqkgs0VBwpGO0CQN1GWSEs1HhmAimbkVkT6WmGiTWc6E4C6+/JfUSkXXKbp35/ny9TyOLBzCERTAhQsowy1UoAoExvAEL/BqPVrP1pv1PmvNWPOZffgF6+MbrUiT4g==</latexit><latexit sha1_base64="24R/xoDKVSaelqd2hpkPkS5FvVM=">AAACAHicbVDLSgNBEOyNrxhfqx48eBkMQkQIu1HQixD04jGCeUCyCbOT2WTI7OwyMysJSy7+ihcPinj1M7z5N04eB40WNBRV3XR3+TFnSjvOl5VZWl5ZXcuu5zY2t7Z37N29mooSSWiVRDySDR8rypmgVc00p41YUhz6nNb9wc3Erz9QqVgk7vUopl6Ie4IFjGBtpI59EBSGJ+gKDdsldIrOWoqJdslIHTvvFJ0p0F/izkke5qh07M9WNyJJSIUmHCvVdJ1YeymWmhFOx7lWomiMyQD3aNNQgUOqvHT6wBgdG6WLgkiaEhpN1Z8TKQ6VGoW+6Qyx7qtFbyL+5zUTHVx6KRNxoqkgs0VBwpGO0CQN1GWSEs1HhmAimbkVkT6WmGiTWc6E4C6+/JfUSkXXKbp35/ny9TyOLBzCERTAhQsowy1UoAoExvAEL/BqPVrP1pv1PmvNWPOZffgF6+MbrUiT4g==</latexit>

Demo



Combining all these things together: MLP

...

<latexit sha1_base64="HUkboAm8lZMrZs9X2LO9j8dP3kw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6qfq16eV+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB84Hj0o=</latexit>

x1

<latexit sha1_base64="hRS0ddpgxHMAJcuGPZWM1yTuND4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+8enF3Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcOSI2o</latexit>

x2

<latexit sha1_base64="rZqqRJEsDVTa/mx5dMmqIpR8GIA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrli/uqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AD8yNqQ==</latexit>

x3

<latexit sha1_base64="ucUuJlzTdKE55zbmY9paKxrCXdE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0eiF48Y5ZHAhswOA0yYnd3M9BrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+ci1EZF6wHHM/ZAOlOgLRtFK90/d826x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/lp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs7JXKV/cVUrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4AEVCNqg==</latexit>

xn

<latexit sha1_base64="Hqo3Bys6j+ADrcQ6/3doZHaJ6yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+rJXrniVt0ZyDLxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmxSp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl9eJs2zqndevbg7r9Su8ziKcATHcAoeXEINbqEODWAwgGd4hTdHOC/Ou/Mxby04+cwh/IHz+QNqvI3l</latexit>

y

<latexit sha1_base64="0AzN9pSceEkVyYO5YY8D+4ugxy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6lWNBQ==</latexit>

...

<latexit sha1_base64="HUkboAm8lZMrZs9X2LO9j8dP3kw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6qfq16eV+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB84Hj0o=</latexit>

W1

<latexit sha1_base64="eNeLbyISNV8epsCVgtiQr+nkDZ0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00O57/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVa9WvbyvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AHb842H</latexit>

W2

<latexit sha1_base64="RaHmeOXWLxSiNvungbFFmVpwHA0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkmp6LHoxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6aPer/VLZrbhzkFXi5aQMORr90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtO0YbgLb+8SlrVilerXN7XyvWbPI4CnMIZXIAHV1CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AHdd42I</latexit>

Nonlinear operators!



Combining all these things together: MLP

...

<latexit sha1_base64="HUkboAm8lZMrZs9X2LO9j8dP3kw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6qfq16eV+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB84Hj0o=</latexit>

x1

<latexit sha1_base64="hRS0ddpgxHMAJcuGPZWM1yTuND4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+8enF3Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcOSI2o</latexit>

x2

<latexit sha1_base64="rZqqRJEsDVTa/mx5dMmqIpR8GIA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrli/uqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AD8yNqQ==</latexit>

x3

<latexit sha1_base64="ucUuJlzTdKE55zbmY9paKxrCXdE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0eiF48Y5ZHAhswOA0yYnd3M9BrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+ci1EZF6wHHM/ZAOlOgLRtFK90/d826x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/lp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs7JXKV/cVUrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4AEVCNqg==</latexit>

xn

<latexit sha1_base64="Hqo3Bys6j+ADrcQ6/3doZHaJ6yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+rJXrniVt0ZyDLxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmxSp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl9eJs2zqndevbg7r9Su8ziKcATHcAoeXEINbqEODWAwgGd4hTdHOC/Ou/Mxby04+cwh/IHz+QNqvI3l</latexit>

y

<latexit sha1_base64="0AzN9pSceEkVyYO5YY8D+4ugxy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6lWNBQ==</latexit>

...

<latexit sha1_base64="HUkboAm8lZMrZs9X2LO9j8dP3kw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6qfq16eV+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB84Hj0o=</latexit>

W1

<latexit sha1_base64="eNeLbyISNV8epsCVgtiQr+nkDZ0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00O57/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVa9WvbyvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AHb842H</latexit>

W2

<latexit sha1_base64="RaHmeOXWLxSiNvungbFFmVpwHA0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkmp6LHoxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6aPer/VLZrbhzkFXi5aQMORr90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtO0YbgLb+8SlrVilerXN7XyvWbPI4CnMIZXIAHV1CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AHdd42I</latexit>

Nonlinear operators!

...

<latexit sha1_base64="HUkboAm8lZMrZs9X2LO9j8dP3kw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6qfq16eV+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB84Hj0o=</latexit>



Combining all these things together: MLP

...

<latexit sha1_base64="HUkboAm8lZMrZs9X2LO9j8dP3kw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6qfq16eV+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB84Hj0o=</latexit>

x1

<latexit sha1_base64="hRS0ddpgxHMAJcuGPZWM1yTuND4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+8enF3Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcOSI2o</latexit>

x2

<latexit sha1_base64="rZqqRJEsDVTa/mx5dMmqIpR8GIA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrli/uqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AD8yNqQ==</latexit>

x3

<latexit sha1_base64="ucUuJlzTdKE55zbmY9paKxrCXdE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0eiF48Y5ZHAhswOA0yYnd3M9BrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+ci1EZF6wHHM/ZAOlOgLRtFK90/d826x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/lp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs7JXKV/cVUrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4AEVCNqg==</latexit>

xn

<latexit sha1_base64="Hqo3Bys6j+ADrcQ6/3doZHaJ6yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+rJXrniVt0ZyDLxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmxSp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl9eJs2zqndevbg7r9Su8ziKcATHcAoeXEINbqEODWAwgGd4hTdHOC/Ou/Mxby04+cwh/IHz+QNqvI3l</latexit>

y

<latexit sha1_base64="0AzN9pSceEkVyYO5YY8D+4ugxy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6lWNBQ==</latexit>

...

<latexit sha1_base64="HUkboAm8lZMrZs9X2LO9j8dP3kw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6qfq16eV+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB84Hj0o=</latexit>

W1

<latexit sha1_base64="eNeLbyISNV8epsCVgtiQr+nkDZ0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00O57/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVa9WvbyvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AHb842H</latexit>

W2

<latexit sha1_base64="RaHmeOXWLxSiNvungbFFmVpwHA0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkmp6LHoxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6aPer/VLZrbhzkFXi5aQMORr90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtO0YbgLb+8SlrVilerXN7XyvWbPI4CnMIZXIAHV1CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AHdd42I</latexit>

Nonlinear operators!

...

<latexit sha1_base64="HUkboAm8lZMrZs9X2LO9j8dP3kw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6qfq16eV+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB84Hj0o=</latexit>

Feedforward/fully connected neural network
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<latexit sha1_base64="zz7wC8KmT0pjq0RBr0U7GdH1e2M=">AAACIXicbVDLSgMxFM3UV62vqks3wSK4KjNSscuiG5dV7AM6dcikaRuayQzJHbEM8ytu/BU3LhTpTvwZM20RbT0QOJxzLzfn+JHgGmz708qtrK6tb+Q3C1vbO7t7xf2Dpg5jRVmDhiJUbZ9oJrhkDeAgWDtSjAS+YC1/dJX5rQemNA/lHYwj1g3IQPI+pwSM5BWrLY9jl0vsBgSGvp/cpvdJ5CUusEdIuExT7AIPmMY/YhhDmqZesWSX7SnwMnHmpITmqHvFidsLaRwwCVQQrTuOHUE3IQo4FSwtuLFmEaEjMmAdQyUxR7vJNGGKT4zSw/1QmScBT9XfGwkJtB4HvpnMcuhFLxP/8zox9KtdkzOKgUk6O9SPBYYQZ3XhHleMghgbQqji5q+YDokiFEypBVOCsxh5mTTPyk6lfH5TKdUu53Xk0RE6RqfIQReohq5RHTUQRU/oBb2hd+vZerU+rMlsNGfNdw7RH1hf31hupYw=</latexit>
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<latexit sha1_base64="zI/g2LUHbivdr+Wf6+3Ra8oaCO4="></latexit>

Example:

x 2 R3

<latexit sha1_base64="sglCUnpSA5R2RfHrQ3mDsYaQRlA=">AAAB+3icbVC7TsMwFL0pr1JeoYwsFhUSU5VAEYwVLIwF0YfUhMpx3daq40S2g1pF+RUWBhBi5UfY+BuctgMUjmTp6Jx7dY9PEHOmtON8WYWV1bX1jeJmaWt7Z3fP3i+3VJRIQpsk4pHsBFhRzgRtaqY57cSS4jDgtB2Mr3O//UilYpG419OY+iEeCjZgBGsj9ezyBHlMIC/EehQE6V32cNazK07VmQH9Je6CVGCBRs/+9PoRSUIqNOFYqa7rxNpPsdSMcJqVvETRGJMxHtKuoQKHVPnpLHuGjo3SR4NImic0mqk/N1IcKjUNAzOZZ1TLXi7+53UTPbj0UybiRFNB5ocGCUc6QnkRqM8kJZpPDcFEMpMVkRGWmGhTV8mU4C5/+S9pnVbdWvX8tlapXy3qKMIhHMEJuHABdbiBBjSBwASe4AVercx6tt6s9/lowVrsHMAvWB/fSPGT9w==</latexit>

z 2 R2

<latexit sha1_base64="l8sh0uvJaG5fT1ZZOv2SMGuSep4=">AAAB+3icbVC7TsMwFL3hWcorlJHFokJiqpKqCMYKFsaC6ENqQ+W4bmvVcSLbQZQov8LCAEKs/Agbf4PTZoCWI1k6Oude3ePjR5wp7Tjf1srq2vrGZmGruL2zu7dvH5RaKowloU0S8lB2fKwoZ4I2NdOcdiJJceBz2vYnV5nffqBSsVDc6WlEvQCPBBsygrWR+nbpCfWYQL0A67HvJ7fpfbVvl52KMwNaJm5OypCj0be/eoOQxAEVmnCsVNd1Iu0lWGpGOE2LvVjRCJMJHtGuoQIHVHnJLHuKTowyQMNQmic0mqm/NxIcKDUNfDOZZVSLXib+53VjPbzwEiaiWFNB5oeGMUc6RFkRaMAkJZpPDcFEMpMVkTGWmGhTV9GU4C5+eZm0qhW3Vjm7qZXrl3kdBTiCYzgFF86hDtfQgCYQeIRneIU3K7VerHfrYz66YuU7h/AH1ucPSpeT+A==</latexit>

W

<latexit sha1_base64="g8V6XbFHuocDKOAGzKHCNtotxUU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUaPfLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y+pV47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPts2M4w==</latexit>



A bit of math in the mix: Neural Networks
- Verbose description: A neural network is a model/black box that takes  

               input and and provides some answer.  

byi = f (W,xi)

<latexit sha1_base64="IDJz2IIyno66lG7BREpB/KTL8bY=">AAACDXicbVDJSgNBEO2JW4xb1KOXxihEkDAjil4E0YvHCGaBTBh6OjVJY89Cd40ahvyAF3/FiwdFvHr35t/YWQ5qfFDweK+Kqnp+IoVG2/6ycjOzc/ML+cXC0vLK6lpxfaOu41RxqPFYxqrpMw1SRFBDgRKaiQIW+hIa/s3F0G/cgtIijq6xn0A7ZN1IBIIzNJJX3HHvRAd6DLP+wBP0lAauhADLjX167wlXiW4P97xiya7YI9Bp4kxIiUxQ9YqfbifmaQgRcsm0bjl2gu2MKRRcwqDgphoSxm9YF1qGRiwE3c5G3wzorlE6NIiVqQjpSP05kbFQ637om86QYU//9Ybif14rxeCknYkoSREiPl4UpJJiTIfR0I5QwFH2DWFcCXMr5T2mGEcTYMGE4Px9eZrUDyrOYeXo6rB0dj6JI0+2yDYpE4cckzNySaqkRjh5IE/khbxaj9az9Wa9j1tz1mRmk/yC9fENe46bLg==</latexit>

                The model is parameterized by a number of variables and 
                includes various operations (matrix/matrix multiplications,  
                convolutions, etc) as well as non-linear transformations.

Variables
W = {W1,W2, . . . ,WL}

<latexit sha1_base64="nRly/tFPm5KZjPzQjLmrD4TQEs0=">AAACBXicbVDNSsNAGNzUv1r/oh71sFgED6UkpaIXoejFg4cKthGaEDbbTbt0swm7G6GEXrz4Kl48KOLVd/Dm27hpc9DWgYVh5hu+/SZIGJXKsr6N0tLyyupaeb2ysbm1vWPu7nVlnApMOjhmsbgPkCSMctJRVDFynwiCooARJxhd5b7zQISkMb9T44R4ERpwGlKMlJZ889CBF9DNHN+uQcdv1KDbj5XM+Y078c2qVbemgIvELkgVFGj75peO4zQiXGGGpOzZVqK8DAlFMSOTiptKkiA8QgPS05SjiEgvm14xgcda6cMwFvpxBafq70SGIinHUaAnI6SGct7Lxf+8XqrCcy+jPEkV4Xi2KEwZVDHMK4F9KghWbKwJwoLqv0I8RAJhpYur6BLs+ZMXSbdRt5v109tmtXVZ1FEGB+AInAAbnIEWuAZt0AEYPIJn8ArejCfjxXg3PmajJaPI7IM/MD5/AJR2lho=</latexit>

Wi 2 Rpin⇥pout

<latexit sha1_base64="zz7wC8KmT0pjq0RBr0U7GdH1e2M=">AAACIXicbVDLSgMxFM3UV62vqks3wSK4KjNSscuiG5dV7AM6dcikaRuayQzJHbEM8ytu/BU3LhTpTvwZM20RbT0QOJxzLzfn+JHgGmz708qtrK6tb+Q3C1vbO7t7xf2Dpg5jRVmDhiJUbZ9oJrhkDeAgWDtSjAS+YC1/dJX5rQemNA/lHYwj1g3IQPI+pwSM5BWrLY9jl0vsBgSGvp/cpvdJ5CUusEdIuExT7AIPmMY/YhhDmqZesWSX7SnwMnHmpITmqHvFidsLaRwwCVQQrTuOHUE3IQo4FSwtuLFmEaEjMmAdQyUxR7vJNGGKT4zSw/1QmScBT9XfGwkJtB4HvpnMcuhFLxP/8zox9KtdkzOKgUk6O9SPBYYQZ3XhHleMghgbQqji5q+YDokiFEypBVOCsxh5mTTPyk6lfH5TKdUu53Xk0RE6RqfIQReohq5RHTUQRU/oBb2hd+vZerU+rMlsNGfNdw7RH1hf31hupYw=</latexit>

Example:

x 2 R3

<latexit sha1_base64="sglCUnpSA5R2RfHrQ3mDsYaQRlA=">AAAB+3icbVC7TsMwFL0pr1JeoYwsFhUSU5VAEYwVLIwF0YfUhMpx3daq40S2g1pF+RUWBhBi5UfY+BuctgMUjmTp6Jx7dY9PEHOmtON8WYWV1bX1jeJmaWt7Z3fP3i+3VJRIQpsk4pHsBFhRzgRtaqY57cSS4jDgtB2Mr3O//UilYpG419OY+iEeCjZgBGsj9ezyBHlMIC/EehQE6V32cNazK07VmQH9Je6CVGCBRs/+9PoRSUIqNOFYqa7rxNpPsdSMcJqVvETRGJMxHtKuoQKHVPnpLHuGjo3SR4NImic0mqk/N1IcKjUNAzOZZ1TLXi7+53UTPbj0UybiRFNB5ocGCUc6QnkRqM8kJZpPDcFEMpMVkRGWmGhTV8mU4C5/+S9pnVbdWvX8tlapXy3qKMIhHMEJuHABdbiBBjSBwASe4AVercx6tt6s9/lowVrsHMAvWB/fSPGT9w==</latexit>

z 2 R2

<latexit sha1_base64="l8sh0uvJaG5fT1ZZOv2SMGuSep4=">AAAB+3icbVC7TsMwFL3hWcorlJHFokJiqpKqCMYKFsaC6ENqQ+W4bmvVcSLbQZQov8LCAEKs/Agbf4PTZoCWI1k6Oude3ePjR5wp7Tjf1srq2vrGZmGruL2zu7dvH5RaKowloU0S8lB2fKwoZ4I2NdOcdiJJceBz2vYnV5nffqBSsVDc6WlEvQCPBBsygrWR+nbpCfWYQL0A67HvJ7fpfbVvl52KMwNaJm5OypCj0be/eoOQxAEVmnCsVNd1Iu0lWGpGOE2LvVjRCJMJHtGuoQIHVHnJLHuKTowyQMNQmic0mqm/NxIcKDUNfDOZZVSLXib+53VjPbzwEiaiWFNB5oeGMUc6RFkRaMAkJZpPDcFEMpMVkTGWmGhTV9GU4C5+eZm0qhW3Vjm7qZXrl3kdBTiCYzgFF86hDtfQgCYQeIRneIU3K7VerHfrYz66YuU7h/AH1ucPSpeT+A==</latexit>

ReLU

<latexit sha1_base64="x1Xmk/I3ZeWitvjV/f67k2h4I7U=">AAAB9HicbVBNT8JAEN3iF+IX6tFLIzHxRFqD0SPRiwcPaCyQQEO2ywAbttu6OyWSht/hxYPGePXHePPfuEAPCr5kkpf3ZjIzL4gF1+g431ZuZXVtfSO/Wdja3tndK+4f1HWUKAYei0SkmgHVILgEDzkKaMYKaBgIaATD66nfGIHSPJIPOI7BD2lf8h5nFI3ktxGeEDG9h1tv0imWnLIzg71M3IyUSIZap/jV7kYsCUEiE1TrluvE6KdUIWcCJoV2oiGmbEj70DJU0hC0n86OntgnRunavUiZkmjP1N8TKQ21HoeB6QwpDvSiNxX/81oJ9i79lMs4QZBsvqiXCBsje5qA3eUKGIqxIZQpbm612YAqytDkVDAhuIsvL5P6WdmtlM/vKqXqVRZHnhyRY3JKXHJBquSG1IhHGHkkz+SVvFkj68V6tz7mrTkrmzkkf2B9/gAqZJJd</latexit>
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<latexit sha1_base64="GUOE+55U/hqXETsW/ZymZs88ZYQ="></latexit>

W

<latexit sha1_base64="g8V6XbFHuocDKOAGzKHCNtotxUU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUaPfLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y+pV47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPts2M4w==</latexit>



A bit of math in the mix: Neural Networks
- Verbose description: A neural network is a model/black box that takes  

               input and and provides some answer.  

                The model is parameterized by a number of variables and 
                includes various operations (matrix/matrix multiplications,  
                convolutions, etc) as well as non-linear transformations.

                The output of the model is compared to some ground truth 
                in order to minimize a loss function (user-defined).
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byi = f (W,xi)

<latexit sha1_base64="IDJz2IIyno66lG7BREpB/KTL8bY=">AAACDXicbVDJSgNBEO2JW4xb1KOXxihEkDAjil4E0YvHCGaBTBh6OjVJY89Cd40ahvyAF3/FiwdFvHr35t/YWQ5qfFDweK+Kqnp+IoVG2/6ycjOzc/ML+cXC0vLK6lpxfaOu41RxqPFYxqrpMw1SRFBDgRKaiQIW+hIa/s3F0G/cgtIijq6xn0A7ZN1IBIIzNJJX3HHvRAd6DLP+wBP0lAauhADLjX167wlXiW4P97xiya7YI9Bp4kxIiUxQ9YqfbifmaQgRcsm0bjl2gu2MKRRcwqDgphoSxm9YF1qGRiwE3c5G3wzorlE6NIiVqQjpSP05kbFQ637om86QYU//9Ybif14rxeCknYkoSREiPl4UpJJiTIfR0I5QwFH2DWFcCXMr5T2mGEcTYMGE4Px9eZrUDyrOYeXo6rB0dj6JI0+2yDYpE4cckzNySaqkRjh5IE/khbxaj9az9Wa9j1tz1mRmk/yC9fENe46bLg==</latexit>
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output
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How does it compare with real labels/output?
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Estimated

output

How does it compare with real labels/output?

`(yi, byi)

<latexit sha1_base64="77kptJhmP+iyaK6uCT/6tMLtTtg=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJpKLLohuXFewDmhAm09t26OTBzEQJoW78FTcuFHHrX7jzb5y2WWjrgQuHc+7l3nv8mDOpLOvbKCwtr6yuFddLG5tb2zvm7l5LRomg0KQRj0THJxI4C6GpmOLQiQWQwOfQ9kfXE799D0KyKLxTaQxuQAYh6zNKlJY888ABziupx06x88B6MCQqS8ceO/HMslW1psCLxM5JGeVoeOaX04toEkCoKCdSdm0rVm5GhGKUw7jkJBJiQkdkAF1NQxKAdLPpB2N8rJUe7kdCV6jwVP09kZFAyjTwdWdA1FDOexPxP6+bqP6lm7EwThSEdLaon3CsIjyJA/eYAKp4qgmhgulbMR0SQajSoZV0CPb8y4ukdVa1a9Xz21q5fpXHUUSH6AhVkI0uUB3doAZqIooe0TN6RW/Gk/FivBsfs9aCkc/soz8wPn8A8qWWlQ==</latexit>
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<latexit sha1_base64="77kptJhmP+iyaK6uCT/6tMLtTtg=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJpKLLohuXFewDmhAm09t26OTBzEQJoW78FTcuFHHrX7jzb5y2WWjrgQuHc+7l3nv8mDOpLOvbKCwtr6yuFddLG5tb2zvm7l5LRomg0KQRj0THJxI4C6GpmOLQiQWQwOfQ9kfXE799D0KyKLxTaQxuQAYh6zNKlJY888ABziupx06x88B6MCQqS8ceO/HMslW1psCLxM5JGeVoeOaX04toEkCoKCdSdm0rVm5GhGKUw7jkJBJiQkdkAF1NQxKAdLPpB2N8rJUe7kdCV6jwVP09kZFAyjTwdWdA1FDOexPxP6+bqP6lm7EwThSEdLaon3CsIjyJA/eYAKp4qgmhgulbMR0SQajSoZV0CPb8y4ukdVa1a9Xz21q5fpXHUUSH6AhVkI0uUB3doAZqIooe0TN6RW/Gk/FivBsfs9aCkc/soz8wPn8A8qWWlQ==</latexit>

Examples: `(yi, byi) = 1
2kyi � byik22

<latexit sha1_base64="Kt0rVoyYiy4fqE1pg/3hYYA+YGo="></latexit>

`(yi, byi) = cross-entropy(yi, byi)

<latexit sha1_base64="oUtDPywMEeisrjxE/AekvBOWy/k=">AAACLnicbVBNSwMxFMz6bf2qevQSLEIFLbui6EUQRfCoYGuhW5Zs+mpDs5sleasuS3+RF/+KHgQV8erPMK09aHUgMMzMS/ImTKQw6Lovztj4xOTU9MxsYW5+YXGpuLxSMyrVHKpcSaXrITMgRQxVFCihnmhgUSjhKuye9P2rG9BGqPgSswSaEbuORVtwhlYKiqc+SFnOArFF/VvRgg7DPOsFYpMeUh/hDhFzrpUx2xCjVknW+y8cFEtuxR2A/iXekJTIEOdB8clvKZ5G9lIumTENz02wmTONgkvoFfzUQMJ4l11Dw9KYRWCa+WDdHt2wSou2lbYnRjpQf07kLDImi0KbjBh2zKjXF//zGim2D5q5iJMUIebfD7VTSVHRfne0JTRwlJkljGth/0p5h2nG0TZcsCV4oyv/JbWdirdb2bvYLR0dD+uYIWtknZSJR/bJETkj56RKOLknj+SVvDkPzrPz7nx8R8ec4cwq+QXn8wux46mW</latexit>
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                The model is parameterized by a number of variables and 
                includes various operations (matrix/matrix multiplications,  
                convolutions, etc) as well as non-linear transformations.

                The output of the model is compared to some ground truth 
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Estimated

output

How does it compare with real labels/output?

`(yi, byi)
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Examples: `(yi, byi) = 1
2kyi � byik22
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`(yi, byi) = cross-entropy(yi, byi)
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Goal: make loss as small as possible over the whole dataset (              ){xi, yi}ni=1
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- Verbose description: A neural network is a model/black box that takes  

               input and and provides some answer.  

                The model is parameterized by a number of variables and 
                includes various operations (matrix/matrix multiplications,  
                convolutions, etc) as well as non-linear transformations.

                The output of the model is compared to some ground truth 
                in order to minimize a loss function (user-defined).

                Through layers, the neural network learns a hierarchical 
                representation of data (tries to encode domain information).

                Neural networks are trained with local search optimization 
                algorithms such as stochastic gradient descent, Adam, 
                Adagrad, etc.

W ? 2 argmin
W

X

{xi,yi}

`(yi, byi)

argmin
W

X

{xi,yi}

`(yi, f(W,xi))
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(Quite abstract for now)
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Neural networks represented as boxes

- Most used representation of neural networks (but math will get us the details)

- Example: feedforward neural network, with 3 hidden layers, and ReLUs 
                  Softmax before output, loss function `(·, ·)
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Softmax: function that normalizes 
and outputs a vector of probabilities 
on the possible outcomes



Neural networks represented as boxes

- Most used representation of neural networks (but math will get us the details)

- Example: feedforward neural network, with 3 hidden layers, and ReLUs 
                  Softmax before output, loss function `(·, ·)

<latexit sha1_base64="tCxdgZrqjnRlotQXRnZ/W/IRBHA=">AAAB+3icbVDLSgMxFM3UV62vsS7dBItQQcqMVHRZdOOygn1AZyiZTKYNzSRDkhHL0F9x40IRt/6IO//GdDoLbT1wuYdz7iU3J0gYVdpxvq3S2vrG5lZ5u7Kzu7d/YB9Wu0qkEpMOFkzIfoAUYZSTjqaakX4iCYoDRnrB5Hbu9x6JVFTwBz1NiB+jEacRxUgbaWhXPcJY3cOh0Ocwb2dDu+Y0nBxwlbgFqYEC7aH95YUCpzHhGjOk1MB1Eu1nSGqKGZlVvFSRBOEJGpGBoRzFRPlZfvsMnholhJGQpriGufp7I0OxUtM4MJMx0mO17M3F/7xBqqNrP6M8STXhePFQlDKoBZwHAUMqCdZsagjCkppbIR4jibA2cVVMCO7yl1dJ96LhNhuX981a66aIowyOwQmoAxdcgRa4A23QARg8gWfwCt6smfVivVsfi9GSVewcgT+wPn8A0m2TqQ==</latexit>

Input

'
1 (i

n
p
u
t,W

)

<latexit sha1_base64="xOgyTguuD7WM1PXiTtlhTi7uFF4=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahgpREKrosunFZwT6gCWEynbRDJw9mbooldOPGX3HjQhG3/oM7/8Zpm4VWDwwczrmXO+f4ieAKLOvLKCwtr6yuFddLG5tb2zvm7l5LxamkrEljEcuOTxQTPGJN4CBYJ5GMhL5gbX94PfXbIyYVj6M7GCfMDUk/4gGnBLTkmYfOiMhkwD274gC7B4CMR0kKk1PcPvHMslW1ZsB/iZ2TMsrR8MxPpxfTNGQRUEGU6tpWAm5GJHAq2KTkpIolhA5Jn3U1jUjIlJvNUkzwsVZ6OIilfhHgmfpzIyOhUuPQ15MhgYFa9Kbif143heDSncdiEZ0fClKBIcbTSnCPS0ZBjDUhVHL9V0wHRBIKuriSLsFejPyXtM6qdq16flsr16/yOoroAB2hCrLRBaqjG9RATUTRA3pCL+jVeDSejTfjfT5aMPKdffQLxsc3O7aYZg==</latexit>

'
2 (i

n
p
u
t,W

)

<latexit sha1_base64="vVz2OH2xobSaRv11FghEl4QaVOs=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAYhgoTdENEyaGMZwTwguyyzk0kyZPbBzN1gWNLY+Cs2ForY+g92/o2TZAtNPDBwOOde7pzjx4IrsKxvI7eyura+kd8sbG3v7O6Z+wdNFSWSsgaNRCTbPlFM8JA1gINg7VgyEviCtfzhzdRvjZhUPArvYRwzNyD9kPc4JaAlzzx2RkTGA+5VSg6wBwBIeRgnMDnHrTPPLFplawa8TOyMFFGGumd+Od2IJgELgQqiVMe2YnBTIoFTwSYFJ1EsJnRI+qyjaUgCptx0lmKCT7XSxb1I6hcCnqm/N1ISKDUOfD0ZEBioRW8q/ud1EuhdufNYLKTzQ71EYIjwtBLc5ZJREGNNCJVc/xXTAZGEgi6uoEuwFyMvk2albFfLF3fVYu06qyOPjtAJKiEbXaIaukV11EAUPaJn9IrejCfjxXg3PuajOSPbOUR/YHz+AD1NmGc=</latexit>

'
3 (i

n
p
u
t,W

)

<latexit sha1_base64="4+xD8LI9JZSVbb5cCg9fAayakYw=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAYhgoRdjWgZtLGMYB6QXZbZyWwyZPbBzN1gWNLY+Cs2ForY+g92/o2TR6GJBwYO59zLnXP8RHAFlvVt5JaWV1bX8uuFjc2t7R1zd6+h4lRSVqexiGXLJ4oJHrE6cBCslUhGQl+wpt+/GfvNAZOKx9E9DBPmhqQb8YBTAlryzENnQGTS4955yQH2AAAZj5IURqe4eeKZRatsTYAXiT0jRTRDzTO/nE5M05BFQAVRqm1bCbgZkcCpYKOCkyqWENonXdbWNCIhU242STHCx1rp4CCW+kWAJ+rvjYyESg1DX0+GBHpq3huL/3ntFIIrdxqLRXR6KEgFhhiPK8EdLhkFMdSEUMn1XzHtEUko6OIKugR7PvIiaZyV7Ur54q5SrF7P6sijA3SESshGl6iKblEN1RFFj+gZvaI348l4Md6Nj+lozpjt7KM/MD5/AD7kmGg=</latexit>

`(·,·)

<latexit sha1_base64="tCxdgZrqjnRlotQXRnZ/W/IRBHA=">AAAB+3icbVDLSgMxFM3UV62vsS7dBItQQcqMVHRZdOOygn1AZyiZTKYNzSRDkhHL0F9x40IRt/6IO//GdDoLbT1wuYdz7iU3J0gYVdpxvq3S2vrG5lZ5u7Kzu7d/YB9Wu0qkEpMOFkzIfoAUYZSTjqaakX4iCYoDRnrB5Hbu9x6JVFTwBz1NiB+jEacRxUgbaWhXPcJY3cOh0Ocwb2dDu+Y0nBxwlbgFqYEC7aH95YUCpzHhGjOk1MB1Eu1nSGqKGZlVvFSRBOEJGpGBoRzFRPlZfvsMnholhJGQpriGufp7I0OxUtM4MJMx0mO17M3F/7xBqqNrP6M8STXhePFQlDKoBZwHAUMqCdZsagjCkppbIR4jibA2cVVMCO7yl1dJ96LhNhuX981a66aIowyOwQmoAxdcgRa4A23QARg8gWfwCt6smfVivVsfi9GSVewcgT+wPn8A0m2TqQ==</latexit>

s
o
f
t
m
a
x(·)

<latexit sha1_base64="wy8WJ8bQtOdpIdzrUi7xOo3zIYs=">AAACAHicbVBNS8NAEN34WetX1IMHL8Ei1EtJpKLHohePFewHNKFsNpt26SYbdifSEnLxr3jxoIhXf4Y3/43bNgdtfTDweG+GmXl+wpkC2/42VlbX1jc2S1vl7Z3dvX3z4LCtRCoJbRHBhez6WFHOYtoCBpx2E0lx5HPa8Ue3U7/zSKViIn6ASUK9CA9iFjKCQUt989gFOgaATIkQIjzOqy4JBJz3zYpds2ewlolTkAoq0OybX24gSBrRGAjHSvUcOwEvwxIY4TQvu6miCSYjPKA9TWMcUeVlswdy60wrgRUKqSsGa6b+nshwpNQk8nVnhGGoFr2p+J/XSyG89jIWJynQmMwXhSm3QFjTNKyASUqATzTBRDJ9q0WGWGICOrOyDsFZfHmZtC9qTr12eV+vNG6KOEroBJ2iKnLQFWqgO9RELURQjp7RK3oznowX4934mLeuGMXMEfoD4/MHclCW8w==</latexit>

` (softmax ('3('2('1(xi,W ),W ),W ) , yi)

<latexit sha1_base64="WrQVo0FHdkhABLAlZpE2qAguSLI="></latexit>

Softmax: function that normalizes 
and outputs a vector of probabilities 
on the possible outcomes



Neural networks represented as boxes

- Most used representation of neural networks (but math will get us the details)

- Example: feedforward neural network, with 3 hidden layers, and ReLUs 
                  Softmax before output, loss function `(·, ·)
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Softmax: function that normalizes 
and outputs a vector of probabilities 
on the possible outcomes



Neural networks represented as boxes

- Most used representation of neural networks (but math will get us the details)

- Example: feedforward neural network, with 3 hidden layers, and ReLUs 
                  Softmax before output, loss function `(·, ·)
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Softmax: function that normalizes 
and outputs a vector of probabilities 
on the possible outcomes



Neural networks represented as boxes

- Most used representation of neural networks (but math will get us the details)

- Example: feedforward neural network, with 3 hidden layers, and ReLUs 
                  Softmax before output, loss function `(·, ·)
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Softmax: function that normalizes 
and outputs a vector of probabilities 
on the possible outcomes



Neural networks represented as boxes

- Most used representation of neural networks (but math will get us the details)

- Example: feedforward neural network, with 3 hidden layers, and ReLUs 
                  Softmax before output, loss function `(·, ·)
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Softmax: function that normalizes 
and outputs a vector of probabilities 
on the possible outcomes



Neural networks represented as boxes

- Most used representation of neural networks (but math will get us the details)

- Example: feedforward neural network, with 3 hidden layers, and ReLUs 
                  Softmax before output, loss function `(·, ·)
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<latexit sha1_base64="wy8WJ8bQtOdpIdzrUi7xOo3zIYs=">AAACAHicbVBNS8NAEN34WetX1IMHL8Ei1EtJpKLHohePFewHNKFsNpt26SYbdifSEnLxr3jxoIhXf4Y3/43bNgdtfTDweG+GmXl+wpkC2/42VlbX1jc2S1vl7Z3dvX3z4LCtRCoJbRHBhez6WFHOYtoCBpx2E0lx5HPa8Ue3U7/zSKViIn6ASUK9CA9iFjKCQUt989gFOgaATIkQIjzOqy4JBJz3zYpds2ewlolTkAoq0OybX24gSBrRGAjHSvUcOwEvwxIY4TQvu6miCSYjPKA9TWMcUeVlswdy60wrgRUKqSsGa6b+nshwpNQk8nVnhGGoFr2p+J/XSyG89jIWJynQmMwXhSm3QFjTNKyASUqATzTBRDJ9q0WGWGICOrOyDsFZfHmZtC9qTr12eV+vNG6KOEroBJ2iKnLQFWqgO9RELURQjp7RK3oznowX4934mLeuGMXMEfoD4/MHclCW8w==</latexit>

` (softmax ('3('2('1(xi,W ),W ),W ) , yi)

<latexit sha1_base64="WrQVo0FHdkhABLAlZpE2qAguSLI="></latexit>

Softmax: function that normalizes 
and outputs a vector of probabilities 
on the possible outcomes

Module



Neural networks represented as boxes

- Most used representation of neural networks (but math will get us the details)

- Example: feedforward neural network, with 3 hidden layers, and ReLUs 
                  Softmax before output, loss function `(·, ·)

<latexit sha1_base64="tCxdgZrqjnRlotQXRnZ/W/IRBHA=">AAAB+3icbVDLSgMxFM3UV62vsS7dBItQQcqMVHRZdOOygn1AZyiZTKYNzSRDkhHL0F9x40IRt/6IO//GdDoLbT1wuYdz7iU3J0gYVdpxvq3S2vrG5lZ5u7Kzu7d/YB9Wu0qkEpMOFkzIfoAUYZSTjqaakX4iCYoDRnrB5Hbu9x6JVFTwBz1NiB+jEacRxUgbaWhXPcJY3cOh0Ocwb2dDu+Y0nBxwlbgFqYEC7aH95YUCpzHhGjOk1MB1Eu1nSGqKGZlVvFSRBOEJGpGBoRzFRPlZfvsMnholhJGQpriGufp7I0OxUtM4MJMx0mO17M3F/7xBqqNrP6M8STXhePFQlDKoBZwHAUMqCdZsagjCkppbIR4jibA2cVVMCO7yl1dJ96LhNhuX981a66aIowyOwQmoAxdcgRa4A23QARg8gWfwCt6smfVivVsfi9GSVewcgT+wPn8A0m2TqQ==</latexit>

Input

'
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n
p
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t,W

)

<latexit sha1_base64="xOgyTguuD7WM1PXiTtlhTi7uFF4=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahgpREKrosunFZwT6gCWEynbRDJw9mbooldOPGX3HjQhG3/oM7/8Zpm4VWDwwczrmXO+f4ieAKLOvLKCwtr6yuFddLG5tb2zvm7l5LxamkrEljEcuOTxQTPGJN4CBYJ5GMhL5gbX94PfXbIyYVj6M7GCfMDUk/4gGnBLTkmYfOiMhkwD274gC7B4CMR0kKk1PcPvHMslW1ZsB/iZ2TMsrR8MxPpxfTNGQRUEGU6tpWAm5GJHAq2KTkpIolhA5Jn3U1jUjIlJvNUkzwsVZ6OIilfhHgmfpzIyOhUuPQ15MhgYFa9Kbif143heDSncdiEZ0fClKBIcbTSnCPS0ZBjDUhVHL9V0wHRBIKuriSLsFejPyXtM6qdq16flsr16/yOoroAB2hCrLRBaqjG9RATUTRA3pCL+jVeDSejTfjfT5aMPKdffQLxsc3O7aYZg==</latexit>

'
2 (i

n
p
u
t,W

)

<latexit sha1_base64="vVz2OH2xobSaRv11FghEl4QaVOs=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAYhgoTdENEyaGMZwTwguyyzk0kyZPbBzN1gWNLY+Cs2ForY+g92/o2TZAtNPDBwOOde7pzjx4IrsKxvI7eyura+kd8sbG3v7O6Z+wdNFSWSsgaNRCTbPlFM8JA1gINg7VgyEviCtfzhzdRvjZhUPArvYRwzNyD9kPc4JaAlzzx2RkTGA+5VSg6wBwBIeRgnMDnHrTPPLFplawa8TOyMFFGGumd+Od2IJgELgQqiVMe2YnBTIoFTwSYFJ1EsJnRI+qyjaUgCptx0lmKCT7XSxb1I6hcCnqm/N1ISKDUOfD0ZEBioRW8q/ud1EuhdufNYLKTzQ71EYIjwtBLc5ZJREGNNCJVc/xXTAZGEgi6uoEuwFyMvk2albFfLF3fVYu06qyOPjtAJKiEbXaIaukV11EAUPaJn9IrejCfjxXg3PuajOSPbOUR/YHz+AD1NmGc=</latexit>

'
3 (i

n
p
u
t,W

)

<latexit sha1_base64="4+xD8LI9JZSVbb5cCg9fAayakYw=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAYhgoRdjWgZtLGMYB6QXZbZyWwyZPbBzN1gWNLY+Cs2ForY+g92/o2TR6GJBwYO59zLnXP8RHAFlvVt5JaWV1bX8uuFjc2t7R1zd6+h4lRSVqexiGXLJ4oJHrE6cBCslUhGQl+wpt+/GfvNAZOKx9E9DBPmhqQb8YBTAlryzENnQGTS4955yQH2AAAZj5IURqe4eeKZRatsTYAXiT0jRTRDzTO/nE5M05BFQAVRqm1bCbgZkcCpYKOCkyqWENonXdbWNCIhU242STHCx1rp4CCW+kWAJ+rvjYyESg1DX0+GBHpq3huL/3ntFIIrdxqLRXR6KEgFhhiPK8EdLhkFMdSEUMn1XzHtEUko6OIKugR7PvIiaZyV7Ur54q5SrF7P6sijA3SESshGl6iKblEN1RFFj+gZvaI348l4Md6Nj+lozpjt7KM/MD5/AD7kmGg=</latexit>

`(·,·)

<latexit sha1_base64="tCxdgZrqjnRlotQXRnZ/W/IRBHA=">AAAB+3icbVDLSgMxFM3UV62vsS7dBItQQcqMVHRZdOOygn1AZyiZTKYNzSRDkhHL0F9x40IRt/6IO//GdDoLbT1wuYdz7iU3J0gYVdpxvq3S2vrG5lZ5u7Kzu7d/YB9Wu0qkEpMOFkzIfoAUYZSTjqaakX4iCYoDRnrB5Hbu9x6JVFTwBz1NiB+jEacRxUgbaWhXPcJY3cOh0Ocwb2dDu+Y0nBxwlbgFqYEC7aH95YUCpzHhGjOk1MB1Eu1nSGqKGZlVvFSRBOEJGpGBoRzFRPlZfvsMnholhJGQpriGufp7I0OxUtM4MJMx0mO17M3F/7xBqqNrP6M8STXhePFQlDKoBZwHAUMqCdZsagjCkppbIR4jibA2cVVMCO7yl1dJ96LhNhuX981a66aIowyOwQmoAxdcgRa4A23QARg8gWfwCt6smfVivVsfi9GSVewcgT+wPn8A0m2TqQ==</latexit>

s
o
f
t
m
a
x(·)

<latexit sha1_base64="wy8WJ8bQtOdpIdzrUi7xOo3zIYs=">AAACAHicbVBNS8NAEN34WetX1IMHL8Ei1EtJpKLHohePFewHNKFsNpt26SYbdifSEnLxr3jxoIhXf4Y3/43bNgdtfTDweG+GmXl+wpkC2/42VlbX1jc2S1vl7Z3dvX3z4LCtRCoJbRHBhez6WFHOYtoCBpx2E0lx5HPa8Ue3U7/zSKViIn6ASUK9CA9iFjKCQUt989gFOgaATIkQIjzOqy4JBJz3zYpds2ewlolTkAoq0OybX24gSBrRGAjHSvUcOwEvwxIY4TQvu6miCSYjPKA9TWMcUeVlswdy60wrgRUKqSsGa6b+nshwpNQk8nVnhGGoFr2p+J/XSyG89jIWJynQmMwXhSm3QFjTNKyASUqATzTBRDJ9q0WGWGICOrOyDsFZfHmZtC9qTr12eV+vNG6KOEroBJ2iKnLQFWqgO9RELURQjp7RK3oznowX4934mLeuGMXMEfoD4/MHclCW8w==</latexit>

Softmax: function that normalizes 
and outputs a vector of probabilities 
on the possible outcomes

Module

Is this the only way 
to define modules?



Neural networks represented as boxes

- Most used representation of neural networks (but math will get us the details)

- Example: feedforward neural network, with 3 hidden layers, and ReLUs 
                  Softmax before output, loss function `(·, ·)

<latexit sha1_base64="tCxdgZrqjnRlotQXRnZ/W/IRBHA=">AAAB+3icbVDLSgMxFM3UV62vsS7dBItQQcqMVHRZdOOygn1AZyiZTKYNzSRDkhHL0F9x40IRt/6IO//GdDoLbT1wuYdz7iU3J0gYVdpxvq3S2vrG5lZ5u7Kzu7d/YB9Wu0qkEpMOFkzIfoAUYZSTjqaakX4iCYoDRnrB5Hbu9x6JVFTwBz1NiB+jEacRxUgbaWhXPcJY3cOh0Ocwb2dDu+Y0nBxwlbgFqYEC7aH95YUCpzHhGjOk1MB1Eu1nSGqKGZlVvFSRBOEJGpGBoRzFRPlZfvsMnholhJGQpriGufp7I0OxUtM4MJMx0mO17M3F/7xBqqNrP6M8STXhePFQlDKoBZwHAUMqCdZsagjCkppbIR4jibA2cVVMCO7yl1dJ96LhNhuX981a66aIowyOwQmoAxdcgRa4A23QARg8gWfwCt6smfVivVsfi9GSVewcgT+wPn8A0m2TqQ==</latexit>

Input

'
1 (i

n
p
u
t,W

)

<latexit sha1_base64="xOgyTguuD7WM1PXiTtlhTi7uFF4=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahgpREKrosunFZwT6gCWEynbRDJw9mbooldOPGX3HjQhG3/oM7/8Zpm4VWDwwczrmXO+f4ieAKLOvLKCwtr6yuFddLG5tb2zvm7l5LxamkrEljEcuOTxQTPGJN4CBYJ5GMhL5gbX94PfXbIyYVj6M7GCfMDUk/4gGnBLTkmYfOiMhkwD274gC7B4CMR0kKk1PcPvHMslW1ZsB/iZ2TMsrR8MxPpxfTNGQRUEGU6tpWAm5GJHAq2KTkpIolhA5Jn3U1jUjIlJvNUkzwsVZ6OIilfhHgmfpzIyOhUuPQ15MhgYFa9Kbif143heDSncdiEZ0fClKBIcbTSnCPS0ZBjDUhVHL9V0wHRBIKuriSLsFejPyXtM6qdq16flsr16/yOoroAB2hCrLRBaqjG9RATUTRA3pCL+jVeDSejTfjfT5aMPKdffQLxsc3O7aYZg==</latexit>

'
2 (i

n
p
u
t,W

)

<latexit sha1_base64="vVz2OH2xobSaRv11FghEl4QaVOs=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAYhgoTdENEyaGMZwTwguyyzk0kyZPbBzN1gWNLY+Cs2ForY+g92/o2TZAtNPDBwOOde7pzjx4IrsKxvI7eyura+kd8sbG3v7O6Z+wdNFSWSsgaNRCTbPlFM8JA1gINg7VgyEviCtfzhzdRvjZhUPArvYRwzNyD9kPc4JaAlzzx2RkTGA+5VSg6wBwBIeRgnMDnHrTPPLFplawa8TOyMFFGGumd+Od2IJgELgQqiVMe2YnBTIoFTwSYFJ1EsJnRI+qyjaUgCptx0lmKCT7XSxb1I6hcCnqm/N1ISKDUOfD0ZEBioRW8q/ud1EuhdufNYLKTzQ71EYIjwtBLc5ZJREGNNCJVc/xXTAZGEgi6uoEuwFyMvk2albFfLF3fVYu06qyOPjtAJKiEbXaIaukV11EAUPaJn9IrejCfjxXg3PuajOSPbOUR/YHz+AD1NmGc=</latexit>

'
3 (i

n
p
u
t,W

)

<latexit sha1_base64="4+xD8LI9JZSVbb5cCg9fAayakYw=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAYhgoRdjWgZtLGMYB6QXZbZyWwyZPbBzN1gWNLY+Cs2ForY+g92/o2TR6GJBwYO59zLnXP8RHAFlvVt5JaWV1bX8uuFjc2t7R1zd6+h4lRSVqexiGXLJ4oJHrE6cBCslUhGQl+wpt+/GfvNAZOKx9E9DBPmhqQb8YBTAlryzENnQGTS4955yQH2AAAZj5IURqe4eeKZRatsTYAXiT0jRTRDzTO/nE5M05BFQAVRqm1bCbgZkcCpYKOCkyqWENonXdbWNCIhU242STHCx1rp4CCW+kWAJ+rvjYyESg1DX0+GBHpq3huL/3ntFIIrdxqLRXR6KEgFhhiPK8EdLhkFMdSEUMn1XzHtEUko6OIKugR7PvIiaZyV7Ur54q5SrF7P6sijA3SESshGl6iKblEN1RFFj+gZvaI348l4Md6Nj+lozpjt7KM/MD5/AD7kmGg=</latexit>

`(·,·)

<latexit sha1_base64="tCxdgZrqjnRlotQXRnZ/W/IRBHA=">AAAB+3icbVDLSgMxFM3UV62vsS7dBItQQcqMVHRZdOOygn1AZyiZTKYNzSRDkhHL0F9x40IRt/6IO//GdDoLbT1wuYdz7iU3J0gYVdpxvq3S2vrG5lZ5u7Kzu7d/YB9Wu0qkEpMOFkzIfoAUYZSTjqaakX4iCYoDRnrB5Hbu9x6JVFTwBz1NiB+jEacRxUgbaWhXPcJY3cOh0Ocwb2dDu+Y0nBxwlbgFqYEC7aH95YUCpzHhGjOk1MB1Eu1nSGqKGZlVvFSRBOEJGpGBoRzFRPlZfvsMnholhJGQpriGufp7I0OxUtM4MJMx0mO17M3F/7xBqqNrP6M8STXhePFQlDKoBZwHAUMqCdZsagjCkppbIR4jibA2cVVMCO7yl1dJ96LhNhuX981a66aIowyOwQmoAxdcgRa4A23QARg8gWfwCt6smfVivVsfi9GSVewcgT+wPn8A0m2TqQ==</latexit>

s
o
f
t
m
a
x(·)

<latexit sha1_base64="wy8WJ8bQtOdpIdzrUi7xOo3zIYs=">AAACAHicbVBNS8NAEN34WetX1IMHL8Ei1EtJpKLHohePFewHNKFsNpt26SYbdifSEnLxr3jxoIhXf4Y3/43bNgdtfTDweG+GmXl+wpkC2/42VlbX1jc2S1vl7Z3dvX3z4LCtRCoJbRHBhez6WFHOYtoCBpx2E0lx5HPa8Ue3U7/zSKViIn6ASUK9CA9iFjKCQUt989gFOgaATIkQIjzOqy4JBJz3zYpds2ewlolTkAoq0OybX24gSBrRGAjHSvUcOwEvwxIY4TQvu6miCSYjPKA9TWMcUeVlswdy60wrgRUKqSsGa6b+nshwpNQk8nVnhGGoFr2p+J/XSyG89jIWJynQmMwXhSm3QFjTNKyASUqATzTBRDJ9q0WGWGICOrOyDsFZfHmZtC9qTr12eV+vNG6KOEroBJ2iKnLQFWqgO9RELURQjp7RK3oznowX4934mLeuGMXMEfoD4/MHclCW8w==</latexit>

Softmax: function that normalizes 
and outputs a vector of probabilities 
on the possible outcomes

z
=

W
·
i
n
p
u
t

<latexit sha1_base64="7i4KXv2F0X7j03ZyiQpkSNbGJnk=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4KolUdCMU3bisYB/QhDKZTNqhk0mYuRFrKbjxV9y4UMStP+HOv3HaZqGtBwYO59zLnXOCVHANjvNtLSwuLa+sFtaK6xubW9v2zm5DJ5mirE4TkahWQDQTXLI6cBCslSpG4kCwZtC/GvvNO6Y0T+QtDFLmx6QrecQpASN17P0HfIGb2KNhAtgDdg8AQy7TDEYdu+SUnQnwPHFzUkI5ah37ywsTmsVMAhVE67brpOAPiQJOBRsVvUyzlNA+6bK2oZLETPvDSYYRPjJKiKNEmScBT9TfG0MSaz2IAzMZE+jpWW8s/ue1M4jO/WkkJun0UJQJDAkeF4JDrhgFMTCEUMXNXzHtEUUomNqKpgR3NvI8aZyU3Ur59KZSql7mdRTQATpEx8hFZ6iKrlEN1RFFj+gZvaI368l6sd6tj+nogpXv7KE/sD5/AIRSl3w=</latexit>

R
e
L
U(z)

<latexit sha1_base64="glv/ztKS5jelk33jL4/XwFAGH3Y=">AAAB+XicbVDLTgJBEJzFF+Jr1aOXjcQEL2TXYPRI9OLBAxoXSGBDZodemDD7yEwvETf8iRcPGuPVP/Hm3zg8DgpW0kmlqjvdXX4iuELb/jZyK6tr6xv5zcLW9s7unrl/UFdxKhm4LBaxbPpUgeARuMhRQDORQENfQMMfXE/8xhCk4nH0gKMEvJD2Ih5wRlFLHdNsIzwiYnYPt+649HTaMYt22Z7CWibOnBTJHLWO+dXuxiwNIUImqFItx07Qy6hEzgSMC+1UQULZgPagpWlEQ1BeNr18bJ1opWsFsdQVoTVVf09kNFRqFPq6M6TYV4veRPzPa6UYXHoZj5IUIWKzRUEqLIytSQxWl0tgKEaaUCa5vtVifSopQx1WQYfgLL68TOpnZadSPr+rFKtX8zjy5IgckxJxyAWpkhtSIy5hZEieySt5MzLjxXg3PmatOWM+c0j+wPj8AVXRk3c=</latexit>

Module

Is this the only way 
to define modules?



Neural networks represented as boxes

- Most used representation of neural networks (but math will get us the details)

- Example: feedforward neural network, with 3 hidden layers, and ReLUs 
                  Softmax before output, loss function `(·, ·)

<latexit sha1_base64="tCxdgZrqjnRlotQXRnZ/W/IRBHA=">AAAB+3icbVDLSgMxFM3UV62vsS7dBItQQcqMVHRZdOOygn1AZyiZTKYNzSRDkhHL0F9x40IRt/6IO//GdDoLbT1wuYdz7iU3J0gYVdpxvq3S2vrG5lZ5u7Kzu7d/YB9Wu0qkEpMOFkzIfoAUYZSTjqaakX4iCYoDRnrB5Hbu9x6JVFTwBz1NiB+jEacRxUgbaWhXPcJY3cOh0Ocwb2dDu+Y0nBxwlbgFqYEC7aH95YUCpzHhGjOk1MB1Eu1nSGqKGZlVvFSRBOEJGpGBoRzFRPlZfvsMnholhJGQpriGufp7I0OxUtM4MJMx0mO17M3F/7xBqqNrP6M8STXhePFQlDKoBZwHAUMqCdZsagjCkppbIR4jibA2cVVMCO7yl1dJ96LhNhuX981a66aIowyOwQmoAxdcgRa4A23QARg8gWfwCt6smfVivVsfi9GSVewcgT+wPn8A0m2TqQ==</latexit>

Input

'
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n
p
u
t,W

)

<latexit sha1_base64="xOgyTguuD7WM1PXiTtlhTi7uFF4=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahgpREKrosunFZwT6gCWEynbRDJw9mbooldOPGX3HjQhG3/oM7/8Zpm4VWDwwczrmXO+f4ieAKLOvLKCwtr6yuFddLG5tb2zvm7l5LxamkrEljEcuOTxQTPGJN4CBYJ5GMhL5gbX94PfXbIyYVj6M7GCfMDUk/4gGnBLTkmYfOiMhkwD274gC7B4CMR0kKk1PcPvHMslW1ZsB/iZ2TMsrR8MxPpxfTNGQRUEGU6tpWAm5GJHAq2KTkpIolhA5Jn3U1jUjIlJvNUkzwsVZ6OIilfhHgmfpzIyOhUuPQ15MhgYFa9Kbif143heDSncdiEZ0fClKBIcbTSnCPS0ZBjDUhVHL9V0wHRBIKuriSLsFejPyXtM6qdq16flsr16/yOoroAB2hCrLRBaqjG9RATUTRA3pCL+jVeDSejTfjfT5aMPKdffQLxsc3O7aYZg==</latexit>

'
2 (i

n
p
u
t,W

)

<latexit sha1_base64="vVz2OH2xobSaRv11FghEl4QaVOs=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAYhgoTdENEyaGMZwTwguyyzk0kyZPbBzN1gWNLY+Cs2ForY+g92/o2TZAtNPDBwOOde7pzjx4IrsKxvI7eyura+kd8sbG3v7O6Z+wdNFSWSsgaNRCTbPlFM8JA1gINg7VgyEviCtfzhzdRvjZhUPArvYRwzNyD9kPc4JaAlzzx2RkTGA+5VSg6wBwBIeRgnMDnHrTPPLFplawa8TOyMFFGGumd+Od2IJgELgQqiVMe2YnBTIoFTwSYFJ1EsJnRI+qyjaUgCptx0lmKCT7XSxb1I6hcCnqm/N1ISKDUOfD0ZEBioRW8q/ud1EuhdufNYLKTzQ71EYIjwtBLc5ZJREGNNCJVc/xXTAZGEgi6uoEuwFyMvk2albFfLF3fVYu06qyOPjtAJKiEbXaIaukV11EAUPaJn9IrejCfjxXg3PuajOSPbOUR/YHz+AD1NmGc=</latexit>

'
3 (i

n
p
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t,W

)

<latexit sha1_base64="4+xD8LI9JZSVbb5cCg9fAayakYw=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAYhgoRdjWgZtLGMYB6QXZbZyWwyZPbBzN1gWNLY+Cs2ForY+g92/o2TR6GJBwYO59zLnXP8RHAFlvVt5JaWV1bX8uuFjc2t7R1zd6+h4lRSVqexiGXLJ4oJHrE6cBCslUhGQl+wpt+/GfvNAZOKx9E9DBPmhqQb8YBTAlryzENnQGTS4955yQH2AAAZj5IURqe4eeKZRatsTYAXiT0jRTRDzTO/nE5M05BFQAVRqm1bCbgZkcCpYKOCkyqWENonXdbWNCIhU242STHCx1rp4CCW+kWAJ+rvjYyESg1DX0+GBHpq3huL/3ntFIIrdxqLRXR6KEgFhhiPK8EdLhkFMdSEUMn1XzHtEUko6OIKugR7PvIiaZyV7Ur54q5SrF7P6sijA3SESshGl6iKblEN1RFFj+gZvaI348l4Md6Nj+lozpjt7KM/MD5/AD7kmGg=</latexit>

`(·,·)

<latexit sha1_base64="tCxdgZrqjnRlotQXRnZ/W/IRBHA=">AAAB+3icbVDLSgMxFM3UV62vsS7dBItQQcqMVHRZdOOygn1AZyiZTKYNzSRDkhHL0F9x40IRt/6IO//GdDoLbT1wuYdz7iU3J0gYVdpxvq3S2vrG5lZ5u7Kzu7d/YB9Wu0qkEpMOFkzIfoAUYZSTjqaakX4iCYoDRnrB5Hbu9x6JVFTwBz1NiB+jEacRxUgbaWhXPcJY3cOh0Ocwb2dDu+Y0nBxwlbgFqYEC7aH95YUCpzHhGjOk1MB1Eu1nSGqKGZlVvFSRBOEJGpGBoRzFRPlZfvsMnholhJGQpriGufp7I0OxUtM4MJMx0mO17M3F/7xBqqNrP6M8STXhePFQlDKoBZwHAUMqCdZsagjCkppbIR4jibA2cVVMCO7yl1dJ96LhNhuX981a66aIowyOwQmoAxdcgRa4A23QARg8gWfwCt6smfVivVsfi9GSVewcgT+wPn8A0m2TqQ==</latexit>

s
o
f
t
m
a
x(·)

<latexit sha1_base64="wy8WJ8bQtOdpIdzrUi7xOo3zIYs=">AAACAHicbVBNS8NAEN34WetX1IMHL8Ei1EtJpKLHohePFewHNKFsNpt26SYbdifSEnLxr3jxoIhXf4Y3/43bNgdtfTDweG+GmXl+wpkC2/42VlbX1jc2S1vl7Z3dvX3z4LCtRCoJbRHBhez6WFHOYtoCBpx2E0lx5HPa8Ue3U7/zSKViIn6ASUK9CA9iFjKCQUt989gFOgaATIkQIjzOqy4JBJz3zYpds2ewlolTkAoq0OybX24gSBrRGAjHSvUcOwEvwxIY4TQvu6miCSYjPKA9TWMcUeVlswdy60wrgRUKqSsGa6b+nshwpNQk8nVnhGGoFr2p+J/XSyG89jIWJynQmMwXhSm3QFjTNKyASUqATzTBRDJ9q0WGWGICOrOyDsFZfHmZtC9qTr12eV+vNG6KOEroBJ2iKnLQFWqgO9RELURQjp7RK3oznowX4934mLeuGMXMEfoD4/MHclCW8w==</latexit>

Softmax: function that normalizes 
and outputs a vector of probabilities 
on the possible outcomes

Module

Is this the only way 
to define modules?



Neural networks represented as boxes

- Most used representation of neural networks (but math will get us the details)

- Does something restrict us from using more complicated models? NO!



Neural networks represented as boxes

- Most used representation of neural networks (but math will get us the details)

- Does something restrict us from using more complicated models? NO!

Input

`(·,·)

<latexit sha1_base64="tCxdgZrqjnRlotQXRnZ/W/IRBHA=">AAAB+3icbVDLSgMxFM3UV62vsS7dBItQQcqMVHRZdOOygn1AZyiZTKYNzSRDkhHL0F9x40IRt/6IO//GdDoLbT1wuYdz7iU3J0gYVdpxvq3S2vrG5lZ5u7Kzu7d/YB9Wu0qkEpMOFkzIfoAUYZSTjqaakX4iCYoDRnrB5Hbu9x6JVFTwBz1NiB+jEacRxUgbaWhXPcJY3cOh0Ocwb2dDu+Y0nBxwlbgFqYEC7aH95YUCpzHhGjOk1MB1Eu1nSGqKGZlVvFSRBOEJGpGBoRzFRPlZfvsMnholhJGQpriGufp7I0OxUtM4MJMx0mO17M3F/7xBqqNrP6M8STXhePFQlDKoBZwHAUMqCdZsagjCkppbIR4jibA2cVVMCO7yl1dJ96LhNhuX981a66aIowyOwQmoAxdcgRa4A23QARg8gWfwCt6smfVivVsfi9GSVewcgT+wPn8A0m2TqQ==</latexit>

s
o
f
t
m
a
x(·)

<latexit sha1_base64="wy8WJ8bQtOdpIdzrUi7xOo3zIYs=">AAACAHicbVBNS8NAEN34WetX1IMHL8Ei1EtJpKLHohePFewHNKFsNpt26SYbdifSEnLxr3jxoIhXf4Y3/43bNgdtfTDweG+GmXl+wpkC2/42VlbX1jc2S1vl7Z3dvX3z4LCtRCoJbRHBhez6WFHOYtoCBpx2E0lx5HPa8Ue3U7/zSKViIn6ASUK9CA9iFjKCQUt989gFOgaATIkQIjzOqy4JBJz3zYpds2ewlolTkAoq0OybX24gSBrRGAjHSvUcOwEvwxIY4TQvu6miCSYjPKA9TWMcUeVlswdy60wrgRUKqSsGa6b+nshwpNQk8nVnhGGoFr2p+J/XSyG89jIWJynQmMwXhSm3QFjTNKyASUqATzTBRDJ9q0WGWGICOrOyDsFZfHmZtC9qTr12eV+vNG6KOEroBJ2iKnLQFWqgO9RELURQjp7RK3oznowX4934mLeuGMXMEfoD4/MHclCW8w==</latexit>

Module

(Free lunch theorem: user bias 
 could help you in one case,     
 but can hurt you in another)



Neural networks represented as boxes

- Receives an input, has variables, provides an output

- In an abstract sense, a module is a (smaller) function
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Neural networks represented as boxes

- Receives an input, has variables, provides an output

- In an abstract sense, a module is a (smaller) function

- (Desirable) properties of modules:
- Easy to evaluate

- Easy to compute its derivatives (mostly first-order / gradients) almost everywhere

- Efficient implementation

- Complex enough to represent/learn data well

- Examples:

z = W · input

<latexit sha1_base64="7i4KXv2F0X7j03ZyiQpkSNbGJnk=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4KolUdCMU3bisYB/QhDKZTNqhk0mYuRFrKbjxV9y4UMStP+HOv3HaZqGtBwYO59zLnXOCVHANjvNtLSwuLa+sFtaK6xubW9v2zm5DJ5mirE4TkahWQDQTXLI6cBCslSpG4kCwZtC/GvvNO6Y0T+QtDFLmx6QrecQpASN17P0HfIGb2KNhAtgDdg8AQy7TDEYdu+SUnQnwPHFzUkI5ah37ywsTmsVMAhVE67brpOAPiQJOBRsVvUyzlNA+6bK2oZLETPvDSYYRPjJKiKNEmScBT9TfG0MSaz2IAzMZE+jpWW8s/ue1M4jO/WkkJun0UJQJDAkeF4JDrhgFMTCEUMXNXzHtEUUomNqKpgR3NvI8aZyU3Ur59KZSql7mdRTQATpEx8hFZ6iKrlEN1RFFj+gZvaI368l6sd6tj+nogpXv7KE/sD5/AIRSl3w=</latexit>



Neural networks represented as boxes

- Receives an input, has variables, provides an output

- In an abstract sense, a module is a (smaller) function

- (Desirable) properties of modules:
- Easy to evaluate

- Easy to compute its derivatives (mostly first-order / gradients) almost everywhere

- Efficient implementation

- Complex enough to represent/learn data well

- Examples:

z = W · input

<latexit sha1_base64="7i4KXv2F0X7j03ZyiQpkSNbGJnk=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4KolUdCMU3bisYB/QhDKZTNqhk0mYuRFrKbjxV9y4UMStP+HOv3HaZqGtBwYO59zLnXOCVHANjvNtLSwuLa+sFtaK6xubW9v2zm5DJ5mirE4TkahWQDQTXLI6cBCslSpG4kCwZtC/GvvNO6Y0T+QtDFLmx6QrecQpASN17P0HfIGb2KNhAtgDdg8AQy7TDEYdu+SUnQnwPHFzUkI5ah37ywsTmsVMAhVE67brpOAPiQJOBRsVvUyzlNA+6bK2oZLETPvDSYYRPjJKiKNEmScBT9TfG0MSaz2IAzMZE+jpWW8s/ue1M4jO/WkkJun0UJQJDAkeF4JDrhgFMTCEUMXNXzHtEUUomNqKpgR3NvI8aZyU3Ur59KZSql7mdRTQATpEx8hFZ6iKrlEN1RFFj+gZvaI368l6sd6tj+nogpXv7KE/sD5/AIRSl3w=</latexit>

x

<latexit sha1_base64="GfZRbzJc8HXShFV/YzxGg6/ByhE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cq9gPaUDbbTbt0swm7E7GU/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm8xvPXJtRKwecJxwP6IDJULBKFrp/qnUK1fcqjsDWSZeTiqQo94rf3X7MUsjrpBJakzHcxP0J1SjYJJPS93U8ISyER3wjqWKRtz4k9mlU3JilT4JY21LIZmpvycmNDJmHAW2M6I4NIteJv7ndVIMr/yJUEmKXLH5ojCVBGOSvU36QnOGcmwJZVrYWwkbUk0Z2nCyELzFl5dJ86zqnVcv7s4rtes8jiIcwTGcggeXUINbqEMDGITwDK/w5oycF+fd+Zi3Fpx85hD+wPn8AR1kjRg=</latexit>

f(x)

<latexit sha1_base64="W7v81WIMIV3u4qtO7X4q6tOO6Gk=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquVPRY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlh9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSvqh59drlfb3SuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHbveN2Q==</latexit>



Neural networks represented as boxes

- Receives an input, has variables, provides an output

- In an abstract sense, a module is a (smaller) function

- (Desirable) properties of modules:
- Easy to evaluate

- Easy to compute its derivatives (mostly first-order / gradients) almost everywhere

- Efficient implementation

- Complex enough to represent/learn data well

- Examples:

z = W · input

<latexit sha1_base64="7i4KXv2F0X7j03ZyiQpkSNbGJnk=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4KolUdCMU3bisYB/QhDKZTNqhk0mYuRFrKbjxV9y4UMStP+HOv3HaZqGtBwYO59zLnXOCVHANjvNtLSwuLa+sFtaK6xubW9v2zm5DJ5mirE4TkahWQDQTXLI6cBCslSpG4kCwZtC/GvvNO6Y0T+QtDFLmx6QrecQpASN17P0HfIGb2KNhAtgDdg8AQy7TDEYdu+SUnQnwPHFzUkI5ah37ywsTmsVMAhVE67brpOAPiQJOBRsVvUyzlNA+6bK2oZLETPvDSYYRPjJKiKNEmScBT9TfG0MSaz2IAzMZE+jpWW8s/ue1M4jO/WkkJun0UJQJDAkeF4JDrhgFMTCEUMXNXzHtEUUomNqKpgR3NvI8aZyU3Ur59KZSql7mdRTQATpEx8hFZ6iKrlEN1RFFj+gZvaI368l6sd6tj+nogpXv7KE/sD5/AIRSl3w=</latexit>

x

<latexit sha1_base64="GfZRbzJc8HXShFV/YzxGg6/ByhE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cq9gPaUDbbTbt0swm7E7GU/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm8xvPXJtRKwecJxwP6IDJULBKFrp/qnUK1fcqjsDWSZeTiqQo94rf3X7MUsjrpBJakzHcxP0J1SjYJJPS93U8ISyER3wjqWKRtz4k9mlU3JilT4JY21LIZmpvycmNDJmHAW2M6I4NIteJv7ndVIMr/yJUEmKXLH5ojCVBGOSvU36QnOGcmwJZVrYWwkbUk0Z2nCyELzFl5dJ86zqnVcv7s4rtes8jiIcwTGcggeXUINbqEMDGITwDK/w5oycF+fd+Zi3Fpx85hD+wPn8AR1kjRg=</latexit>

f(x)

<latexit sha1_base64="W7v81WIMIV3u4qtO7X4q6tOO6Gk=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquVPRY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlh9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSvqh59drlfb3SuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHbveN2Q==</latexit>

x

<latexit sha1_base64="GfZRbzJc8HXShFV/YzxGg6/ByhE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cq9gPaUDbbTbt0swm7E7GU/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm8xvPXJtRKwecJxwP6IDJULBKFrp/qnUK1fcqjsDWSZeTiqQo94rf3X7MUsjrpBJakzHcxP0J1SjYJJPS93U8ISyER3wjqWKRtz4k9mlU3JilT4JY21LIZmpvycmNDJmHAW2M6I4NIteJv7ndVIMr/yJUEmKXLH5ojCVBGOSvU36QnOGcmwJZVrYWwkbUk0Z2nCyELzFl5dJ86zqnVcv7s4rtes8jiIcwTGcggeXUINbqEMDGITwDK/w5oycF+fd+Zi3Fpx85hD+wPn8AR1kjRg=</latexit>

f(x)

<latexit sha1_base64="W7v81WIMIV3u4qtO7X4q6tOO6Gk=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquVPRY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlh9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSvqh59drlfb3SuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHbveN2Q==</latexit>

ReLU(x) =

(
x, x � 0

0, otherwise

<latexit sha1_base64="DY+H9OGxp2a0MTk0SdytmMR44+4="></latexit>



...

<latexit sha1_base64="HUkboAm8lZMrZs9X2LO9j8dP3kw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6qfq16eV+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB84Hj0o=</latexit>

x1

<latexit sha1_base64="hRS0ddpgxHMAJcuGPZWM1yTuND4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+8enF3Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcOSI2o</latexit>

x2

<latexit sha1_base64="rZqqRJEsDVTa/mx5dMmqIpR8GIA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrli/uqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AD8yNqQ==</latexit>

x3

<latexit sha1_base64="ucUuJlzTdKE55zbmY9paKxrCXdE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0eiF48Y5ZHAhswOA0yYnd3M9BrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+ci1EZF6wHHM/ZAOlOgLRtFK90/d826x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/lp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs7JXKV/cVUrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4AEVCNqg==</latexit>

xn

<latexit sha1_base64="Hqo3Bys6j+ADrcQ6/3doZHaJ6yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+rJXrniVt0ZyDLxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmxSp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl9eJs2zqndevbg7r9Su8ziKcATHcAoeXEINbqEODWAwgGd4hTdHOC/Ou/Mxby04+cwh/IHz+QNqvI3l</latexit>

y

<latexit sha1_base64="0AzN9pSceEkVyYO5YY8D+4ugxy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6lWNBQ==</latexit>

...

<latexit sha1_base64="HUkboAm8lZMrZs9X2LO9j8dP3kw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6qfq16eV+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB84Hj0o=</latexit>

W1

<latexit sha1_base64="eNeLbyISNV8epsCVgtiQr+nkDZ0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00O57/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVa9WvbyvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AHb842H</latexit>

W2

<latexit sha1_base64="RaHmeOXWLxSiNvungbFFmVpwHA0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkmp6LHoxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6aPer/VLZrbhzkFXi5aQMORr90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtO0YbgLb+8SlrVilerXN7XyvWbPI4CnMIZXIAHV1CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AHdd42I</latexit>

Nonlinear operators!

...

<latexit sha1_base64="HUkboAm8lZMrZs9X2LO9j8dP3kw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6qfq16eV+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB84Hj0o=</latexit>

Fully connected neural networks or MLPs



...

<latexit sha1_base64="HUkboAm8lZMrZs9X2LO9j8dP3kw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6qfq16eV+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB84Hj0o=</latexit>

x1

<latexit sha1_base64="hRS0ddpgxHMAJcuGPZWM1yTuND4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+8enF3Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcOSI2o</latexit>

x2

<latexit sha1_base64="rZqqRJEsDVTa/mx5dMmqIpR8GIA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrli/uqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AD8yNqQ==</latexit>

x3

<latexit sha1_base64="ucUuJlzTdKE55zbmY9paKxrCXdE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0eiF48Y5ZHAhswOA0yYnd3M9BrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+ci1EZF6wHHM/ZAOlOgLRtFK90/d826x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/lp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs7JXKV/cVUrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4AEVCNqg==</latexit>

xn

<latexit sha1_base64="Hqo3Bys6j+ADrcQ6/3doZHaJ6yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+rJXrniVt0ZyDLxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmxSp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl9eJs2zqndevbg7r9Su8ziKcATHcAoeXEINbqEODWAwgGd4hTdHOC/Ou/Mxby04+cwh/IHz+QNqvI3l</latexit>

y

<latexit sha1_base64="0AzN9pSceEkVyYO5YY8D+4ugxy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6lWNBQ==</latexit>

...

<latexit sha1_base64="HUkboAm8lZMrZs9X2LO9j8dP3kw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6qfq16eV+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB84Hj0o=</latexit>

W1

<latexit sha1_base64="eNeLbyISNV8epsCVgtiQr+nkDZ0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00O57/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVa9WvbyvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AHb842H</latexit>

W2

<latexit sha1_base64="RaHmeOXWLxSiNvungbFFmVpwHA0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkmp6LHoxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6aPer/VLZrbhzkFXi5aQMORr90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtO0YbgLb+8SlrVilerXN7XyvWbPI4CnMIZXIAHV1CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AHdd42I</latexit>

Nonlinear operators!

...

<latexit sha1_base64="HUkboAm8lZMrZs9X2LO9j8dP3kw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6qfq16eV+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB84Hj0o=</latexit>

Fully connected neural networks or MLPs

z1 = W1 · x

<latexit sha1_base64="ihLcdB6qszCNBkdh2IKqa9MH4LM=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0Y1QdOOygn1AG8JkMm2HTiZhZqLW2E9x40IRt36JO//GaZuFth64l8M59zJ3TpBwprTjfFuFpeWV1bXiemljc2t7xy7vNlWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVDK8mfuuOSsVicatHCfUi3BesxwjWRvLt8qPvogvUMr1LwlijB9+uOFVnCrRI3JxUIEfdt7+6YUzSiApNOFaq4zqJ9jIsNSOcjkvdVNEEkyHu046hAkdUedn09DE6NEqIerE0JTSaqr83MhwpNYoCMxlhPVDz3kT8z+ukunfuZUwkqaaCzB7qpRzpGE1yQCGTlGg+MgQTycytiAywxESbtEomBHf+y4ukeVx1T6qnNyeV2mUeRxH24QCOwIUzqME11KEBBO7hGV7hzXqyXqx362M2WrDynT34A+vzB/g2kok=</latexit>

1.



...

<latexit sha1_base64="HUkboAm8lZMrZs9X2LO9j8dP3kw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6qfq16eV+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB84Hj0o=</latexit>

x1

<latexit sha1_base64="hRS0ddpgxHMAJcuGPZWM1yTuND4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+8enF3Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcOSI2o</latexit>

x2

<latexit sha1_base64="rZqqRJEsDVTa/mx5dMmqIpR8GIA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrli/uqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AD8yNqQ==</latexit>

x3

<latexit sha1_base64="ucUuJlzTdKE55zbmY9paKxrCXdE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0eiF48Y5ZHAhswOA0yYnd3M9BrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+ci1EZF6wHHM/ZAOlOgLRtFK90/d826x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/lp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs7JXKV/cVUrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4AEVCNqg==</latexit>

xn

<latexit sha1_base64="Hqo3Bys6j+ADrcQ6/3doZHaJ6yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+rJXrniVt0ZyDLxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmxSp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl9eJs2zqndevbg7r9Su8ziKcATHcAoeXEINbqEODWAwgGd4hTdHOC/Ou/Mxby04+cwh/IHz+QNqvI3l</latexit>

y

<latexit sha1_base64="0AzN9pSceEkVyYO5YY8D+4ugxy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6lWNBQ==</latexit>

...

<latexit sha1_base64="HUkboAm8lZMrZs9X2LO9j8dP3kw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6qfq16eV+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB84Hj0o=</latexit>

W1

<latexit sha1_base64="eNeLbyISNV8epsCVgtiQr+nkDZ0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00O57/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVa9WvbyvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AHb842H</latexit>

W2

<latexit sha1_base64="RaHmeOXWLxSiNvungbFFmVpwHA0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkmp6LHoxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6aPer/VLZrbhzkFXi5aQMORr90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtO0YbgLb+8SlrVilerXN7XyvWbPI4CnMIZXIAHV1CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AHdd42I</latexit>

Nonlinear operators!

...

<latexit sha1_base64="HUkboAm8lZMrZs9X2LO9j8dP3kw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6qfq16eV+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB84Hj0o=</latexit>

Fully connected neural networks or MLPs

�(z1) = �(W1 · x)

<latexit sha1_base64="BGq0NgPUB5K2QExfth3Dp45eFvM=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCG1S5WgIliQKlgYi0QfUhNFjuO0Vu0ksh1EiTqz8CssDCDEyhew8Te4bQZoOdKVjs+5V773+AmjUlnWt1FYWl5ZXSuulzY2t7Z3zN29toxTgUkLxywWXR9JwmhEWooqRrqJIIj7jHT84dXE79wRIWkc3apRQlyO+hENKUZKS5556Eja56jy4NlVeAHzV8ezoYODWMH7qmeWrZo1BVwkdk7KIEfTM7+cIMYpJ5HCDEnZs61EuRkSimJGxiUnlSRBeIj6pKdphDiRbjY9ZQyPtRLAMBa6IgWn6u+JDHEpR9zXnRypgZz3JuJ/Xi9V4bmb0ShJFYnw7KMwZVDFcJILDKggWLGRJggLqneFeIAEwkqnV9Ih2PMnL5L2Sc2u105v6uXGZR5HERyAI1ABNjgDDXANmqAFMHgEz+AVvBlPxovxbnzMWgtGPrMP/sD4/AEje5il</latexit>

2.

z1 = W1 · x

<latexit sha1_base64="ihLcdB6qszCNBkdh2IKqa9MH4LM=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0Y1QdOOygn1AG8JkMm2HTiZhZqLW2E9x40IRt36JO//GaZuFth64l8M59zJ3TpBwprTjfFuFpeWV1bXiemljc2t7xy7vNlWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVDK8mfuuOSsVicatHCfUi3BesxwjWRvLt8qPvogvUMr1LwlijB9+uOFVnCrRI3JxUIEfdt7+6YUzSiApNOFaq4zqJ9jIsNSOcjkvdVNEEkyHu046hAkdUedn09DE6NEqIerE0JTSaqr83MhwpNYoCMxlhPVDz3kT8z+ukunfuZUwkqaaCzB7qpRzpGE1yQCGTlGg+MgQTycytiAywxESbtEomBHf+y4ukeVx1T6qnNyeV2mUeRxH24QCOwIUzqME11KEBBO7hGV7hzXqyXqx362M2WrDynT34A+vzB/g2kok=</latexit>

1.



...

<latexit sha1_base64="HUkboAm8lZMrZs9X2LO9j8dP3kw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6qfq16eV+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB84Hj0o=</latexit>

x1

<latexit sha1_base64="hRS0ddpgxHMAJcuGPZWM1yTuND4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+8enF3Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcOSI2o</latexit>

x2

<latexit sha1_base64="rZqqRJEsDVTa/mx5dMmqIpR8GIA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrli/uqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AD8yNqQ==</latexit>

x3

<latexit sha1_base64="ucUuJlzTdKE55zbmY9paKxrCXdE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0eiF48Y5ZHAhswOA0yYnd3M9BrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+ci1EZF6wHHM/ZAOlOgLRtFK90/d826x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/lp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs7JXKV/cVUrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4AEVCNqg==</latexit>

xn

<latexit sha1_base64="Hqo3Bys6j+ADrcQ6/3doZHaJ6yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+rJXrniVt0ZyDLxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmxSp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl9eJs2zqndevbg7r9Su8ziKcATHcAoeXEINbqEODWAwgGd4hTdHOC/Ou/Mxby04+cwh/IHz+QNqvI3l</latexit>

y

<latexit sha1_base64="0AzN9pSceEkVyYO5YY8D+4ugxy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6lWNBQ==</latexit>

...

<latexit sha1_base64="HUkboAm8lZMrZs9X2LO9j8dP3kw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6qfq16eV+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB84Hj0o=</latexit>

W1

<latexit sha1_base64="eNeLbyISNV8epsCVgtiQr+nkDZ0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00O57/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVa9WvbyvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AHb842H</latexit>

W2

<latexit sha1_base64="RaHmeOXWLxSiNvungbFFmVpwHA0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkmp6LHoxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6aPer/VLZrbhzkFXi5aQMORr90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtO0YbgLb+8SlrVilerXN7XyvWbPI4CnMIZXIAHV1CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AHdd42I</latexit>

Nonlinear operators!

...

<latexit sha1_base64="HUkboAm8lZMrZs9X2LO9j8dP3kw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6qfq16eV+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB84Hj0o=</latexit>

Fully connected neural networks or MLPs

�(z1) = �(W1 · x)

<latexit sha1_base64="BGq0NgPUB5K2QExfth3Dp45eFvM=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCG1S5WgIliQKlgYi0QfUhNFjuO0Vu0ksh1EiTqz8CssDCDEyhew8Te4bQZoOdKVjs+5V773+AmjUlnWt1FYWl5ZXSuulzY2t7Z3zN29toxTgUkLxywWXR9JwmhEWooqRrqJIIj7jHT84dXE79wRIWkc3apRQlyO+hENKUZKS5556Eja56jy4NlVeAHzV8ezoYODWMH7qmeWrZo1BVwkdk7KIEfTM7+cIMYpJ5HCDEnZs61EuRkSimJGxiUnlSRBeIj6pKdphDiRbjY9ZQyPtRLAMBa6IgWn6u+JDHEpR9zXnRypgZz3JuJ/Xi9V4bmb0ShJFYnw7KMwZVDFcJILDKggWLGRJggLqneFeIAEwkqnV9Ih2PMnL5L2Sc2u105v6uXGZR5HERyAI1ABNjgDDXANmqAFMHgEz+AVvBlPxovxbnzMWgtGPrMP/sD4/AEje5il</latexit>

2.

z2 = W2 · �(z1) = W2 · �(W1 · x)

<latexit sha1_base64="Aypv2meKMeQ8tAjroXuo9ZKVlvM=">AAACJHicbZDLSsNAFIYn9VbrLerSzWAR2k1JSkVBhKIblxVsIzQhTCaTdujkwsxEbEMfxo2v4saFF1y48Vmctllo2wMz/Hz/Ocyc30sYFdIwvrXCyura+kZxs7S1vbO7p+8fdEScckzaOGYxv/eQIIxGpC2pZOQ+4QSFHiOWN7ie+NYD4YLG0Z0cJsQJUS+iAcVIKuTqFyO3Di+hpW4b+7GEtqC9EFVGrlldxi3XzMFj1dXLRs2YFlwUZi7KIK+Wq3/YfozTkEQSMyRE1zQS6WSIS4oZGZfsVJAE4QHqka6SEQqJcLLpkmN4oogPg5irE0k4pX8nMhQKMQw91Rki2Rfz3gQu87qpDM6djEZJKkmEZw8FKYMyhpPEoE85wZINlUCYU/VXiPuIIyxVriUVgjm/8qLo1Gtmo3Z62yg3r/I4iuAIHIMKMMEZaIIb0AJtgMETeAFv4F171l61T+1r1lrQ8plD8K+0n19HR6GN</latexit>

3.

z1 = W1 · x

<latexit sha1_base64="ihLcdB6qszCNBkdh2IKqa9MH4LM=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0Y1QdOOygn1AG8JkMm2HTiZhZqLW2E9x40IRt36JO//GaZuFth64l8M59zJ3TpBwprTjfFuFpeWV1bXiemljc2t7xy7vNlWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVDK8mfuuOSsVicatHCfUi3BesxwjWRvLt8qPvogvUMr1LwlijB9+uOFVnCrRI3JxUIEfdt7+6YUzSiApNOFaq4zqJ9jIsNSOcjkvdVNEEkyHu046hAkdUedn09DE6NEqIerE0JTSaqr83MhwpNYoCMxlhPVDz3kT8z+ukunfuZUwkqaaCzB7qpRzpGE1yQCGTlGg+MgQTycytiAywxESbtEomBHf+y4ukeVx1T6qnNyeV2mUeRxH24QCOwIUzqME11KEBBO7hGV7hzXqyXqx362M2WrDynT34A+vzB/g2kok=</latexit>

1.



...

<latexit sha1_base64="HUkboAm8lZMrZs9X2LO9j8dP3kw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6qfq16eV+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB84Hj0o=</latexit>

x1

<latexit sha1_base64="hRS0ddpgxHMAJcuGPZWM1yTuND4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+8enF3Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcOSI2o</latexit>

x2

<latexit sha1_base64="rZqqRJEsDVTa/mx5dMmqIpR8GIA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrli/uqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AD8yNqQ==</latexit>

x3

<latexit sha1_base64="ucUuJlzTdKE55zbmY9paKxrCXdE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0eiF48Y5ZHAhswOA0yYnd3M9BrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+ci1EZF6wHHM/ZAOlOgLRtFK90/d826x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/lp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs7JXKV/cVUrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4AEVCNqg==</latexit>

xn

<latexit sha1_base64="Hqo3Bys6j+ADrcQ6/3doZHaJ6yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+rJXrniVt0ZyDLxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmxSp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl9eJs2zqndevbg7r9Su8ziKcATHcAoeXEINbqEODWAwgGd4hTdHOC/Ou/Mxby04+cwh/IHz+QNqvI3l</latexit>

y

<latexit sha1_base64="0AzN9pSceEkVyYO5YY8D+4ugxy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6lWNBQ==</latexit>

...

<latexit sha1_base64="HUkboAm8lZMrZs9X2LO9j8dP3kw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6qfq16eV+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB84Hj0o=</latexit>

W1

<latexit sha1_base64="eNeLbyISNV8epsCVgtiQr+nkDZ0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00O57/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVa9WvbyvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AHb842H</latexit>

W2

<latexit sha1_base64="RaHmeOXWLxSiNvungbFFmVpwHA0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkmp6LHoxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6aPer/VLZrbhzkFXi5aQMORr90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtO0YbgLb+8SlrVilerXN7XyvWbPI4CnMIZXIAHV1CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AHdd42I</latexit>

Nonlinear operators!

...

<latexit sha1_base64="HUkboAm8lZMrZs9X2LO9j8dP3kw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6qfq16eV+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB84Hj0o=</latexit>

Fully connected neural networks or MLPs

�(z1) = �(W1 · x)

<latexit sha1_base64="BGq0NgPUB5K2QExfth3Dp45eFvM=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCG1S5WgIliQKlgYi0QfUhNFjuO0Vu0ksh1EiTqz8CssDCDEyhew8Te4bQZoOdKVjs+5V773+AmjUlnWt1FYWl5ZXSuulzY2t7Z3zN29toxTgUkLxywWXR9JwmhEWooqRrqJIIj7jHT84dXE79wRIWkc3apRQlyO+hENKUZKS5556Eja56jy4NlVeAHzV8ezoYODWMH7qmeWrZo1BVwkdk7KIEfTM7+cIMYpJ5HCDEnZs61EuRkSimJGxiUnlSRBeIj6pKdphDiRbjY9ZQyPtRLAMBa6IgWn6u+JDHEpR9zXnRypgZz3JuJ/Xi9V4bmb0ShJFYnw7KMwZVDFcJILDKggWLGRJggLqneFeIAEwkqnV9Ih2PMnL5L2Sc2u105v6uXGZR5HERyAI1ABNjgDDXANmqAFMHgEz+AVvBlPxovxbnzMWgtGPrMP/sD4/AEje5il</latexit>

2.

z2 = W2 · �(z1) = W2 · �(W1 · x)

<latexit sha1_base64="Aypv2meKMeQ8tAjroXuo9ZKVlvM=">AAACJHicbZDLSsNAFIYn9VbrLerSzWAR2k1JSkVBhKIblxVsIzQhTCaTdujkwsxEbEMfxo2v4saFF1y48Vmctllo2wMz/Hz/Ocyc30sYFdIwvrXCyura+kZxs7S1vbO7p+8fdEScckzaOGYxv/eQIIxGpC2pZOQ+4QSFHiOWN7ie+NYD4YLG0Z0cJsQJUS+iAcVIKuTqFyO3Di+hpW4b+7GEtqC9EFVGrlldxi3XzMFj1dXLRs2YFlwUZi7KIK+Wq3/YfozTkEQSMyRE1zQS6WSIS4oZGZfsVJAE4QHqka6SEQqJcLLpkmN4oogPg5irE0k4pX8nMhQKMQw91Rki2Rfz3gQu87qpDM6djEZJKkmEZw8FKYMyhpPEoE85wZINlUCYU/VXiPuIIyxVriUVgjm/8qLo1Gtmo3Z62yg3r/I4iuAIHIMKMMEZaIIb0AJtgMETeAFv4F171l61T+1r1lrQ8plD8K+0n19HR6GN</latexit>

3.

softmax(z2) = softmax(W2 · �(W1 · x))

<latexit sha1_base64="B3SHpnVssT3Rp13TItKcFeK1syQ=">AAACMHicbZDNSgMxFIUz9b/+VV26CRbBbspMUXQjiC50qWBtoVOGTJqpoclkSO5I69BHcuOj6EZBEbc+hWmdhbYeCBy+ey8394SJ4AZc99UpzMzOzS8sLhWXV1bX1ksbmzdGpZqyOlVC6WZIDBM8ZnXgIFgz0YzIULBG2Dsb1Rt3TBuu4msYJKwtSTfmEacELApK5z6wPgBkRkUgSX+4dx/UKvgYT/FGUMM+7SjAvuFdSSzwctCvVIJS2a26Y+Fp4+WmjHJdBqUnv6NoKlkMVBBjWp6bQDsjGjgVbFj0U8MSQnuky1rWxkQy087GBw/xriUdHCltXwx4TH9PZEQaM5Ch7ZQEbs1kbQT/q7VSiI7aGY+TFFhMfxZFqcCg8Cg93OGaURADawjV3P4V01uiCQWbcdGG4E2ePG1ualVvv3pwtV8+Oc3jWETbaAftIQ8dohN0gS5RHVH0gJ7RG3p3Hp0X58P5/GktOPnMFvoj5+sbnISpOg==</latexit>

4.

z1 = W1 · x

<latexit sha1_base64="ihLcdB6qszCNBkdh2IKqa9MH4LM=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0Y1QdOOygn1AG8JkMm2HTiZhZqLW2E9x40IRt36JO//GaZuFth64l8M59zJ3TpBwprTjfFuFpeWV1bXiemljc2t7xy7vNlWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVDK8mfuuOSsVicatHCfUi3BesxwjWRvLt8qPvogvUMr1LwlijB9+uOFVnCrRI3JxUIEfdt7+6YUzSiApNOFaq4zqJ9jIsNSOcjkvdVNEEkyHu046hAkdUedn09DE6NEqIerE0JTSaqr83MhwpNYoCMxlhPVDz3kT8z+ukunfuZUwkqaaCzB7qpRzpGE1yQCGTlGg+MgQTycytiAywxESbtEomBHf+y4ukeVx1T6qnNyeV2mUeRxH24QCOwIUzqME11KEBBO7hGV7hzXqyXqx362M2WrDynT34A+vzB/g2kok=</latexit>

1.



...

<latexit sha1_base64="HUkboAm8lZMrZs9X2LO9j8dP3kw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6qfq16eV+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB84Hj0o=</latexit>

x1

<latexit sha1_base64="hRS0ddpgxHMAJcuGPZWM1yTuND4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+8enF3Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcOSI2o</latexit>

x2

<latexit sha1_base64="rZqqRJEsDVTa/mx5dMmqIpR8GIA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrli/uqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AD8yNqQ==</latexit>

x3

<latexit sha1_base64="ucUuJlzTdKE55zbmY9paKxrCXdE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0eiF48Y5ZHAhswOA0yYnd3M9BrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+ci1EZF6wHHM/ZAOlOgLRtFK90/d826x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/lp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs7JXKV/cVUrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4AEVCNqg==</latexit>

xn

<latexit sha1_base64="Hqo3Bys6j+ADrcQ6/3doZHaJ6yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+rJXrniVt0ZyDLxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmxSp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl9eJs2zqndevbg7r9Su8ziKcATHcAoeXEINbqEODWAwgGd4hTdHOC/Ou/Mxby04+cwh/IHz+QNqvI3l</latexit>

y

<latexit sha1_base64="0AzN9pSceEkVyYO5YY8D+4ugxy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6lWNBQ==</latexit>

...

<latexit sha1_base64="HUkboAm8lZMrZs9X2LO9j8dP3kw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6qfq16eV+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB84Hj0o=</latexit>

W1

<latexit sha1_base64="eNeLbyISNV8epsCVgtiQr+nkDZ0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00O57/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVa9WvbyvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AHb842H</latexit>

W2

<latexit sha1_base64="RaHmeOXWLxSiNvungbFFmVpwHA0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkmp6LHoxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6aPer/VLZrbhzkFXi5aQMORr90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtO0YbgLb+8SlrVilerXN7XyvWbPI4CnMIZXIAHV1CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AHdd42I</latexit>

Nonlinear operators!

...

<latexit sha1_base64="HUkboAm8lZMrZs9X2LO9j8dP3kw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6qfq16eV+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB84Hj0o=</latexit>

Fully connected neural networks or MLPs

- Nothing more complicated

- Boils down to what modules will be used

- Famous architecture due to simplicity 
   and theoretical guarantees

�(z1) = �(W1 · x)

<latexit sha1_base64="BGq0NgPUB5K2QExfth3Dp45eFvM=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCG1S5WgIliQKlgYi0QfUhNFjuO0Vu0ksh1EiTqz8CssDCDEyhew8Te4bQZoOdKVjs+5V773+AmjUlnWt1FYWl5ZXSuulzY2t7Z3zN29toxTgUkLxywWXR9JwmhEWooqRrqJIIj7jHT84dXE79wRIWkc3apRQlyO+hENKUZKS5556Eja56jy4NlVeAHzV8ezoYODWMH7qmeWrZo1BVwkdk7KIEfTM7+cIMYpJ5HCDEnZs61EuRkSimJGxiUnlSRBeIj6pKdphDiRbjY9ZQyPtRLAMBa6IgWn6u+JDHEpR9zXnRypgZz3JuJ/Xi9V4bmb0ShJFYnw7KMwZVDFcJILDKggWLGRJggLqneFeIAEwkqnV9Ih2PMnL5L2Sc2u105v6uXGZR5HERyAI1ABNjgDDXANmqAFMHgEz+AVvBlPxovxbnzMWgtGPrMP/sD4/AEje5il</latexit>

2.

z2 = W2 · �(z1) = W2 · �(W1 · x)

<latexit sha1_base64="Aypv2meKMeQ8tAjroXuo9ZKVlvM=">AAACJHicbZDLSsNAFIYn9VbrLerSzWAR2k1JSkVBhKIblxVsIzQhTCaTdujkwsxEbEMfxo2v4saFF1y48Vmctllo2wMz/Hz/Ocyc30sYFdIwvrXCyura+kZxs7S1vbO7p+8fdEScckzaOGYxv/eQIIxGpC2pZOQ+4QSFHiOWN7ie+NYD4YLG0Z0cJsQJUS+iAcVIKuTqFyO3Di+hpW4b+7GEtqC9EFVGrlldxi3XzMFj1dXLRs2YFlwUZi7KIK+Wq3/YfozTkEQSMyRE1zQS6WSIS4oZGZfsVJAE4QHqka6SEQqJcLLpkmN4oogPg5irE0k4pX8nMhQKMQw91Rki2Rfz3gQu87qpDM6djEZJKkmEZw8FKYMyhpPEoE85wZINlUCYU/VXiPuIIyxVriUVgjm/8qLo1Gtmo3Z62yg3r/I4iuAIHIMKMMEZaIIb0AJtgMETeAFv4F171l61T+1r1lrQ8plD8K+0n19HR6GN</latexit>

3.

softmax(z2) = softmax(W2 · �(W1 · x))

<latexit sha1_base64="B3SHpnVssT3Rp13TItKcFeK1syQ=">AAACMHicbZDNSgMxFIUz9b/+VV26CRbBbspMUXQjiC50qWBtoVOGTJqpoclkSO5I69BHcuOj6EZBEbc+hWmdhbYeCBy+ey8394SJ4AZc99UpzMzOzS8sLhWXV1bX1ksbmzdGpZqyOlVC6WZIDBM8ZnXgIFgz0YzIULBG2Dsb1Rt3TBuu4msYJKwtSTfmEacELApK5z6wPgBkRkUgSX+4dx/UKvgYT/FGUMM+7SjAvuFdSSzwctCvVIJS2a26Y+Fp4+WmjHJdBqUnv6NoKlkMVBBjWp6bQDsjGjgVbFj0U8MSQnuky1rWxkQy087GBw/xriUdHCltXwx4TH9PZEQaM5Ch7ZQEbs1kbQT/q7VSiI7aGY+TFFhMfxZFqcCg8Cg93OGaURADawjV3P4V01uiCQWbcdGG4E2ePG1ualVvv3pwtV8+Oc3jWETbaAftIQ8dohN0gS5RHVH0gJ7RG3p3Hp0X58P5/GktOPnMFvoj5+sbnISpOg==</latexit>

4.

z1 = W1 · x

<latexit sha1_base64="ihLcdB6qszCNBkdh2IKqa9MH4LM=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0Y1QdOOygn1AG8JkMm2HTiZhZqLW2E9x40IRt36JO//GaZuFth64l8M59zJ3TpBwprTjfFuFpeWV1bXiemljc2t7xy7vNlWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVDK8mfuuOSsVicatHCfUi3BesxwjWRvLt8qPvogvUMr1LwlijB9+uOFVnCrRI3JxUIEfdt7+6YUzSiApNOFaq4zqJ9jIsNSOcjkvdVNEEkyHu046hAkdUedn09DE6NEqIerE0JTSaqr83MhwpNYoCMxlhPVDz3kT8z+ukunfuZUwkqaaCzB7qpRzpGE1yQCGTlGg+MgQTycytiAywxESbtEomBHf+y4ukeVx1T6qnNyeV2mUeRxH24QCOwIUzqME11KEBBO7hGV7hzXqyXqx362M2WrDynT34A+vzB/g2kok=</latexit>

1.



...

<latexit sha1_base64="HUkboAm8lZMrZs9X2LO9j8dP3kw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6qfq16eV+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB84Hj0o=</latexit>

x1

<latexit sha1_base64="hRS0ddpgxHMAJcuGPZWM1yTuND4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+8enF3Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcOSI2o</latexit>

x2

<latexit sha1_base64="rZqqRJEsDVTa/mx5dMmqIpR8GIA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrli/uqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AD8yNqQ==</latexit>

x3

<latexit sha1_base64="ucUuJlzTdKE55zbmY9paKxrCXdE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0eiF48Y5ZHAhswOA0yYnd3M9BrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+ci1EZF6wHHM/ZAOlOgLRtFK90/d826x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/lp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs7JXKV/cVUrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4AEVCNqg==</latexit>

xn

<latexit sha1_base64="Hqo3Bys6j+ADrcQ6/3doZHaJ6yo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+rJXrniVt0ZyDLxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmxSp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl9eJs2zqndevbg7r9Su8ziKcATHcAoeXEINbqEODWAwgGd4hTdHOC/Ou/Mxby04+cwh/IHz+QNqvI3l</latexit>

y

<latexit sha1_base64="0AzN9pSceEkVyYO5YY8D+4ugxy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6lWNBQ==</latexit>

...

<latexit sha1_base64="HUkboAm8lZMrZs9X2LO9j8dP3kw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6qfq16eV+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB84Hj0o=</latexit>

W1

<latexit sha1_base64="eNeLbyISNV8epsCVgtiQr+nkDZ0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00O57/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVa9WvbyvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AHb842H</latexit>

W2

<latexit sha1_base64="RaHmeOXWLxSiNvungbFFmVpwHA0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkmp6LHoxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6aPer/VLZrbhzkFXi5aQMORr90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtO0YbgLb+8SlrVilerXN7XyvWbPI4CnMIZXIAHV1CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AHdd42I</latexit>

Nonlinear operators!

...

<latexit sha1_base64="HUkboAm8lZMrZs9X2LO9j8dP3kw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6qfq16eV+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB84Hj0o=</latexit>

Fully connected neural networks or MLPs

- Nothing more complicated

- Boils down to what modules will be used

- Famous architecture due to simplicity 
   and theoretical guarantees

�(z1) = �(W1 · x)

<latexit sha1_base64="BGq0NgPUB5K2QExfth3Dp45eFvM=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCG1S5WgIliQKlgYi0QfUhNFjuO0Vu0ksh1EiTqz8CssDCDEyhew8Te4bQZoOdKVjs+5V773+AmjUlnWt1FYWl5ZXSuulzY2t7Z3zN29toxTgUkLxywWXR9JwmhEWooqRrqJIIj7jHT84dXE79wRIWkc3apRQlyO+hENKUZKS5556Eja56jy4NlVeAHzV8ezoYODWMH7qmeWrZo1BVwkdk7KIEfTM7+cIMYpJ5HCDEnZs61EuRkSimJGxiUnlSRBeIj6pKdphDiRbjY9ZQyPtRLAMBa6IgWn6u+JDHEpR9zXnRypgZz3JuJ/Xi9V4bmb0ShJFYnw7KMwZVDFcJILDKggWLGRJggLqneFeIAEwkqnV9Ih2PMnL5L2Sc2u105v6uXGZR5HERyAI1ABNjgDDXANmqAFMHgEz+AVvBlPxovxbnzMWgtGPrMP/sD4/AEje5il</latexit>

2.

z2 = W2 · �(z1) = W2 · �(W1 · x)

<latexit sha1_base64="Aypv2meKMeQ8tAjroXuo9ZKVlvM=">AAACJHicbZDLSsNAFIYn9VbrLerSzWAR2k1JSkVBhKIblxVsIzQhTCaTdujkwsxEbEMfxo2v4saFF1y48Vmctllo2wMz/Hz/Ocyc30sYFdIwvrXCyura+kZxs7S1vbO7p+8fdEScckzaOGYxv/eQIIxGpC2pZOQ+4QSFHiOWN7ie+NYD4YLG0Z0cJsQJUS+iAcVIKuTqFyO3Di+hpW4b+7GEtqC9EFVGrlldxi3XzMFj1dXLRs2YFlwUZi7KIK+Wq3/YfozTkEQSMyRE1zQS6WSIS4oZGZfsVJAE4QHqka6SEQqJcLLpkmN4oogPg5irE0k4pX8nMhQKMQw91Rki2Rfz3gQu87qpDM6djEZJKkmEZw8FKYMyhpPEoE85wZINlUCYU/VXiPuIIyxVriUVgjm/8qLo1Gtmo3Z62yg3r/I4iuAIHIMKMMEZaIIb0AJtgMETeAFv4F171l61T+1r1lrQ8plD8K+0n19HR6GN</latexit>

3.

softmax(z2) = softmax(W2 · �(W1 · x))

<latexit sha1_base64="B3SHpnVssT3Rp13TItKcFeK1syQ=">AAACMHicbZDNSgMxFIUz9b/+VV26CRbBbspMUXQjiC50qWBtoVOGTJqpoclkSO5I69BHcuOj6EZBEbc+hWmdhbYeCBy+ey8394SJ4AZc99UpzMzOzS8sLhWXV1bX1ksbmzdGpZqyOlVC6WZIDBM8ZnXgIFgz0YzIULBG2Dsb1Rt3TBuu4msYJKwtSTfmEacELApK5z6wPgBkRkUgSX+4dx/UKvgYT/FGUMM+7SjAvuFdSSzwctCvVIJS2a26Y+Fp4+WmjHJdBqUnv6NoKlkMVBBjWp6bQDsjGjgVbFj0U8MSQnuky1rWxkQy087GBw/xriUdHCltXwx4TH9PZEQaM5Ch7ZQEbs1kbQT/q7VSiI7aGY+TFFhMfxZFqcCg8Cg93OGaURADawjV3P4V01uiCQWbcdGG4E2ePG1ualVvv3pwtV8+Oc3jWETbaAftIQ8dohN0gS5RHVH0gJ7RG3p3Hp0X58P5/GktOPnMFvoj5+sbnISpOg==</latexit>

4.

z1 = W1 · x

<latexit sha1_base64="ihLcdB6qszCNBkdh2IKqa9MH4LM=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0Y1QdOOygn1AG8JkMm2HTiZhZqLW2E9x40IRt36JO//GaZuFth64l8M59zJ3TpBwprTjfFuFpeWV1bXiemljc2t7xy7vNlWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVDK8mfuuOSsVicatHCfUi3BesxwjWRvLt8qPvogvUMr1LwlijB9+uOFVnCrRI3JxUIEfdt7+6YUzSiApNOFaq4zqJ9jIsNSOcjkvdVNEEkyHu046hAkdUedn09DE6NEqIerE0JTSaqr83MhwpNYoCMxlhPVDz3kT8z+ukunfuZUwkqaaCzB7qpRzpGE1yQCGTlGg+MgQTycytiAywxESbtEomBHf+y4ukeVx1T6qnNyeV2mUeRxH24QCOwIUzqME11KEBBO7hGV7hzXqyXqx362M2WrDynT34A+vzB/g2kok=</latexit>

1.

This sequence of 
operations is also 
known as the 
forward pass on 
the neural network

You can think of 
forward pass as 
function evaluation



Motivation: Gradient descent for least-squares

min
x

f(x) := 1
n

nX

i=1

(yi � a>i x)
2

<latexit sha1_base64="hybxkIuXjzqlrgu/9fhb5oQRDa8="></latexit>



Motivation: Gradient descent for least-squares

min
x

f(x) := 1
n

nX

i=1

(yi � a>i x)
2

<latexit sha1_base64="hybxkIuXjzqlrgu/9fhb5oQRDa8="></latexit>

- Using modules:

ai

<latexit sha1_base64="Jn6FYpyZuS3DsL/IZYDFieJ9eXA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0QPu8X664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6tWql/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP0Aejck=</latexit>

'
(a

i ,x
)
=

a
>i
x

<latexit sha1_base64="22EZCZG2iEC3hxGfwR3CZi3Rn7E=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqCAlkYpuhKIblxXsBZoYJtNJO3QyCTOT0hK6ceOruHGhiFvfwZ1v47TNQlt/GPj4zzmcOb8fMyqVZX0buaXlldW1/HphY3Nre8fc3WvIKBGY1HHEItHykSSMclJXVDHSigVBoc9I0+/fTOrNARGSRvxejWLihqjLaUAxUtryzENngETcoyXk0VM4PIFXUNODo6IYDj2zaJWtqeAi2BkUQaaaZ345nQgnIeEKMyRl27Zi5aZIKIoZGRecRJIY4T7qkrZGjkIi3XR6xRgea6cDg0joxxWcur8nUhRKOQp93Rki1ZPztYn5X62dqODSTSmPE0U4ni0KEgZVBCeRwA4VBCs20oCwoPqvEPeQQFjp4Ao6BHv+5EVonJXtSvn8rlKsXmdx5MEBOAIlYIMLUAW3oAbqAINH8AxewZvxZLwY78bHrDVnZDP74I+Mzx9hzZc6</latexit>

`(·,·)
=

(y
i �

by
i )

2

<latexit sha1_base64="ND5dU9iJGEqR4orMyNGFqkPjqug=">AAACFXicbVDLSgNBEJz1GeMr6tHLYBAiaNgVRS9C0IvHCEYD2bjMznbMkNkHM73KsuQnvPgrXjwo4lXw5t84eRw0WtB0UdXNTJefSKHRtr+sqemZ2bn5wkJxcWl5ZbW0tn6l41RxaPBYxqrpMw1SRNBAgRKaiQIW+hKu/d7ZwL++A6VFHF1ilkA7ZLeR6AjO0EheadcFKSsuD2LcpcO2Q09oJfME3aPuvQigyzDP+p7Yudn3SmW7ag9B/xJnTMpkjLpX+nSDmKchRMgl07rl2Am2c6ZQcAn9optqSBjvsVtoGRqxEHQ7H17Vp9tGCWgnVqYipEP150bOQq2z0DeTIcOunvQG4n9eK8XOcTsXUZIiRHz0UCeVFGM6iIgGQgFHmRnCuBLmr5R3mWIcTZBFE4IzefJfcrVfdQ6qhxcH5drpOI4C2SRbpEIcckRq5JzUSYNw8kCeyAt5tR6tZ+vNeh+NTlnjnQ3yC9bHN4wGnTQ=</latexit>



Motivation: Gradient descent for least-squares

min
x

f(x) := 1
n

nX

i=1

(yi � a>i x)
2

<latexit sha1_base64="hybxkIuXjzqlrgu/9fhb5oQRDa8="></latexit>

- Using modules:

ai

<latexit sha1_base64="Jn6FYpyZuS3DsL/IZYDFieJ9eXA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0QPu8X664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6tWql/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP0Aejck=</latexit>

'
(a

i ,x
)
=

a
>i
x

<latexit sha1_base64="22EZCZG2iEC3hxGfwR3CZi3Rn7E=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqCAlkYpuhKIblxXsBZoYJtNJO3QyCTOT0hK6ceOruHGhiFvfwZ1v47TNQlt/GPj4zzmcOb8fMyqVZX0buaXlldW1/HphY3Nre8fc3WvIKBGY1HHEItHykSSMclJXVDHSigVBoc9I0+/fTOrNARGSRvxejWLihqjLaUAxUtryzENngETcoyXk0VM4PIFXUNODo6IYDj2zaJWtqeAi2BkUQaaaZ345nQgnIeEKMyRl27Zi5aZIKIoZGRecRJIY4T7qkrZGjkIi3XR6xRgea6cDg0joxxWcur8nUhRKOQp93Rki1ZPztYn5X62dqODSTSmPE0U4ni0KEgZVBCeRwA4VBCs20oCwoPqvEPeQQFjp4Ao6BHv+5EVonJXtSvn8rlKsXmdx5MEBOAIlYIMLUAW3oAbqAINH8AxewZvxZLwY78bHrDVnZDP74I+Mzx9hzZc6</latexit>

`(·,·)
=

(y
i �

by
i )

2

<latexit sha1_base64="ND5dU9iJGEqR4orMyNGFqkPjqug=">AAACFXicbVDLSgNBEJz1GeMr6tHLYBAiaNgVRS9C0IvHCEYD2bjMznbMkNkHM73KsuQnvPgrXjwo4lXw5t84eRw0WtB0UdXNTJefSKHRtr+sqemZ2bn5wkJxcWl5ZbW0tn6l41RxaPBYxqrpMw1SRNBAgRKaiQIW+hKu/d7ZwL++A6VFHF1ilkA7ZLeR6AjO0EheadcFKSsuD2LcpcO2Q09oJfME3aPuvQigyzDP+p7Yudn3SmW7ag9B/xJnTMpkjLpX+nSDmKchRMgl07rl2Am2c6ZQcAn9optqSBjvsVtoGRqxEHQ7H17Vp9tGCWgnVqYipEP150bOQq2z0DeTIcOunvQG4n9eK8XOcTsXUZIiRHz0UCeVFGM6iIgGQgFHmRnCuBLmr5R3mWIcTZBFE4IzefJfcrVfdQ6qhxcH5drpOI4C2SRbpEIcckRq5JzUSYNw8kCeyAt5tR6tZ+vNeh+NTlnjnQ3yC9bHN4wGnTQ=</latexit>

(chain rule of derivatives)

rfi(x) =
@`(yi, byi)

@x

=
@`(yi, byi)

@byi
· @byi
@x

=
@`(yi, byi)

@byi
· a

>
i x

@x

= �2ai(yi � a>i x)

<latexit sha1_base64="O7d2F3Naj9LgsC876VbDNYtSmfU="></latexit>



x1

<latexit sha1_base64="hRS0ddpgxHMAJcuGPZWM1yTuND4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+8enF3Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcOSI2o</latexit>

x2

<latexit sha1_base64="rZqqRJEsDVTa/mx5dMmqIpR8GIA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrli/uqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AD8yNqQ==</latexit>

x3

<latexit sha1_base64="ucUuJlzTdKE55zbmY9paKxrCXdE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVo0eiF48Y5ZHAhswOA0yYnd3M9BrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+ci1EZF6wHHM/ZAOlOgLRtFK90/d826x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/lp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs7JXKV/cVUrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4AEVCNqg==</latexit>

y1

<latexit sha1_base64="N+CruqWhXYEyJJmdUZe/+b0ardo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xCzhfkSHSoSCUbTSQ9b3+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6C/oRqFEzyaamXGp5QNqZD3rVU0YgbfzI/dUrOrDIgYaxtKSRz9ffEhEbGZFFgOyOKI7PszcT/vG6K4bU/ESpJkSu2WBSmkmBMZn+TgdCcocwsoUwLeythI6opQ5tOyYbgLb+8SloXVa9WvbyvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEPzo2p</latexit>

y2

<latexit sha1_base64="mmO7tMmVuykZdbAnn2nvq0KeFhY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+0m/1i9X3Ko7B1klXk4qkKPZL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhFd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6Rdq3r16sVdvdK4zuMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c4bw4787HorXg5DPH8AfO5w8RUo2q</latexit>

z

<latexit sha1_base64="mBNsSck29HYD+UA8I7CdsBnbA5A=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOvZjQY=</latexit>

@z

@x
=

@z

@y
· @y
@x

<latexit sha1_base64="xM2sKecStaprrGGC7bNpmgHIYe8=">AAACSnicfVDNS8MwHE3n1Dm/qh69BIfgabSi6EUYevE4wX3AOkaapltYmpYkFWvp3+fFkzf/CC8eFPFiuhV0m/gg8Hjv/X5JnhsxKpVlvRilpfLyymplrbq+sbm1be7stmUYC0xaOGSh6LpIEkY5aSmqGOlGgqDAZaTjjq9yv3NHhKQhv1VJRPoBGnLqU4yUlgYmcnyBcOpESCiKGHzIfvh9Bi/gP36SQQd7oZrPJDM7BmbNqlsTwEViF6QGCjQH5rPjhTgOCFeYISl7thWpfpovxIxkVSeWJEJ4jIakpylHAZH9dFJFBg+14kE/FPpwBSfq74kUBVImgauTAVIjOe/l4l9eL1b+eT+lPIoV4Xh6kR8zqEKY9wo9KghWLNEEYUH1WyEeId2L0u1XdQn2/JcXSfu4bp/UT29Oao3Loo4K2AcH4AjY4Aw0wDVoghbA4BG8gnfwYTwZb8an8TWNloxiZg/MoFT+BgVYtUU=</latexit>

- E.g., 

@z

@x3
=

@z

@y1
· @y1
@x3

+
@z

@y2
· @y2
@x3

<latexit sha1_base64="sbC1qS3YwI2LJwVF5+zmoCJrBP4="></latexit>

(Follow all relevant paths)



Motivation: Gradient descent for least-squares

min
x

f(x) := 1
n

nX
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2

<latexit sha1_base64="hybxkIuXjzqlrgu/9fhb5oQRDa8="></latexit>

- Using modules:

ai

<latexit sha1_base64="Jn6FYpyZuS3DsL/IZYDFieJ9eXA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0QPu8X664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6tWql/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP0Aejck=</latexit>

'
(a

i ,x
)
=

a
>i
x

<latexit sha1_base64="22EZCZG2iEC3hxGfwR3CZi3Rn7E=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqCAlkYpuhKIblxXsBZoYJtNJO3QyCTOT0hK6ceOruHGhiFvfwZ1v47TNQlt/GPj4zzmcOb8fMyqVZX0buaXlldW1/HphY3Nre8fc3WvIKBGY1HHEItHykSSMclJXVDHSigVBoc9I0+/fTOrNARGSRvxejWLihqjLaUAxUtryzENngETcoyXk0VM4PIFXUNODo6IYDj2zaJWtqeAi2BkUQaaaZ345nQgnIeEKMyRl27Zi5aZIKIoZGRecRJIY4T7qkrZGjkIi3XR6xRgea6cDg0joxxWcur8nUhRKOQp93Rki1ZPztYn5X62dqODSTSmPE0U4ni0KEgZVBCeRwA4VBCs20oCwoPqvEPeQQFjp4Ao6BHv+5EVonJXtSvn8rlKsXmdx5MEBOAIlYIMLUAW3oAbqAINH8AxewZvxZLwY78bHrDVnZDP74I+Mzx9hzZc6</latexit>

`(·,·)
=

(y
i �

by
i )

2

<latexit sha1_base64="ND5dU9iJGEqR4orMyNGFqkPjqug=">AAACFXicbVDLSgNBEJz1GeMr6tHLYBAiaNgVRS9C0IvHCEYD2bjMznbMkNkHM73KsuQnvPgrXjwo4lXw5t84eRw0WtB0UdXNTJefSKHRtr+sqemZ2bn5wkJxcWl5ZbW0tn6l41RxaPBYxqrpMw1SRNBAgRKaiQIW+hKu/d7ZwL++A6VFHF1ilkA7ZLeR6AjO0EheadcFKSsuD2LcpcO2Q09oJfME3aPuvQigyzDP+p7Yudn3SmW7ag9B/xJnTMpkjLpX+nSDmKchRMgl07rl2Am2c6ZQcAn9optqSBjvsVtoGRqxEHQ7H17Vp9tGCWgnVqYipEP150bOQq2z0DeTIcOunvQG4n9eK8XOcTsXUZIiRHz0UCeVFGM6iIgGQgFHmRnCuBLmr5R3mWIcTZBFE4IzefJfcrVfdQ6qhxcH5drpOI4C2SRbpEIcckRq5JzUSYNw8kCeyAt5tR6tZ+vNeh+NTlnjnQ3yC9bHN4wGnTQ=</latexit>

(chain rule of derivatives)

rfi(x) =
@`(yi, byi)

@x

=
@`(yi, byi)

@byi
· @byi
@x

=
@`(yi, byi)

@byi
· a

>
i x

@x

= �2ai(yi � a>i x)

<latexit sha1_base64="O7d2F3Naj9LgsC876VbDNYtSmfU="></latexit>



Motivation: Gradient descent for least-squares

min
x

f(x) := 1
n

nX

i=1

(yi � a>i x)
2

<latexit sha1_base64="hybxkIuXjzqlrgu/9fhb5oQRDa8="></latexit>

- Using modules:

ai

<latexit sha1_base64="Jn6FYpyZuS3DsL/IZYDFieJ9eXA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0QPu8X664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6tWql/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP0Aejck=</latexit>

'
(a

i ,x
)
=

a
>i
x

<latexit sha1_base64="22EZCZG2iEC3hxGfwR3CZi3Rn7E=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqCAlkYpuhKIblxXsBZoYJtNJO3QyCTOT0hK6ceOruHGhiFvfwZ1v47TNQlt/GPj4zzmcOb8fMyqVZX0buaXlldW1/HphY3Nre8fc3WvIKBGY1HHEItHykSSMclJXVDHSigVBoc9I0+/fTOrNARGSRvxejWLihqjLaUAxUtryzENngETcoyXk0VM4PIFXUNODo6IYDj2zaJWtqeAi2BkUQaaaZ345nQgnIeEKMyRl27Zi5aZIKIoZGRecRJIY4T7qkrZGjkIi3XR6xRgea6cDg0joxxWcur8nUhRKOQp93Rki1ZPztYn5X62dqODSTSmPE0U4ni0KEgZVBCeRwA4VBCs20oCwoPqvEPeQQFjp4Ao6BHv+5EVonJXtSvn8rlKsXmdx5MEBOAIlYIMLUAW3oAbqAINH8AxewZvxZLwY78bHrDVnZDP74I+Mzx9hzZc6</latexit>

`(·,·)
=

(y
i �

by
i )

2

<latexit sha1_base64="ND5dU9iJGEqR4orMyNGFqkPjqug=">AAACFXicbVDLSgNBEJz1GeMr6tHLYBAiaNgVRS9C0IvHCEYD2bjMznbMkNkHM73KsuQnvPgrXjwo4lXw5t84eRw0WtB0UdXNTJefSKHRtr+sqemZ2bn5wkJxcWl5ZbW0tn6l41RxaPBYxqrpMw1SRNBAgRKaiQIW+hKu/d7ZwL++A6VFHF1ilkA7ZLeR6AjO0EheadcFKSsuD2LcpcO2Q09oJfME3aPuvQigyzDP+p7Yudn3SmW7ag9B/xJnTMpkjLpX+nSDmKchRMgl07rl2Am2c6ZQcAn9optqSBjvsVtoGRqxEHQ7H17Vp9tGCWgnVqYipEP150bOQq2z0DeTIcOunvQG4n9eK8XOcTsXUZIiRHz0UCeVFGM6iIgGQgFHmRnCuBLmr5R3mWIcTZBFE4IzefJfcrVfdQ6qhxcH5drpOI4C2SRbpEIcckRq5JzUSYNw8kCeyAt5tR6tZ+vNeh+NTlnjnQ3yC9bHN4wGnTQ=</latexit>

(chain rule of derivatives)

@`(yi � byi)
@byi

<latexit sha1_base64="CWpR/v1qPewcCBi4o1F+K3yvvMo=">AAACKnicbVDLSgMxFM34rPU16tJNsAh1YZmRii6rblxWsA/olCGT3mlDMw+SjDIM8z1u/BU3XSjFrR9i+ljU1gOBwznnJrnHizmTyrLGxtr6xubWdmGnuLu3f3BoHh03ZZQICg0a8Ui0PSKBsxAaiikO7VgACTwOLW/4MPFbLyAki8JnlcbQDUg/ZD6jRGnJNe8cXxCaOTERihGOHeC8nLoMX2LnlfVgQFSW5i67yBcyi0bumiWrYk2BV4k9JyU0R901R04vokkAoaKcSNmxrVh1s8nllENedBIJMaFD0oeOpiEJQHaz6ao5PtdKD/uR0CdUeKouTmQkkDINPJ0MiBrIZW8i/ud1EuXfdjMWxomCkM4e8hOOVYQnveEeE0AVTzUhVDD9V0wHRHendLtFXYK9vPIqaV5V7Grl+qlaqt3P6yigU3SGyshGN6iGHlEdNRBFb+gDfaIv490YGWPjexZdM+YzJ+gPjJ9fZJ+ohQ==</latexit>

@byi
@x

<latexit sha1_base64="SG8ffcU7J8oBzXJ0J1q2DheXLcE=">AAACEnicbVDLSsNAFJ34rPUVdelmsAi6KYlUdFl047KCfUATwmQyaYdOJmFmopaQb3Djr7hxoYhbV+78GydtQG09cOFwzr0z9x4/YVQqy/oyFhaXlldWK2vV9Y3NrW1zZ7cj41Rg0sYxi0XPR5IwyklbUcVILxEERT4jXX90WfjdWyIkjfmNGifEjdCA05BipLTkmcdOKBDOnAQJRRGDzh0NyBCpbJx7NP/R73PPrFl1awI4T+yS1ECJlmd+OkGM04hwhRmSsm9biXKz4kHMSF51UkkShEdoQPqachQR6WaTk3J4qJUAhrHQxRWcqL8nMhRJOY583RkhNZSzXiH+5/VTFZ67GeVJqgjH04/ClEEVwyIfGFBBsGJjTRAWVO8K8RDpjJROsapDsGdPniedk7rdqJ9eN2rNizKOCtgHB+AI2OAMNMEVaIE2wOABPIEX8Go8Gs/Gm/E+bV0wypk98AfGxzcLLp76</latexit>

(backward pass on modules!)

rfi(x) =
@`(yi, byi)

@x

=
@`(yi, byi)

@byi
· @byi
@x

=
@`(yi, byi)

@byi
· a

>
i x

@x

= �2ai(yi � a>i x)

<latexit sha1_base64="O7d2F3Naj9LgsC876VbDNYtSmfU="></latexit>



Motivation: Gradient descent for MLPs

where byi = softmax (� (W2 · � (W1 · xi)))
<latexit sha1_base64="ZcBWZy5z4ovkGqaxBKpDQY7s4ZA="></latexit>

min
Wi

f(W1,W2) :=
1
n

nX

i=1

`(byi, yi)

<latexit sha1_base64="4fWoy26oHXcWNvPw/H/9dxTpZas="></latexit>



Motivation: Gradient descent for MLPs

- Using modules:

where byi = softmax (� (W2 · � (W1 · xi)))
<latexit sha1_base64="ZcBWZy5z4ovkGqaxBKpDQY7s4ZA="></latexit>

min
Wi

f(W1,W2) :=
1
n

nX

i=1

`(byi, yi)

<latexit sha1_base64="4fWoy26oHXcWNvPw/H/9dxTpZas="></latexit>



Motivation: Gradient descent for MLPs

- Using modules:

where byi = softmax (� (W2 · � (W1 · xi)))
<latexit sha1_base64="ZcBWZy5z4ovkGqaxBKpDQY7s4ZA="></latexit>

min
Wi

f(W1,W2) :=
1
n

nX

i=1

`(byi, yi)

<latexit sha1_base64="4fWoy26oHXcWNvPw/H/9dxTpZas="></latexit>

'1(input,W ) = �(W1 · xi)

<latexit sha1_base64="U3sBzPK1+pFDDRsiVUbJrEz4JrU=">AAACHXicbVDLSgMxFM34rPVVdekmWIQWpMxIRTdC0Y3LCrZT6JQhk0nb0ExmSO6UltIfceOvuHGhiAs34t+YPhbaeiBwOOdebs4JEsE12Pa3tbK6tr6xmdnKbu/s7u3nDg7rOk4VZTUai1g1AqKZ4JLVgINgjUQxEgWCuUHvduK7faY0j+UDDBPWikhH8janBIzk58pen6iky32n4AEbAMCIyySF8Rl2i/gae5p3IlJwfQd7NIwBD3xe9HN5u2RPgZeJMyd5NEfVz316YUzTiEmggmjddOwEWiOigFPBxlkv1SwhtEc6rGmoJBHTrdE03RifGiXE7ViZJwFP1d8bIxJpPYwCMxkR6OpFbyL+5zVTaF+1ZnGZpLND7VRgiPGkKhxyxSiIoSGEKm7+immXKELBFJo1JTiLkZdJ/bzklEsX9+V85WZeRwYdoxNUQA66RBV0h6qohih6RM/oFb1ZT9aL9W59zEZXrPnOEfoD6+sHqeSg/g==</latexit>

'2(input,W ) = �(W2 · '2(·))

<latexit sha1_base64="0+ZWgRVYYrGKHExwOO2vK/cVczQ=">AAACKnicbVDLSgMxFM34rPU16tJNsAgtSJkpFd0IVTcuK9gHdMqQSdM2NPMguVMsQ7/Hjb/ipguluPVDTNtZ1NYDgZNz7iU5x4sEV2BZU2Njc2t7Zzezl90/ODw6Nk9O6yqMJWU1GopQNj2imOABqwEHwZqRZMT3BGt4g8eZ3xgyqXgYvMAoYm2f9ALe5ZSAllzz3hkSGfW5W8o7wF4BIOFBFMP4CjcK+A47ivd8km+4JezQTgh4aX52LxRcM2cVrTnwOrFTkkMpqq45cTohjX0WABVEqZZtRdBOiAROBRtnnVixiNAB6bGWpgHxmWon86hjfKmVDu6GUp8A8Fxd3kiIr9TI9/SkT6CvVr2Z+J/XiqF7215kZwFdPNSNBYYQz3rDHS4ZBTHShFDJ9V8x7RNJKOh2s7oEezXyOqmXina5eP1czlUe0joy6BxdoDyy0Q2qoCdURTVE0Rv6QJ/oy3g3JsbU+F6Mbhjpzhn6A+PnF4gWphA=</latexit>



Motivation: Gradient descent for MLPs

- Using modules:

where byi = softmax (� (W2 · � (W1 · xi)))
<latexit sha1_base64="ZcBWZy5z4ovkGqaxBKpDQY7s4ZA="></latexit>

min
Wi

f(W1,W2) :=
1
n

nX

i=1

`(byi, yi)

<latexit sha1_base64="4fWoy26oHXcWNvPw/H/9dxTpZas="></latexit>

Input

'
1 (i

n
p
u
t,W

)

<latexit sha1_base64="xOgyTguuD7WM1PXiTtlhTi7uFF4=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahgpREKrosunFZwT6gCWEynbRDJw9mbooldOPGX3HjQhG3/oM7/8Zpm4VWDwwczrmXO+f4ieAKLOvLKCwtr6yuFddLG5tb2zvm7l5LxamkrEljEcuOTxQTPGJN4CBYJ5GMhL5gbX94PfXbIyYVj6M7GCfMDUk/4gGnBLTkmYfOiMhkwD274gC7B4CMR0kKk1PcPvHMslW1ZsB/iZ2TMsrR8MxPpxfTNGQRUEGU6tpWAm5GJHAq2KTkpIolhA5Jn3U1jUjIlJvNUkzwsVZ6OIilfhHgmfpzIyOhUuPQ15MhgYFa9Kbif143heDSncdiEZ0fClKBIcbTSnCPS0ZBjDUhVHL9V0wHRBIKuriSLsFejPyXtM6qdq16flsr16/yOoroAB2hCrLRBaqjG9RATUTRA3pCL+jVeDSejTfjfT5aMPKdffQLxsc3O7aYZg==</latexit>

'
2 (i

n
p
u
t,W

)

<latexit sha1_base64="vVz2OH2xobSaRv11FghEl4QaVOs=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAYhgoTdENEyaGMZwTwguyyzk0kyZPbBzN1gWNLY+Cs2ForY+g92/o2TZAtNPDBwOOde7pzjx4IrsKxvI7eyura+kd8sbG3v7O6Z+wdNFSWSsgaNRCTbPlFM8JA1gINg7VgyEviCtfzhzdRvjZhUPArvYRwzNyD9kPc4JaAlzzx2RkTGA+5VSg6wBwBIeRgnMDnHrTPPLFplawa8TOyMFFGGumd+Od2IJgELgQqiVMe2YnBTIoFTwSYFJ1EsJnRI+qyjaUgCptx0lmKCT7XSxb1I6hcCnqm/N1ISKDUOfD0ZEBioRW8q/ud1EuhdufNYLKTzQ71EYIjwtBLc5ZJREGNNCJVc/xXTAZGEgi6uoEuwFyMvk2albFfLF3fVYu06qyOPjtAJKiEbXaIaukV11EAUPaJn9IrejCfjxXg3PuajOSPbOUR/YHz+AD1NmGc=</latexit>

`(·,·)

<latexit sha1_base64="tCxdgZrqjnRlotQXRnZ/W/IRBHA=">AAAB+3icbVDLSgMxFM3UV62vsS7dBItQQcqMVHRZdOOygn1AZyiZTKYNzSRDkhHL0F9x40IRt/6IO//GdDoLbT1wuYdz7iU3J0gYVdpxvq3S2vrG5lZ5u7Kzu7d/YB9Wu0qkEpMOFkzIfoAUYZSTjqaakX4iCYoDRnrB5Hbu9x6JVFTwBz1NiB+jEacRxUgbaWhXPcJY3cOh0Ocwb2dDu+Y0nBxwlbgFqYEC7aH95YUCpzHhGjOk1MB1Eu1nSGqKGZlVvFSRBOEJGpGBoRzFRPlZfvsMnholhJGQpriGufp7I0OxUtM4MJMx0mO17M3F/7xBqqNrP6M8STXhePFQlDKoBZwHAUMqCdZsagjCkppbIR4jibA2cVVMCO7yl1dJ96LhNhuX981a66aIowyOwQmoAxdcgRa4A23QARg8gWfwCt6smfVivVsfi9GSVewcgT+wPn8A0m2TqQ==</latexit>

s
o
f
t
m
a
x(·)

<latexit sha1_base64="wy8WJ8bQtOdpIdzrUi7xOo3zIYs=">AAACAHicbVBNS8NAEN34WetX1IMHL8Ei1EtJpKLHohePFewHNKFsNpt26SYbdifSEnLxr3jxoIhXf4Y3/43bNgdtfTDweG+GmXl+wpkC2/42VlbX1jc2S1vl7Z3dvX3z4LCtRCoJbRHBhez6WFHOYtoCBpx2E0lx5HPa8Ue3U7/zSKViIn6ASUK9CA9iFjKCQUt989gFOgaATIkQIjzOqy4JBJz3zYpds2ewlolTkAoq0OybX24gSBrRGAjHSvUcOwEvwxIY4TQvu6miCSYjPKA9TWMcUeVlswdy60wrgRUKqSsGa6b+nshwpNQk8nVnhGGoFr2p+J/XSyG89jIWJynQmMwXhSm3QFjTNKyASUqATzTBRDJ9q0WGWGICOrOyDsFZfHmZtC9qTr12eV+vNG6KOEroBJ2iKnLQFWqgO9RELURQjp7RK3oznowX4934mLeuGMXMEfoD4/MHclCW8w==</latexit>

'1(input,W ) = �(W1 · xi)

<latexit sha1_base64="U3sBzPK1+pFDDRsiVUbJrEz4JrU=">AAACHXicbVDLSgMxFM34rPVVdekmWIQWpMxIRTdC0Y3LCrZT6JQhk0nb0ExmSO6UltIfceOvuHGhiAs34t+YPhbaeiBwOOdebs4JEsE12Pa3tbK6tr6xmdnKbu/s7u3nDg7rOk4VZTUai1g1AqKZ4JLVgINgjUQxEgWCuUHvduK7faY0j+UDDBPWikhH8janBIzk58pen6iky32n4AEbAMCIyySF8Rl2i/gae5p3IlJwfQd7NIwBD3xe9HN5u2RPgZeJMyd5NEfVz316YUzTiEmggmjddOwEWiOigFPBxlkv1SwhtEc6rGmoJBHTrdE03RifGiXE7ViZJwFP1d8bIxJpPYwCMxkR6OpFbyL+5zVTaF+1ZnGZpLND7VRgiPGkKhxyxSiIoSGEKm7+immXKELBFJo1JTiLkZdJ/bzklEsX9+V85WZeRwYdoxNUQA66RBV0h6qohih6RM/oFb1ZT9aL9W59zEZXrPnOEfoD6+sHqeSg/g==</latexit>

'2(input,W ) = �(W2 · '2(·))

<latexit sha1_base64="0+ZWgRVYYrGKHExwOO2vK/cVczQ=">AAACKnicbVDLSgMxFM34rPU16tJNsAgtSJkpFd0IVTcuK9gHdMqQSdM2NPMguVMsQ7/Hjb/ipguluPVDTNtZ1NYDgZNz7iU5x4sEV2BZU2Njc2t7Zzezl90/ODw6Nk9O6yqMJWU1GopQNj2imOABqwEHwZqRZMT3BGt4g8eZ3xgyqXgYvMAoYm2f9ALe5ZSAllzz3hkSGfW5W8o7wF4BIOFBFMP4CjcK+A47ivd8km+4JezQTgh4aX52LxRcM2cVrTnwOrFTkkMpqq45cTohjX0WABVEqZZtRdBOiAROBRtnnVixiNAB6bGWpgHxmWon86hjfKmVDu6GUp8A8Fxd3kiIr9TI9/SkT6CvVr2Z+J/XiqF7215kZwFdPNSNBYYQz3rDHS4ZBTHShFDJ9V8x7RNJKOh2s7oEezXyOqmXina5eP1czlUe0joy6BxdoDyy0Q2qoCdURTVE0Rv6QJ/oy3g3JsbU+F6Mbhjpzhn6A+PnF4gWphA=</latexit>



Motivation: Gradient descent for MLPs

- Using modules:

(chain rule of derivatives)

rfi(x) =
@`(yi, byi)

@W

=
@`(yi, byi)

@softmax(·) ·
@softmax(·)

@W

=
@`(yi, byi)

@softmax(·) ·
@softmax(·)
@'(·,W2)

· @'(·,W2)

@W

= · · ·

<latexit sha1_base64="kK/Y8uqKcXtGM/Sh+ycHrpZeJFI="></latexit>

where byi = softmax (� (W2 · � (W1 · xi)))
<latexit sha1_base64="ZcBWZy5z4ovkGqaxBKpDQY7s4ZA="></latexit>

min
Wi

f(W1,W2) :=
1
n

nX

i=1

`(byi, yi)

<latexit sha1_base64="4fWoy26oHXcWNvPw/H/9dxTpZas="></latexit>

Input

'
1 (i

n
p
u
t,W

)

<latexit sha1_base64="xOgyTguuD7WM1PXiTtlhTi7uFF4=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahgpREKrosunFZwT6gCWEynbRDJw9mbooldOPGX3HjQhG3/oM7/8Zpm4VWDwwczrmXO+f4ieAKLOvLKCwtr6yuFddLG5tb2zvm7l5LxamkrEljEcuOTxQTPGJN4CBYJ5GMhL5gbX94PfXbIyYVj6M7GCfMDUk/4gGnBLTkmYfOiMhkwD274gC7B4CMR0kKk1PcPvHMslW1ZsB/iZ2TMsrR8MxPpxfTNGQRUEGU6tpWAm5GJHAq2KTkpIolhA5Jn3U1jUjIlJvNUkzwsVZ6OIilfhHgmfpzIyOhUuPQ15MhgYFa9Kbif143heDSncdiEZ0fClKBIcbTSnCPS0ZBjDUhVHL9V0wHRBIKuriSLsFejPyXtM6qdq16flsr16/yOoroAB2hCrLRBaqjG9RATUTRA3pCL+jVeDSejTfjfT5aMPKdffQLxsc3O7aYZg==</latexit>

'
2 (i

n
p
u
t,W

)

<latexit sha1_base64="vVz2OH2xobSaRv11FghEl4QaVOs=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAYhgoTdENEyaGMZwTwguyyzk0kyZPbBzN1gWNLY+Cs2ForY+g92/o2TZAtNPDBwOOde7pzjx4IrsKxvI7eyura+kd8sbG3v7O6Z+wdNFSWSsgaNRCTbPlFM8JA1gINg7VgyEviCtfzhzdRvjZhUPArvYRwzNyD9kPc4JaAlzzx2RkTGA+5VSg6wBwBIeRgnMDnHrTPPLFplawa8TOyMFFGGumd+Od2IJgELgQqiVMe2YnBTIoFTwSYFJ1EsJnRI+qyjaUgCptx0lmKCT7XSxb1I6hcCnqm/N1ISKDUOfD0ZEBioRW8q/ud1EuhdufNYLKTzQ71EYIjwtBLc5ZJREGNNCJVc/xXTAZGEgi6uoEuwFyMvk2albFfLF3fVYu06qyOPjtAJKiEbXaIaukV11EAUPaJn9IrejCfjxXg3PuajOSPbOUR/YHz+AD1NmGc=</latexit>

`(·,·)

<latexit sha1_base64="tCxdgZrqjnRlotQXRnZ/W/IRBHA=">AAAB+3icbVDLSgMxFM3UV62vsS7dBItQQcqMVHRZdOOygn1AZyiZTKYNzSRDkhHL0F9x40IRt/6IO//GdDoLbT1wuYdz7iU3J0gYVdpxvq3S2vrG5lZ5u7Kzu7d/YB9Wu0qkEpMOFkzIfoAUYZSTjqaakX4iCYoDRnrB5Hbu9x6JVFTwBz1NiB+jEacRxUgbaWhXPcJY3cOh0Ocwb2dDu+Y0nBxwlbgFqYEC7aH95YUCpzHhGjOk1MB1Eu1nSGqKGZlVvFSRBOEJGpGBoRzFRPlZfvsMnholhJGQpriGufp7I0OxUtM4MJMx0mO17M3F/7xBqqNrP6M8STXhePFQlDKoBZwHAUMqCdZsagjCkppbIR4jibA2cVVMCO7yl1dJ96LhNhuX981a66aIowyOwQmoAxdcgRa4A23QARg8gWfwCt6smfVivVsfi9GSVewcgT+wPn8A0m2TqQ==</latexit>

s
o
f
t
m
a
x(·)

<latexit sha1_base64="wy8WJ8bQtOdpIdzrUi7xOo3zIYs=">AAACAHicbVBNS8NAEN34WetX1IMHL8Ei1EtJpKLHohePFewHNKFsNpt26SYbdifSEnLxr3jxoIhXf4Y3/43bNgdtfTDweG+GmXl+wpkC2/42VlbX1jc2S1vl7Z3dvX3z4LCtRCoJbRHBhez6WFHOYtoCBpx2E0lx5HPa8Ue3U7/zSKViIn6ASUK9CA9iFjKCQUt989gFOgaATIkQIjzOqy4JBJz3zYpds2ewlolTkAoq0OybX24gSBrRGAjHSvUcOwEvwxIY4TQvu6miCSYjPKA9TWMcUeVlswdy60wrgRUKqSsGa6b+nshwpNQk8nVnhGGoFr2p+J/XSyG89jIWJynQmMwXhSm3QFjTNKyASUqATzTBRDJ9q0WGWGICOrOyDsFZfHmZtC9qTr12eV+vNG6KOEroBJ2iKnLQFWqgO9RELURQjp7RK3oznowX4934mLeuGMXMEfoD4/MHclCW8w==</latexit>

'1(input,W ) = �(W1 · xi)

<latexit sha1_base64="U3sBzPK1+pFDDRsiVUbJrEz4JrU=">AAACHXicbVDLSgMxFM34rPVVdekmWIQWpMxIRTdC0Y3LCrZT6JQhk0nb0ExmSO6UltIfceOvuHGhiAs34t+YPhbaeiBwOOdebs4JEsE12Pa3tbK6tr6xmdnKbu/s7u3nDg7rOk4VZTUai1g1AqKZ4JLVgINgjUQxEgWCuUHvduK7faY0j+UDDBPWikhH8janBIzk58pen6iky32n4AEbAMCIyySF8Rl2i/gae5p3IlJwfQd7NIwBD3xe9HN5u2RPgZeJMyd5NEfVz316YUzTiEmggmjddOwEWiOigFPBxlkv1SwhtEc6rGmoJBHTrdE03RifGiXE7ViZJwFP1d8bIxJpPYwCMxkR6OpFbyL+5zVTaF+1ZnGZpLND7VRgiPGkKhxyxSiIoSGEKm7+immXKELBFJo1JTiLkZdJ/bzklEsX9+V85WZeRwYdoxNUQA66RBV0h6qohih6RM/oFb1ZT9aL9W59zEZXrPnOEfoD6+sHqeSg/g==</latexit>

'2(input,W ) = �(W2 · '2(·))

<latexit sha1_base64="0+ZWgRVYYrGKHExwOO2vK/cVczQ=">AAACKnicbVDLSgMxFM34rPU16tJNsAgtSJkpFd0IVTcuK9gHdMqQSdM2NPMguVMsQ7/Hjb/ipguluPVDTNtZ1NYDgZNz7iU5x4sEV2BZU2Njc2t7Zzezl90/ODw6Nk9O6yqMJWU1GopQNj2imOABqwEHwZqRZMT3BGt4g8eZ3xgyqXgYvMAoYm2f9ALe5ZSAllzz3hkSGfW5W8o7wF4BIOFBFMP4CjcK+A47ivd8km+4JezQTgh4aX52LxRcM2cVrTnwOrFTkkMpqq45cTohjX0WABVEqZZtRdBOiAROBRtnnVixiNAB6bGWpgHxmWon86hjfKmVDu6GUp8A8Fxd3kiIr9TI9/SkT6CvVr2Z+J/XiqF7215kZwFdPNSNBYYQz3rDHS4ZBTHShFDJ9V8x7RNJKOh2s7oEezXyOqmXina5eP1czlUe0joy6BxdoDyy0Q2qoCdURTVE0Rv6QJ/oy3g3JsbU+F6Mbhjpzhn6A+PnF4gWphA=</latexit>



Motivation: Gradient descent for MLPs

- Using modules:

(chain rule of derivatives)

rfi(x) =
@`(yi, byi)

@W

=
@`(yi, byi)

@softmax(·) ·
@softmax(·)

@W

=
@`(yi, byi)

@softmax(·) ·
@softmax(·)
@'(·,W2)

· @'(·,W2)

@W

= · · ·

<latexit sha1_base64="kK/Y8uqKcXtGM/Sh+ycHrpZeJFI="></latexit>

where byi = softmax (� (W2 · � (W1 · xi)))
<latexit sha1_base64="ZcBWZy5z4ovkGqaxBKpDQY7s4ZA="></latexit>

min
Wi

f(W1,W2) :=
1
n

nX

i=1

`(byi, yi)

<latexit sha1_base64="4fWoy26oHXcWNvPw/H/9dxTpZas="></latexit>

Input

'
1 (i

n
p
u
t,W

)

<latexit sha1_base64="xOgyTguuD7WM1PXiTtlhTi7uFF4=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahgpREKrosunFZwT6gCWEynbRDJw9mbooldOPGX3HjQhG3/oM7/8Zpm4VWDwwczrmXO+f4ieAKLOvLKCwtr6yuFddLG5tb2zvm7l5LxamkrEljEcuOTxQTPGJN4CBYJ5GMhL5gbX94PfXbIyYVj6M7GCfMDUk/4gGnBLTkmYfOiMhkwD274gC7B4CMR0kKk1PcPvHMslW1ZsB/iZ2TMsrR8MxPpxfTNGQRUEGU6tpWAm5GJHAq2KTkpIolhA5Jn3U1jUjIlJvNUkzwsVZ6OIilfhHgmfpzIyOhUuPQ15MhgYFa9Kbif143heDSncdiEZ0fClKBIcbTSnCPS0ZBjDUhVHL9V0wHRBIKuriSLsFejPyXtM6qdq16flsr16/yOoroAB2hCrLRBaqjG9RATUTRA3pCL+jVeDSejTfjfT5aMPKdffQLxsc3O7aYZg==</latexit>

'
2 (i

n
p
u
t,W

)

<latexit sha1_base64="vVz2OH2xobSaRv11FghEl4QaVOs=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAYhgoTdENEyaGMZwTwguyyzk0kyZPbBzN1gWNLY+Cs2ForY+g92/o2TZAtNPDBwOOde7pzjx4IrsKxvI7eyura+kd8sbG3v7O6Z+wdNFSWSsgaNRCTbPlFM8JA1gINg7VgyEviCtfzhzdRvjZhUPArvYRwzNyD9kPc4JaAlzzx2RkTGA+5VSg6wBwBIeRgnMDnHrTPPLFplawa8TOyMFFGGumd+Od2IJgELgQqiVMe2YnBTIoFTwSYFJ1EsJnRI+qyjaUgCptx0lmKCT7XSxb1I6hcCnqm/N1ISKDUOfD0ZEBioRW8q/ud1EuhdufNYLKTzQ71EYIjwtBLc5ZJREGNNCJVc/xXTAZGEgi6uoEuwFyMvk2albFfLF3fVYu06qyOPjtAJKiEbXaIaukV11EAUPaJn9IrejCfjxXg3PuajOSPbOUR/YHz+AD1NmGc=</latexit>

`(·,·)

<latexit sha1_base64="tCxdgZrqjnRlotQXRnZ/W/IRBHA=">AAAB+3icbVDLSgMxFM3UV62vsS7dBItQQcqMVHRZdOOygn1AZyiZTKYNzSRDkhHL0F9x40IRt/6IO//GdDoLbT1wuYdz7iU3J0gYVdpxvq3S2vrG5lZ5u7Kzu7d/YB9Wu0qkEpMOFkzIfoAUYZSTjqaakX4iCYoDRnrB5Hbu9x6JVFTwBz1NiB+jEacRxUgbaWhXPcJY3cOh0Ocwb2dDu+Y0nBxwlbgFqYEC7aH95YUCpzHhGjOk1MB1Eu1nSGqKGZlVvFSRBOEJGpGBoRzFRPlZfvsMnholhJGQpriGufp7I0OxUtM4MJMx0mO17M3F/7xBqqNrP6M8STXhePFQlDKoBZwHAUMqCdZsagjCkppbIR4jibA2cVVMCO7yl1dJ96LhNhuX981a66aIowyOwQmoAxdcgRa4A23QARg8gWfwCt6smfVivVsfi9GSVewcgT+wPn8A0m2TqQ==</latexit>

s
o
f
t
m
a
x(·)

<latexit sha1_base64="wy8WJ8bQtOdpIdzrUi7xOo3zIYs=">AAACAHicbVBNS8NAEN34WetX1IMHL8Ei1EtJpKLHohePFewHNKFsNpt26SYbdifSEnLxr3jxoIhXf4Y3/43bNgdtfTDweG+GmXl+wpkC2/42VlbX1jc2S1vl7Z3dvX3z4LCtRCoJbRHBhez6WFHOYtoCBpx2E0lx5HPa8Ue3U7/zSKViIn6ASUK9CA9iFjKCQUt989gFOgaATIkQIjzOqy4JBJz3zYpds2ewlolTkAoq0OybX24gSBrRGAjHSvUcOwEvwxIY4TQvu6miCSYjPKA9TWMcUeVlswdy60wrgRUKqSsGa6b+nshwpNQk8nVnhGGoFr2p+J/XSyG89jIWJynQmMwXhSm3QFjTNKyASUqATzTBRDJ9q0WGWGICOrOyDsFZfHmZtC9qTr12eV+vNG6KOEroBJ2iKnLQFWqgO9RELURQjp7RK3oznowX4934mLeuGMXMEfoD4/MHclCW8w==</latexit>

'1(input,W ) = �(W1 · xi)

<latexit sha1_base64="U3sBzPK1+pFDDRsiVUbJrEz4JrU=">AAACHXicbVDLSgMxFM34rPVVdekmWIQWpMxIRTdC0Y3LCrZT6JQhk0nb0ExmSO6UltIfceOvuHGhiAs34t+YPhbaeiBwOOdebs4JEsE12Pa3tbK6tr6xmdnKbu/s7u3nDg7rOk4VZTUai1g1AqKZ4JLVgINgjUQxEgWCuUHvduK7faY0j+UDDBPWikhH8janBIzk58pen6iky32n4AEbAMCIyySF8Rl2i/gae5p3IlJwfQd7NIwBD3xe9HN5u2RPgZeJMyd5NEfVz316YUzTiEmggmjddOwEWiOigFPBxlkv1SwhtEc6rGmoJBHTrdE03RifGiXE7ViZJwFP1d8bIxJpPYwCMxkR6OpFbyL+5zVTaF+1ZnGZpLND7VRgiPGkKhxyxSiIoSGEKm7+immXKELBFJo1JTiLkZdJ/bzklEsX9+V85WZeRwYdoxNUQA66RBV0h6qohih6RM/oFb1ZT9aL9W59zEZXrPnOEfoD6+sHqeSg/g==</latexit>

'2(input,W ) = �(W2 · '2(·))

<latexit sha1_base64="0+ZWgRVYYrGKHExwOO2vK/cVczQ=">AAACKnicbVDLSgMxFM34rPU16tJNsAgtSJkpFd0IVTcuK9gHdMqQSdM2NPMguVMsQ7/Hjb/ipguluPVDTNtZ1NYDgZNz7iU5x4sEV2BZU2Njc2t7Zzezl90/ODw6Nk9O6yqMJWU1GopQNj2imOABqwEHwZqRZMT3BGt4g8eZ3xgyqXgYvMAoYm2f9ALe5ZSAllzz3hkSGfW5W8o7wF4BIOFBFMP4CjcK+A47ivd8km+4JezQTgh4aX52LxRcM2cVrTnwOrFTkkMpqq45cTohjX0WABVEqZZtRdBOiAROBRtnnVixiNAB6bGWpgHxmWon86hjfKmVDu6GUp8A8Fxd3kiIr9TI9/SkT6CvVr2Z+J/XiqF7215kZwFdPNSNBYYQz3rDHS4ZBTHShFDJ9V8x7RNJKOh2s7oEezXyOqmXina5eP1czlUe0joy6BxdoDyy0Q2qoCdURTVE0Rv6QJ/oy3g3JsbU+F6Mbhjpzhn6A+PnF4gWphA=</latexit>



Motivation: Gradient descent for MLPs

- Using modules:

(chain rule of derivatives)

rfi(x) =
@`(yi, byi)

@W

=
@`(yi, byi)

@softmax(·) ·
@softmax(·)

@W

=
@`(yi, byi)

@softmax(·) ·
@softmax(·)
@'(·,W2)

· @'(·,W2)

@W

= · · ·

<latexit sha1_base64="kK/Y8uqKcXtGM/Sh+ycHrpZeJFI="></latexit>

where byi = softmax (� (W2 · � (W1 · xi)))
<latexit sha1_base64="ZcBWZy5z4ovkGqaxBKpDQY7s4ZA="></latexit>

min
Wi

f(W1,W2) :=
1
n

nX

i=1

`(byi, yi)

<latexit sha1_base64="4fWoy26oHXcWNvPw/H/9dxTpZas="></latexit>

Input

'
1 (i

n
p
u
t,W

)

<latexit sha1_base64="xOgyTguuD7WM1PXiTtlhTi7uFF4=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahgpREKrosunFZwT6gCWEynbRDJw9mbooldOPGX3HjQhG3/oM7/8Zpm4VWDwwczrmXO+f4ieAKLOvLKCwtr6yuFddLG5tb2zvm7l5LxamkrEljEcuOTxQTPGJN4CBYJ5GMhL5gbX94PfXbIyYVj6M7GCfMDUk/4gGnBLTkmYfOiMhkwD274gC7B4CMR0kKk1PcPvHMslW1ZsB/iZ2TMsrR8MxPpxfTNGQRUEGU6tpWAm5GJHAq2KTkpIolhA5Jn3U1jUjIlJvNUkzwsVZ6OIilfhHgmfpzIyOhUuPQ15MhgYFa9Kbif143heDSncdiEZ0fClKBIcbTSnCPS0ZBjDUhVHL9V0wHRBIKuriSLsFejPyXtM6qdq16flsr16/yOoroAB2hCrLRBaqjG9RATUTRA3pCL+jVeDSejTfjfT5aMPKdffQLxsc3O7aYZg==</latexit>

'
2 (i

n
p
u
t,W

)

<latexit sha1_base64="vVz2OH2xobSaRv11FghEl4QaVOs=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAYhgoTdENEyaGMZwTwguyyzk0kyZPbBzN1gWNLY+Cs2ForY+g92/o2TZAtNPDBwOOde7pzjx4IrsKxvI7eyura+kd8sbG3v7O6Z+wdNFSWSsgaNRCTbPlFM8JA1gINg7VgyEviCtfzhzdRvjZhUPArvYRwzNyD9kPc4JaAlzzx2RkTGA+5VSg6wBwBIeRgnMDnHrTPPLFplawa8TOyMFFGGumd+Od2IJgELgQqiVMe2YnBTIoFTwSYFJ1EsJnRI+qyjaUgCptx0lmKCT7XSxb1I6hcCnqm/N1ISKDUOfD0ZEBioRW8q/ud1EuhdufNYLKTzQ71EYIjwtBLc5ZJREGNNCJVc/xXTAZGEgi6uoEuwFyMvk2albFfLF3fVYu06qyOPjtAJKiEbXaIaukV11EAUPaJn9IrejCfjxXg3PuajOSPbOUR/YHz+AD1NmGc=</latexit>

`(·,·)

<latexit sha1_base64="tCxdgZrqjnRlotQXRnZ/W/IRBHA=">AAAB+3icbVDLSgMxFM3UV62vsS7dBItQQcqMVHRZdOOygn1AZyiZTKYNzSRDkhHL0F9x40IRt/6IO//GdDoLbT1wuYdz7iU3J0gYVdpxvq3S2vrG5lZ5u7Kzu7d/YB9Wu0qkEpMOFkzIfoAUYZSTjqaakX4iCYoDRnrB5Hbu9x6JVFTwBz1NiB+jEacRxUgbaWhXPcJY3cOh0Ocwb2dDu+Y0nBxwlbgFqYEC7aH95YUCpzHhGjOk1MB1Eu1nSGqKGZlVvFSRBOEJGpGBoRzFRPlZfvsMnholhJGQpriGufp7I0OxUtM4MJMx0mO17M3F/7xBqqNrP6M8STXhePFQlDKoBZwHAUMqCdZsagjCkppbIR4jibA2cVVMCO7yl1dJ96LhNhuX981a66aIowyOwQmoAxdcgRa4A23QARg8gWfwCt6smfVivVsfi9GSVewcgT+wPn8A0m2TqQ==</latexit>

s
o
f
t
m
a
x(·)

<latexit sha1_base64="wy8WJ8bQtOdpIdzrUi7xOo3zIYs=">AAACAHicbVBNS8NAEN34WetX1IMHL8Ei1EtJpKLHohePFewHNKFsNpt26SYbdifSEnLxr3jxoIhXf4Y3/43bNgdtfTDweG+GmXl+wpkC2/42VlbX1jc2S1vl7Z3dvX3z4LCtRCoJbRHBhez6WFHOYtoCBpx2E0lx5HPa8Ue3U7/zSKViIn6ASUK9CA9iFjKCQUt989gFOgaATIkQIjzOqy4JBJz3zYpds2ewlolTkAoq0OybX24gSBrRGAjHSvUcOwEvwxIY4TQvu6miCSYjPKA9TWMcUeVlswdy60wrgRUKqSsGa6b+nshwpNQk8nVnhGGoFr2p+J/XSyG89jIWJynQmMwXhSm3QFjTNKyASUqATzTBRDJ9q0WGWGICOrOyDsFZfHmZtC9qTr12eV+vNG6KOEroBJ2iKnLQFWqgO9RELURQjp7RK3oznowX4934mLeuGMXMEfoD4/MHclCW8w==</latexit>

(backward pass on modules!)

'1(input,W ) = �(W1 · xi)

<latexit sha1_base64="U3sBzPK1+pFDDRsiVUbJrEz4JrU=">AAACHXicbVDLSgMxFM34rPVVdekmWIQWpMxIRTdC0Y3LCrZT6JQhk0nb0ExmSO6UltIfceOvuHGhiAs34t+YPhbaeiBwOOdebs4JEsE12Pa3tbK6tr6xmdnKbu/s7u3nDg7rOk4VZTUai1g1AqKZ4JLVgINgjUQxEgWCuUHvduK7faY0j+UDDBPWikhH8janBIzk58pen6iky32n4AEbAMCIyySF8Rl2i/gae5p3IlJwfQd7NIwBD3xe9HN5u2RPgZeJMyd5NEfVz316YUzTiEmggmjddOwEWiOigFPBxlkv1SwhtEc6rGmoJBHTrdE03RifGiXE7ViZJwFP1d8bIxJpPYwCMxkR6OpFbyL+5zVTaF+1ZnGZpLND7VRgiPGkKhxyxSiIoSGEKm7+immXKELBFJo1JTiLkZdJ/bzklEsX9+V85WZeRwYdoxNUQA66RBV0h6qohih6RM/oFb1ZT9aL9W59zEZXrPnOEfoD6+sHqeSg/g==</latexit>

'2(input,W ) = �(W2 · '2(·))

<latexit sha1_base64="0+ZWgRVYYrGKHExwOO2vK/cVczQ=">AAACKnicbVDLSgMxFM34rPU16tJNsAgtSJkpFd0IVTcuK9gHdMqQSdM2NPMguVMsQ7/Hjb/ipguluPVDTNtZ1NYDgZNz7iU5x4sEV2BZU2Njc2t7Zzezl90/ODw6Nk9O6yqMJWU1GopQNj2imOABqwEHwZqRZMT3BGt4g8eZ3xgyqXgYvMAoYm2f9ALe5ZSAllzz3hkSGfW5W8o7wF4BIOFBFMP4CjcK+A47ivd8km+4JezQTgh4aX52LxRcM2cVrTnwOrFTkkMpqq45cTohjX0WABVEqZZtRdBOiAROBRtnnVixiNAB6bGWpgHxmWon86hjfKmVDu6GUp8A8Fxd3kiIr9TI9/SkT6CvVr2Z+J/XiqF7215kZwFdPNSNBYYQz3rDHS4ZBTHShFDJ9V8x7RNJKOh2s7oEezXyOqmXina5eP1czlUe0joy6BxdoDyy0Q2qoCdURTVE0Rv6QJ/oy3g3JsbU+F6Mbhjpzhn6A+PnF4gWphA=</latexit>



Backpropagation = Gradient descent
(Just done efficiently on graphs, without redoing calculations)



Conclusion

- We have set up background of smooth optimization

- We have provided the first convergence rate result, and defined different 
    convergence rates that could be attainable



Conclusion

- We have set up background of smooth optimization

Next lecture

- Brief introduction to convex optimization and related topics

- We have provided the first convergence rate result, and defined different 
    convergence rates that could be attainable


