
Lecture 5

COMP 414/514: 
Optimization - Algorithms, Complexity 

and Approximations



Overview

- In the last lecture, we:

- Talked about a bit of smooth non-convex and convex optimization

- Worked in practice and theory with gradient descent

- Discussed the limits and convergence rates of gradient descent
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- In the last lecture, we:

- Talked about a bit of smooth non-convex and convex optimization

- Worked in practice and theory with gradient descent

- Discussed the limits and convergence rates of gradient descent

- Often, gradient descent is not sufficient in practice. In this lecture, we will:

- Discuss cases where the above methods are problematic

- Discuss gradient descent versions that somehow accelerate convergence

- Discuss alternatives to gradient descent



From previous lecture: lower bounds

- For objectives with Lipschitz continuous gradients:

f(xt)� f(x?) � 3Lkx0 � x?k22
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(The case we described has near optimal exponent, but does not involve the square root of κ)
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(The case we described has near optimal exponent, but does not involve the square root of κ)

Can we do better if we use more information?



The notorious Newton’s method

- Remember the second-order Taylor expansion:

f(x+�x) ⇡ f(x) + hrf(x),�xi+ 1
2

⌦
r2f(x)�x,�x

↵
<latexit sha1_base64="5/cS0PezDK60bE3TEKOKxoTBMU8="></latexit><latexit sha1_base64="5/cS0PezDK60bE3TEKOKxoTBMU8="></latexit><latexit sha1_base64="5/cS0PezDK60bE3TEKOKxoTBMU8="></latexit><latexit sha1_base64="5/cS0PezDK60bE3TEKOKxoTBMU8="></latexit>



The notorious Newton’s method

- Remember the second-order Taylor expansion:

f(x+�x) ⇡ f(x) + hrf(x),�xi+ 1
2

⌦
r2f(x)�x,�x

↵
<latexit sha1_base64="5/cS0PezDK60bE3TEKOKxoTBMU8="></latexit><latexit sha1_base64="5/cS0PezDK60bE3TEKOKxoTBMU8="></latexit><latexit sha1_base64="5/cS0PezDK60bE3TEKOKxoTBMU8="></latexit><latexit sha1_base64="5/cS0PezDK60bE3TEKOKxoTBMU8="></latexit>

- Taking the derivative and setting to zero:
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<latexit sha1_base64="BapZsBG+hR+GoK5Hflj552EQsmw="></latexit><latexit sha1_base64="BapZsBG+hR+GoK5Hflj552EQsmw="></latexit><latexit sha1_base64="BapZsBG+hR+GoK5Hflj552EQsmw="></latexit><latexit sha1_base64="BapZsBG+hR+GoK5Hflj552EQsmw="></latexit>

- Newton’s iteration:

xt+1 = xt � ⌘H
�1
t rf(xt), Ht := r2

f(xt)
<latexit sha1_base64="N8HBgj53hrtiX0sUAie2CIHm5ro="></latexit><latexit sha1_base64="N8HBgj53hrtiX0sUAie2CIHm5ro="></latexit><latexit sha1_base64="N8HBgj53hrtiX0sUAie2CIHm5ro="></latexit><latexit sha1_base64="N8HBgj53hrtiX0sUAie2CIHm5ro="></latexit>



The notorious Newton’s method

- Remember the second-order Taylor expansion:

f(x+�x) ⇡ f(x) + hrf(x),�xi+ 1
2

⌦
r2f(x)�x,�x

↵
<latexit sha1_base64="5/cS0PezDK60bE3TEKOKxoTBMU8="></latexit><latexit sha1_base64="5/cS0PezDK60bE3TEKOKxoTBMU8="></latexit><latexit sha1_base64="5/cS0PezDK60bE3TEKOKxoTBMU8="></latexit><latexit sha1_base64="5/cS0PezDK60bE3TEKOKxoTBMU8="></latexit>

- Taking the derivative and setting to zero:

r�xf(x+�x) = 0 ) rf(x) +r2f(x)�x = 0 ) �x = �
�
r2f(x)

��1 rf(x)
<latexit sha1_base64="BapZsBG+hR+GoK5Hflj552EQsmw="></latexit><latexit sha1_base64="BapZsBG+hR+GoK5Hflj552EQsmw="></latexit><latexit sha1_base64="BapZsBG+hR+GoK5Hflj552EQsmw="></latexit><latexit sha1_base64="BapZsBG+hR+GoK5Hflj552EQsmw="></latexit>

- Theory dictates even           ; often this is too optimistic, we use     ⌘ = 1
<latexit sha1_base64="T146a80OFvWYkecETy06AFAntCU=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch6MVjBBMDyRJmJ73JkNmHM71CCPkJLx4U8ervePNvnCR70MSChqKqm+6uIFXSkOt+O4WV1bX1jeJmaWt7Z3evvH/QNEmmBTZEohLdCrhBJWNskCSFrVQjjwKFD8HwZuo/PKE2MonvaZSiH/F+LEMpOFmp1UHi7Ip53XLFrbozsGXi5aQCOerd8lenl4gswpiE4sa0PTclf8w1SaFwUupkBlMuhryPbUtjHqHxx7N7J+zEKj0WJtpWTGym/p4Y88iYURTYzojTwCx6U/E/r51ReOmPZZxmhLGYLwozxShh0+dZT2oUpEaWcKGlvZWJAddckI2oZEPwFl9eJs2zqudWvbvzSu06j6MIR3AMp+DBBdTgFurQAAEKnuEV3pxH58V5dz7mrQUnnzmEP3A+fwCrr48O</latexit><latexit sha1_base64="T146a80OFvWYkecETy06AFAntCU=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch6MVjBBMDyRJmJ73JkNmHM71CCPkJLx4U8ervePNvnCR70MSChqKqm+6uIFXSkOt+O4WV1bX1jeJmaWt7Z3evvH/QNEmmBTZEohLdCrhBJWNskCSFrVQjjwKFD8HwZuo/PKE2MonvaZSiH/F+LEMpOFmp1UHi7Ip53XLFrbozsGXi5aQCOerd8lenl4gswpiE4sa0PTclf8w1SaFwUupkBlMuhryPbUtjHqHxx7N7J+zEKj0WJtpWTGym/p4Y88iYURTYzojTwCx6U/E/r51ReOmPZZxmhLGYLwozxShh0+dZT2oUpEaWcKGlvZWJAddckI2oZEPwFl9eJs2zqudWvbvzSu06j6MIR3AMp+DBBdTgFurQAAEKnuEV3pxH58V5dz7mrQUnnzmEP3A+fwCrr48O</latexit><latexit sha1_base64="T146a80OFvWYkecETy06AFAntCU=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch6MVjBBMDyRJmJ73JkNmHM71CCPkJLx4U8ervePNvnCR70MSChqKqm+6uIFXSkOt+O4WV1bX1jeJmaWt7Z3evvH/QNEmmBTZEohLdCrhBJWNskCSFrVQjjwKFD8HwZuo/PKE2MonvaZSiH/F+LEMpOFmp1UHi7Ip53XLFrbozsGXi5aQCOerd8lenl4gswpiE4sa0PTclf8w1SaFwUupkBlMuhryPbUtjHqHxx7N7J+zEKj0WJtpWTGym/p4Y88iYURTYzojTwCx6U/E/r51ReOmPZZxmhLGYLwozxShh0+dZT2oUpEaWcKGlvZWJAddckI2oZEPwFl9eJs2zqudWvbvzSu06j6MIR3AMp+DBBdTgFurQAAEKnuEV3pxH58V5dz7mrQUnnzmEP3A+fwCrr48O</latexit><latexit sha1_base64="T146a80OFvWYkecETy06AFAntCU=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch6MVjBBMDyRJmJ73JkNmHM71CCPkJLx4U8ervePNvnCR70MSChqKqm+6uIFXSkOt+O4WV1bX1jeJmaWt7Z3evvH/QNEmmBTZEohLdCrhBJWNskCSFrVQjjwKFD8HwZuo/PKE2MonvaZSiH/F+LEMpOFmp1UHi7Ip53XLFrbozsGXi5aQCOerd8lenl4gswpiE4sa0PTclf8w1SaFwUupkBlMuhryPbUtjHqHxx7N7J+zEKj0WJtpWTGym/p4Y88iYURTYzojTwCx6U/E/r51ReOmPZZxmhLGYLwozxShh0+dZT2oUpEaWcKGlvZWJAddckI2oZEPwFl9eJs2zqudWvbvzSu06j6MIR3AMp+DBBdTgFurQAAEKnuEV3pxH58V5dz7mrQUnnzmEP3A+fwCrr48O</latexit>

⌘ < 1
<latexit sha1_base64="ae5U2PFcD+JTeZYR8YnmxmEPXlU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiaGMZwcRAcoS9zVyyZO/D3TkhhPwJGwtFbP07dv4bN8kVmvhg4PHeDDPzglRJQ6777RRWVtfWN4qbpa3tnd298v5B0ySZFtgQiUp0K+AGlYyxQZIUtlKNPAoUPgTDm6n/8ITayCS+p1GKfsT7sQyl4GSlVgeJsyvmdcsVt+rOwJaJl5MK5Kh3y1+dXiKyCGMSihvT9tyU/DHXJIXCSamTGUy5GPI+ti2NeYTGH8/unbATq/RYmGhbMbGZ+ntizCNjRlFgOyNOA7PoTcX/vHZG4aU/lnGaEcZivijMFKOETZ9nPalRkBpZwoWW9lYmBlxzQTaikg3BW3x5mTTPqp5b9e7OK7XrPI4iHMExnIIHF1CDW6hDAwQoeIZXeHMenRfn3fmYtxacfOYQ/sD5/AGqKY8N</latexit><latexit sha1_base64="ae5U2PFcD+JTeZYR8YnmxmEPXlU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiaGMZwcRAcoS9zVyyZO/D3TkhhPwJGwtFbP07dv4bN8kVmvhg4PHeDDPzglRJQ6777RRWVtfWN4qbpa3tnd298v5B0ySZFtgQiUp0K+AGlYyxQZIUtlKNPAoUPgTDm6n/8ITayCS+p1GKfsT7sQyl4GSlVgeJsyvmdcsVt+rOwJaJl5MK5Kh3y1+dXiKyCGMSihvT9tyU/DHXJIXCSamTGUy5GPI+ti2NeYTGH8/unbATq/RYmGhbMbGZ+ntizCNjRlFgOyNOA7PoTcX/vHZG4aU/lnGaEcZivijMFKOETZ9nPalRkBpZwoWW9lYmBlxzQTaikg3BW3x5mTTPqp5b9e7OK7XrPI4iHMExnIIHF1CDW6hDAwQoeIZXeHMenRfn3fmYtxacfOYQ/sD5/AGqKY8N</latexit><latexit sha1_base64="ae5U2PFcD+JTeZYR8YnmxmEPXlU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiaGMZwcRAcoS9zVyyZO/D3TkhhPwJGwtFbP07dv4bN8kVmvhg4PHeDDPzglRJQ6777RRWVtfWN4qbpa3tnd298v5B0ySZFtgQiUp0K+AGlYyxQZIUtlKNPAoUPgTDm6n/8ITayCS+p1GKfsT7sQyl4GSlVgeJsyvmdcsVt+rOwJaJl5MK5Kh3y1+dXiKyCGMSihvT9tyU/DHXJIXCSamTGUy5GPI+ti2NeYTGH8/unbATq/RYmGhbMbGZ+ntizCNjRlFgOyNOA7PoTcX/vHZG4aU/lnGaEcZivijMFKOETZ9nPalRkBpZwoWW9lYmBlxzQTaikg3BW3x5mTTPqp5b9e7OK7XrPI4iHMExnIIHF1CDW6hDAwQoeIZXeHMenRfn3fmYtxacfOYQ/sD5/AGqKY8N</latexit><latexit sha1_base64="ae5U2PFcD+JTeZYR8YnmxmEPXlU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiaGMZwcRAcoS9zVyyZO/D3TkhhPwJGwtFbP07dv4bN8kVmvhg4PHeDDPzglRJQ6777RRWVtfWN4qbpa3tnd298v5B0ySZFtgQiUp0K+AGlYyxQZIUtlKNPAoUPgTDm6n/8ITayCS+p1GKfsT7sQyl4GSlVgeJsyvmdcsVt+rOwJaJl5MK5Kh3y1+dXiKyCGMSihvT9tyU/DHXJIXCSamTGUy5GPI+ti2NeYTGH8/unbATq/RYmGhbMbGZ+ntizCNjRlFgOyNOA7PoTcX/vHZG4aU/lnGaEcZivijMFKOETZ9nPalRkBpZwoWW9lYmBlxzQTaikg3BW3x5mTTPqp5b9e7OK7XrPI4iHMExnIIHF1CDW6hDAwQoeIZXeHMenRfn3fmYtxacfOYQ/sD5/AGqKY8N</latexit>

(Damped Newton’s method)

- Newton’s iteration:

xt+1 = xt � ⌘H
�1
t rf(xt), Ht := r2

f(xt)
<latexit sha1_base64="N8HBgj53hrtiX0sUAie2CIHm5ro="></latexit><latexit sha1_base64="N8HBgj53hrtiX0sUAie2CIHm5ro="></latexit><latexit sha1_base64="N8HBgj53hrtiX0sUAie2CIHm5ro="></latexit><latexit sha1_base64="N8HBgj53hrtiX0sUAie2CIHm5ro="></latexit>



Guarantees of Newton’s method

min
x2Rp

f(x)
<latexit sha1_base64="U71Fnz3bCu9/oA3TaEpvezMJJOc=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyURQZdFNy6r2Ac0MUymk3boZBJmJtISsnPjr7hxoYhbf8Gdf+OkzUJbD1w4nHMv997jx4xKZVnfRmlpeWV1rbxe2djc2t4xd/faMkoEJi0csUh0fSQJo5y0FFWMdGNBUOgz0vFHV7nfeSBC0ojfqUlM3BANOA0oRkpLnnnohJR76Rg6lEMnRGro++ltdh9nMKiNTzyzatWtKeAisQtSBQWanvnl9COchIQrzJCUPduKlZsioShmJKs4iSQxwiM0ID1NOQqJdNPpHxk81kofBpHQxRWcqr8nUhRKOQl93ZlfKue9XPzP6yUquHBTyuNEEY5ni4KEQRXBPBTYp4JgxSaaICyovhXiIRIIKx1dRYdgz7+8SNqndduq2zdn1cZlEUcZHIAjUAM2OAcNcA2aoAUweATP4BW8GU/Gi/FufMxaS0Yxsw/+wPj8AUrLmOo=</latexit><latexit sha1_base64="U71Fnz3bCu9/oA3TaEpvezMJJOc=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyURQZdFNy6r2Ac0MUymk3boZBJmJtISsnPjr7hxoYhbf8Gdf+OkzUJbD1w4nHMv997jx4xKZVnfRmlpeWV1rbxe2djc2t4xd/faMkoEJi0csUh0fSQJo5y0FFWMdGNBUOgz0vFHV7nfeSBC0ojfqUlM3BANOA0oRkpLnnnohJR76Rg6lEMnRGro++ltdh9nMKiNTzyzatWtKeAisQtSBQWanvnl9COchIQrzJCUPduKlZsioShmJKs4iSQxwiM0ID1NOQqJdNPpHxk81kofBpHQxRWcqr8nUhRKOQl93ZlfKue9XPzP6yUquHBTyuNEEY5ni4KEQRXBPBTYp4JgxSaaICyovhXiIRIIKx1dRYdgz7+8SNqndduq2zdn1cZlEUcZHIAjUAM2OAcNcA2aoAUweATP4BW8GU/Gi/FufMxaS0Yxsw/+wPj8AUrLmOo=</latexit><latexit sha1_base64="U71Fnz3bCu9/oA3TaEpvezMJJOc=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyURQZdFNy6r2Ac0MUymk3boZBJmJtISsnPjr7hxoYhbf8Gdf+OkzUJbD1w4nHMv997jx4xKZVnfRmlpeWV1rbxe2djc2t4xd/faMkoEJi0csUh0fSQJo5y0FFWMdGNBUOgz0vFHV7nfeSBC0ojfqUlM3BANOA0oRkpLnnnohJR76Rg6lEMnRGro++ltdh9nMKiNTzyzatWtKeAisQtSBQWanvnl9COchIQrzJCUPduKlZsioShmJKs4iSQxwiM0ID1NOQqJdNPpHxk81kofBpHQxRWcqr8nUhRKOQl93ZlfKue9XPzP6yUquHBTyuNEEY5ni4KEQRXBPBTYp4JgxSaaICyovhXiIRIIKx1dRYdgz7+8SNqndduq2zdn1cZlEUcZHIAjUAM2OAcNcA2aoAUweATP4BW8GU/Gi/FufMxaS0Yxsw/+wPj8AUrLmOo=</latexit><latexit sha1_base64="U71Fnz3bCu9/oA3TaEpvezMJJOc=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyURQZdFNy6r2Ac0MUymk3boZBJmJtISsnPjr7hxoYhbf8Gdf+OkzUJbD1w4nHMv997jx4xKZVnfRmlpeWV1rbxe2djc2t4xd/faMkoEJi0csUh0fSQJo5y0FFWMdGNBUOgz0vFHV7nfeSBC0ojfqUlM3BANOA0oRkpLnnnohJR76Rg6lEMnRGro++ltdh9nMKiNTzyzatWtKeAisQtSBQWanvnl9COchIQrzJCUPduKlZsioShmJKs4iSQxwiM0ID1NOQqJdNPpHxk81kofBpHQxRWcqr8nUhRKOQl93ZlfKue9XPzP6yUquHBTyuNEEY5ni4KEQRXBPBTYp4JgxSaaICyovhXiIRIIKx1dRYdgz7+8SNqndduq2zdn1cZlEUcZHIAjUAM2OAcNcA2aoAUweATP4BW8GU/Gi/FufMxaS0Yxsw/+wPj8AUrLmOo=</latexit>

“Assume the objective is has Lipschitz continuous Hessians. Also,  
 assume that the initial point is close enough to the optimal point:

converges quadratically according to:

“

kx0 � x?k2 <
2µ

3M
<latexit sha1_base64="xa59KwGuGf8XcPFsgRKFfS52uw0=">AAACD3icbVC7TsMwFHXKq5RXgJHFogKxUCUFCQaGChYWpCLRh9SUyHGd1qqdRLaDWqX5AxZ+hYUBhFhZ2fgb3DYDtBzpSkfn3Kt77/EiRqWyrG8jt7C4tLySXy2srW9sbpnbO3UZxgKTGg5ZKJoekoTRgNQUVYw0I0EQ9xhpeP2rsd94IELSMLhTw4i0OeoG1KcYKS255qEzGrgWPIaDe0cqJJyRW4YX0PEFwkkZOjxOk5Ob1DWLVsmaAM4TOyNFkKHqml9OJ8QxJ4HCDEnZsq1ItRMkFMWMpAUnliRCuI+6pKVpgDiR7WTyTwoPtNKBfih0BQpO1N8TCeJSDrmnOzlSPTnrjcX/vFas/PN2QoMoViTA00V+zKAK4Tgc2KGCYMWGmiAsqL4V4h7SUSgdYUGHYM++PE/q5ZJtlezb02LlMosjD/bAPjgCNjgDFXANqqAGMHgEz+AVvBlPxovxbnxMW3NGNrML/sD4/AHHbps8</latexit><latexit sha1_base64="xa59KwGuGf8XcPFsgRKFfS52uw0=">AAACD3icbVC7TsMwFHXKq5RXgJHFogKxUCUFCQaGChYWpCLRh9SUyHGd1qqdRLaDWqX5AxZ+hYUBhFhZ2fgb3DYDtBzpSkfn3Kt77/EiRqWyrG8jt7C4tLySXy2srW9sbpnbO3UZxgKTGg5ZKJoekoTRgNQUVYw0I0EQ9xhpeP2rsd94IELSMLhTw4i0OeoG1KcYKS255qEzGrgWPIaDe0cqJJyRW4YX0PEFwkkZOjxOk5Ob1DWLVsmaAM4TOyNFkKHqml9OJ8QxJ4HCDEnZsq1ItRMkFMWMpAUnliRCuI+6pKVpgDiR7WTyTwoPtNKBfih0BQpO1N8TCeJSDrmnOzlSPTnrjcX/vFas/PN2QoMoViTA00V+zKAK4Tgc2KGCYMWGmiAsqL4V4h7SUSgdYUGHYM++PE/q5ZJtlezb02LlMosjD/bAPjgCNjgDFXANqqAGMHgEz+AVvBlPxovxbnxMW3NGNrML/sD4/AHHbps8</latexit><latexit sha1_base64="xa59KwGuGf8XcPFsgRKFfS52uw0=">AAACD3icbVC7TsMwFHXKq5RXgJHFogKxUCUFCQaGChYWpCLRh9SUyHGd1qqdRLaDWqX5AxZ+hYUBhFhZ2fgb3DYDtBzpSkfn3Kt77/EiRqWyrG8jt7C4tLySXy2srW9sbpnbO3UZxgKTGg5ZKJoekoTRgNQUVYw0I0EQ9xhpeP2rsd94IELSMLhTw4i0OeoG1KcYKS255qEzGrgWPIaDe0cqJJyRW4YX0PEFwkkZOjxOk5Ob1DWLVsmaAM4TOyNFkKHqml9OJ8QxJ4HCDEnZsq1ItRMkFMWMpAUnliRCuI+6pKVpgDiR7WTyTwoPtNKBfih0BQpO1N8TCeJSDrmnOzlSPTnrjcX/vFas/PN2QoMoViTA00V+zKAK4Tgc2KGCYMWGmiAsqL4V4h7SUSgdYUGHYM++PE/q5ZJtlezb02LlMosjD/bAPjgCNjgDFXANqqAGMHgEz+AVvBlPxovxbnxMW3NGNrML/sD4/AHHbps8</latexit><latexit sha1_base64="xa59KwGuGf8XcPFsgRKFfS52uw0=">AAACD3icbVC7TsMwFHXKq5RXgJHFogKxUCUFCQaGChYWpCLRh9SUyHGd1qqdRLaDWqX5AxZ+hYUBhFhZ2fgb3DYDtBzpSkfn3Kt77/EiRqWyrG8jt7C4tLySXy2srW9sbpnbO3UZxgKTGg5ZKJoekoTRgNQUVYw0I0EQ9xhpeP2rsd94IELSMLhTw4i0OeoG1KcYKS255qEzGrgWPIaDe0cqJJyRW4YX0PEFwkkZOjxOk5Ob1DWLVsmaAM4TOyNFkKHqml9OJ8QxJ4HCDEnZsq1ItRMkFMWMpAUnliRCuI+6pKVpgDiR7WTyTwoPtNKBfih0BQpO1N8TCeJSDrmnOzlSPTnrjcX/vFas/PN2QoMoViTA00V+zKAK4Tgc2KGCYMWGmiAsqL4V4h7SUSgdYUGHYM++PE/q5ZJtlezb02LlMosjD/bAPjgCNjgDFXANqqAGMHgEz+AVvBlPxovxbnxMW3NGNrML/sD4/AHHbps8</latexit>

where r2f(x?) ⌫ µI
<latexit sha1_base64="jgKj+KOoLVeB5Ej9FPZNWNPHIno=">AAACCnicbVA9TwJBEN3DL8Qv1NJmlZhgQ+6IiZZEG+0wkY+EO8jcsgcb9vbO3T0jIdQ2/hUbC42x9RfY+W9c4AoFXzLJy3szmZnnx5wpbdvfVmZpeWV1Lbue29jc2t7J7+7VVZRIQmsk4pFs+qAoZ4LWNNOcNmNJIfQ5bfiDy4nfuKdSsUjc6mFMvRB6ggWMgDZSJ3/oCvA5tMs4KD60XaVBnmBXJYTQO+yGCb7u5At2yZ4CLxInJQWUotrJf7ndiCQhFZpwUKrl2LH2RiA1I5yOc26iaAxkAD3aMlRASJU3mr4yxsdG6eIgkqaExlP198QIQqWGoW86Q9B9Ne9NxP+8VqKDc2/ERJxoKshsUZBwrCM8yQV3maRE86EhQCQzt2LSBwlEm/RyJgRn/uVFUi+XHLvk3JwWKhdpHFl0gI5QETnoDFXQFaqiGiLoET2jV/RmPVkv1rv1MWvNWOnMPvoD6/MHYbyZaQ==</latexit><latexit sha1_base64="jgKj+KOoLVeB5Ej9FPZNWNPHIno=">AAACCnicbVA9TwJBEN3DL8Qv1NJmlZhgQ+6IiZZEG+0wkY+EO8jcsgcb9vbO3T0jIdQ2/hUbC42x9RfY+W9c4AoFXzLJy3szmZnnx5wpbdvfVmZpeWV1Lbue29jc2t7J7+7VVZRIQmsk4pFs+qAoZ4LWNNOcNmNJIfQ5bfiDy4nfuKdSsUjc6mFMvRB6ggWMgDZSJ3/oCvA5tMs4KD60XaVBnmBXJYTQO+yGCb7u5At2yZ4CLxInJQWUotrJf7ndiCQhFZpwUKrl2LH2RiA1I5yOc26iaAxkAD3aMlRASJU3mr4yxsdG6eIgkqaExlP198QIQqWGoW86Q9B9Ne9NxP+8VqKDc2/ERJxoKshsUZBwrCM8yQV3maRE86EhQCQzt2LSBwlEm/RyJgRn/uVFUi+XHLvk3JwWKhdpHFl0gI5QETnoDFXQFaqiGiLoET2jV/RmPVkv1rv1MWvNWOnMPvoD6/MHYbyZaQ==</latexit><latexit sha1_base64="jgKj+KOoLVeB5Ej9FPZNWNPHIno=">AAACCnicbVA9TwJBEN3DL8Qv1NJmlZhgQ+6IiZZEG+0wkY+EO8jcsgcb9vbO3T0jIdQ2/hUbC42x9RfY+W9c4AoFXzLJy3szmZnnx5wpbdvfVmZpeWV1Lbue29jc2t7J7+7VVZRIQmsk4pFs+qAoZ4LWNNOcNmNJIfQ5bfiDy4nfuKdSsUjc6mFMvRB6ggWMgDZSJ3/oCvA5tMs4KD60XaVBnmBXJYTQO+yGCb7u5At2yZ4CLxInJQWUotrJf7ndiCQhFZpwUKrl2LH2RiA1I5yOc26iaAxkAD3aMlRASJU3mr4yxsdG6eIgkqaExlP198QIQqWGoW86Q9B9Ne9NxP+8VqKDc2/ERJxoKshsUZBwrCM8yQV3maRE86EhQCQzt2LSBwlEm/RyJgRn/uVFUi+XHLvk3JwWKhdpHFl0gI5QETnoDFXQFaqiGiLoET2jV/RmPVkv1rv1MWvNWOnMPvoD6/MHYbyZaQ==</latexit><latexit sha1_base64="jgKj+KOoLVeB5Ej9FPZNWNPHIno=">AAACCnicbVA9TwJBEN3DL8Qv1NJmlZhgQ+6IiZZEG+0wkY+EO8jcsgcb9vbO3T0jIdQ2/hUbC42x9RfY+W9c4AoFXzLJy3szmZnnx5wpbdvfVmZpeWV1Lbue29jc2t7J7+7VVZRIQmsk4pFs+qAoZ4LWNNOcNmNJIfQ5bfiDy4nfuKdSsUjc6mFMvRB6ggWMgDZSJ3/oCvA5tMs4KD60XaVBnmBXJYTQO+yGCb7u5At2yZ4CLxInJQWUotrJf7ndiCQhFZpwUKrl2LH2RiA1I5yOc26iaAxkAD3aMlRASJU3mr4yxsdG6eIgkqaExlP198QIQqWGoW86Q9B9Ne9NxP+8VqKDc2/ERJxoKshsUZBwrCM8yQV3maRE86EhQCQzt2LSBwlEm/RyJgRn/uVFUi+XHLvk3JwWKhdpHFl0gI5QETnoDFXQFaqiGiLoET2jV/RmPVkv1rv1MWvNWOnMPvoD6/MHYbyZaQ==</latexit>

and  kr2f(x)�r2f(y)k2  Mkx� yk2
<latexit sha1_base64="7Uon/A6ayduOWwg9xTkikFUMQ8s=">AAACH3icbVDLTgIxFO34RHyhLt00EhNYSGaIUZdEN25MMJFHwoyTTulAQ6czth3DBPgTN/6KGxcaY9zxNxaYBYInucnpOfem9x4vYlQq0xwbK6tr6xubma3s9s7u3n7u4LAuw1hgUsMhC0XTQ5IwyklNUcVIMxIEBR4jDa93M/Ebz0RIGvIHlUTECVCHU59ipLTk5i7soc2Rx9BjGfqFfhGewbl3UrSHbhnajDzBO2gP+9pOJpKby5slcwq4TKyU5EGKqpv7sdshjgPCFWZIypZlRsoZIKEoZmSUtWNJIoR7qENamnIUEOkMpveN4KlW2tAPhS6u4FSdnxigQMok8HRngFRXLnoT8T+vFSv/yhlQHsWKcDz7yI8ZVCGchAXbVBCsWKIJwoLqXSHuIoGw0pFmdQjW4snLpF4uWWbJuj/PV67TODLgGJyAArDAJaiAW1AFNYDBC3gDH+DTeDXejS/je9a6YqQzR+APjPEv/N2f0g==</latexit><latexit sha1_base64="7Uon/A6ayduOWwg9xTkikFUMQ8s=">AAACH3icbVDLTgIxFO34RHyhLt00EhNYSGaIUZdEN25MMJFHwoyTTulAQ6czth3DBPgTN/6KGxcaY9zxNxaYBYInucnpOfem9x4vYlQq0xwbK6tr6xubma3s9s7u3n7u4LAuw1hgUsMhC0XTQ5IwyklNUcVIMxIEBR4jDa93M/Ebz0RIGvIHlUTECVCHU59ipLTk5i7soc2Rx9BjGfqFfhGewbl3UrSHbhnajDzBO2gP+9pOJpKby5slcwq4TKyU5EGKqpv7sdshjgPCFWZIypZlRsoZIKEoZmSUtWNJIoR7qENamnIUEOkMpveN4KlW2tAPhS6u4FSdnxigQMok8HRngFRXLnoT8T+vFSv/yhlQHsWKcDz7yI8ZVCGchAXbVBCsWKIJwoLqXSHuIoGw0pFmdQjW4snLpF4uWWbJuj/PV67TODLgGJyAArDAJaiAW1AFNYDBC3gDH+DTeDXejS/je9a6YqQzR+APjPEv/N2f0g==</latexit><latexit sha1_base64="7Uon/A6ayduOWwg9xTkikFUMQ8s=">AAACH3icbVDLTgIxFO34RHyhLt00EhNYSGaIUZdEN25MMJFHwoyTTulAQ6czth3DBPgTN/6KGxcaY9zxNxaYBYInucnpOfem9x4vYlQq0xwbK6tr6xubma3s9s7u3n7u4LAuw1hgUsMhC0XTQ5IwyklNUcVIMxIEBR4jDa93M/Ebz0RIGvIHlUTECVCHU59ipLTk5i7soc2Rx9BjGfqFfhGewbl3UrSHbhnajDzBO2gP+9pOJpKby5slcwq4TKyU5EGKqpv7sdshjgPCFWZIypZlRsoZIKEoZmSUtWNJIoR7qENamnIUEOkMpveN4KlW2tAPhS6u4FSdnxigQMok8HRngFRXLnoT8T+vFSv/yhlQHsWKcDz7yI8ZVCGchAXbVBCsWKIJwoLqXSHuIoGw0pFmdQjW4snLpF4uWWbJuj/PV67TODLgGJyAArDAJaiAW1AFNYDBC3gDH+DTeDXejS/je9a6YqQzR+APjPEv/N2f0g==</latexit><latexit sha1_base64="7Uon/A6ayduOWwg9xTkikFUMQ8s=">AAACH3icbVDLTgIxFO34RHyhLt00EhNYSGaIUZdEN25MMJFHwoyTTulAQ6czth3DBPgTN/6KGxcaY9zxNxaYBYInucnpOfem9x4vYlQq0xwbK6tr6xubma3s9s7u3n7u4LAuw1hgUsMhC0XTQ5IwyklNUcVIMxIEBR4jDa93M/Ebz0RIGvIHlUTECVCHU59ipLTk5i7soc2Rx9BjGfqFfhGewbl3UrSHbhnajDzBO2gP+9pOJpKby5slcwq4TKyU5EGKqpv7sdshjgPCFWZIypZlRsoZIKEoZmSUtWNJIoR7qENamnIUEOkMpveN4KlW2tAPhS6u4FSdnxigQMok8HRngFRXLnoT8T+vFSv/yhlQHsWKcDz7yI8ZVCGchAXbVBCsWKIJwoLqXSHuIoGw0pFmdQjW4snLpF4uWWbJuj/PV67TODLgGJyAArDAJaiAW1AFNYDBC3gDH+DTeDXejS/je9a6YqQzR+APjPEv/N2f0g==</latexit>

xt+1 = xt �
�
r2f(xt)

��1 rf(xt)
<latexit sha1_base64="djA3ZfctihP90oorXPvYm8kjZBE="></latexit><latexit sha1_base64="djA3ZfctihP90oorXPvYm8kjZBE="></latexit><latexit sha1_base64="djA3ZfctihP90oorXPvYm8kjZBE="></latexit><latexit sha1_base64="djA3ZfctihP90oorXPvYm8kjZBE="></latexit>

kxt+1 � x?k2  Mkxt � x?k22
2(µ�Mkxt � x?k2)

<latexit sha1_base64="b5mgN+W+9NBUeHLvCeQuTGyMsB8="></latexit><latexit sha1_base64="b5mgN+W+9NBUeHLvCeQuTGyMsB8="></latexit><latexit sha1_base64="b5mgN+W+9NBUeHLvCeQuTGyMsB8="></latexit><latexit sha1_base64="b5mgN+W+9NBUeHLvCeQuTGyMsB8="></latexit>



Guarantees of Newton’s method

min
x2Rp

f(x)
<latexit sha1_base64="U71Fnz3bCu9/oA3TaEpvezMJJOc=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyURQZdFNy6r2Ac0MUymk3boZBJmJtISsnPjr7hxoYhbf8Gdf+OkzUJbD1w4nHMv997jx4xKZVnfRmlpeWV1rbxe2djc2t4xd/faMkoEJi0csUh0fSQJo5y0FFWMdGNBUOgz0vFHV7nfeSBC0ojfqUlM3BANOA0oRkpLnnnohJR76Rg6lEMnRGro++ltdh9nMKiNTzyzatWtKeAisQtSBQWanvnl9COchIQrzJCUPduKlZsioShmJKs4iSQxwiM0ID1NOQqJdNPpHxk81kofBpHQxRWcqr8nUhRKOQl93ZlfKue9XPzP6yUquHBTyuNEEY5ni4KEQRXBPBTYp4JgxSaaICyovhXiIRIIKx1dRYdgz7+8SNqndduq2zdn1cZlEUcZHIAjUAM2OAcNcA2aoAUweATP4BW8GU/Gi/FufMxaS0Yxsw/+wPj8AUrLmOo=</latexit><latexit sha1_base64="U71Fnz3bCu9/oA3TaEpvezMJJOc=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyURQZdFNy6r2Ac0MUymk3boZBJmJtISsnPjr7hxoYhbf8Gdf+OkzUJbD1w4nHMv997jx4xKZVnfRmlpeWV1rbxe2djc2t4xd/faMkoEJi0csUh0fSQJo5y0FFWMdGNBUOgz0vFHV7nfeSBC0ojfqUlM3BANOA0oRkpLnnnohJR76Rg6lEMnRGro++ltdh9nMKiNTzyzatWtKeAisQtSBQWanvnl9COchIQrzJCUPduKlZsioShmJKs4iSQxwiM0ID1NOQqJdNPpHxk81kofBpHQxRWcqr8nUhRKOQl93ZlfKue9XPzP6yUquHBTyuNEEY5ni4KEQRXBPBTYp4JgxSaaICyovhXiIRIIKx1dRYdgz7+8SNqndduq2zdn1cZlEUcZHIAjUAM2OAcNcA2aoAUweATP4BW8GU/Gi/FufMxaS0Yxsw/+wPj8AUrLmOo=</latexit><latexit sha1_base64="U71Fnz3bCu9/oA3TaEpvezMJJOc=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyURQZdFNy6r2Ac0MUymk3boZBJmJtISsnPjr7hxoYhbf8Gdf+OkzUJbD1w4nHMv997jx4xKZVnfRmlpeWV1rbxe2djc2t4xd/faMkoEJi0csUh0fSQJo5y0FFWMdGNBUOgz0vFHV7nfeSBC0ojfqUlM3BANOA0oRkpLnnnohJR76Rg6lEMnRGro++ltdh9nMKiNTzyzatWtKeAisQtSBQWanvnl9COchIQrzJCUPduKlZsioShmJKs4iSQxwiM0ID1NOQqJdNPpHxk81kofBpHQxRWcqr8nUhRKOQl93ZlfKue9XPzP6yUquHBTyuNEEY5ni4KEQRXBPBTYp4JgxSaaICyovhXiIRIIKx1dRYdgz7+8SNqndduq2zdn1cZlEUcZHIAjUAM2OAcNcA2aoAUweATP4BW8GU/Gi/FufMxaS0Yxsw/+wPj8AUrLmOo=</latexit><latexit sha1_base64="U71Fnz3bCu9/oA3TaEpvezMJJOc=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyURQZdFNy6r2Ac0MUymk3boZBJmJtISsnPjr7hxoYhbf8Gdf+OkzUJbD1w4nHMv997jx4xKZVnfRmlpeWV1rbxe2djc2t4xd/faMkoEJi0csUh0fSQJo5y0FFWMdGNBUOgz0vFHV7nfeSBC0ojfqUlM3BANOA0oRkpLnnnohJR76Rg6lEMnRGro++ltdh9nMKiNTzyzatWtKeAisQtSBQWanvnl9COchIQrzJCUPduKlZsioShmJKs4iSQxwiM0ID1NOQqJdNPpHxk81kofBpHQxRWcqr8nUhRKOQl93ZlfKue9XPzP6yUquHBTyuNEEY5ni4KEQRXBPBTYp4JgxSaaICyovhXiIRIIKx1dRYdgz7+8SNqndduq2zdn1cZlEUcZHIAjUAM2OAcNcA2aoAUweATP4BW8GU/Gi/FufMxaS0Yxsw/+wPj8AUrLmOo=</latexit>

“Assume the objective is has Lipschitz continuous Hessians. Also,  
 assume that the initial point is close enough to the optimal point:

converges quadratically according to:

“

kx0 � x?k2 <
2µ

3M
<latexit sha1_base64="xa59KwGuGf8XcPFsgRKFfS52uw0=">AAACD3icbVC7TsMwFHXKq5RXgJHFogKxUCUFCQaGChYWpCLRh9SUyHGd1qqdRLaDWqX5AxZ+hYUBhFhZ2fgb3DYDtBzpSkfn3Kt77/EiRqWyrG8jt7C4tLySXy2srW9sbpnbO3UZxgKTGg5ZKJoekoTRgNQUVYw0I0EQ9xhpeP2rsd94IELSMLhTw4i0OeoG1KcYKS255qEzGrgWPIaDe0cqJJyRW4YX0PEFwkkZOjxOk5Ob1DWLVsmaAM4TOyNFkKHqml9OJ8QxJ4HCDEnZsq1ItRMkFMWMpAUnliRCuI+6pKVpgDiR7WTyTwoPtNKBfih0BQpO1N8TCeJSDrmnOzlSPTnrjcX/vFas/PN2QoMoViTA00V+zKAK4Tgc2KGCYMWGmiAsqL4V4h7SUSgdYUGHYM++PE/q5ZJtlezb02LlMosjD/bAPjgCNjgDFXANqqAGMHgEz+AVvBlPxovxbnxMW3NGNrML/sD4/AHHbps8</latexit><latexit sha1_base64="xa59KwGuGf8XcPFsgRKFfS52uw0=">AAACD3icbVC7TsMwFHXKq5RXgJHFogKxUCUFCQaGChYWpCLRh9SUyHGd1qqdRLaDWqX5AxZ+hYUBhFhZ2fgb3DYDtBzpSkfn3Kt77/EiRqWyrG8jt7C4tLySXy2srW9sbpnbO3UZxgKTGg5ZKJoekoTRgNQUVYw0I0EQ9xhpeP2rsd94IELSMLhTw4i0OeoG1KcYKS255qEzGrgWPIaDe0cqJJyRW4YX0PEFwkkZOjxOk5Ob1DWLVsmaAM4TOyNFkKHqml9OJ8QxJ4HCDEnZsq1ItRMkFMWMpAUnliRCuI+6pKVpgDiR7WTyTwoPtNKBfih0BQpO1N8TCeJSDrmnOzlSPTnrjcX/vFas/PN2QoMoViTA00V+zKAK4Tgc2KGCYMWGmiAsqL4V4h7SUSgdYUGHYM++PE/q5ZJtlezb02LlMosjD/bAPjgCNjgDFXANqqAGMHgEz+AVvBlPxovxbnxMW3NGNrML/sD4/AHHbps8</latexit><latexit sha1_base64="xa59KwGuGf8XcPFsgRKFfS52uw0=">AAACD3icbVC7TsMwFHXKq5RXgJHFogKxUCUFCQaGChYWpCLRh9SUyHGd1qqdRLaDWqX5AxZ+hYUBhFhZ2fgb3DYDtBzpSkfn3Kt77/EiRqWyrG8jt7C4tLySXy2srW9sbpnbO3UZxgKTGg5ZKJoekoTRgNQUVYw0I0EQ9xhpeP2rsd94IELSMLhTw4i0OeoG1KcYKS255qEzGrgWPIaDe0cqJJyRW4YX0PEFwkkZOjxOk5Ob1DWLVsmaAM4TOyNFkKHqml9OJ8QxJ4HCDEnZsq1ItRMkFMWMpAUnliRCuI+6pKVpgDiR7WTyTwoPtNKBfih0BQpO1N8TCeJSDrmnOzlSPTnrjcX/vFas/PN2QoMoViTA00V+zKAK4Tgc2KGCYMWGmiAsqL4V4h7SUSgdYUGHYM++PE/q5ZJtlezb02LlMosjD/bAPjgCNjgDFXANqqAGMHgEz+AVvBlPxovxbnxMW3NGNrML/sD4/AHHbps8</latexit><latexit sha1_base64="xa59KwGuGf8XcPFsgRKFfS52uw0=">AAACD3icbVC7TsMwFHXKq5RXgJHFogKxUCUFCQaGChYWpCLRh9SUyHGd1qqdRLaDWqX5AxZ+hYUBhFhZ2fgb3DYDtBzpSkfn3Kt77/EiRqWyrG8jt7C4tLySXy2srW9sbpnbO3UZxgKTGg5ZKJoekoTRgNQUVYw0I0EQ9xhpeP2rsd94IELSMLhTw4i0OeoG1KcYKS255qEzGrgWPIaDe0cqJJyRW4YX0PEFwkkZOjxOk5Ob1DWLVsmaAM4TOyNFkKHqml9OJ8QxJ4HCDEnZsq1ItRMkFMWMpAUnliRCuI+6pKVpgDiR7WTyTwoPtNKBfih0BQpO1N8TCeJSDrmnOzlSPTnrjcX/vFas/PN2QoMoViTA00V+zKAK4Tgc2KGCYMWGmiAsqL4V4h7SUSgdYUGHYM++PE/q5ZJtlezb02LlMosjD/bAPjgCNjgDFXANqqAGMHgEz+AVvBlPxovxbnxMW3NGNrML/sD4/AHHbps8</latexit>

where r2f(x?) ⌫ µI
<latexit sha1_base64="jgKj+KOoLVeB5Ej9FPZNWNPHIno=">AAACCnicbVA9TwJBEN3DL8Qv1NJmlZhgQ+6IiZZEG+0wkY+EO8jcsgcb9vbO3T0jIdQ2/hUbC42x9RfY+W9c4AoFXzLJy3szmZnnx5wpbdvfVmZpeWV1Lbue29jc2t7J7+7VVZRIQmsk4pFs+qAoZ4LWNNOcNmNJIfQ5bfiDy4nfuKdSsUjc6mFMvRB6ggWMgDZSJ3/oCvA5tMs4KD60XaVBnmBXJYTQO+yGCb7u5At2yZ4CLxInJQWUotrJf7ndiCQhFZpwUKrl2LH2RiA1I5yOc26iaAxkAD3aMlRASJU3mr4yxsdG6eIgkqaExlP198QIQqWGoW86Q9B9Ne9NxP+8VqKDc2/ERJxoKshsUZBwrCM8yQV3maRE86EhQCQzt2LSBwlEm/RyJgRn/uVFUi+XHLvk3JwWKhdpHFl0gI5QETnoDFXQFaqiGiLoET2jV/RmPVkv1rv1MWvNWOnMPvoD6/MHYbyZaQ==</latexit><latexit sha1_base64="jgKj+KOoLVeB5Ej9FPZNWNPHIno=">AAACCnicbVA9TwJBEN3DL8Qv1NJmlZhgQ+6IiZZEG+0wkY+EO8jcsgcb9vbO3T0jIdQ2/hUbC42x9RfY+W9c4AoFXzLJy3szmZnnx5wpbdvfVmZpeWV1Lbue29jc2t7J7+7VVZRIQmsk4pFs+qAoZ4LWNNOcNmNJIfQ5bfiDy4nfuKdSsUjc6mFMvRB6ggWMgDZSJ3/oCvA5tMs4KD60XaVBnmBXJYTQO+yGCb7u5At2yZ4CLxInJQWUotrJf7ndiCQhFZpwUKrl2LH2RiA1I5yOc26iaAxkAD3aMlRASJU3mr4yxsdG6eIgkqaExlP198QIQqWGoW86Q9B9Ne9NxP+8VqKDc2/ERJxoKshsUZBwrCM8yQV3maRE86EhQCQzt2LSBwlEm/RyJgRn/uVFUi+XHLvk3JwWKhdpHFl0gI5QETnoDFXQFaqiGiLoET2jV/RmPVkv1rv1MWvNWOnMPvoD6/MHYbyZaQ==</latexit><latexit sha1_base64="jgKj+KOoLVeB5Ej9FPZNWNPHIno=">AAACCnicbVA9TwJBEN3DL8Qv1NJmlZhgQ+6IiZZEG+0wkY+EO8jcsgcb9vbO3T0jIdQ2/hUbC42x9RfY+W9c4AoFXzLJy3szmZnnx5wpbdvfVmZpeWV1Lbue29jc2t7J7+7VVZRIQmsk4pFs+qAoZ4LWNNOcNmNJIfQ5bfiDy4nfuKdSsUjc6mFMvRB6ggWMgDZSJ3/oCvA5tMs4KD60XaVBnmBXJYTQO+yGCb7u5At2yZ4CLxInJQWUotrJf7ndiCQhFZpwUKrl2LH2RiA1I5yOc26iaAxkAD3aMlRASJU3mr4yxsdG6eIgkqaExlP198QIQqWGoW86Q9B9Ne9NxP+8VqKDc2/ERJxoKshsUZBwrCM8yQV3maRE86EhQCQzt2LSBwlEm/RyJgRn/uVFUi+XHLvk3JwWKhdpHFl0gI5QETnoDFXQFaqiGiLoET2jV/RmPVkv1rv1MWvNWOnMPvoD6/MHYbyZaQ==</latexit><latexit sha1_base64="jgKj+KOoLVeB5Ej9FPZNWNPHIno=">AAACCnicbVA9TwJBEN3DL8Qv1NJmlZhgQ+6IiZZEG+0wkY+EO8jcsgcb9vbO3T0jIdQ2/hUbC42x9RfY+W9c4AoFXzLJy3szmZnnx5wpbdvfVmZpeWV1Lbue29jc2t7J7+7VVZRIQmsk4pFs+qAoZ4LWNNOcNmNJIfQ5bfiDy4nfuKdSsUjc6mFMvRB6ggWMgDZSJ3/oCvA5tMs4KD60XaVBnmBXJYTQO+yGCb7u5At2yZ4CLxInJQWUotrJf7ndiCQhFZpwUKrl2LH2RiA1I5yOc26iaAxkAD3aMlRASJU3mr4yxsdG6eIgkqaExlP198QIQqWGoW86Q9B9Ne9NxP+8VqKDc2/ERJxoKshsUZBwrCM8yQV3maRE86EhQCQzt2LSBwlEm/RyJgRn/uVFUi+XHLvk3JwWKhdpHFl0gI5QETnoDFXQFaqiGiLoET2jV/RmPVkv1rv1MWvNWOnMPvoD6/MHYbyZaQ==</latexit>

and  kr2f(x)�r2f(y)k2  Mkx� yk2
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xt+1 = xt �
�
r2f(xt)

��1 rf(xt)
<latexit sha1_base64="djA3ZfctihP90oorXPvYm8kjZBE="></latexit><latexit sha1_base64="djA3ZfctihP90oorXPvYm8kjZBE="></latexit><latexit sha1_base64="djA3ZfctihP90oorXPvYm8kjZBE="></latexit><latexit sha1_base64="djA3ZfctihP90oorXPvYm8kjZBE="></latexit>

Local convergence guarantees 
Assumes no convexity - but assumes good initialization

kxt+1 � x?k2  Mkxt � x?k22
2(µ�Mkxt � x?k2)
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The notorious Newton’s method

Demo
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General comments of Newton’s method

- Newton’s method exploits the local curvature of the function

“Convex optimization”, Boyd and  Vandenberghe  

- Each iteration is more computationally expensive

- Theory assumes a good initial point for quadratic convergence
(We often observe a two-phase behavior: A linear convergence at first, and then a quadratic one) 

- Useful for exact solutions; not often the situation in machine learning



Between gradient descent and Newton’s method

- Quasi-Newton methods

xt+1 = xt � ⌘Btrf(xt)
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Between gradient descent and Newton’s method

- Quasi-Newton methods

xt+1 = xt � ⌘Btrf(xt)
<latexit sha1_base64="qJBgi6IG1W7talkelsi6HTuaWuY=">AAACD3icbZA9SwNBEIb34leMX6eWNotBUcRwJ4I2gmhjGcEYIQnH3GZPl+ztHbtzknDkH9j4V2wsFLG1tfPfuPkoNPrCwsM7M8zOG6ZSGPS8L6cwNT0zO1ecLy0sLi2vuKtr1ybJNOM1lshE34RguBSK11Cg5Dep5hCHktfDzvmgXr/n2ohEXWEv5a0YbpWIBAO0VuBud4Mc9/w+PaHdAOk+bXIEemaxqSCUQKMd6+8GbtmreEPRv+CPoUzGqgbuZ7OdsCzmCpkEYxq+l2IrB42CSd4vNTPDU2AduOUNiwpiblr58J4+3bJOm0aJtk8hHbo/J3KIjenFoe2MAe/MZG1g/ldrZBgdt3Kh0gy5YqNFUSYpJnQQDm0LzRnKngVgWti/UnYHGhjaCEs2BH/y5L9wfVDxvYp/eVg+PRvHUSQbZJPsEJ8ckVNyQaqkRhh5IE/khbw6j86z8+a8j1oLznhmnfyS8/ENch+aYg==</latexit><latexit sha1_base64="qJBgi6IG1W7talkelsi6HTuaWuY=">AAACD3icbZA9SwNBEIb34leMX6eWNotBUcRwJ4I2gmhjGcEYIQnH3GZPl+ztHbtzknDkH9j4V2wsFLG1tfPfuPkoNPrCwsM7M8zOG6ZSGPS8L6cwNT0zO1ecLy0sLi2vuKtr1ybJNOM1lshE34RguBSK11Cg5Dep5hCHktfDzvmgXr/n2ohEXWEv5a0YbpWIBAO0VuBud4Mc9/w+PaHdAOk+bXIEemaxqSCUQKMd6+8GbtmreEPRv+CPoUzGqgbuZ7OdsCzmCpkEYxq+l2IrB42CSd4vNTPDU2AduOUNiwpiblr58J4+3bJOm0aJtk8hHbo/J3KIjenFoe2MAe/MZG1g/ldrZBgdt3Kh0gy5YqNFUSYpJnQQDm0LzRnKngVgWti/UnYHGhjaCEs2BH/y5L9wfVDxvYp/eVg+PRvHUSQbZJPsEJ8ckVNyQaqkRhh5IE/khbw6j86z8+a8j1oLznhmnfyS8/ENch+aYg==</latexit><latexit sha1_base64="qJBgi6IG1W7talkelsi6HTuaWuY=">AAACD3icbZA9SwNBEIb34leMX6eWNotBUcRwJ4I2gmhjGcEYIQnH3GZPl+ztHbtzknDkH9j4V2wsFLG1tfPfuPkoNPrCwsM7M8zOG6ZSGPS8L6cwNT0zO1ecLy0sLi2vuKtr1ybJNOM1lshE34RguBSK11Cg5Dep5hCHktfDzvmgXr/n2ohEXWEv5a0YbpWIBAO0VuBud4Mc9/w+PaHdAOk+bXIEemaxqSCUQKMd6+8GbtmreEPRv+CPoUzGqgbuZ7OdsCzmCpkEYxq+l2IrB42CSd4vNTPDU2AduOUNiwpiblr58J4+3bJOm0aJtk8hHbo/J3KIjenFoe2MAe/MZG1g/ldrZBgdt3Kh0gy5YqNFUSYpJnQQDm0LzRnKngVgWti/UnYHGhjaCEs2BH/y5L9wfVDxvYp/eVg+PRvHUSQbZJPsEJ8ckVNyQaqkRhh5IE/khbw6j86z8+a8j1oLznhmnfyS8/ENch+aYg==</latexit><latexit sha1_base64="qJBgi6IG1W7talkelsi6HTuaWuY=">AAACD3icbZA9SwNBEIb34leMX6eWNotBUcRwJ4I2gmhjGcEYIQnH3GZPl+ztHbtzknDkH9j4V2wsFLG1tfPfuPkoNPrCwsM7M8zOG6ZSGPS8L6cwNT0zO1ecLy0sLi2vuKtr1ybJNOM1lshE34RguBSK11Cg5Dep5hCHktfDzvmgXr/n2ohEXWEv5a0YbpWIBAO0VuBud4Mc9/w+PaHdAOk+bXIEemaxqSCUQKMd6+8GbtmreEPRv+CPoUzGqgbuZ7OdsCzmCpkEYxq+l2IrB42CSd4vNTPDU2AduOUNiwpiblr58J4+3bJOm0aJtk8hHbo/J3KIjenFoe2MAe/MZG1g/ldrZBgdt3Kh0gy5YqNFUSYpJnQQDm0LzRnKngVgWti/UnYHGhjaCEs2BH/y5L9wfVDxvYp/eVg+PRvHUSQbZJPsEJ8ckVNyQaqkRhh5IE/khbw6j86z8+a8j1oLznhmnfyS8/ENch+aYg==</latexit>

Approximation of the 
inverse Hessian



Between gradient descent and Newton’s method

-“Quasi-Newton” reveals that we want to avoid second-order calculations

- Quasi-Newton methods

xt+1 = xt � ⌘Btrf(xt)
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Approximation of the 
inverse Hessian



Between gradient descent and Newton’s method

-“Quasi-Newton” reveals that we want to avoid second-order calculations

- (L)-BFGS approximation

- Quasi-Newton methods

xt+1 = xt � ⌘Btrf(xt)
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Approximation of the 
inverse Hessian

- There are various ways to construct this approximation

- SR1 approximation



The BFGS method

Paying tribute to  
these gentlemen



The BFGS method
- Quadratic approximations around current point

gt(�x) := f(xt) + hrf(xt),�xi+ 1
2 hHt�x,�xi

<latexit sha1_base64="xQ9JjdNeGFD/b2mL9q7jY5t13LE="></latexit><latexit sha1_base64="xQ9JjdNeGFD/b2mL9q7jY5t13LE="></latexit><latexit sha1_base64="xQ9JjdNeGFD/b2mL9q7jY5t13LE="></latexit><latexit sha1_base64="xQ9JjdNeGFD/b2mL9q7jY5t13LE="></latexit>



The BFGS method
- Quadratic approximations around current point

gt(�x) := f(xt) + hrf(xt),�xi+ 1
2 hHt�x,�xi

<latexit sha1_base64="xQ9JjdNeGFD/b2mL9q7jY5t13LE="></latexit><latexit sha1_base64="xQ9JjdNeGFD/b2mL9q7jY5t13LE="></latexit><latexit sha1_base64="xQ9JjdNeGFD/b2mL9q7jY5t13LE="></latexit><latexit sha1_base64="xQ9JjdNeGFD/b2mL9q7jY5t13LE="></latexit>

Local quadratic 
approx.



The BFGS method
- Quadratic approximations around current point

gt(�x) := f(xt) + hrf(xt),�xi+ 1
2 hHt�x,�xi

<latexit sha1_base64="xQ9JjdNeGFD/b2mL9q7jY5t13LE="></latexit><latexit sha1_base64="xQ9JjdNeGFD/b2mL9q7jY5t13LE="></latexit><latexit sha1_base64="xQ9JjdNeGFD/b2mL9q7jY5t13LE="></latexit><latexit sha1_base64="xQ9JjdNeGFD/b2mL9q7jY5t13LE="></latexit>

The direction we take 
    as in     xt+1 = xt +�x

<latexit sha1_base64="EVxd2kkXEl2HTNTx7EXGttlpUtA=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARhEKZEUE3QlEXLivYB7TDkEnTNjSTGZI70jLUjb/ixoUibv0Ld/6NaTsLbT1w4eSce8m9J4gF1+A431ZuaXlldS2/XtjY3NresXf36jpKFGU1GolINQOimeCS1YCDYM1YMRIGgjWCwfXEbzwwpXkk72EUMy8kPcm7nBIwkm8fDP0USu4YX+KhD7iE2zdMADEPu+iUnSnwInEzUkQZqr791e5ENAmZBCqI1i3XicFLiQJOBRsX2olmMaED0mMtQyUJmfbS6QVjfGyUDu5GypQEPFV/T6Qk1HoUBqYzJNDX895E/M9rJdC98FIu4wSYpLOPuonAEOFJHLjDFaMgRoYQqrjZFdM+UYSCCa1gQnDnT14k9dOy65Tdu7Ni5SqLI48O0RE6QS46RxV0i6qohih6RM/oFb1ZT9aL9W59zFpzVjazj/7A+vwB/OaVSw==</latexit><latexit sha1_base64="EVxd2kkXEl2HTNTx7EXGttlpUtA=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARhEKZEUE3QlEXLivYB7TDkEnTNjSTGZI70jLUjb/ixoUibv0Ld/6NaTsLbT1w4eSce8m9J4gF1+A431ZuaXlldS2/XtjY3NresXf36jpKFGU1GolINQOimeCS1YCDYM1YMRIGgjWCwfXEbzwwpXkk72EUMy8kPcm7nBIwkm8fDP0USu4YX+KhD7iE2zdMADEPu+iUnSnwInEzUkQZqr791e5ENAmZBCqI1i3XicFLiQJOBRsX2olmMaED0mMtQyUJmfbS6QVjfGyUDu5GypQEPFV/T6Qk1HoUBqYzJNDX895E/M9rJdC98FIu4wSYpLOPuonAEOFJHLjDFaMgRoYQqrjZFdM+UYSCCa1gQnDnT14k9dOy65Tdu7Ni5SqLI48O0RE6QS46RxV0i6qohih6RM/oFb1ZT9aL9W59zFpzVjazj/7A+vwB/OaVSw==</latexit><latexit sha1_base64="EVxd2kkXEl2HTNTx7EXGttlpUtA=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARhEKZEUE3QlEXLivYB7TDkEnTNjSTGZI70jLUjb/ixoUibv0Ld/6NaTsLbT1w4eSce8m9J4gF1+A431ZuaXlldS2/XtjY3NresXf36jpKFGU1GolINQOimeCS1YCDYM1YMRIGgjWCwfXEbzwwpXkk72EUMy8kPcm7nBIwkm8fDP0USu4YX+KhD7iE2zdMADEPu+iUnSnwInEzUkQZqr791e5ENAmZBCqI1i3XicFLiQJOBRsX2olmMaED0mMtQyUJmfbS6QVjfGyUDu5GypQEPFV/T6Qk1HoUBqYzJNDX895E/M9rJdC98FIu4wSYpLOPuonAEOFJHLjDFaMgRoYQqrjZFdM+UYSCCa1gQnDnT14k9dOy65Tdu7Ni5SqLI48O0RE6QS46RxV0i6qohih6RM/oFb1ZT9aL9W59zFpzVjazj/7A+vwB/OaVSw==</latexit><latexit sha1_base64="EVxd2kkXEl2HTNTx7EXGttlpUtA=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARhEKZEUE3QlEXLivYB7TDkEnTNjSTGZI70jLUjb/ixoUibv0Ld/6NaTsLbT1w4eSce8m9J4gF1+A431ZuaXlldS2/XtjY3NresXf36jpKFGU1GolINQOimeCS1YCDYM1YMRIGgjWCwfXEbzwwpXkk72EUMy8kPcm7nBIwkm8fDP0USu4YX+KhD7iE2zdMADEPu+iUnSnwInEzUkQZqr791e5ENAmZBCqI1i3XicFLiQJOBRsX2olmMaED0mMtQyUJmfbS6QVjfGyUDu5GypQEPFV/T6Qk1HoUBqYzJNDX895E/M9rJdC98FIu4wSYpLOPuonAEOFJHLjDFaMgRoYQqrjZFdM+UYSCCa1gQnDnT14k9dOy65Tdu7Ni5SqLI48O0RE6QS46RxV0i6qohih6RM/oFb1ZT9aL9W59zFpzVjazj/7A+vwB/OaVSw==</latexit>

Local quadratic 
approx.



The BFGS method
- Quadratic approximations around current point

gt(�x) := f(xt) + hrf(xt),�xi+ 1
2 hHt�x,�xi

<latexit sha1_base64="xQ9JjdNeGFD/b2mL9q7jY5t13LE="></latexit><latexit sha1_base64="xQ9JjdNeGFD/b2mL9q7jY5t13LE="></latexit><latexit sha1_base64="xQ9JjdNeGFD/b2mL9q7jY5t13LE="></latexit><latexit sha1_base64="xQ9JjdNeGFD/b2mL9q7jY5t13LE="></latexit>

We look for an 
approximation of the 

Hessian
The direction we take 

    as in     xt+1 = xt +�x
<latexit sha1_base64="EVxd2kkXEl2HTNTx7EXGttlpUtA=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARhEKZEUE3QlEXLivYB7TDkEnTNjSTGZI70jLUjb/ixoUibv0Ld/6NaTsLbT1w4eSce8m9J4gF1+A431ZuaXlldS2/XtjY3NresXf36jpKFGU1GolINQOimeCS1YCDYM1YMRIGgjWCwfXEbzwwpXkk72EUMy8kPcm7nBIwkm8fDP0USu4YX+KhD7iE2zdMADEPu+iUnSnwInEzUkQZqr791e5ENAmZBCqI1i3XicFLiQJOBRsX2olmMaED0mMtQyUJmfbS6QVjfGyUDu5GypQEPFV/T6Qk1HoUBqYzJNDX895E/M9rJdC98FIu4wSYpLOPuonAEOFJHLjDFaMgRoYQqrjZFdM+UYSCCa1gQnDnT14k9dOy65Tdu7Ni5SqLI48O0RE6QS46RxV0i6qohih6RM/oFb1ZT9aL9W59zFpzVjazj/7A+vwB/OaVSw==</latexit><latexit sha1_base64="EVxd2kkXEl2HTNTx7EXGttlpUtA=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARhEKZEUE3QlEXLivYB7TDkEnTNjSTGZI70jLUjb/ixoUibv0Ld/6NaTsLbT1w4eSce8m9J4gF1+A431ZuaXlldS2/XtjY3NresXf36jpKFGU1GolINQOimeCS1YCDYM1YMRIGgjWCwfXEbzwwpXkk72EUMy8kPcm7nBIwkm8fDP0USu4YX+KhD7iE2zdMADEPu+iUnSnwInEzUkQZqr791e5ENAmZBCqI1i3XicFLiQJOBRsX2olmMaED0mMtQyUJmfbS6QVjfGyUDu5GypQEPFV/T6Qk1HoUBqYzJNDX895E/M9rJdC98FIu4wSYpLOPuonAEOFJHLjDFaMgRoYQqrjZFdM+UYSCCa1gQnDnT14k9dOy65Tdu7Ni5SqLI48O0RE6QS46RxV0i6qohih6RM/oFb1ZT9aL9W59zFpzVjazj/7A+vwB/OaVSw==</latexit><latexit sha1_base64="EVxd2kkXEl2HTNTx7EXGttlpUtA=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARhEKZEUE3QlEXLivYB7TDkEnTNjSTGZI70jLUjb/ixoUibv0Ld/6NaTsLbT1w4eSce8m9J4gF1+A431ZuaXlldS2/XtjY3NresXf36jpKFGU1GolINQOimeCS1YCDYM1YMRIGgjWCwfXEbzwwpXkk72EUMy8kPcm7nBIwkm8fDP0USu4YX+KhD7iE2zdMADEPu+iUnSnwInEzUkQZqr791e5ENAmZBCqI1i3XicFLiQJOBRsX2olmMaED0mMtQyUJmfbS6QVjfGyUDu5GypQEPFV/T6Qk1HoUBqYzJNDX895E/M9rJdC98FIu4wSYpLOPuonAEOFJHLjDFaMgRoYQqrjZFdM+UYSCCa1gQnDnT14k9dOy65Tdu7Ni5SqLI48O0RE6QS46RxV0i6qohih6RM/oFb1ZT9aL9W59zFpzVjazj/7A+vwB/OaVSw==</latexit><latexit sha1_base64="EVxd2kkXEl2HTNTx7EXGttlpUtA=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARhEKZEUE3QlEXLivYB7TDkEnTNjSTGZI70jLUjb/ixoUibv0Ld/6NaTsLbT1w4eSce8m9J4gF1+A431ZuaXlldS2/XtjY3NresXf36jpKFGU1GolINQOimeCS1YCDYM1YMRIGgjWCwfXEbzwwpXkk72EUMy8kPcm7nBIwkm8fDP0USu4YX+KhD7iE2zdMADEPu+iUnSnwInEzUkQZqr791e5ENAmZBCqI1i3XicFLiQJOBRsX2olmMaED0mMtQyUJmfbS6QVjfGyUDu5GypQEPFV/T6Qk1HoUBqYzJNDX895E/M9rJdC98FIu4wSYpLOPuonAEOFJHLjDFaMgRoYQqrjZFdM+UYSCCa1gQnDnT14k9dOy65Tdu7Ni5SqLI48O0RE6QS46RxV0i6qohih6RM/oFb1ZT9aL9W59zFpzVjazj/7A+vwB/OaVSw==</latexit>

Local quadratic 
approx.



The BFGS method
- Quadratic approximations around current point

gt(�x) := f(xt) + hrf(xt),�xi+ 1
2 hHt�x,�xi

<latexit sha1_base64="xQ9JjdNeGFD/b2mL9q7jY5t13LE="></latexit><latexit sha1_base64="xQ9JjdNeGFD/b2mL9q7jY5t13LE="></latexit><latexit sha1_base64="xQ9JjdNeGFD/b2mL9q7jY5t13LE="></latexit><latexit sha1_base64="xQ9JjdNeGFD/b2mL9q7jY5t13LE="></latexit>

We look for an 
approximation of the 

Hessian
The direction we take 

    as in     xt+1 = xt +�x
<latexit sha1_base64="EVxd2kkXEl2HTNTx7EXGttlpUtA=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARhEKZEUE3QlEXLivYB7TDkEnTNjSTGZI70jLUjb/ixoUibv0Ld/6NaTsLbT1w4eSce8m9J4gF1+A431ZuaXlldS2/XtjY3NresXf36jpKFGU1GolINQOimeCS1YCDYM1YMRIGgjWCwfXEbzwwpXkk72EUMy8kPcm7nBIwkm8fDP0USu4YX+KhD7iE2zdMADEPu+iUnSnwInEzUkQZqr791e5ENAmZBCqI1i3XicFLiQJOBRsX2olmMaED0mMtQyUJmfbS6QVjfGyUDu5GypQEPFV/T6Qk1HoUBqYzJNDX895E/M9rJdC98FIu4wSYpLOPuonAEOFJHLjDFaMgRoYQqrjZFdM+UYSCCa1gQnDnT14k9dOy65Tdu7Ni5SqLI48O0RE6QS46RxV0i6qohih6RM/oFb1ZT9aL9W59zFpzVjazj/7A+vwB/OaVSw==</latexit><latexit sha1_base64="EVxd2kkXEl2HTNTx7EXGttlpUtA=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARhEKZEUE3QlEXLivYB7TDkEnTNjSTGZI70jLUjb/ixoUibv0Ld/6NaTsLbT1w4eSce8m9J4gF1+A431ZuaXlldS2/XtjY3NresXf36jpKFGU1GolINQOimeCS1YCDYM1YMRIGgjWCwfXEbzwwpXkk72EUMy8kPcm7nBIwkm8fDP0USu4YX+KhD7iE2zdMADEPu+iUnSnwInEzUkQZqr791e5ENAmZBCqI1i3XicFLiQJOBRsX2olmMaED0mMtQyUJmfbS6QVjfGyUDu5GypQEPFV/T6Qk1HoUBqYzJNDX895E/M9rJdC98FIu4wSYpLOPuonAEOFJHLjDFaMgRoYQqrjZFdM+UYSCCa1gQnDnT14k9dOy65Tdu7Ni5SqLI48O0RE6QS46RxV0i6qohih6RM/oFb1ZT9aL9W59zFpzVjazj/7A+vwB/OaVSw==</latexit><latexit sha1_base64="EVxd2kkXEl2HTNTx7EXGttlpUtA=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARhEKZEUE3QlEXLivYB7TDkEnTNjSTGZI70jLUjb/ixoUibv0Ld/6NaTsLbT1w4eSce8m9J4gF1+A431ZuaXlldS2/XtjY3NresXf36jpKFGU1GolINQOimeCS1YCDYM1YMRIGgjWCwfXEbzwwpXkk72EUMy8kPcm7nBIwkm8fDP0USu4YX+KhD7iE2zdMADEPu+iUnSnwInEzUkQZqr791e5ENAmZBCqI1i3XicFLiQJOBRsX2olmMaED0mMtQyUJmfbS6QVjfGyUDu5GypQEPFV/T6Qk1HoUBqYzJNDX895E/M9rJdC98FIu4wSYpLOPuonAEOFJHLjDFaMgRoYQqrjZFdM+UYSCCa1gQnDnT14k9dOy65Tdu7Ni5SqLI48O0RE6QS46RxV0i6qohih6RM/oFb1ZT9aL9W59zFpzVjazj/7A+vwB/OaVSw==</latexit><latexit sha1_base64="EVxd2kkXEl2HTNTx7EXGttlpUtA=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARhEKZEUE3QlEXLivYB7TDkEnTNjSTGZI70jLUjb/ixoUibv0Ld/6NaTsLbT1w4eSce8m9J4gF1+A431ZuaXlldS2/XtjY3NresXf36jpKFGU1GolINQOimeCS1YCDYM1YMRIGgjWCwfXEbzwwpXkk72EUMy8kPcm7nBIwkm8fDP0USu4YX+KhD7iE2zdMADEPu+iUnSnwInEzUkQZqr791e5ENAmZBCqI1i3XicFLiQJOBRsX2olmMaED0mMtQyUJmfbS6QVjfGyUDu5GypQEPFV/T6Qk1HoUBqYzJNDX895E/M9rJdC98FIu4wSYpLOPuonAEOFJHLjDFaMgRoYQqrjZFdM+UYSCCa1gQnDnT14k9dOy65Tdu7Ni5SqLI48O0RE6QS46RxV0i6qohih6RM/oFb1ZT9aL9W59zFpzVjazj/7A+vwB/OaVSw==</latexit>

Local quadratic 
approx.

(i.e., the new approximation should give back the gradient when  
no update step is performed)

- Instead of estimating from scratch       , we require the new model gt+1(·)
<latexit sha1_base64="Ycm3URCbJ8E7GCdttEm7JWADnz0=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BItQEcquCHosevFYwX5Au5ZsNtuGZpMlmVXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBYngBlz32ymsrK6tbxQ3S1vbO7t75f2DllGppqxJlVC6ExDDBJesCRwE6ySakTgQrB2MbqZ++5Fpw5W8h3HC/JgMJI84JWClh0E/gzNvUu3RUMFpv1xxa+4MeJl4OamgHI1++asXKprGTAIVxJiu5ybgZ0QDp4JNSr3UsITQERmwrqWSxMz42ezqCT6xSogjpW1JwDP190RGYmPGcWA7YwJDs+hNxf+8bgrRlZ9xmaTAJJ0vilKBQeFpBDjkmlEQY0sI1dzeiumQaELBBlWyIXiLLy+T1nnNc2ve3UWlfp3HUURH6BhVkYcuUR3dogZqIoo0ekav6M15cl6cd+dj3lpw8plD9AfO5w+c4JHr</latexit><latexit sha1_base64="Ycm3URCbJ8E7GCdttEm7JWADnz0=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BItQEcquCHosevFYwX5Au5ZsNtuGZpMlmVXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBYngBlz32ymsrK6tbxQ3S1vbO7t75f2DllGppqxJlVC6ExDDBJesCRwE6ySakTgQrB2MbqZ++5Fpw5W8h3HC/JgMJI84JWClh0E/gzNvUu3RUMFpv1xxa+4MeJl4OamgHI1++asXKprGTAIVxJiu5ybgZ0QDp4JNSr3UsITQERmwrqWSxMz42ezqCT6xSogjpW1JwDP190RGYmPGcWA7YwJDs+hNxf+8bgrRlZ9xmaTAJJ0vilKBQeFpBDjkmlEQY0sI1dzeiumQaELBBlWyIXiLLy+T1nnNc2ve3UWlfp3HUURH6BhVkYcuUR3dogZqIoo0ekav6M15cl6cd+dj3lpw8plD9AfO5w+c4JHr</latexit><latexit sha1_base64="Ycm3URCbJ8E7GCdttEm7JWADnz0=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BItQEcquCHosevFYwX5Au5ZsNtuGZpMlmVXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBYngBlz32ymsrK6tbxQ3S1vbO7t75f2DllGppqxJlVC6ExDDBJesCRwE6ySakTgQrB2MbqZ++5Fpw5W8h3HC/JgMJI84JWClh0E/gzNvUu3RUMFpv1xxa+4MeJl4OamgHI1++asXKprGTAIVxJiu5ybgZ0QDp4JNSr3UsITQERmwrqWSxMz42ezqCT6xSogjpW1JwDP190RGYmPGcWA7YwJDs+hNxf+8bgrRlZ9xmaTAJJ0vilKBQeFpBDjkmlEQY0sI1dzeiumQaELBBlWyIXiLLy+T1nnNc2ve3UWlfp3HUURH6BhVkYcuUR3dogZqIoo0ekav6M15cl6cd+dj3lpw8plD9AfO5w+c4JHr</latexit><latexit sha1_base64="Ycm3URCbJ8E7GCdttEm7JWADnz0=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BItQEcquCHosevFYwX5Au5ZsNtuGZpMlmVXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBYngBlz32ymsrK6tbxQ3S1vbO7t75f2DllGppqxJlVC6ExDDBJesCRwE6ySakTgQrB2MbqZ++5Fpw5W8h3HC/JgMJI84JWClh0E/gzNvUu3RUMFpv1xxa+4MeJl4OamgHI1++asXKprGTAIVxJiu5ybgZ0QDp4JNSr3UsITQERmwrqWSxMz42ezqCT6xSogjpW1JwDP190RGYmPGcWA7YwJDs+hNxf+8bgrRlZ9xmaTAJJ0vilKBQeFpBDjkmlEQY0sI1dzeiumQaELBBlWyIXiLLy+T1nnNc2ve3UWlfp3HUURH6BhVkYcuUR3dogZqIoo0ekav6M15cl6cd+dj3lpw8plD9AfO5w+c4JHr</latexit>

   satisfy two gradient conditions:

rgt+1(0) = rf(xt+1)
<latexit sha1_base64="zxvpGpPtY2d3/zMN56N2JPACMrQ=">AAACDnicbZDLSsNAFIZP6q3WW9Slm8FSaBFKIoJuhKIblxXsBdpQJtNJO3QyCTMTsYQ+gRtfxY0LRdy6dufbOG2z0NYfBn6+cw5nzu/HnCntON9WbmV1bX0jv1nY2t7Z3bP3D5oqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kfX03rrnkrFInGnxzH1QjwQLGAEa4N6dqkrsM8xGvRSfeJOyk4FXaKMBeWHOa307KJTdWZCy8bNTBEy1Xv2V7cfkSSkQhOOleq4Tqy9FEvNCKeTQjdRNMZkhAe0Y6zAIVVeOjtngkqG9FEQSfOERjP6eyLFoVLj0DedIdZDtVibwv9qnUQHF17KRJxoKsh8UZBwpCM0zQb1maRE87ExmEhm/orIEEtMtEmwYEJwF09eNs3TqutU3duzYu0qiyMPR3AMZXDhHGpwA3VoAIFHeIZXeLOerBfr3fqYt+asbOYQ/sj6/AGrCZnz</latexit><latexit sha1_base64="zxvpGpPtY2d3/zMN56N2JPACMrQ=">AAACDnicbZDLSsNAFIZP6q3WW9Slm8FSaBFKIoJuhKIblxXsBdpQJtNJO3QyCTMTsYQ+gRtfxY0LRdy6dufbOG2z0NYfBn6+cw5nzu/HnCntON9WbmV1bX0jv1nY2t7Z3bP3D5oqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kfX03rrnkrFInGnxzH1QjwQLGAEa4N6dqkrsM8xGvRSfeJOyk4FXaKMBeWHOa307KJTdWZCy8bNTBEy1Xv2V7cfkSSkQhOOleq4Tqy9FEvNCKeTQjdRNMZkhAe0Y6zAIVVeOjtngkqG9FEQSfOERjP6eyLFoVLj0DedIdZDtVibwv9qnUQHF17KRJxoKsh8UZBwpCM0zQb1maRE87ExmEhm/orIEEtMtEmwYEJwF09eNs3TqutU3duzYu0qiyMPR3AMZXDhHGpwA3VoAIFHeIZXeLOerBfr3fqYt+asbOYQ/sj6/AGrCZnz</latexit><latexit sha1_base64="zxvpGpPtY2d3/zMN56N2JPACMrQ=">AAACDnicbZDLSsNAFIZP6q3WW9Slm8FSaBFKIoJuhKIblxXsBdpQJtNJO3QyCTMTsYQ+gRtfxY0LRdy6dufbOG2z0NYfBn6+cw5nzu/HnCntON9WbmV1bX0jv1nY2t7Z3bP3D5oqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kfX03rrnkrFInGnxzH1QjwQLGAEa4N6dqkrsM8xGvRSfeJOyk4FXaKMBeWHOa307KJTdWZCy8bNTBEy1Xv2V7cfkSSkQhOOleq4Tqy9FEvNCKeTQjdRNMZkhAe0Y6zAIVVeOjtngkqG9FEQSfOERjP6eyLFoVLj0DedIdZDtVibwv9qnUQHF17KRJxoKsh8UZBwpCM0zQb1maRE87ExmEhm/orIEEtMtEmwYEJwF09eNs3TqutU3duzYu0qiyMPR3AMZXDhHGpwA3VoAIFHeIZXeLOerBfr3fqYt+asbOYQ/sj6/AGrCZnz</latexit><latexit sha1_base64="zxvpGpPtY2d3/zMN56N2JPACMrQ=">AAACDnicbZDLSsNAFIZP6q3WW9Slm8FSaBFKIoJuhKIblxXsBdpQJtNJO3QyCTMTsYQ+gRtfxY0LRdy6dufbOG2z0NYfBn6+cw5nzu/HnCntON9WbmV1bX0jv1nY2t7Z3bP3D5oqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kfX03rrnkrFInGnxzH1QjwQLGAEa4N6dqkrsM8xGvRSfeJOyk4FXaKMBeWHOa307KJTdWZCy8bNTBEy1Xv2V7cfkSSkQhOOleq4Tqy9FEvNCKeTQjdRNMZkhAe0Y6zAIVVeOjtngkqG9FEQSfOERjP6eyLFoVLj0DedIdZDtVibwv9qnUQHF17KRJxoKsh8UZBwpCM0zQb1maRE87ExmEhm/orIEEtMtEmwYEJwF09eNs3TqutU3duzYu0qiyMPR3AMZXDhHGpwA3VoAIFHeIZXeLOerBfr3fqYt+asbOYQ/sj6/AGrCZnz</latexit>

Ht+1
<latexit sha1_base64="qkZPPVTXS1FjYf2n25pgn0lqJN8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvfRYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcj/3O09cGxGrR5wm3I/oSIlQMIpW6jQGGV55s0G54lbdBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLc2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN76mVBJilyx5aIwlQRjMv+dDIXmDOXUEsq0sLcSNqaaMrQJlWwI3urL66R9XfXcqvdQq9Tv8jiKcAbncAke3EAdGtCEFjCYwDO8wpuTOC/Ou/OxbC04+cwp/IHz+QPFoY8v</latexit><latexit sha1_base64="qkZPPVTXS1FjYf2n25pgn0lqJN8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvfRYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcj/3O09cGxGrR5wm3I/oSIlQMIpW6jQGGV55s0G54lbdBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLc2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN76mVBJilyx5aIwlQRjMv+dDIXmDOXUEsq0sLcSNqaaMrQJlWwI3urL66R9XfXcqvdQq9Tv8jiKcAbncAke3EAdGtCEFjCYwDO8wpuTOC/Ou/OxbC04+cwp/IHz+QPFoY8v</latexit><latexit sha1_base64="qkZPPVTXS1FjYf2n25pgn0lqJN8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvfRYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcj/3O09cGxGrR5wm3I/oSIlQMIpW6jQGGV55s0G54lbdBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLc2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN76mVBJilyx5aIwlQRjMv+dDIXmDOXUEsq0sLcSNqaaMrQJlWwI3urL66R9XfXcqvdQq9Tv8jiKcAbncAke3EAdGtCEFjCYwDO8wpuTOC/Ou/OxbC04+cwp/IHz+QPFoY8v</latexit><latexit sha1_base64="qkZPPVTXS1FjYf2n25pgn0lqJN8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvfRYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcj/3O09cGxGrR5wm3I/oSIlQMIpW6jQGGV55s0G54lbdBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLc2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN76mVBJilyx5aIwlQRjMv+dDIXmDOXUEsq0sLcSNqaaMrQJlWwI3urL66R9XfXcqvdQq9Tv8jiKcAbncAke3EAdGtCEFjCYwDO8wpuTOC/Ou/OxbC04+cwp/IHz+QPFoY8v</latexit>



The BFGS method
- Quadratic approximations around current point

gt(�x) := f(xt) + hrf(xt),�xi+ 1
2 hHt�x,�xi

<latexit sha1_base64="xQ9JjdNeGFD/b2mL9q7jY5t13LE="></latexit><latexit sha1_base64="xQ9JjdNeGFD/b2mL9q7jY5t13LE="></latexit><latexit sha1_base64="xQ9JjdNeGFD/b2mL9q7jY5t13LE="></latexit><latexit sha1_base64="xQ9JjdNeGFD/b2mL9q7jY5t13LE="></latexit>

We look for an 
approximation of the 

Hessian
The direction we take 

    as in     xt+1 = xt +�x
<latexit sha1_base64="EVxd2kkXEl2HTNTx7EXGttlpUtA=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARhEKZEUE3QlEXLivYB7TDkEnTNjSTGZI70jLUjb/ixoUibv0Ld/6NaTsLbT1w4eSce8m9J4gF1+A431ZuaXlldS2/XtjY3NresXf36jpKFGU1GolINQOimeCS1YCDYM1YMRIGgjWCwfXEbzwwpXkk72EUMy8kPcm7nBIwkm8fDP0USu4YX+KhD7iE2zdMADEPu+iUnSnwInEzUkQZqr791e5ENAmZBCqI1i3XicFLiQJOBRsX2olmMaED0mMtQyUJmfbS6QVjfGyUDu5GypQEPFV/T6Qk1HoUBqYzJNDX895E/M9rJdC98FIu4wSYpLOPuonAEOFJHLjDFaMgRoYQqrjZFdM+UYSCCa1gQnDnT14k9dOy65Tdu7Ni5SqLI48O0RE6QS46RxV0i6qohih6RM/oFb1ZT9aL9W59zFpzVjazj/7A+vwB/OaVSw==</latexit><latexit sha1_base64="EVxd2kkXEl2HTNTx7EXGttlpUtA=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARhEKZEUE3QlEXLivYB7TDkEnTNjSTGZI70jLUjb/ixoUibv0Ld/6NaTsLbT1w4eSce8m9J4gF1+A431ZuaXlldS2/XtjY3NresXf36jpKFGU1GolINQOimeCS1YCDYM1YMRIGgjWCwfXEbzwwpXkk72EUMy8kPcm7nBIwkm8fDP0USu4YX+KhD7iE2zdMADEPu+iUnSnwInEzUkQZqr791e5ENAmZBCqI1i3XicFLiQJOBRsX2olmMaED0mMtQyUJmfbS6QVjfGyUDu5GypQEPFV/T6Qk1HoUBqYzJNDX895E/M9rJdC98FIu4wSYpLOPuonAEOFJHLjDFaMgRoYQqrjZFdM+UYSCCa1gQnDnT14k9dOy65Tdu7Ni5SqLI48O0RE6QS46RxV0i6qohih6RM/oFb1ZT9aL9W59zFpzVjazj/7A+vwB/OaVSw==</latexit><latexit sha1_base64="EVxd2kkXEl2HTNTx7EXGttlpUtA=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARhEKZEUE3QlEXLivYB7TDkEnTNjSTGZI70jLUjb/ixoUibv0Ld/6NaTsLbT1w4eSce8m9J4gF1+A431ZuaXlldS2/XtjY3NresXf36jpKFGU1GolINQOimeCS1YCDYM1YMRIGgjWCwfXEbzwwpXkk72EUMy8kPcm7nBIwkm8fDP0USu4YX+KhD7iE2zdMADEPu+iUnSnwInEzUkQZqr791e5ENAmZBCqI1i3XicFLiQJOBRsX2olmMaED0mMtQyUJmfbS6QVjfGyUDu5GypQEPFV/T6Qk1HoUBqYzJNDX895E/M9rJdC98FIu4wSYpLOPuonAEOFJHLjDFaMgRoYQqrjZFdM+UYSCCa1gQnDnT14k9dOy65Tdu7Ni5SqLI48O0RE6QS46RxV0i6qohih6RM/oFb1ZT9aL9W59zFpzVjazj/7A+vwB/OaVSw==</latexit><latexit sha1_base64="EVxd2kkXEl2HTNTx7EXGttlpUtA=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARhEKZEUE3QlEXLivYB7TDkEnTNjSTGZI70jLUjb/ixoUibv0Ld/6NaTsLbT1w4eSce8m9J4gF1+A431ZuaXlldS2/XtjY3NresXf36jpKFGU1GolINQOimeCS1YCDYM1YMRIGgjWCwfXEbzwwpXkk72EUMy8kPcm7nBIwkm8fDP0USu4YX+KhD7iE2zdMADEPu+iUnSnwInEzUkQZqr791e5ENAmZBCqI1i3XicFLiQJOBRsX2olmMaED0mMtQyUJmfbS6QVjfGyUDu5GypQEPFV/T6Qk1HoUBqYzJNDX895E/M9rJdC98FIu4wSYpLOPuonAEOFJHLjDFaMgRoYQqrjZFdM+UYSCCa1gQnDnT14k9dOy65Tdu7Ni5SqLI48O0RE6QS46RxV0i6qohih6RM/oFb1ZT9aL9W59zFpzVjazj/7A+vwB/OaVSw==</latexit>

Local quadratic 
approx.

rgt+1(��x) = rf(xt)
<latexit sha1_base64="+//+z/5nNkVXdGqByejNZgKmzmE=">AAACE3icbVA9SwNBEN3z2/gVtbRZDEJUDHciaCMEtbBUMBpIwjG32YtL9vaO3TlJOPIfbPwrNhaK2NrY+W/cxCs0+mDg8d4MM/OCRAqDrvvpTExOTc/Mzs0XFhaXlleKq2vXJk414zUWy1jXAzBcCsVrKFDyeqI5RIHkN0H3dOjf3HFtRKyusJ/wVgQdJULBAK3kF3eaCgIJtONnuOsNaHmvecYlAu1t02Oam2G55+O2Xyy5FXcE+pd4OSmRHBd+8aPZjlkacYVMgjENz02wlYFGwSQfFJqp4QmwLnR4w1IFETetbPTTgG5ZpU3DWNtSSEfqz4kMImP6UWA7I8BbM+4Nxf+8RorhUSsTKkmRK/a9KEwlxZgOA6JtoTlD2bcEmBb2VspuQQNDG2PBhuCNv/yXXO9XPLfiXR6Uqid5HHNkg2ySMvHIIamSc3JBaoSRe/JInsmL8+A8Oa/O23frhJPPrJNfcN6/ACgTm8w=</latexit><latexit sha1_base64="+//+z/5nNkVXdGqByejNZgKmzmE=">AAACE3icbVA9SwNBEN3z2/gVtbRZDEJUDHciaCMEtbBUMBpIwjG32YtL9vaO3TlJOPIfbPwrNhaK2NrY+W/cxCs0+mDg8d4MM/OCRAqDrvvpTExOTc/Mzs0XFhaXlleKq2vXJk414zUWy1jXAzBcCsVrKFDyeqI5RIHkN0H3dOjf3HFtRKyusJ/wVgQdJULBAK3kF3eaCgIJtONnuOsNaHmvecYlAu1t02Oam2G55+O2Xyy5FXcE+pd4OSmRHBd+8aPZjlkacYVMgjENz02wlYFGwSQfFJqp4QmwLnR4w1IFETetbPTTgG5ZpU3DWNtSSEfqz4kMImP6UWA7I8BbM+4Nxf+8RorhUSsTKkmRK/a9KEwlxZgOA6JtoTlD2bcEmBb2VspuQQNDG2PBhuCNv/yXXO9XPLfiXR6Uqid5HHNkg2ySMvHIIamSc3JBaoSRe/JInsmL8+A8Oa/O23frhJPPrJNfcN6/ACgTm8w=</latexit><latexit sha1_base64="+//+z/5nNkVXdGqByejNZgKmzmE=">AAACE3icbVA9SwNBEN3z2/gVtbRZDEJUDHciaCMEtbBUMBpIwjG32YtL9vaO3TlJOPIfbPwrNhaK2NrY+W/cxCs0+mDg8d4MM/OCRAqDrvvpTExOTc/Mzs0XFhaXlleKq2vXJk414zUWy1jXAzBcCsVrKFDyeqI5RIHkN0H3dOjf3HFtRKyusJ/wVgQdJULBAK3kF3eaCgIJtONnuOsNaHmvecYlAu1t02Oam2G55+O2Xyy5FXcE+pd4OSmRHBd+8aPZjlkacYVMgjENz02wlYFGwSQfFJqp4QmwLnR4w1IFETetbPTTgG5ZpU3DWNtSSEfqz4kMImP6UWA7I8BbM+4Nxf+8RorhUSsTKkmRK/a9KEwlxZgOA6JtoTlD2bcEmBb2VspuQQNDG2PBhuCNv/yXXO9XPLfiXR6Uqid5HHNkg2ySMvHIIamSc3JBaoSRe/JInsmL8+A8Oa/O23frhJPPrJNfcN6/ACgTm8w=</latexit><latexit sha1_base64="+//+z/5nNkVXdGqByejNZgKmzmE=">AAACE3icbVA9SwNBEN3z2/gVtbRZDEJUDHciaCMEtbBUMBpIwjG32YtL9vaO3TlJOPIfbPwrNhaK2NrY+W/cxCs0+mDg8d4MM/OCRAqDrvvpTExOTc/Mzs0XFhaXlleKq2vXJk414zUWy1jXAzBcCsVrKFDyeqI5RIHkN0H3dOjf3HFtRKyusJ/wVgQdJULBAK3kF3eaCgIJtONnuOsNaHmvecYlAu1t02Oam2G55+O2Xyy5FXcE+pd4OSmRHBd+8aPZjlkacYVMgjENz02wlYFGwSQfFJqp4QmwLnR4w1IFETetbPTTgG5ZpU3DWNtSSEfqz4kMImP6UWA7I8BbM+4Nxf+8RorhUSsTKkmRK/a9KEwlxZgOA6JtoTlD2bcEmBb2VspuQQNDG2PBhuCNv/yXXO9XPLfiXR6Uqid5HHNkg2ySMvHIIamSc3JBaoSRe/JInsmL8+A8Oa/O23frhJPPrJNfcN6/ACgTm8w=</latexit>

(i.e., we take the opposite step and compute the gradient, 
the latter should match the gradient of the previous quad. approx.)

(i.e., the new approximation should give back the gradient when  
no update step is performed)

- Instead of estimating from scratch       , we require the new model gt+1(·)
<latexit sha1_base64="Ycm3URCbJ8E7GCdttEm7JWADnz0=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BItQEcquCHosevFYwX5Au5ZsNtuGZpMlmVXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBYngBlz32ymsrK6tbxQ3S1vbO7t75f2DllGppqxJlVC6ExDDBJesCRwE6ySakTgQrB2MbqZ++5Fpw5W8h3HC/JgMJI84JWClh0E/gzNvUu3RUMFpv1xxa+4MeJl4OamgHI1++asXKprGTAIVxJiu5ybgZ0QDp4JNSr3UsITQERmwrqWSxMz42ezqCT6xSogjpW1JwDP190RGYmPGcWA7YwJDs+hNxf+8bgrRlZ9xmaTAJJ0vilKBQeFpBDjkmlEQY0sI1dzeiumQaELBBlWyIXiLLy+T1nnNc2ve3UWlfp3HUURH6BhVkYcuUR3dogZqIoo0ekav6M15cl6cd+dj3lpw8plD9AfO5w+c4JHr</latexit><latexit sha1_base64="Ycm3URCbJ8E7GCdttEm7JWADnz0=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BItQEcquCHosevFYwX5Au5ZsNtuGZpMlmVXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBYngBlz32ymsrK6tbxQ3S1vbO7t75f2DllGppqxJlVC6ExDDBJesCRwE6ySakTgQrB2MbqZ++5Fpw5W8h3HC/JgMJI84JWClh0E/gzNvUu3RUMFpv1xxa+4MeJl4OamgHI1++asXKprGTAIVxJiu5ybgZ0QDp4JNSr3UsITQERmwrqWSxMz42ezqCT6xSogjpW1JwDP190RGYmPGcWA7YwJDs+hNxf+8bgrRlZ9xmaTAJJ0vilKBQeFpBDjkmlEQY0sI1dzeiumQaELBBlWyIXiLLy+T1nnNc2ve3UWlfp3HUURH6BhVkYcuUR3dogZqIoo0ekav6M15cl6cd+dj3lpw8plD9AfO5w+c4JHr</latexit><latexit sha1_base64="Ycm3URCbJ8E7GCdttEm7JWADnz0=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BItQEcquCHosevFYwX5Au5ZsNtuGZpMlmVXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBYngBlz32ymsrK6tbxQ3S1vbO7t75f2DllGppqxJlVC6ExDDBJesCRwE6ySakTgQrB2MbqZ++5Fpw5W8h3HC/JgMJI84JWClh0E/gzNvUu3RUMFpv1xxa+4MeJl4OamgHI1++asXKprGTAIVxJiu5ybgZ0QDp4JNSr3UsITQERmwrqWSxMz42ezqCT6xSogjpW1JwDP190RGYmPGcWA7YwJDs+hNxf+8bgrRlZ9xmaTAJJ0vilKBQeFpBDjkmlEQY0sI1dzeiumQaELBBlWyIXiLLy+T1nnNc2ve3UWlfp3HUURH6BhVkYcuUR3dogZqIoo0ekav6M15cl6cd+dj3lpw8plD9AfO5w+c4JHr</latexit><latexit sha1_base64="Ycm3URCbJ8E7GCdttEm7JWADnz0=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BItQEcquCHosevFYwX5Au5ZsNtuGZpMlmVXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBYngBlz32ymsrK6tbxQ3S1vbO7t75f2DllGppqxJlVC6ExDDBJesCRwE6ySakTgQrB2MbqZ++5Fpw5W8h3HC/JgMJI84JWClh0E/gzNvUu3RUMFpv1xxa+4MeJl4OamgHI1++asXKprGTAIVxJiu5ybgZ0QDp4JNSr3UsITQERmwrqWSxMz42ezqCT6xSogjpW1JwDP190RGYmPGcWA7YwJDs+hNxf+8bgrRlZ9xmaTAJJ0vilKBQeFpBDjkmlEQY0sI1dzeiumQaELBBlWyIXiLLy+T1nnNc2ve3UWlfp3HUURH6BhVkYcuUR3dogZqIoo0ekav6M15cl6cd+dj3lpw8plD9AfO5w+c4JHr</latexit>

   satisfy two gradient conditions:

rgt+1(0) = rf(xt+1)
<latexit sha1_base64="zxvpGpPtY2d3/zMN56N2JPACMrQ=">AAACDnicbZDLSsNAFIZP6q3WW9Slm8FSaBFKIoJuhKIblxXsBdpQJtNJO3QyCTMTsYQ+gRtfxY0LRdy6dufbOG2z0NYfBn6+cw5nzu/HnCntON9WbmV1bX0jv1nY2t7Z3bP3D5oqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kfX03rrnkrFInGnxzH1QjwQLGAEa4N6dqkrsM8xGvRSfeJOyk4FXaKMBeWHOa307KJTdWZCy8bNTBEy1Xv2V7cfkSSkQhOOleq4Tqy9FEvNCKeTQjdRNMZkhAe0Y6zAIVVeOjtngkqG9FEQSfOERjP6eyLFoVLj0DedIdZDtVibwv9qnUQHF17KRJxoKsh8UZBwpCM0zQb1maRE87ExmEhm/orIEEtMtEmwYEJwF09eNs3TqutU3duzYu0qiyMPR3AMZXDhHGpwA3VoAIFHeIZXeLOerBfr3fqYt+asbOYQ/sj6/AGrCZnz</latexit><latexit sha1_base64="zxvpGpPtY2d3/zMN56N2JPACMrQ=">AAACDnicbZDLSsNAFIZP6q3WW9Slm8FSaBFKIoJuhKIblxXsBdpQJtNJO3QyCTMTsYQ+gRtfxY0LRdy6dufbOG2z0NYfBn6+cw5nzu/HnCntON9WbmV1bX0jv1nY2t7Z3bP3D5oqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kfX03rrnkrFInGnxzH1QjwQLGAEa4N6dqkrsM8xGvRSfeJOyk4FXaKMBeWHOa307KJTdWZCy8bNTBEy1Xv2V7cfkSSkQhOOleq4Tqy9FEvNCKeTQjdRNMZkhAe0Y6zAIVVeOjtngkqG9FEQSfOERjP6eyLFoVLj0DedIdZDtVibwv9qnUQHF17KRJxoKsh8UZBwpCM0zQb1maRE87ExmEhm/orIEEtMtEmwYEJwF09eNs3TqutU3duzYu0qiyMPR3AMZXDhHGpwA3VoAIFHeIZXeLOerBfr3fqYt+asbOYQ/sj6/AGrCZnz</latexit><latexit sha1_base64="zxvpGpPtY2d3/zMN56N2JPACMrQ=">AAACDnicbZDLSsNAFIZP6q3WW9Slm8FSaBFKIoJuhKIblxXsBdpQJtNJO3QyCTMTsYQ+gRtfxY0LRdy6dufbOG2z0NYfBn6+cw5nzu/HnCntON9WbmV1bX0jv1nY2t7Z3bP3D5oqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kfX03rrnkrFInGnxzH1QjwQLGAEa4N6dqkrsM8xGvRSfeJOyk4FXaKMBeWHOa307KJTdWZCy8bNTBEy1Xv2V7cfkSSkQhOOleq4Tqy9FEvNCKeTQjdRNMZkhAe0Y6zAIVVeOjtngkqG9FEQSfOERjP6eyLFoVLj0DedIdZDtVibwv9qnUQHF17KRJxoKsh8UZBwpCM0zQb1maRE87ExmEhm/orIEEtMtEmwYEJwF09eNs3TqutU3duzYu0qiyMPR3AMZXDhHGpwA3VoAIFHeIZXeLOerBfr3fqYt+asbOYQ/sj6/AGrCZnz</latexit><latexit sha1_base64="zxvpGpPtY2d3/zMN56N2JPACMrQ=">AAACDnicbZDLSsNAFIZP6q3WW9Slm8FSaBFKIoJuhKIblxXsBdpQJtNJO3QyCTMTsYQ+gRtfxY0LRdy6dufbOG2z0NYfBn6+cw5nzu/HnCntON9WbmV1bX0jv1nY2t7Z3bP3D5oqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kfX03rrnkrFInGnxzH1QjwQLGAEa4N6dqkrsM8xGvRSfeJOyk4FXaKMBeWHOa307KJTdWZCy8bNTBEy1Xv2V7cfkSSkQhOOleq4Tqy9FEvNCKeTQjdRNMZkhAe0Y6zAIVVeOjtngkqG9FEQSfOERjP6eyLFoVLj0DedIdZDtVibwv9qnUQHF17KRJxoKsh8UZBwpCM0zQb1maRE87ExmEhm/orIEEtMtEmwYEJwF09eNs3TqutU3duzYu0qiyMPR3AMZXDhHGpwA3VoAIFHeIZXeLOerBfr3fqYt+asbOYQ/sj6/AGrCZnz</latexit>

Ht+1
<latexit sha1_base64="qkZPPVTXS1FjYf2n25pgn0lqJN8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvfRYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcj/3O09cGxGrR5wm3I/oSIlQMIpW6jQGGV55s0G54lbdBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLc2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN76mVBJilyx5aIwlQRjMv+dDIXmDOXUEsq0sLcSNqaaMrQJlWwI3urL66R9XfXcqvdQq9Tv8jiKcAbncAke3EAdGtCEFjCYwDO8wpuTOC/Ou/OxbC04+cwp/IHz+QPFoY8v</latexit><latexit sha1_base64="qkZPPVTXS1FjYf2n25pgn0lqJN8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvfRYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcj/3O09cGxGrR5wm3I/oSIlQMIpW6jQGGV55s0G54lbdBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLc2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN76mVBJilyx5aIwlQRjMv+dDIXmDOXUEsq0sLcSNqaaMrQJlWwI3urL66R9XfXcqvdQq9Tv8jiKcAbncAke3EAdGtCEFjCYwDO8wpuTOC/Ou/OxbC04+cwp/IHz+QPFoY8v</latexit><latexit sha1_base64="qkZPPVTXS1FjYf2n25pgn0lqJN8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvfRYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcj/3O09cGxGrR5wm3I/oSIlQMIpW6jQGGV55s0G54lbdBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLc2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN76mVBJilyx5aIwlQRjMv+dDIXmDOXUEsq0sLcSNqaaMrQJlWwI3urL66R9XfXcqvdQq9Tv8jiKcAbncAke3EAdGtCEFjCYwDO8wpuTOC/Ou/OxbC04+cwp/IHz+QPFoY8v</latexit><latexit sha1_base64="qkZPPVTXS1FjYf2n25pgn0lqJN8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvfRYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcj/3O09cGxGrR5wm3I/oSIlQMIpW6jQGGV55s0G54lbdBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLc2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN76mVBJilyx5aIwlQRjMv+dDIXmDOXUEsq0sLcSNqaaMrQJlWwI3urL66R9XfXcqvdQq9Tv8jiKcAbncAke3EAdGtCEFjCYwDO8wpuTOC/Ou/OxbC04+cwp/IHz+QPFoY8v</latexit>



The BFGS method
- Secant equation

rgt+1(��x) = rf(xt)
<latexit sha1_base64="+//+z/5nNkVXdGqByejNZgKmzmE=">AAACE3icbVA9SwNBEN3z2/gVtbRZDEJUDHciaCMEtbBUMBpIwjG32YtL9vaO3TlJOPIfbPwrNhaK2NrY+W/cxCs0+mDg8d4MM/OCRAqDrvvpTExOTc/Mzs0XFhaXlleKq2vXJk414zUWy1jXAzBcCsVrKFDyeqI5RIHkN0H3dOjf3HFtRKyusJ/wVgQdJULBAK3kF3eaCgIJtONnuOsNaHmvecYlAu1t02Oam2G55+O2Xyy5FXcE+pd4OSmRHBd+8aPZjlkacYVMgjENz02wlYFGwSQfFJqp4QmwLnR4w1IFETetbPTTgG5ZpU3DWNtSSEfqz4kMImP6UWA7I8BbM+4Nxf+8RorhUSsTKkmRK/a9KEwlxZgOA6JtoTlD2bcEmBb2VspuQQNDG2PBhuCNv/yXXO9XPLfiXR6Uqid5HHNkg2ySMvHIIamSc3JBaoSRe/JInsmL8+A8Oa/O23frhJPPrJNfcN6/ACgTm8w=</latexit><latexit sha1_base64="+//+z/5nNkVXdGqByejNZgKmzmE=">AAACE3icbVA9SwNBEN3z2/gVtbRZDEJUDHciaCMEtbBUMBpIwjG32YtL9vaO3TlJOPIfbPwrNhaK2NrY+W/cxCs0+mDg8d4MM/OCRAqDrvvpTExOTc/Mzs0XFhaXlleKq2vXJk414zUWy1jXAzBcCsVrKFDyeqI5RIHkN0H3dOjf3HFtRKyusJ/wVgQdJULBAK3kF3eaCgIJtONnuOsNaHmvecYlAu1t02Oam2G55+O2Xyy5FXcE+pd4OSmRHBd+8aPZjlkacYVMgjENz02wlYFGwSQfFJqp4QmwLnR4w1IFETetbPTTgG5ZpU3DWNtSSEfqz4kMImP6UWA7I8BbM+4Nxf+8RorhUSsTKkmRK/a9KEwlxZgOA6JtoTlD2bcEmBb2VspuQQNDG2PBhuCNv/yXXO9XPLfiXR6Uqid5HHNkg2ySMvHIIamSc3JBaoSRe/JInsmL8+A8Oa/O23frhJPPrJNfcN6/ACgTm8w=</latexit><latexit sha1_base64="+//+z/5nNkVXdGqByejNZgKmzmE=">AAACE3icbVA9SwNBEN3z2/gVtbRZDEJUDHciaCMEtbBUMBpIwjG32YtL9vaO3TlJOPIfbPwrNhaK2NrY+W/cxCs0+mDg8d4MM/OCRAqDrvvpTExOTc/Mzs0XFhaXlleKq2vXJk414zUWy1jXAzBcCsVrKFDyeqI5RIHkN0H3dOjf3HFtRKyusJ/wVgQdJULBAK3kF3eaCgIJtONnuOsNaHmvecYlAu1t02Oam2G55+O2Xyy5FXcE+pd4OSmRHBd+8aPZjlkacYVMgjENz02wlYFGwSQfFJqp4QmwLnR4w1IFETetbPTTgG5ZpU3DWNtSSEfqz4kMImP6UWA7I8BbM+4Nxf+8RorhUSsTKkmRK/a9KEwlxZgOA6JtoTlD2bcEmBb2VspuQQNDG2PBhuCNv/yXXO9XPLfiXR6Uqid5HHNkg2ySMvHIIamSc3JBaoSRe/JInsmL8+A8Oa/O23frhJPPrJNfcN6/ACgTm8w=</latexit><latexit sha1_base64="+//+z/5nNkVXdGqByejNZgKmzmE=">AAACE3icbVA9SwNBEN3z2/gVtbRZDEJUDHciaCMEtbBUMBpIwjG32YtL9vaO3TlJOPIfbPwrNhaK2NrY+W/cxCs0+mDg8d4MM/OCRAqDrvvpTExOTc/Mzs0XFhaXlleKq2vXJk414zUWy1jXAzBcCsVrKFDyeqI5RIHkN0H3dOjf3HFtRKyusJ/wVgQdJULBAK3kF3eaCgIJtONnuOsNaHmvecYlAu1t02Oam2G55+O2Xyy5FXcE+pd4OSmRHBd+8aPZjlkacYVMgjENz02wlYFGwSQfFJqp4QmwLnR4w1IFETetbPTTgG5ZpU3DWNtSSEfqz4kMImP6UWA7I8BbM+4Nxf+8RorhUSsTKkmRK/a9KEwlxZgOA6JtoTlD2bcEmBb2VspuQQNDG2PBhuCNv/yXXO9XPLfiXR6Uqid5HHNkg2ySMvHIIamSc3JBaoSRe/JInsmL8+A8Oa/O23frhJPPrJNfcN6/ACgTm8w=</latexit>

Ht+1�x = rf(xt+1)�rf(xt)
<latexit sha1_base64="0xgagbd08+EnPKkDeVingMpnkdY=">AAACHXicbVA9SwNBEN2LXzF+RS1tFoOQIIY7CWgjiFqkVDAaSEKY2+zpkr29Y3dODEf+iI1/xcZCEQsb8d+4Sa7Q6IOBx3szzMzzYykMuu6Xk5uZnZtfyC8WlpZXVteK6xtXJko04w0WyUg3fTBcCsUbKFDyZqw5hL7k137/dORf33FtRKQucRDzTgg3SgSCAVqpW6zVuynuekPaPuMSgd7TI9pW4EugQfl+4lXo3k8NK91iya26Y9C/xMtIiWQ47xY/2r2IJSFXyCQY0/LcGDspaBRM8mGhnRgeA+vDDW9ZqiDkppOOvxvSHav0aBBpWwrpWP05kUJozCD0bWcIeGumvZH4n9dKMDjspELFCXLFJouCRFKM6Cgq2hOaM5QDS4BpYW+l7BY0MLSBFmwI3vTLf8nVftVzq95FrXR8ksWRJ1tkm5SJRw7IMamTc9IgjDyQJ/JCXp1H59l5c94nrTknm9kkv+B8fgP1Rp9W</latexit><latexit sha1_base64="0xgagbd08+EnPKkDeVingMpnkdY=">AAACHXicbVA9SwNBEN2LXzF+RS1tFoOQIIY7CWgjiFqkVDAaSEKY2+zpkr29Y3dODEf+iI1/xcZCEQsb8d+4Sa7Q6IOBx3szzMzzYykMuu6Xk5uZnZtfyC8WlpZXVteK6xtXJko04w0WyUg3fTBcCsUbKFDyZqw5hL7k137/dORf33FtRKQucRDzTgg3SgSCAVqpW6zVuynuekPaPuMSgd7TI9pW4EugQfl+4lXo3k8NK91iya26Y9C/xMtIiWQ47xY/2r2IJSFXyCQY0/LcGDspaBRM8mGhnRgeA+vDDW9ZqiDkppOOvxvSHav0aBBpWwrpWP05kUJozCD0bWcIeGumvZH4n9dKMDjspELFCXLFJouCRFKM6Cgq2hOaM5QDS4BpYW+l7BY0MLSBFmwI3vTLf8nVftVzq95FrXR8ksWRJ1tkm5SJRw7IMamTc9IgjDyQJ/JCXp1H59l5c94nrTknm9kkv+B8fgP1Rp9W</latexit><latexit sha1_base64="0xgagbd08+EnPKkDeVingMpnkdY=">AAACHXicbVA9SwNBEN2LXzF+RS1tFoOQIIY7CWgjiFqkVDAaSEKY2+zpkr29Y3dODEf+iI1/xcZCEQsb8d+4Sa7Q6IOBx3szzMzzYykMuu6Xk5uZnZtfyC8WlpZXVteK6xtXJko04w0WyUg3fTBcCsUbKFDyZqw5hL7k137/dORf33FtRKQucRDzTgg3SgSCAVqpW6zVuynuekPaPuMSgd7TI9pW4EugQfl+4lXo3k8NK91iya26Y9C/xMtIiWQ47xY/2r2IJSFXyCQY0/LcGDspaBRM8mGhnRgeA+vDDW9ZqiDkppOOvxvSHav0aBBpWwrpWP05kUJozCD0bWcIeGumvZH4n9dKMDjspELFCXLFJouCRFKM6Cgq2hOaM5QDS4BpYW+l7BY0MLSBFmwI3vTLf8nVftVzq95FrXR8ksWRJ1tkm5SJRw7IMamTc9IgjDyQJ/JCXp1H59l5c94nrTknm9kkv+B8fgP1Rp9W</latexit><latexit sha1_base64="0xgagbd08+EnPKkDeVingMpnkdY=">AAACHXicbVA9SwNBEN2LXzF+RS1tFoOQIIY7CWgjiFqkVDAaSEKY2+zpkr29Y3dODEf+iI1/xcZCEQsb8d+4Sa7Q6IOBx3szzMzzYykMuu6Xk5uZnZtfyC8WlpZXVteK6xtXJko04w0WyUg3fTBcCsUbKFDyZqw5hL7k137/dORf33FtRKQucRDzTgg3SgSCAVqpW6zVuynuekPaPuMSgd7TI9pW4EugQfl+4lXo3k8NK91iya26Y9C/xMtIiWQ47xY/2r2IJSFXyCQY0/LcGDspaBRM8mGhnRgeA+vDDW9ZqiDkppOOvxvSHav0aBBpWwrpWP05kUJozCD0bWcIeGumvZH4n9dKMDjspELFCXLFJouCRFKM6Cgq2hOaM5QDS4BpYW+l7BY0MLSBFmwI3vTLf8nVftVzq95FrXR8ksWRJ1tkm5SJRw7IMamTc9IgjDyQJ/JCXp1H59l5c94nrTknm9kkv+B8fgP1Rp9W</latexit>

(Some of you might have seen the expression                        )Ht+1st = yk
<latexit sha1_base64="sPFOu0RrFy75LnrRSg1GWairqPY=">AAAB+nicbVBNS8NAEN34WetXqkcvi0UQhJKIoBeh6KXHCvYD2hA22027dLMJuxMlxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL0gE1+A439bK6tr6xmZpq7y9s7u3b1cO2jpOFWUtGotYdQOimeCStYCDYN1EMRIFgnWC8e3U7zwwpXks7yFLmBeRoeQhpwSM5NuVhp/DmTvB2gd8jTN/7NtVp+bMgJeJW5AqKtD07a/+IKZpxCRQQbTuuU4CXk4UcCrYpNxPNUsIHZMh6xkqScS0l89On+ATowxwGCtTEvBM/T2Rk0jrLApMZ0RgpBe9qfif10shvPJyLpMUmKTzRWEqMMR4mgMecMUoiMwQQhU3t2I6IopQMGmVTQju4svLpH1ec52ae3dRrd8UcZTQETpGp8hFl6iOGqiJWoiiR/SMXtGb9WS9WO/Wx7x1xSpmDtEfWJ8/mvOS6g==</latexit><latexit sha1_base64="sPFOu0RrFy75LnrRSg1GWairqPY=">AAAB+nicbVBNS8NAEN34WetXqkcvi0UQhJKIoBeh6KXHCvYD2hA22027dLMJuxMlxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL0gE1+A439bK6tr6xmZpq7y9s7u3b1cO2jpOFWUtGotYdQOimeCStYCDYN1EMRIFgnWC8e3U7zwwpXks7yFLmBeRoeQhpwSM5NuVhp/DmTvB2gd8jTN/7NtVp+bMgJeJW5AqKtD07a/+IKZpxCRQQbTuuU4CXk4UcCrYpNxPNUsIHZMh6xkqScS0l89On+ATowxwGCtTEvBM/T2Rk0jrLApMZ0RgpBe9qfif10shvPJyLpMUmKTzRWEqMMR4mgMecMUoiMwQQhU3t2I6IopQMGmVTQju4svLpH1ec52ae3dRrd8UcZTQETpGp8hFl6iOGqiJWoiiR/SMXtGb9WS9WO/Wx7x1xSpmDtEfWJ8/mvOS6g==</latexit><latexit sha1_base64="sPFOu0RrFy75LnrRSg1GWairqPY=">AAAB+nicbVBNS8NAEN34WetXqkcvi0UQhJKIoBeh6KXHCvYD2hA22027dLMJuxMlxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL0gE1+A439bK6tr6xmZpq7y9s7u3b1cO2jpOFWUtGotYdQOimeCStYCDYN1EMRIFgnWC8e3U7zwwpXks7yFLmBeRoeQhpwSM5NuVhp/DmTvB2gd8jTN/7NtVp+bMgJeJW5AqKtD07a/+IKZpxCRQQbTuuU4CXk4UcCrYpNxPNUsIHZMh6xkqScS0l89On+ATowxwGCtTEvBM/T2Rk0jrLApMZ0RgpBe9qfif10shvPJyLpMUmKTzRWEqMMR4mgMecMUoiMwQQhU3t2I6IopQMGmVTQju4svLpH1ec52ae3dRrd8UcZTQETpGp8hFl6iOGqiJWoiiR/SMXtGb9WS9WO/Wx7x1xSpmDtEfWJ8/mvOS6g==</latexit><latexit sha1_base64="sPFOu0RrFy75LnrRSg1GWairqPY=">AAAB+nicbVBNS8NAEN34WetXqkcvi0UQhJKIoBeh6KXHCvYD2hA22027dLMJuxMlxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL0gE1+A439bK6tr6xmZpq7y9s7u3b1cO2jpOFWUtGotYdQOimeCStYCDYN1EMRIFgnWC8e3U7zwwpXks7yFLmBeRoeQhpwSM5NuVhp/DmTvB2gd8jTN/7NtVp+bMgJeJW5AqKtD07a/+IKZpxCRQQbTuuU4CXk4UcCrYpNxPNUsIHZMh6xkqScS0l89On+ATowxwGCtTEvBM/T2Rk0jrLApMZ0RgpBe9qfif10shvPJyLpMUmKTzRWEqMMR4mgMecMUoiMwQQhU3t2I6IopQMGmVTQju4svLpH1ec52ae3dRrd8UcZTQETpGp8hFl6iOGqiJWoiiR/SMXtGb9WS9WO/Wx7x1xSpmDtEfWJ8/mvOS6g==</latexit>



The BFGS method
- Secant equation

rgt+1(��x) = rf(xt)
<latexit sha1_base64="+//+z/5nNkVXdGqByejNZgKmzmE=">AAACE3icbVA9SwNBEN3z2/gVtbRZDEJUDHciaCMEtbBUMBpIwjG32YtL9vaO3TlJOPIfbPwrNhaK2NrY+W/cxCs0+mDg8d4MM/OCRAqDrvvpTExOTc/Mzs0XFhaXlleKq2vXJk414zUWy1jXAzBcCsVrKFDyeqI5RIHkN0H3dOjf3HFtRKyusJ/wVgQdJULBAK3kF3eaCgIJtONnuOsNaHmvecYlAu1t02Oam2G55+O2Xyy5FXcE+pd4OSmRHBd+8aPZjlkacYVMgjENz02wlYFGwSQfFJqp4QmwLnR4w1IFETetbPTTgG5ZpU3DWNtSSEfqz4kMImP6UWA7I8BbM+4Nxf+8RorhUSsTKkmRK/a9KEwlxZgOA6JtoTlD2bcEmBb2VspuQQNDG2PBhuCNv/yXXO9XPLfiXR6Uqid5HHNkg2ySMvHIIamSc3JBaoSRe/JInsmL8+A8Oa/O23frhJPPrJNfcN6/ACgTm8w=</latexit><latexit sha1_base64="+//+z/5nNkVXdGqByejNZgKmzmE=">AAACE3icbVA9SwNBEN3z2/gVtbRZDEJUDHciaCMEtbBUMBpIwjG32YtL9vaO3TlJOPIfbPwrNhaK2NrY+W/cxCs0+mDg8d4MM/OCRAqDrvvpTExOTc/Mzs0XFhaXlleKq2vXJk414zUWy1jXAzBcCsVrKFDyeqI5RIHkN0H3dOjf3HFtRKyusJ/wVgQdJULBAK3kF3eaCgIJtONnuOsNaHmvecYlAu1t02Oam2G55+O2Xyy5FXcE+pd4OSmRHBd+8aPZjlkacYVMgjENz02wlYFGwSQfFJqp4QmwLnR4w1IFETetbPTTgG5ZpU3DWNtSSEfqz4kMImP6UWA7I8BbM+4Nxf+8RorhUSsTKkmRK/a9KEwlxZgOA6JtoTlD2bcEmBb2VspuQQNDG2PBhuCNv/yXXO9XPLfiXR6Uqid5HHNkg2ySMvHIIamSc3JBaoSRe/JInsmL8+A8Oa/O23frhJPPrJNfcN6/ACgTm8w=</latexit><latexit sha1_base64="+//+z/5nNkVXdGqByejNZgKmzmE=">AAACE3icbVA9SwNBEN3z2/gVtbRZDEJUDHciaCMEtbBUMBpIwjG32YtL9vaO3TlJOPIfbPwrNhaK2NrY+W/cxCs0+mDg8d4MM/OCRAqDrvvpTExOTc/Mzs0XFhaXlleKq2vXJk414zUWy1jXAzBcCsVrKFDyeqI5RIHkN0H3dOjf3HFtRKyusJ/wVgQdJULBAK3kF3eaCgIJtONnuOsNaHmvecYlAu1t02Oam2G55+O2Xyy5FXcE+pd4OSmRHBd+8aPZjlkacYVMgjENz02wlYFGwSQfFJqp4QmwLnR4w1IFETetbPTTgG5ZpU3DWNtSSEfqz4kMImP6UWA7I8BbM+4Nxf+8RorhUSsTKkmRK/a9KEwlxZgOA6JtoTlD2bcEmBb2VspuQQNDG2PBhuCNv/yXXO9XPLfiXR6Uqid5HHNkg2ySMvHIIamSc3JBaoSRe/JInsmL8+A8Oa/O23frhJPPrJNfcN6/ACgTm8w=</latexit><latexit sha1_base64="+//+z/5nNkVXdGqByejNZgKmzmE=">AAACE3icbVA9SwNBEN3z2/gVtbRZDEJUDHciaCMEtbBUMBpIwjG32YtL9vaO3TlJOPIfbPwrNhaK2NrY+W/cxCs0+mDg8d4MM/OCRAqDrvvpTExOTc/Mzs0XFhaXlleKq2vXJk414zUWy1jXAzBcCsVrKFDyeqI5RIHkN0H3dOjf3HFtRKyusJ/wVgQdJULBAK3kF3eaCgIJtONnuOsNaHmvecYlAu1t02Oam2G55+O2Xyy5FXcE+pd4OSmRHBd+8aPZjlkacYVMgjENz02wlYFGwSQfFJqp4QmwLnR4w1IFETetbPTTgG5ZpU3DWNtSSEfqz4kMImP6UWA7I8BbM+4Nxf+8RorhUSsTKkmRK/a9KEwlxZgOA6JtoTlD2bcEmBb2VspuQQNDG2PBhuCNv/yXXO9XPLfiXR6Uqid5HHNkg2ySMvHIIamSc3JBaoSRe/JInsmL8+A8Oa/O23frhJPPrJNfcN6/ACgTm8w=</latexit>

Ht+1�x = rf(xt+1)�rf(xt)
<latexit sha1_base64="0xgagbd08+EnPKkDeVingMpnkdY=">AAACHXicbVA9SwNBEN2LXzF+RS1tFoOQIIY7CWgjiFqkVDAaSEKY2+zpkr29Y3dODEf+iI1/xcZCEQsb8d+4Sa7Q6IOBx3szzMzzYykMuu6Xk5uZnZtfyC8WlpZXVteK6xtXJko04w0WyUg3fTBcCsUbKFDyZqw5hL7k137/dORf33FtRKQucRDzTgg3SgSCAVqpW6zVuynuekPaPuMSgd7TI9pW4EugQfl+4lXo3k8NK91iya26Y9C/xMtIiWQ47xY/2r2IJSFXyCQY0/LcGDspaBRM8mGhnRgeA+vDDW9ZqiDkppOOvxvSHav0aBBpWwrpWP05kUJozCD0bWcIeGumvZH4n9dKMDjspELFCXLFJouCRFKM6Cgq2hOaM5QDS4BpYW+l7BY0MLSBFmwI3vTLf8nVftVzq95FrXR8ksWRJ1tkm5SJRw7IMamTc9IgjDyQJ/JCXp1H59l5c94nrTknm9kkv+B8fgP1Rp9W</latexit><latexit sha1_base64="0xgagbd08+EnPKkDeVingMpnkdY=">AAACHXicbVA9SwNBEN2LXzF+RS1tFoOQIIY7CWgjiFqkVDAaSEKY2+zpkr29Y3dODEf+iI1/xcZCEQsb8d+4Sa7Q6IOBx3szzMzzYykMuu6Xk5uZnZtfyC8WlpZXVteK6xtXJko04w0WyUg3fTBcCsUbKFDyZqw5hL7k137/dORf33FtRKQucRDzTgg3SgSCAVqpW6zVuynuekPaPuMSgd7TI9pW4EugQfl+4lXo3k8NK91iya26Y9C/xMtIiWQ47xY/2r2IJSFXyCQY0/LcGDspaBRM8mGhnRgeA+vDDW9ZqiDkppOOvxvSHav0aBBpWwrpWP05kUJozCD0bWcIeGumvZH4n9dKMDjspELFCXLFJouCRFKM6Cgq2hOaM5QDS4BpYW+l7BY0MLSBFmwI3vTLf8nVftVzq95FrXR8ksWRJ1tkm5SJRw7IMamTc9IgjDyQJ/JCXp1H59l5c94nrTknm9kkv+B8fgP1Rp9W</latexit><latexit sha1_base64="0xgagbd08+EnPKkDeVingMpnkdY=">AAACHXicbVA9SwNBEN2LXzF+RS1tFoOQIIY7CWgjiFqkVDAaSEKY2+zpkr29Y3dODEf+iI1/xcZCEQsb8d+4Sa7Q6IOBx3szzMzzYykMuu6Xk5uZnZtfyC8WlpZXVteK6xtXJko04w0WyUg3fTBcCsUbKFDyZqw5hL7k137/dORf33FtRKQucRDzTgg3SgSCAVqpW6zVuynuekPaPuMSgd7TI9pW4EugQfl+4lXo3k8NK91iya26Y9C/xMtIiWQ47xY/2r2IJSFXyCQY0/LcGDspaBRM8mGhnRgeA+vDDW9ZqiDkppOOvxvSHav0aBBpWwrpWP05kUJozCD0bWcIeGumvZH4n9dKMDjspELFCXLFJouCRFKM6Cgq2hOaM5QDS4BpYW+l7BY0MLSBFmwI3vTLf8nVftVzq95FrXR8ksWRJ1tkm5SJRw7IMamTc9IgjDyQJ/JCXp1H59l5c94nrTknm9kkv+B8fgP1Rp9W</latexit><latexit sha1_base64="0xgagbd08+EnPKkDeVingMpnkdY=">AAACHXicbVA9SwNBEN2LXzF+RS1tFoOQIIY7CWgjiFqkVDAaSEKY2+zpkr29Y3dODEf+iI1/xcZCEQsb8d+4Sa7Q6IOBx3szzMzzYykMuu6Xk5uZnZtfyC8WlpZXVteK6xtXJko04w0WyUg3fTBcCsUbKFDyZqw5hL7k137/dORf33FtRKQucRDzTgg3SgSCAVqpW6zVuynuekPaPuMSgd7TI9pW4EugQfl+4lXo3k8NK91iya26Y9C/xMtIiWQ47xY/2r2IJSFXyCQY0/LcGDspaBRM8mGhnRgeA+vDDW9ZqiDkppOOvxvSHav0aBBpWwrpWP05kUJozCD0bWcIeGumvZH4n9dKMDjspELFCXLFJouCRFKM6Cgq2hOaM5QDS4BpYW+l7BY0MLSBFmwI3vTLf8nVftVzq95FrXR8ksWRJ1tkm5SJRw7IMamTc9IgjDyQJ/JCXp1H59l5c94nrTknm9kkv+B8fgP1Rp9W</latexit>

(Some of you might have seen the expression                        )Ht+1st = yk
<latexit sha1_base64="sPFOu0RrFy75LnrRSg1GWairqPY=">AAAB+nicbVBNS8NAEN34WetXqkcvi0UQhJKIoBeh6KXHCvYD2hA22027dLMJuxMlxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL0gE1+A439bK6tr6xmZpq7y9s7u3b1cO2jpOFWUtGotYdQOimeCStYCDYN1EMRIFgnWC8e3U7zwwpXks7yFLmBeRoeQhpwSM5NuVhp/DmTvB2gd8jTN/7NtVp+bMgJeJW5AqKtD07a/+IKZpxCRQQbTuuU4CXk4UcCrYpNxPNUsIHZMh6xkqScS0l89On+ATowxwGCtTEvBM/T2Rk0jrLApMZ0RgpBe9qfif10shvPJyLpMUmKTzRWEqMMR4mgMecMUoiMwQQhU3t2I6IopQMGmVTQju4svLpH1ec52ae3dRrd8UcZTQETpGp8hFl6iOGqiJWoiiR/SMXtGb9WS9WO/Wx7x1xSpmDtEfWJ8/mvOS6g==</latexit><latexit sha1_base64="sPFOu0RrFy75LnrRSg1GWairqPY=">AAAB+nicbVBNS8NAEN34WetXqkcvi0UQhJKIoBeh6KXHCvYD2hA22027dLMJuxMlxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL0gE1+A439bK6tr6xmZpq7y9s7u3b1cO2jpOFWUtGotYdQOimeCStYCDYN1EMRIFgnWC8e3U7zwwpXks7yFLmBeRoeQhpwSM5NuVhp/DmTvB2gd8jTN/7NtVp+bMgJeJW5AqKtD07a/+IKZpxCRQQbTuuU4CXk4UcCrYpNxPNUsIHZMh6xkqScS0l89On+ATowxwGCtTEvBM/T2Rk0jrLApMZ0RgpBe9qfif10shvPJyLpMUmKTzRWEqMMR4mgMecMUoiMwQQhU3t2I6IopQMGmVTQju4svLpH1ec52ae3dRrd8UcZTQETpGp8hFl6iOGqiJWoiiR/SMXtGb9WS9WO/Wx7x1xSpmDtEfWJ8/mvOS6g==</latexit><latexit sha1_base64="sPFOu0RrFy75LnrRSg1GWairqPY=">AAAB+nicbVBNS8NAEN34WetXqkcvi0UQhJKIoBeh6KXHCvYD2hA22027dLMJuxMlxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL0gE1+A439bK6tr6xmZpq7y9s7u3b1cO2jpOFWUtGotYdQOimeCStYCDYN1EMRIFgnWC8e3U7zwwpXks7yFLmBeRoeQhpwSM5NuVhp/DmTvB2gd8jTN/7NtVp+bMgJeJW5AqKtD07a/+IKZpxCRQQbTuuU4CXk4UcCrYpNxPNUsIHZMh6xkqScS0l89On+ATowxwGCtTEvBM/T2Rk0jrLApMZ0RgpBe9qfif10shvPJyLpMUmKTzRWEqMMR4mgMecMUoiMwQQhU3t2I6IopQMGmVTQju4svLpH1ec52ae3dRrd8UcZTQETpGp8hFl6iOGqiJWoiiR/SMXtGb9WS9WO/Wx7x1xSpmDtEfWJ8/mvOS6g==</latexit><latexit sha1_base64="sPFOu0RrFy75LnrRSg1GWairqPY=">AAAB+nicbVBNS8NAEN34WetXqkcvi0UQhJKIoBeh6KXHCvYD2hA22027dLMJuxMlxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL0gE1+A439bK6tr6xmZpq7y9s7u3b1cO2jpOFWUtGotYdQOimeCStYCDYN1EMRIFgnWC8e3U7zwwpXks7yFLmBeRoeQhpwSM5NuVhp/DmTvB2gd8jTN/7NtVp+bMgJeJW5AqKtD07a/+IKZpxCRQQbTuuU4CXk4UcCrYpNxPNUsIHZMh6xkqScS0l89On+ATowxwGCtTEvBM/T2Rk0jrLApMZ0RgpBe9qfif10shvPJyLpMUmKTzRWEqMMR4mgMecMUoiMwQQhU3t2I6IopQMGmVTQju4svLpH1ec52ae3dRrd8UcZTQETpGp8hFl6iOGqiJWoiiR/SMXtGb9WS9WO/Wx7x1xSpmDtEfWJ8/mvOS6g==</latexit>

- Requirement:
(Why?)

Ht+1 � 0 �! �x
> (rf(xt+1)�rf(xt)) > 0

<latexit sha1_base64="wzCqPxIE7UbwLYNnZjB26btQlh4="></latexit><latexit sha1_base64="wzCqPxIE7UbwLYNnZjB26btQlh4="></latexit><latexit sha1_base64="wzCqPxIE7UbwLYNnZjB26btQlh4="></latexit><latexit sha1_base64="wzCqPxIE7UbwLYNnZjB26btQlh4="></latexit>



The BFGS method
- Secant equation

rgt+1(��x) = rf(xt)
<latexit sha1_base64="+//+z/5nNkVXdGqByejNZgKmzmE=">AAACE3icbVA9SwNBEN3z2/gVtbRZDEJUDHciaCMEtbBUMBpIwjG32YtL9vaO3TlJOPIfbPwrNhaK2NrY+W/cxCs0+mDg8d4MM/OCRAqDrvvpTExOTc/Mzs0XFhaXlleKq2vXJk414zUWy1jXAzBcCsVrKFDyeqI5RIHkN0H3dOjf3HFtRKyusJ/wVgQdJULBAK3kF3eaCgIJtONnuOsNaHmvecYlAu1t02Oam2G55+O2Xyy5FXcE+pd4OSmRHBd+8aPZjlkacYVMgjENz02wlYFGwSQfFJqp4QmwLnR4w1IFETetbPTTgG5ZpU3DWNtSSEfqz4kMImP6UWA7I8BbM+4Nxf+8RorhUSsTKkmRK/a9KEwlxZgOA6JtoTlD2bcEmBb2VspuQQNDG2PBhuCNv/yXXO9XPLfiXR6Uqid5HHNkg2ySMvHIIamSc3JBaoSRe/JInsmL8+A8Oa/O23frhJPPrJNfcN6/ACgTm8w=</latexit><latexit sha1_base64="+//+z/5nNkVXdGqByejNZgKmzmE=">AAACE3icbVA9SwNBEN3z2/gVtbRZDEJUDHciaCMEtbBUMBpIwjG32YtL9vaO3TlJOPIfbPwrNhaK2NrY+W/cxCs0+mDg8d4MM/OCRAqDrvvpTExOTc/Mzs0XFhaXlleKq2vXJk414zUWy1jXAzBcCsVrKFDyeqI5RIHkN0H3dOjf3HFtRKyusJ/wVgQdJULBAK3kF3eaCgIJtONnuOsNaHmvecYlAu1t02Oam2G55+O2Xyy5FXcE+pd4OSmRHBd+8aPZjlkacYVMgjENz02wlYFGwSQfFJqp4QmwLnR4w1IFETetbPTTgG5ZpU3DWNtSSEfqz4kMImP6UWA7I8BbM+4Nxf+8RorhUSsTKkmRK/a9KEwlxZgOA6JtoTlD2bcEmBb2VspuQQNDG2PBhuCNv/yXXO9XPLfiXR6Uqid5HHNkg2ySMvHIIamSc3JBaoSRe/JInsmL8+A8Oa/O23frhJPPrJNfcN6/ACgTm8w=</latexit><latexit sha1_base64="+//+z/5nNkVXdGqByejNZgKmzmE=">AAACE3icbVA9SwNBEN3z2/gVtbRZDEJUDHciaCMEtbBUMBpIwjG32YtL9vaO3TlJOPIfbPwrNhaK2NrY+W/cxCs0+mDg8d4MM/OCRAqDrvvpTExOTc/Mzs0XFhaXlleKq2vXJk414zUWy1jXAzBcCsVrKFDyeqI5RIHkN0H3dOjf3HFtRKyusJ/wVgQdJULBAK3kF3eaCgIJtONnuOsNaHmvecYlAu1t02Oam2G55+O2Xyy5FXcE+pd4OSmRHBd+8aPZjlkacYVMgjENz02wlYFGwSQfFJqp4QmwLnR4w1IFETetbPTTgG5ZpU3DWNtSSEfqz4kMImP6UWA7I8BbM+4Nxf+8RorhUSsTKkmRK/a9KEwlxZgOA6JtoTlD2bcEmBb2VspuQQNDG2PBhuCNv/yXXO9XPLfiXR6Uqid5HHNkg2ySMvHIIamSc3JBaoSRe/JInsmL8+A8Oa/O23frhJPPrJNfcN6/ACgTm8w=</latexit><latexit sha1_base64="+//+z/5nNkVXdGqByejNZgKmzmE=">AAACE3icbVA9SwNBEN3z2/gVtbRZDEJUDHciaCMEtbBUMBpIwjG32YtL9vaO3TlJOPIfbPwrNhaK2NrY+W/cxCs0+mDg8d4MM/OCRAqDrvvpTExOTc/Mzs0XFhaXlleKq2vXJk414zUWy1jXAzBcCsVrKFDyeqI5RIHkN0H3dOjf3HFtRKyusJ/wVgQdJULBAK3kF3eaCgIJtONnuOsNaHmvecYlAu1t02Oam2G55+O2Xyy5FXcE+pd4OSmRHBd+8aPZjlkacYVMgjENz02wlYFGwSQfFJqp4QmwLnR4w1IFETetbPTTgG5ZpU3DWNtSSEfqz4kMImP6UWA7I8BbM+4Nxf+8RorhUSsTKkmRK/a9KEwlxZgOA6JtoTlD2bcEmBb2VspuQQNDG2PBhuCNv/yXXO9XPLfiXR6Uqid5HHNkg2ySMvHIIamSc3JBaoSRe/JInsmL8+A8Oa/O23frhJPPrJNfcN6/ACgTm8w=</latexit>

Ht+1�x = rf(xt+1)�rf(xt)
<latexit sha1_base64="0xgagbd08+EnPKkDeVingMpnkdY=">AAACHXicbVA9SwNBEN2LXzF+RS1tFoOQIIY7CWgjiFqkVDAaSEKY2+zpkr29Y3dODEf+iI1/xcZCEQsb8d+4Sa7Q6IOBx3szzMzzYykMuu6Xk5uZnZtfyC8WlpZXVteK6xtXJko04w0WyUg3fTBcCsUbKFDyZqw5hL7k137/dORf33FtRKQucRDzTgg3SgSCAVqpW6zVuynuekPaPuMSgd7TI9pW4EugQfl+4lXo3k8NK91iya26Y9C/xMtIiWQ47xY/2r2IJSFXyCQY0/LcGDspaBRM8mGhnRgeA+vDDW9ZqiDkppOOvxvSHav0aBBpWwrpWP05kUJozCD0bWcIeGumvZH4n9dKMDjspELFCXLFJouCRFKM6Cgq2hOaM5QDS4BpYW+l7BY0MLSBFmwI3vTLf8nVftVzq95FrXR8ksWRJ1tkm5SJRw7IMamTc9IgjDyQJ/JCXp1H59l5c94nrTknm9kkv+B8fgP1Rp9W</latexit><latexit sha1_base64="0xgagbd08+EnPKkDeVingMpnkdY=">AAACHXicbVA9SwNBEN2LXzF+RS1tFoOQIIY7CWgjiFqkVDAaSEKY2+zpkr29Y3dODEf+iI1/xcZCEQsb8d+4Sa7Q6IOBx3szzMzzYykMuu6Xk5uZnZtfyC8WlpZXVteK6xtXJko04w0WyUg3fTBcCsUbKFDyZqw5hL7k137/dORf33FtRKQucRDzTgg3SgSCAVqpW6zVuynuekPaPuMSgd7TI9pW4EugQfl+4lXo3k8NK91iya26Y9C/xMtIiWQ47xY/2r2IJSFXyCQY0/LcGDspaBRM8mGhnRgeA+vDDW9ZqiDkppOOvxvSHav0aBBpWwrpWP05kUJozCD0bWcIeGumvZH4n9dKMDjspELFCXLFJouCRFKM6Cgq2hOaM5QDS4BpYW+l7BY0MLSBFmwI3vTLf8nVftVzq95FrXR8ksWRJ1tkm5SJRw7IMamTc9IgjDyQJ/JCXp1H59l5c94nrTknm9kkv+B8fgP1Rp9W</latexit><latexit sha1_base64="0xgagbd08+EnPKkDeVingMpnkdY=">AAACHXicbVA9SwNBEN2LXzF+RS1tFoOQIIY7CWgjiFqkVDAaSEKY2+zpkr29Y3dODEf+iI1/xcZCEQsb8d+4Sa7Q6IOBx3szzMzzYykMuu6Xk5uZnZtfyC8WlpZXVteK6xtXJko04w0WyUg3fTBcCsUbKFDyZqw5hL7k137/dORf33FtRKQucRDzTgg3SgSCAVqpW6zVuynuekPaPuMSgd7TI9pW4EugQfl+4lXo3k8NK91iya26Y9C/xMtIiWQ47xY/2r2IJSFXyCQY0/LcGDspaBRM8mGhnRgeA+vDDW9ZqiDkppOOvxvSHav0aBBpWwrpWP05kUJozCD0bWcIeGumvZH4n9dKMDjspELFCXLFJouCRFKM6Cgq2hOaM5QDS4BpYW+l7BY0MLSBFmwI3vTLf8nVftVzq95FrXR8ksWRJ1tkm5SJRw7IMamTc9IgjDyQJ/JCXp1H59l5c94nrTknm9kkv+B8fgP1Rp9W</latexit><latexit sha1_base64="0xgagbd08+EnPKkDeVingMpnkdY=">AAACHXicbVA9SwNBEN2LXzF+RS1tFoOQIIY7CWgjiFqkVDAaSEKY2+zpkr29Y3dODEf+iI1/xcZCEQsb8d+4Sa7Q6IOBx3szzMzzYykMuu6Xk5uZnZtfyC8WlpZXVteK6xtXJko04w0WyUg3fTBcCsUbKFDyZqw5hL7k137/dORf33FtRKQucRDzTgg3SgSCAVqpW6zVuynuekPaPuMSgd7TI9pW4EugQfl+4lXo3k8NK91iya26Y9C/xMtIiWQ47xY/2r2IJSFXyCQY0/LcGDspaBRM8mGhnRgeA+vDDW9ZqiDkppOOvxvSHav0aBBpWwrpWP05kUJozCD0bWcIeGumvZH4n9dKMDjspELFCXLFJouCRFKM6Cgq2hOaM5QDS4BpYW+l7BY0MLSBFmwI3vTLf8nVftVzq95FrXR8ksWRJ1tkm5SJRw7IMamTc9IgjDyQJ/JCXp1H59l5c94nrTknm9kkv+B8fgP1Rp9W</latexit>

(Some of you might have seen the expression                        )Ht+1st = yk
<latexit sha1_base64="sPFOu0RrFy75LnrRSg1GWairqPY=">AAAB+nicbVBNS8NAEN34WetXqkcvi0UQhJKIoBeh6KXHCvYD2hA22027dLMJuxMlxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL0gE1+A439bK6tr6xmZpq7y9s7u3b1cO2jpOFWUtGotYdQOimeCStYCDYN1EMRIFgnWC8e3U7zwwpXks7yFLmBeRoeQhpwSM5NuVhp/DmTvB2gd8jTN/7NtVp+bMgJeJW5AqKtD07a/+IKZpxCRQQbTuuU4CXk4UcCrYpNxPNUsIHZMh6xkqScS0l89On+ATowxwGCtTEvBM/T2Rk0jrLApMZ0RgpBe9qfif10shvPJyLpMUmKTzRWEqMMR4mgMecMUoiMwQQhU3t2I6IopQMGmVTQju4svLpH1ec52ae3dRrd8UcZTQETpGp8hFl6iOGqiJWoiiR/SMXtGb9WS9WO/Wx7x1xSpmDtEfWJ8/mvOS6g==</latexit><latexit sha1_base64="sPFOu0RrFy75LnrRSg1GWairqPY=">AAAB+nicbVBNS8NAEN34WetXqkcvi0UQhJKIoBeh6KXHCvYD2hA22027dLMJuxMlxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL0gE1+A439bK6tr6xmZpq7y9s7u3b1cO2jpOFWUtGotYdQOimeCStYCDYN1EMRIFgnWC8e3U7zwwpXks7yFLmBeRoeQhpwSM5NuVhp/DmTvB2gd8jTN/7NtVp+bMgJeJW5AqKtD07a/+IKZpxCRQQbTuuU4CXk4UcCrYpNxPNUsIHZMh6xkqScS0l89On+ATowxwGCtTEvBM/T2Rk0jrLApMZ0RgpBe9qfif10shvPJyLpMUmKTzRWEqMMR4mgMecMUoiMwQQhU3t2I6IopQMGmVTQju4svLpH1ec52ae3dRrd8UcZTQETpGp8hFl6iOGqiJWoiiR/SMXtGb9WS9WO/Wx7x1xSpmDtEfWJ8/mvOS6g==</latexit><latexit sha1_base64="sPFOu0RrFy75LnrRSg1GWairqPY=">AAAB+nicbVBNS8NAEN34WetXqkcvi0UQhJKIoBeh6KXHCvYD2hA22027dLMJuxMlxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL0gE1+A439bK6tr6xmZpq7y9s7u3b1cO2jpOFWUtGotYdQOimeCStYCDYN1EMRIFgnWC8e3U7zwwpXks7yFLmBeRoeQhpwSM5NuVhp/DmTvB2gd8jTN/7NtVp+bMgJeJW5AqKtD07a/+IKZpxCRQQbTuuU4CXk4UcCrYpNxPNUsIHZMh6xkqScS0l89On+ATowxwGCtTEvBM/T2Rk0jrLApMZ0RgpBe9qfif10shvPJyLpMUmKTzRWEqMMR4mgMecMUoiMwQQhU3t2I6IopQMGmVTQju4svLpH1ec52ae3dRrd8UcZTQETpGp8hFl6iOGqiJWoiiR/SMXtGb9WS9WO/Wx7x1xSpmDtEfWJ8/mvOS6g==</latexit><latexit sha1_base64="sPFOu0RrFy75LnrRSg1GWairqPY=">AAAB+nicbVBNS8NAEN34WetXqkcvi0UQhJKIoBeh6KXHCvYD2hA22027dLMJuxMlxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL0gE1+A439bK6tr6xmZpq7y9s7u3b1cO2jpOFWUtGotYdQOimeCStYCDYN1EMRIFgnWC8e3U7zwwpXks7yFLmBeRoeQhpwSM5NuVhp/DmTvB2gd8jTN/7NtVp+bMgJeJW5AqKtD07a/+IKZpxCRQQbTuuU4CXk4UcCrYpNxPNUsIHZMh6xkqScS0l89On+ATowxwGCtTEvBM/T2Rk0jrLApMZ0RgpBe9qfif10shvPJyLpMUmKTzRWEqMMR4mgMecMUoiMwQQhU3t2I6IopQMGmVTQju4svLpH1ec52ae3dRrd8UcZTQETpGp8hFl6iOGqiJWoiiR/SMXtGb9WS9WO/Wx7x1xSpmDtEfWJ8/mvOS6g==</latexit>

- Requirement:
(Why?)

Ht+1 � 0 �! �x
> (rf(xt+1)�rf(xt)) > 0

<latexit sha1_base64="wzCqPxIE7UbwLYNnZjB26btQlh4="></latexit><latexit sha1_base64="wzCqPxIE7UbwLYNnZjB26btQlh4="></latexit><latexit sha1_base64="wzCqPxIE7UbwLYNnZjB26btQlh4="></latexit><latexit sha1_base64="wzCqPxIE7UbwLYNnZjB26btQlh4="></latexit>

- How many           satisfy this? Infinite! Ht+1
<latexit sha1_base64="qkZPPVTXS1FjYf2n25pgn0lqJN8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvfRYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcj/3O09cGxGrR5wm3I/oSIlQMIpW6jQGGV55s0G54lbdBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLc2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN76mVBJilyx5aIwlQRjMv+dDIXmDOXUEsq0sLcSNqaaMrQJlWwI3urL66R9XfXcqvdQq9Tv8jiKcAbncAke3EAdGtCEFjCYwDO8wpuTOC/Ou/OxbC04+cwp/IHz+QPFoY8v</latexit><latexit sha1_base64="qkZPPVTXS1FjYf2n25pgn0lqJN8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvfRYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcj/3O09cGxGrR5wm3I/oSIlQMIpW6jQGGV55s0G54lbdBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLc2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN76mVBJilyx5aIwlQRjMv+dDIXmDOXUEsq0sLcSNqaaMrQJlWwI3urL66R9XfXcqvdQq9Tv8jiKcAbncAke3EAdGtCEFjCYwDO8wpuTOC/Ou/OxbC04+cwp/IHz+QPFoY8v</latexit><latexit sha1_base64="qkZPPVTXS1FjYf2n25pgn0lqJN8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvfRYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcj/3O09cGxGrR5wm3I/oSIlQMIpW6jQGGV55s0G54lbdBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLc2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN76mVBJilyx5aIwlQRjMv+dDIXmDOXUEsq0sLcSNqaaMrQJlWwI3urL66R9XfXcqvdQq9Tv8jiKcAbncAke3EAdGtCEFjCYwDO8wpuTOC/Ou/OxbC04+cwp/IHz+QPFoY8v</latexit><latexit sha1_base64="qkZPPVTXS1FjYf2n25pgn0lqJN8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvfRYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcj/3O09cGxGrR5wm3I/oSIlQMIpW6jQGGV55s0G54lbdBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLc2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN76mVBJilyx5aIwlQRjMv+dDIXmDOXUEsq0sLcSNqaaMrQJlWwI3urL66R9XfXcqvdQq9Tv8jiKcAbncAke3EAdGtCEFjCYwDO8wpuTOC/Ou/OxbC04+cwp/IHz+QPFoY8v</latexit>

(How do we choose which one?)



The BFGS method
- Secant equation

rgt+1(��x) = rf(xt)
<latexit sha1_base64="+//+z/5nNkVXdGqByejNZgKmzmE=">AAACE3icbVA9SwNBEN3z2/gVtbRZDEJUDHciaCMEtbBUMBpIwjG32YtL9vaO3TlJOPIfbPwrNhaK2NrY+W/cxCs0+mDg8d4MM/OCRAqDrvvpTExOTc/Mzs0XFhaXlleKq2vXJk414zUWy1jXAzBcCsVrKFDyeqI5RIHkN0H3dOjf3HFtRKyusJ/wVgQdJULBAK3kF3eaCgIJtONnuOsNaHmvecYlAu1t02Oam2G55+O2Xyy5FXcE+pd4OSmRHBd+8aPZjlkacYVMgjENz02wlYFGwSQfFJqp4QmwLnR4w1IFETetbPTTgG5ZpU3DWNtSSEfqz4kMImP6UWA7I8BbM+4Nxf+8RorhUSsTKkmRK/a9KEwlxZgOA6JtoTlD2bcEmBb2VspuQQNDG2PBhuCNv/yXXO9XPLfiXR6Uqid5HHNkg2ySMvHIIamSc3JBaoSRe/JInsmL8+A8Oa/O23frhJPPrJNfcN6/ACgTm8w=</latexit><latexit sha1_base64="+//+z/5nNkVXdGqByejNZgKmzmE=">AAACE3icbVA9SwNBEN3z2/gVtbRZDEJUDHciaCMEtbBUMBpIwjG32YtL9vaO3TlJOPIfbPwrNhaK2NrY+W/cxCs0+mDg8d4MM/OCRAqDrvvpTExOTc/Mzs0XFhaXlleKq2vXJk414zUWy1jXAzBcCsVrKFDyeqI5RIHkN0H3dOjf3HFtRKyusJ/wVgQdJULBAK3kF3eaCgIJtONnuOsNaHmvecYlAu1t02Oam2G55+O2Xyy5FXcE+pd4OSmRHBd+8aPZjlkacYVMgjENz02wlYFGwSQfFJqp4QmwLnR4w1IFETetbPTTgG5ZpU3DWNtSSEfqz4kMImP6UWA7I8BbM+4Nxf+8RorhUSsTKkmRK/a9KEwlxZgOA6JtoTlD2bcEmBb2VspuQQNDG2PBhuCNv/yXXO9XPLfiXR6Uqid5HHNkg2ySMvHIIamSc3JBaoSRe/JInsmL8+A8Oa/O23frhJPPrJNfcN6/ACgTm8w=</latexit><latexit sha1_base64="+//+z/5nNkVXdGqByejNZgKmzmE=">AAACE3icbVA9SwNBEN3z2/gVtbRZDEJUDHciaCMEtbBUMBpIwjG32YtL9vaO3TlJOPIfbPwrNhaK2NrY+W/cxCs0+mDg8d4MM/OCRAqDrvvpTExOTc/Mzs0XFhaXlleKq2vXJk414zUWy1jXAzBcCsVrKFDyeqI5RIHkN0H3dOjf3HFtRKyusJ/wVgQdJULBAK3kF3eaCgIJtONnuOsNaHmvecYlAu1t02Oam2G55+O2Xyy5FXcE+pd4OSmRHBd+8aPZjlkacYVMgjENz02wlYFGwSQfFJqp4QmwLnR4w1IFETetbPTTgG5ZpU3DWNtSSEfqz4kMImP6UWA7I8BbM+4Nxf+8RorhUSsTKkmRK/a9KEwlxZgOA6JtoTlD2bcEmBb2VspuQQNDG2PBhuCNv/yXXO9XPLfiXR6Uqid5HHNkg2ySMvHIIamSc3JBaoSRe/JInsmL8+A8Oa/O23frhJPPrJNfcN6/ACgTm8w=</latexit><latexit sha1_base64="+//+z/5nNkVXdGqByejNZgKmzmE=">AAACE3icbVA9SwNBEN3z2/gVtbRZDEJUDHciaCMEtbBUMBpIwjG32YtL9vaO3TlJOPIfbPwrNhaK2NrY+W/cxCs0+mDg8d4MM/OCRAqDrvvpTExOTc/Mzs0XFhaXlleKq2vXJk414zUWy1jXAzBcCsVrKFDyeqI5RIHkN0H3dOjf3HFtRKyusJ/wVgQdJULBAK3kF3eaCgIJtONnuOsNaHmvecYlAu1t02Oam2G55+O2Xyy5FXcE+pd4OSmRHBd+8aPZjlkacYVMgjENz02wlYFGwSQfFJqp4QmwLnR4w1IFETetbPTTgG5ZpU3DWNtSSEfqz4kMImP6UWA7I8BbM+4Nxf+8RorhUSsTKkmRK/a9KEwlxZgOA6JtoTlD2bcEmBb2VspuQQNDG2PBhuCNv/yXXO9XPLfiXR6Uqid5HHNkg2ySMvHIIamSc3JBaoSRe/JInsmL8+A8Oa/O23frhJPPrJNfcN6/ACgTm8w=</latexit>

Ht+1�x = rf(xt+1)�rf(xt)
<latexit sha1_base64="0xgagbd08+EnPKkDeVingMpnkdY=">AAACHXicbVA9SwNBEN2LXzF+RS1tFoOQIIY7CWgjiFqkVDAaSEKY2+zpkr29Y3dODEf+iI1/xcZCEQsb8d+4Sa7Q6IOBx3szzMzzYykMuu6Xk5uZnZtfyC8WlpZXVteK6xtXJko04w0WyUg3fTBcCsUbKFDyZqw5hL7k137/dORf33FtRKQucRDzTgg3SgSCAVqpW6zVuynuekPaPuMSgd7TI9pW4EugQfl+4lXo3k8NK91iya26Y9C/xMtIiWQ47xY/2r2IJSFXyCQY0/LcGDspaBRM8mGhnRgeA+vDDW9ZqiDkppOOvxvSHav0aBBpWwrpWP05kUJozCD0bWcIeGumvZH4n9dKMDjspELFCXLFJouCRFKM6Cgq2hOaM5QDS4BpYW+l7BY0MLSBFmwI3vTLf8nVftVzq95FrXR8ksWRJ1tkm5SJRw7IMamTc9IgjDyQJ/JCXp1H59l5c94nrTknm9kkv+B8fgP1Rp9W</latexit><latexit sha1_base64="0xgagbd08+EnPKkDeVingMpnkdY=">AAACHXicbVA9SwNBEN2LXzF+RS1tFoOQIIY7CWgjiFqkVDAaSEKY2+zpkr29Y3dODEf+iI1/xcZCEQsb8d+4Sa7Q6IOBx3szzMzzYykMuu6Xk5uZnZtfyC8WlpZXVteK6xtXJko04w0WyUg3fTBcCsUbKFDyZqw5hL7k137/dORf33FtRKQucRDzTgg3SgSCAVqpW6zVuynuekPaPuMSgd7TI9pW4EugQfl+4lXo3k8NK91iya26Y9C/xMtIiWQ47xY/2r2IJSFXyCQY0/LcGDspaBRM8mGhnRgeA+vDDW9ZqiDkppOOvxvSHav0aBBpWwrpWP05kUJozCD0bWcIeGumvZH4n9dKMDjspELFCXLFJouCRFKM6Cgq2hOaM5QDS4BpYW+l7BY0MLSBFmwI3vTLf8nVftVzq95FrXR8ksWRJ1tkm5SJRw7IMamTc9IgjDyQJ/JCXp1H59l5c94nrTknm9kkv+B8fgP1Rp9W</latexit><latexit sha1_base64="0xgagbd08+EnPKkDeVingMpnkdY=">AAACHXicbVA9SwNBEN2LXzF+RS1tFoOQIIY7CWgjiFqkVDAaSEKY2+zpkr29Y3dODEf+iI1/xcZCEQsb8d+4Sa7Q6IOBx3szzMzzYykMuu6Xk5uZnZtfyC8WlpZXVteK6xtXJko04w0WyUg3fTBcCsUbKFDyZqw5hL7k137/dORf33FtRKQucRDzTgg3SgSCAVqpW6zVuynuekPaPuMSgd7TI9pW4EugQfl+4lXo3k8NK91iya26Y9C/xMtIiWQ47xY/2r2IJSFXyCQY0/LcGDspaBRM8mGhnRgeA+vDDW9ZqiDkppOOvxvSHav0aBBpWwrpWP05kUJozCD0bWcIeGumvZH4n9dKMDjspELFCXLFJouCRFKM6Cgq2hOaM5QDS4BpYW+l7BY0MLSBFmwI3vTLf8nVftVzq95FrXR8ksWRJ1tkm5SJRw7IMamTc9IgjDyQJ/JCXp1H59l5c94nrTknm9kkv+B8fgP1Rp9W</latexit><latexit sha1_base64="0xgagbd08+EnPKkDeVingMpnkdY=">AAACHXicbVA9SwNBEN2LXzF+RS1tFoOQIIY7CWgjiFqkVDAaSEKY2+zpkr29Y3dODEf+iI1/xcZCEQsb8d+4Sa7Q6IOBx3szzMzzYykMuu6Xk5uZnZtfyC8WlpZXVteK6xtXJko04w0WyUg3fTBcCsUbKFDyZqw5hL7k137/dORf33FtRKQucRDzTgg3SgSCAVqpW6zVuynuekPaPuMSgd7TI9pW4EugQfl+4lXo3k8NK91iya26Y9C/xMtIiWQ47xY/2r2IJSFXyCQY0/LcGDspaBRM8mGhnRgeA+vDDW9ZqiDkppOOvxvSHav0aBBpWwrpWP05kUJozCD0bWcIeGumvZH4n9dKMDjspELFCXLFJouCRFKM6Cgq2hOaM5QDS4BpYW+l7BY0MLSBFmwI3vTLf8nVftVzq95FrXR8ksWRJ1tkm5SJRw7IMamTc9IgjDyQJ/JCXp1H59l5c94nrTknm9kkv+B8fgP1Rp9W</latexit>

(Some of you might have seen the expression                        )Ht+1st = yk
<latexit sha1_base64="sPFOu0RrFy75LnrRSg1GWairqPY=">AAAB+nicbVBNS8NAEN34WetXqkcvi0UQhJKIoBeh6KXHCvYD2hA22027dLMJuxMlxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL0gE1+A439bK6tr6xmZpq7y9s7u3b1cO2jpOFWUtGotYdQOimeCStYCDYN1EMRIFgnWC8e3U7zwwpXks7yFLmBeRoeQhpwSM5NuVhp/DmTvB2gd8jTN/7NtVp+bMgJeJW5AqKtD07a/+IKZpxCRQQbTuuU4CXk4UcCrYpNxPNUsIHZMh6xkqScS0l89On+ATowxwGCtTEvBM/T2Rk0jrLApMZ0RgpBe9qfif10shvPJyLpMUmKTzRWEqMMR4mgMecMUoiMwQQhU3t2I6IopQMGmVTQju4svLpH1ec52ae3dRrd8UcZTQETpGp8hFl6iOGqiJWoiiR/SMXtGb9WS9WO/Wx7x1xSpmDtEfWJ8/mvOS6g==</latexit><latexit sha1_base64="sPFOu0RrFy75LnrRSg1GWairqPY=">AAAB+nicbVBNS8NAEN34WetXqkcvi0UQhJKIoBeh6KXHCvYD2hA22027dLMJuxMlxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL0gE1+A439bK6tr6xmZpq7y9s7u3b1cO2jpOFWUtGotYdQOimeCStYCDYN1EMRIFgnWC8e3U7zwwpXks7yFLmBeRoeQhpwSM5NuVhp/DmTvB2gd8jTN/7NtVp+bMgJeJW5AqKtD07a/+IKZpxCRQQbTuuU4CXk4UcCrYpNxPNUsIHZMh6xkqScS0l89On+ATowxwGCtTEvBM/T2Rk0jrLApMZ0RgpBe9qfif10shvPJyLpMUmKTzRWEqMMR4mgMecMUoiMwQQhU3t2I6IopQMGmVTQju4svLpH1ec52ae3dRrd8UcZTQETpGp8hFl6iOGqiJWoiiR/SMXtGb9WS9WO/Wx7x1xSpmDtEfWJ8/mvOS6g==</latexit><latexit sha1_base64="sPFOu0RrFy75LnrRSg1GWairqPY=">AAAB+nicbVBNS8NAEN34WetXqkcvi0UQhJKIoBeh6KXHCvYD2hA22027dLMJuxMlxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL0gE1+A439bK6tr6xmZpq7y9s7u3b1cO2jpOFWUtGotYdQOimeCStYCDYN1EMRIFgnWC8e3U7zwwpXks7yFLmBeRoeQhpwSM5NuVhp/DmTvB2gd8jTN/7NtVp+bMgJeJW5AqKtD07a/+IKZpxCRQQbTuuU4CXk4UcCrYpNxPNUsIHZMh6xkqScS0l89On+ATowxwGCtTEvBM/T2Rk0jrLApMZ0RgpBe9qfif10shvPJyLpMUmKTzRWEqMMR4mgMecMUoiMwQQhU3t2I6IopQMGmVTQju4svLpH1ec52ae3dRrd8UcZTQETpGp8hFl6iOGqiJWoiiR/SMXtGb9WS9WO/Wx7x1xSpmDtEfWJ8/mvOS6g==</latexit><latexit sha1_base64="sPFOu0RrFy75LnrRSg1GWairqPY=">AAAB+nicbVBNS8NAEN34WetXqkcvi0UQhJKIoBeh6KXHCvYD2hA22027dLMJuxMlxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL0gE1+A439bK6tr6xmZpq7y9s7u3b1cO2jpOFWUtGotYdQOimeCStYCDYN1EMRIFgnWC8e3U7zwwpXks7yFLmBeRoeQhpwSM5NuVhp/DmTvB2gd8jTN/7NtVp+bMgJeJW5AqKtD07a/+IKZpxCRQQbTuuU4CXk4UcCrYpNxPNUsIHZMh6xkqScS0l89On+ATowxwGCtTEvBM/T2Rk0jrLApMZ0RgpBe9qfif10shvPJyLpMUmKTzRWEqMMR4mgMecMUoiMwQQhU3t2I6IopQMGmVTQju4svLpH1ec52ae3dRrd8UcZTQETpGp8hFl6iOGqiJWoiiR/SMXtGb9WS9WO/Wx7x1xSpmDtEfWJ8/mvOS6g==</latexit>

- Requirement:
(Why?)

Ht+1 � 0 �! �x
> (rf(xt+1)�rf(xt)) > 0

<latexit sha1_base64="wzCqPxIE7UbwLYNnZjB26btQlh4="></latexit><latexit sha1_base64="wzCqPxIE7UbwLYNnZjB26btQlh4="></latexit><latexit sha1_base64="wzCqPxIE7UbwLYNnZjB26btQlh4="></latexit><latexit sha1_base64="wzCqPxIE7UbwLYNnZjB26btQlh4="></latexit>

- How many           satisfy this? Infinite! Ht+1
<latexit sha1_base64="qkZPPVTXS1FjYf2n25pgn0lqJN8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvfRYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcj/3O09cGxGrR5wm3I/oSIlQMIpW6jQGGV55s0G54lbdBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLc2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN76mVBJilyx5aIwlQRjMv+dDIXmDOXUEsq0sLcSNqaaMrQJlWwI3urL66R9XfXcqvdQq9Tv8jiKcAbncAke3EAdGtCEFjCYwDO8wpuTOC/Ou/OxbC04+cwp/IHz+QPFoY8v</latexit><latexit sha1_base64="qkZPPVTXS1FjYf2n25pgn0lqJN8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvfRYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcj/3O09cGxGrR5wm3I/oSIlQMIpW6jQGGV55s0G54lbdBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLc2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN76mVBJilyx5aIwlQRjMv+dDIXmDOXUEsq0sLcSNqaaMrQJlWwI3urL66R9XfXcqvdQq9Tv8jiKcAbncAke3EAdGtCEFjCYwDO8wpuTOC/Ou/OxbC04+cwp/IHz+QPFoY8v</latexit><latexit sha1_base64="qkZPPVTXS1FjYf2n25pgn0lqJN8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvfRYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcj/3O09cGxGrR5wm3I/oSIlQMIpW6jQGGV55s0G54lbdBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLc2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN76mVBJilyx5aIwlQRjMv+dDIXmDOXUEsq0sLcSNqaaMrQJlWwI3urL66R9XfXcqvdQq9Tv8jiKcAbncAke3EAdGtCEFjCYwDO8wpuTOC/Ou/OxbC04+cwp/IHz+QPFoY8v</latexit><latexit sha1_base64="qkZPPVTXS1FjYf2n25pgn0lqJN8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvfRYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcj/3O09cGxGrR5wm3I/oSIlQMIpW6jQGGV55s0G54lbdBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLc2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN76mVBJilyx5aIwlQRjMv+dDIXmDOXUEsq0sLcSNqaaMrQJlWwI3urL66R9XfXcqvdQq9Tv8jiKcAbncAke3EAdGtCEFjCYwDO8wpuTOC/Ou/OxbC04+cwp/IHz+QPFoY8v</latexit>

(How do we choose which one?)

- By solving: min
H

kH �Htk2F

s.t. H = H
>
,

H�x = rf(xt)�rf(xt�1)
<latexit sha1_base64="AuiM0OBvQBAv8vhjSXalpScdo2Q="></latexit><latexit sha1_base64="AuiM0OBvQBAv8vhjSXalpScdo2Q="></latexit><latexit sha1_base64="AuiM0OBvQBAv8vhjSXalpScdo2Q="></latexit><latexit sha1_base64="AuiM0OBvQBAv8vhjSXalpScdo2Q="></latexit>

(Intuition?)
H � 0

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



The BFGS method
- The BFGS method goes a bit further:

min
B

kB �Btk2F

s.t. B = B>,

�x = B (rf(xt)�rf(xt�1))
<latexit sha1_base64="PMI0U7nJenpQ6z7OSEo0iQzJKDM="></latexit><latexit sha1_base64="PMI0U7nJenpQ6z7OSEo0iQzJKDM="></latexit><latexit sha1_base64="PMI0U7nJenpQ6z7OSEo0iQzJKDM="></latexit><latexit sha1_base64="PMI0U7nJenpQ6z7OSEo0iQzJKDM="></latexit>

Approximates directly the inverse!

B � 0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



The BFGS method
- The BFGS method goes a bit further:

min
B

kB �Btk2F

s.t. B = B>,

�x = B (rf(xt)�rf(xt�1))
<latexit sha1_base64="PMI0U7nJenpQ6z7OSEo0iQzJKDM="></latexit><latexit sha1_base64="PMI0U7nJenpQ6z7OSEo0iQzJKDM="></latexit><latexit sha1_base64="PMI0U7nJenpQ6z7OSEo0iQzJKDM="></latexit><latexit sha1_base64="PMI0U7nJenpQ6z7OSEo0iQzJKDM="></latexit>

Approximates directly the inverse!

- The BFGS method has an easy closed for solution:

Bt+1 =

✓
I � sty>t

s>t yt

◆
Bt

✓
I � yts>t

s>t yt

◆
+

sts>t
s>t yt

<latexit sha1_base64="+dTQDo/Q019sCugf0gryGbTYBkg="></latexit><latexit sha1_base64="+dTQDo/Q019sCugf0gryGbTYBkg="></latexit><latexit sha1_base64="+dTQDo/Q019sCugf0gryGbTYBkg="></latexit><latexit sha1_base64="+dTQDo/Q019sCugf0gryGbTYBkg="></latexit>

st := �x
<latexit sha1_base64="dAmCmPkFlZYoDvqwkXUN2owF6uA=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAInsKuCIogBPXgMYJ5QLIss5NJMmT2wUyvGJd8iRcPinj1U7z5N06SPWi0oKGo6qa7K0ik0Og4X1ZhaXllda24XtrY3Nou2zu7TR2nivEGi2Ws2gHVXIqIN1Cg5O1EcRoGkreC0dXUb91zpUUc3eE44V5IB5HoC0bRSL5d1j6S8wvSveYSKXnw7YpTdWYgf4mbkwrkqPv2Z7cXszTkETJJte64ToJeRhUKJvmk1E01Tygb0QHvGBrRkGsvmx0+IYdG6ZF+rExFSGbqz4mMhlqPw8B0hhSHetGbiv95nRT7Z14moiRFHrH5on4qCcZkmgLpCcUZyrEhlClhbiVsSBVlaLIqmRDcxZf/kuZx1XWq7u1JpXaZx1GEfTiAI3DhFGpwA3VoAIMUnuAFXq1H69l6s97nrQUrn9mDX7A+vgErF5Ic</latexit><latexit sha1_base64="dAmCmPkFlZYoDvqwkXUN2owF6uA=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAInsKuCIogBPXgMYJ5QLIss5NJMmT2wUyvGJd8iRcPinj1U7z5N06SPWi0oKGo6qa7K0ik0Og4X1ZhaXllda24XtrY3Nou2zu7TR2nivEGi2Ws2gHVXIqIN1Cg5O1EcRoGkreC0dXUb91zpUUc3eE44V5IB5HoC0bRSL5d1j6S8wvSveYSKXnw7YpTdWYgf4mbkwrkqPv2Z7cXszTkETJJte64ToJeRhUKJvmk1E01Tygb0QHvGBrRkGsvmx0+IYdG6ZF+rExFSGbqz4mMhlqPw8B0hhSHetGbiv95nRT7Z14moiRFHrH5on4qCcZkmgLpCcUZyrEhlClhbiVsSBVlaLIqmRDcxZf/kuZx1XWq7u1JpXaZx1GEfTiAI3DhFGpwA3VoAIMUnuAFXq1H69l6s97nrQUrn9mDX7A+vgErF5Ic</latexit><latexit sha1_base64="dAmCmPkFlZYoDvqwkXUN2owF6uA=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAInsKuCIogBPXgMYJ5QLIss5NJMmT2wUyvGJd8iRcPinj1U7z5N06SPWi0oKGo6qa7K0ik0Og4X1ZhaXllda24XtrY3Nou2zu7TR2nivEGi2Ws2gHVXIqIN1Cg5O1EcRoGkreC0dXUb91zpUUc3eE44V5IB5HoC0bRSL5d1j6S8wvSveYSKXnw7YpTdWYgf4mbkwrkqPv2Z7cXszTkETJJte64ToJeRhUKJvmk1E01Tygb0QHvGBrRkGsvmx0+IYdG6ZF+rExFSGbqz4mMhlqPw8B0hhSHetGbiv95nRT7Z14moiRFHrH5on4qCcZkmgLpCcUZyrEhlClhbiVsSBVlaLIqmRDcxZf/kuZx1XWq7u1JpXaZx1GEfTiAI3DhFGpwA3VoAIMUnuAFXq1H69l6s97nrQUrn9mDX7A+vgErF5Ic</latexit><latexit sha1_base64="dAmCmPkFlZYoDvqwkXUN2owF6uA=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAInsKuCIogBPXgMYJ5QLIss5NJMmT2wUyvGJd8iRcPinj1U7z5N06SPWi0oKGo6qa7K0ik0Og4X1ZhaXllda24XtrY3Nou2zu7TR2nivEGi2Ws2gHVXIqIN1Cg5O1EcRoGkreC0dXUb91zpUUc3eE44V5IB5HoC0bRSL5d1j6S8wvSveYSKXnw7YpTdWYgf4mbkwrkqPv2Z7cXszTkETJJte64ToJeRhUKJvmk1E01Tygb0QHvGBrRkGsvmx0+IYdG6ZF+rExFSGbqz4mMhlqPw8B0hhSHetGbiv95nRT7Z14moiRFHrH5on4qCcZkmgLpCcUZyrEhlClhbiVsSBVlaLIqmRDcxZf/kuZx1XWq7u1JpXaZx1GEfTiAI3DhFGpwA3VoAIMUnuAFXq1H69l6s97nrQUrn9mDX7A+vgErF5Ic</latexit>

yt := rf(xt+1)�rf(xt)
<latexit sha1_base64="rQSXKv44t5OCPhrGogV5hYCr9mc=">AAACEXicbVDLSgNBEJyNrxhfqx69DAYhQQy7IiiCEPTiMYJ5QBKW2clsMmR2dpnpFcOSX/Dir3jxoIhXb978GyePQ0wsaCiquunu8mPBNTjOj5VZWl5ZXcuu5zY2t7Z37N29mo4SRVmVRiJSDZ9oJrhkVeAgWCNWjIS+YHW/fzPy6w9MaR7JexjErB2SruQBpwSM5NmFgQf48gq3JPEFwUHh0Uvh2B0W8cmsBkXPzjslZwy8SNwpyaMpKp793epENAmZBCqI1k3XiaGdEgWcCjbMtRLNYkL7pMuahkoSMt1Oxx8N8ZFROjiIlCkJeKzOTqQk1HoQ+qYzJNDT895I/M9rJhBctFMu4wSYpJNFQSIwRHgUD+5wxSiIgSGEKm5uxbRHFKFgQsyZENz5lxdJ7bTkOiX37ixfvp7GkUUH6BAVkIvOURndogqqIoqe0At6Q+/Ws/VqfVifk9aMNZ3ZR39gff0CmCWa9w==</latexit><latexit sha1_base64="rQSXKv44t5OCPhrGogV5hYCr9mc=">AAACEXicbVDLSgNBEJyNrxhfqx69DAYhQQy7IiiCEPTiMYJ5QBKW2clsMmR2dpnpFcOSX/Dir3jxoIhXb978GyePQ0wsaCiquunu8mPBNTjOj5VZWl5ZXcuu5zY2t7Z37N29mo4SRVmVRiJSDZ9oJrhkVeAgWCNWjIS+YHW/fzPy6w9MaR7JexjErB2SruQBpwSM5NmFgQf48gq3JPEFwUHh0Uvh2B0W8cmsBkXPzjslZwy8SNwpyaMpKp793epENAmZBCqI1k3XiaGdEgWcCjbMtRLNYkL7pMuahkoSMt1Oxx8N8ZFROjiIlCkJeKzOTqQk1HoQ+qYzJNDT895I/M9rJhBctFMu4wSYpJNFQSIwRHgUD+5wxSiIgSGEKm5uxbRHFKFgQsyZENz5lxdJ7bTkOiX37ixfvp7GkUUH6BAVkIvOURndogqqIoqe0At6Q+/Ws/VqfVifk9aMNZ3ZR39gff0CmCWa9w==</latexit><latexit sha1_base64="rQSXKv44t5OCPhrGogV5hYCr9mc=">AAACEXicbVDLSgNBEJyNrxhfqx69DAYhQQy7IiiCEPTiMYJ5QBKW2clsMmR2dpnpFcOSX/Dir3jxoIhXb978GyePQ0wsaCiquunu8mPBNTjOj5VZWl5ZXcuu5zY2t7Z37N29mo4SRVmVRiJSDZ9oJrhkVeAgWCNWjIS+YHW/fzPy6w9MaR7JexjErB2SruQBpwSM5NmFgQf48gq3JPEFwUHh0Uvh2B0W8cmsBkXPzjslZwy8SNwpyaMpKp793epENAmZBCqI1k3XiaGdEgWcCjbMtRLNYkL7pMuahkoSMt1Oxx8N8ZFROjiIlCkJeKzOTqQk1HoQ+qYzJNDT895I/M9rJhBctFMu4wSYpJNFQSIwRHgUD+5wxSiIgSGEKm5uxbRHFKFgQsyZENz5lxdJ7bTkOiX37ixfvp7GkUUH6BAVkIvOURndogqqIoqe0At6Q+/Ws/VqfVifk9aMNZ3ZR39gff0CmCWa9w==</latexit><latexit sha1_base64="rQSXKv44t5OCPhrGogV5hYCr9mc=">AAACEXicbVDLSgNBEJyNrxhfqx69DAYhQQy7IiiCEPTiMYJ5QBKW2clsMmR2dpnpFcOSX/Dir3jxoIhXb978GyePQ0wsaCiquunu8mPBNTjOj5VZWl5ZXcuu5zY2t7Z37N29mo4SRVmVRiJSDZ9oJrhkVeAgWCNWjIS+YHW/fzPy6w9MaR7JexjErB2SruQBpwSM5NmFgQf48gq3JPEFwUHh0Uvh2B0W8cmsBkXPzjslZwy8SNwpyaMpKp793epENAmZBCqI1k3XiaGdEgWcCjbMtRLNYkL7pMuahkoSMt1Oxx8N8ZFROjiIlCkJeKzOTqQk1HoQ+qYzJNDT895I/M9rJhBctFMu4wSYpJNFQSIwRHgUD+5wxSiIgSGEKm5uxbRHFKFgQsyZENz5lxdJ7bTkOiX37ixfvp7GkUUH6BAVkIvOURndogqqIoqe0At6Q+/Ws/VqfVifk9aMNZ3ZR39gff0CmCWa9w==</latexit> (Only inner product/outer product computations!) 

(Only uses gradient information)

B � 0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



The SR1 method
- SR1 = Symmetric-Rank-1 update (in contrast to BFGS which is rank-2)



The SR1 method
- SR1 = Symmetric-Rank-1 update (in contrast to BFGS which is rank-2)

Ht+1 = Ht + �vv
>

<latexit sha1_base64="EXd+HUD0AsHkvaKUKuAXPylUSoU=">AAACB3icbVDLSsNAFJ3UV62vqEtBBosgFEoigm6EopsuK9gHNDFMppN26OTBzE2hhO7c+CtuXCji1l9w5984bbPQ1gMXDufcy733+IngCizr2yisrK6tbxQ3S1vbO7t75v5BS8WppKxJYxHLjk8UEzxiTeAgWCeRjIS+YG1/eDv12yMmFY+jexgnzA1JP+IBpwS05JnHdS+Dij3B17juAa5gR/F+SPBo9OBAnHhm2apaM+BlYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNik5qWIJoUPSZ11NIxIy5WazPyb4VCs9HMRSVwR4pv6eyEio1Dj0dWdIYKAWvan4n9dNIbhyMx4lKbCIzhcFqcAQ42kouMcloyDGmhAqub4V0wGRhIKOrqRDsBdfXiat86ptVe27i3LtJo+jiI7QCTpDNrpENVRHDdREFD2iZ/SK3own48V4Nz7mrQUjnzlEf2B8/gB+yZfP</latexit><latexit sha1_base64="EXd+HUD0AsHkvaKUKuAXPylUSoU=">AAACB3icbVDLSsNAFJ3UV62vqEtBBosgFEoigm6EopsuK9gHNDFMppN26OTBzE2hhO7c+CtuXCji1l9w5984bbPQ1gMXDufcy733+IngCizr2yisrK6tbxQ3S1vbO7t75v5BS8WppKxJYxHLjk8UEzxiTeAgWCeRjIS+YG1/eDv12yMmFY+jexgnzA1JP+IBpwS05JnHdS+Dij3B17juAa5gR/F+SPBo9OBAnHhm2apaM+BlYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNik5qWIJoUPSZ11NIxIy5WazPyb4VCs9HMRSVwR4pv6eyEio1Dj0dWdIYKAWvan4n9dNIbhyMx4lKbCIzhcFqcAQ42kouMcloyDGmhAqub4V0wGRhIKOrqRDsBdfXiat86ptVe27i3LtJo+jiI7QCTpDNrpENVRHDdREFD2iZ/SK3own48V4Nz7mrQUjnzlEf2B8/gB+yZfP</latexit><latexit sha1_base64="EXd+HUD0AsHkvaKUKuAXPylUSoU=">AAACB3icbVDLSsNAFJ3UV62vqEtBBosgFEoigm6EopsuK9gHNDFMppN26OTBzE2hhO7c+CtuXCji1l9w5984bbPQ1gMXDufcy733+IngCizr2yisrK6tbxQ3S1vbO7t75v5BS8WppKxJYxHLjk8UEzxiTeAgWCeRjIS+YG1/eDv12yMmFY+jexgnzA1JP+IBpwS05JnHdS+Dij3B17juAa5gR/F+SPBo9OBAnHhm2apaM+BlYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNik5qWIJoUPSZ11NIxIy5WazPyb4VCs9HMRSVwR4pv6eyEio1Dj0dWdIYKAWvan4n9dNIbhyMx4lKbCIzhcFqcAQ42kouMcloyDGmhAqub4V0wGRhIKOrqRDsBdfXiat86ptVe27i3LtJo+jiI7QCTpDNrpENVRHDdREFD2iZ/SK3own48V4Nz7mrQUjnzlEf2B8/gB+yZfP</latexit><latexit sha1_base64="EXd+HUD0AsHkvaKUKuAXPylUSoU=">AAACB3icbVDLSsNAFJ3UV62vqEtBBosgFEoigm6EopsuK9gHNDFMppN26OTBzE2hhO7c+CtuXCji1l9w5984bbPQ1gMXDufcy733+IngCizr2yisrK6tbxQ3S1vbO7t75v5BS8WppKxJYxHLjk8UEzxiTeAgWCeRjIS+YG1/eDv12yMmFY+jexgnzA1JP+IBpwS05JnHdS+Dij3B17juAa5gR/F+SPBo9OBAnHhm2apaM+BlYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNik5qWIJoUPSZ11NIxIy5WazPyb4VCs9HMRSVwR4pv6eyEio1Dj0dWdIYKAWvan4n9dNIbhyMx4lKbCIzhcFqcAQ42kouMcloyDGmhAqub4V0wGRhIKOrqRDsBdfXiat86ptVe27i3LtJo+jiI7QCTpDNrpENVRHDdREFD2iZ/SK3own48V4Nz7mrQUjnzlEf2B8/gB+yZfP</latexit>

- Find          such thatHt+1
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The SR1 method
- SR1 = Symmetric-Rank-1 update (in contrast to BFGS which is rank-2)

- SR1 rule:
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The SR1 method
- SR1 = Symmetric-Rank-1 update (in contrast to BFGS which is rank-2)

- SR1 rule:
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- No guarantee for positive definiteness!

- Might be useful to generate indefinite Hessian approximations  
   in non convex optimization

(Could be a project proposal)
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(Rank-1 update)

 and secant equation is satisfied

� 2 {±1}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



For the sake of saving lecture time

kxk+1 � x?k2  ckkxk � x?k2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

ck ! 0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

where



For the sake of saving lecture time

No theory
(But willing to prepare some if 

people get interested)

kxk+1 � x?k2  ckkxk � x?k2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

ck ! 0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

where



For the sake of saving lecture time

No theory
(But willing to prepare some if 

people get interested)

xt+1 = xt � ⌘Btrf(xt)
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- Have in mind the formula:

Preconditioner matrix
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0-th order optimization
- Some examples: Bisection method, genetic algorithms, simulated annealing 
   Metropolis methods..

- There are problems where we don’t have access to gradients, or are compu- 
   tationally expensive to compute

- Here we will briefly describe the finite differences method: 

xt+1 = xt � ⌘ f(xt+µtu)�f(xt)
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(we have access to function 
evaluations)- Based on the approximation of the gradient: 

f 0(x) ⇡ f(x+ ✏)� f(x)

✏
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(A quick description)

- The idea of adversarial examples: small perturbations lead to misclassification

xadv = x+ ✏ · sign (rf(x, ytrue))
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<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

ytrue
<latexit sha1_base64="Zv/hx3/Zf6XBJmDreCJiCJkcwQ8=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJVgETyURQY9FLx4r2A9oQ9hsJ+3SzQe7EzGG/BIvHhTx6k/x5r9x2+agrQ8GHu/NMDPPTwRXaNvfRmVtfWNzq7pd29nd26+bB4ddFaeSQYfFIpZ9nyoQPIIOchTQTyTQ0BfQ86c3M7/3AFLxOLrHLAE3pOOIB5xR1JJn1jMvHyI8Yo4yhaLwzIbdtOewVolTkgYp0fbMr+EoZmkIETJBlRo4doJuTiVyJqCoDVMFCWVTOoaBphENQbn5/PDCOtXKyApiqStCa67+nshpqFQW+rozpDhRy95M/M8bpBhcuTmPkhQhYotFQSosjK1ZCtaIS2AoMk0ok1zfarEJlZShzqqmQ3CWX14l3fOmYzedu4tG67qMo0qOyQk5Iw65JC1yS9qkQxhJyTN5JW/Gk/FivBsfi9aKUc4ckT8wPn8A89KT6g==</latexit><latexit sha1_base64="Zv/hx3/Zf6XBJmDreCJiCJkcwQ8=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJVgETyURQY9FLx4r2A9oQ9hsJ+3SzQe7EzGG/BIvHhTx6k/x5r9x2+agrQ8GHu/NMDPPTwRXaNvfRmVtfWNzq7pd29nd26+bB4ddFaeSQYfFIpZ9nyoQPIIOchTQTyTQ0BfQ86c3M7/3AFLxOLrHLAE3pOOIB5xR1JJn1jMvHyI8Yo4yhaLwzIbdtOewVolTkgYp0fbMr+EoZmkIETJBlRo4doJuTiVyJqCoDVMFCWVTOoaBphENQbn5/PDCOtXKyApiqStCa67+nshpqFQW+rozpDhRy95M/M8bpBhcuTmPkhQhYotFQSosjK1ZCtaIS2AoMk0ok1zfarEJlZShzqqmQ3CWX14l3fOmYzedu4tG67qMo0qOyQk5Iw65JC1yS9qkQxhJyTN5JW/Gk/FivBsfi9aKUc4ckT8wPn8A89KT6g==</latexit><latexit sha1_base64="Zv/hx3/Zf6XBJmDreCJiCJkcwQ8=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJVgETyURQY9FLx4r2A9oQ9hsJ+3SzQe7EzGG/BIvHhTx6k/x5r9x2+agrQ8GHu/NMDPPTwRXaNvfRmVtfWNzq7pd29nd26+bB4ddFaeSQYfFIpZ9nyoQPIIOchTQTyTQ0BfQ86c3M7/3AFLxOLrHLAE3pOOIB5xR1JJn1jMvHyI8Yo4yhaLwzIbdtOewVolTkgYp0fbMr+EoZmkIETJBlRo4doJuTiVyJqCoDVMFCWVTOoaBphENQbn5/PDCOtXKyApiqStCa67+nshpqFQW+rozpDhRy95M/M8bpBhcuTmPkhQhYotFQSosjK1ZCtaIS2AoMk0ok1zfarEJlZShzqqmQ3CWX14l3fOmYzedu4tG67qMo0qOyQk5Iw65JC1yS9qkQxhJyTN5JW/Gk/FivBsfi9aKUc4ckT8wPn8A89KT6g==</latexit><latexit sha1_base64="Zv/hx3/Zf6XBJmDreCJiCJkcwQ8=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJVgETyURQY9FLx4r2A9oQ9hsJ+3SzQe7EzGG/BIvHhTx6k/x5r9x2+agrQ8GHu/NMDPPTwRXaNvfRmVtfWNzq7pd29nd26+bB4ddFaeSQYfFIpZ9nyoQPIIOchTQTyTQ0BfQ86c3M7/3AFLxOLrHLAE3pOOIB5xR1JJn1jMvHyI8Yo4yhaLwzIbdtOewVolTkgYp0fbMr+EoZmkIETJBlRo4doJuTiVyJqCoDVMFCWVTOoaBphENQbn5/PDCOtXKyApiqStCa67+nshpqFQW+rozpDhRy95M/M8bpBhcuTmPkhQhYotFQSosjK1ZCtaIS2AoMk0ok1zfarEJlZShzqqmQ3CWX14l3fOmYzedu4tG67qMo0qOyQk5Iw65JC1yS9qkQxhJyTN5JW/Gk/FivBsfi9aKUc4ckT8wPn8A89KT6g==</latexit>

xadv
<latexit sha1_base64="VJwQzaduWMfTc+tF9Un0/eoArdA=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6LHoxWMF+wFtLZvNpF262YTdSW0J+R9ePCji1f/izX/jts1BWx8MPN6bYWaeFwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6ihRDBosEpFqe1SD4BIayFFAO1ZAQ09AyxvdzvzWGJTmkXzAaQy9kA4kDzijaKTHST/tIkwwpf44y/rlilN15rBXiZuTCslR75e/un7EkhAkMkG17rhOjL2UKuRMQFbqJhpiykZ0AB1DJQ1B99L51Zl9ZhTfDiJlSqI9V39PpDTUehp6pjOkONTL3kz8z+skGFz3Ui7jBEGyxaIgETZG9iwC2+cKGIqpIZQpbm612ZAqytAEVTIhuMsvr5LmRdV1qu79ZaV2k8dRJCfklJwTl1yRGrkjddIgjCjyTF7Jm/VkvVjv1seitWDlM8fkD6zPH4Vjkyk=</latexit><latexit sha1_base64="VJwQzaduWMfTc+tF9Un0/eoArdA=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6LHoxWMF+wFtLZvNpF262YTdSW0J+R9ePCji1f/izX/jts1BWx8MPN6bYWaeFwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6ihRDBosEpFqe1SD4BIayFFAO1ZAQ09AyxvdzvzWGJTmkXzAaQy9kA4kDzijaKTHST/tIkwwpf44y/rlilN15rBXiZuTCslR75e/un7EkhAkMkG17rhOjL2UKuRMQFbqJhpiykZ0AB1DJQ1B99L51Zl9ZhTfDiJlSqI9V39PpDTUehp6pjOkONTL3kz8z+skGFz3Ui7jBEGyxaIgETZG9iwC2+cKGIqpIZQpbm612ZAqytAEVTIhuMsvr5LmRdV1qu79ZaV2k8dRJCfklJwTl1yRGrkjddIgjCjyTF7Jm/VkvVjv1seitWDlM8fkD6zPH4Vjkyk=</latexit><latexit sha1_base64="VJwQzaduWMfTc+tF9Un0/eoArdA=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6LHoxWMF+wFtLZvNpF262YTdSW0J+R9ePCji1f/izX/jts1BWx8MPN6bYWaeFwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6ihRDBosEpFqe1SD4BIayFFAO1ZAQ09AyxvdzvzWGJTmkXzAaQy9kA4kDzijaKTHST/tIkwwpf44y/rlilN15rBXiZuTCslR75e/un7EkhAkMkG17rhOjL2UKuRMQFbqJhpiykZ0AB1DJQ1B99L51Zl9ZhTfDiJlSqI9V39PpDTUehp6pjOkONTL3kz8z+skGFz3Ui7jBEGyxaIgETZG9iwC2+cKGIqpIZQpbm612ZAqytAEVTIhuMsvr5LmRdV1qu79ZaV2k8dRJCfklJwTl1yRGrkjddIgjCjyTF7Jm/VkvVjv1seitWDlM8fkD6zPH4Vjkyk=</latexit><latexit sha1_base64="VJwQzaduWMfTc+tF9Un0/eoArdA=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6LHoxWMF+wFtLZvNpF262YTdSW0J+R9ePCji1f/izX/jts1BWx8MPN6bYWaeFwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6ihRDBosEpFqe1SD4BIayFFAO1ZAQ09AyxvdzvzWGJTmkXzAaQy9kA4kDzijaKTHST/tIkwwpf44y/rlilN15rBXiZuTCslR75e/un7EkhAkMkG17rhOjL2UKuRMQFbqJhpiykZ0AB1DJQ1B99L51Zl9ZhTfDiJlSqI9V39PpDTUehp6pjOkONTL3kz8z+skGFz3Ui7jBEGyxaIgETZG9iwC2+cKGIqpIZQpbm612ZAqytAEVTIhuMsvr5LmRdV1qu79ZaV2k8dRJCfklJwTl1yRGrkjddIgjCjyTF7Jm/VkvVjv1seitWDlM8fkD6zPH4Vjkyk=</latexit>

(The objective represents a complex 
model like a neural network)



Application: Adversarial examples in NN training
(A quick description)

- The idea of adversarial examples: small perturbations lead to misclassification

xadv = x+ ✏ · sign (rf(x, ytrue))
<latexit sha1_base64="kNglZJ8zdndAYTkgrP9/JExkqjY="></latexit><latexit sha1_base64="kNglZJ8zdndAYTkgrP9/JExkqjY="></latexit><latexit sha1_base64="kNglZJ8zdndAYTkgrP9/JExkqjY="></latexit><latexit sha1_base64="kNglZJ8zdndAYTkgrP9/JExkqjY="></latexit>

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

ytrue
<latexit sha1_base64="Zv/hx3/Zf6XBJmDreCJiCJkcwQ8=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJVgETyURQY9FLx4r2A9oQ9hsJ+3SzQe7EzGG/BIvHhTx6k/x5r9x2+agrQ8GHu/NMDPPTwRXaNvfRmVtfWNzq7pd29nd26+bB4ddFaeSQYfFIpZ9nyoQPIIOchTQTyTQ0BfQ86c3M7/3AFLxOLrHLAE3pOOIB5xR1JJn1jMvHyI8Yo4yhaLwzIbdtOewVolTkgYp0fbMr+EoZmkIETJBlRo4doJuTiVyJqCoDVMFCWVTOoaBphENQbn5/PDCOtXKyApiqStCa67+nshpqFQW+rozpDhRy95M/M8bpBhcuTmPkhQhYotFQSosjK1ZCtaIS2AoMk0ok1zfarEJlZShzqqmQ3CWX14l3fOmYzedu4tG67qMo0qOyQk5Iw65JC1yS9qkQxhJyTN5JW/Gk/FivBsfi9aKUc4ckT8wPn8A89KT6g==</latexit><latexit sha1_base64="Zv/hx3/Zf6XBJmDreCJiCJkcwQ8=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJVgETyURQY9FLx4r2A9oQ9hsJ+3SzQe7EzGG/BIvHhTx6k/x5r9x2+agrQ8GHu/NMDPPTwRXaNvfRmVtfWNzq7pd29nd26+bB4ddFaeSQYfFIpZ9nyoQPIIOchTQTyTQ0BfQ86c3M7/3AFLxOLrHLAE3pOOIB5xR1JJn1jMvHyI8Yo4yhaLwzIbdtOewVolTkgYp0fbMr+EoZmkIETJBlRo4doJuTiVyJqCoDVMFCWVTOoaBphENQbn5/PDCOtXKyApiqStCa67+nshpqFQW+rozpDhRy95M/M8bpBhcuTmPkhQhYotFQSosjK1ZCtaIS2AoMk0ok1zfarEJlZShzqqmQ3CWX14l3fOmYzedu4tG67qMo0qOyQk5Iw65JC1yS9qkQxhJyTN5JW/Gk/FivBsfi9aKUc4ckT8wPn8A89KT6g==</latexit><latexit sha1_base64="Zv/hx3/Zf6XBJmDreCJiCJkcwQ8=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJVgETyURQY9FLx4r2A9oQ9hsJ+3SzQe7EzGG/BIvHhTx6k/x5r9x2+agrQ8GHu/NMDPPTwRXaNvfRmVtfWNzq7pd29nd26+bB4ddFaeSQYfFIpZ9nyoQPIIOchTQTyTQ0BfQ86c3M7/3AFLxOLrHLAE3pOOIB5xR1JJn1jMvHyI8Yo4yhaLwzIbdtOewVolTkgYp0fbMr+EoZmkIETJBlRo4doJuTiVyJqCoDVMFCWVTOoaBphENQbn5/PDCOtXKyApiqStCa67+nshpqFQW+rozpDhRy95M/M8bpBhcuTmPkhQhYotFQSosjK1ZCtaIS2AoMk0ok1zfarEJlZShzqqmQ3CWX14l3fOmYzedu4tG67qMo0qOyQk5Iw65JC1yS9qkQxhJyTN5JW/Gk/FivBsfi9aKUc4ckT8wPn8A89KT6g==</latexit><latexit sha1_base64="Zv/hx3/Zf6XBJmDreCJiCJkcwQ8=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJVgETyURQY9FLx4r2A9oQ9hsJ+3SzQe7EzGG/BIvHhTx6k/x5r9x2+agrQ8GHu/NMDPPTwRXaNvfRmVtfWNzq7pd29nd26+bB4ddFaeSQYfFIpZ9nyoQPIIOchTQTyTQ0BfQ86c3M7/3AFLxOLrHLAE3pOOIB5xR1JJn1jMvHyI8Yo4yhaLwzIbdtOewVolTkgYp0fbMr+EoZmkIETJBlRo4doJuTiVyJqCoDVMFCWVTOoaBphENQbn5/PDCOtXKyApiqStCa67+nshpqFQW+rozpDhRy95M/M8bpBhcuTmPkhQhYotFQSosjK1ZCtaIS2AoMk0ok1zfarEJlZShzqqmQ3CWX14l3fOmYzedu4tG67qMo0qOyQk5Iw65JC1yS9qkQxhJyTN5JW/Gk/FivBsfi9aKUc4ckT8wPn8A89KT6g==</latexit>

xadv
<latexit sha1_base64="VJwQzaduWMfTc+tF9Un0/eoArdA=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6LHoxWMF+wFtLZvNpF262YTdSW0J+R9ePCji1f/izX/jts1BWx8MPN6bYWaeFwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6ihRDBosEpFqe1SD4BIayFFAO1ZAQ09AyxvdzvzWGJTmkXzAaQy9kA4kDzijaKTHST/tIkwwpf44y/rlilN15rBXiZuTCslR75e/un7EkhAkMkG17rhOjL2UKuRMQFbqJhpiykZ0AB1DJQ1B99L51Zl9ZhTfDiJlSqI9V39PpDTUehp6pjOkONTL3kz8z+skGFz3Ui7jBEGyxaIgETZG9iwC2+cKGIqpIZQpbm612ZAqytAEVTIhuMsvr5LmRdV1qu79ZaV2k8dRJCfklJwTl1yRGrkjddIgjCjyTF7Jm/VkvVjv1seitWDlM8fkD6zPH4Vjkyk=</latexit><latexit sha1_base64="VJwQzaduWMfTc+tF9Un0/eoArdA=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6LHoxWMF+wFtLZvNpF262YTdSW0J+R9ePCji1f/izX/jts1BWx8MPN6bYWaeFwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6ihRDBosEpFqe1SD4BIayFFAO1ZAQ09AyxvdzvzWGJTmkXzAaQy9kA4kDzijaKTHST/tIkwwpf44y/rlilN15rBXiZuTCslR75e/un7EkhAkMkG17rhOjL2UKuRMQFbqJhpiykZ0AB1DJQ1B99L51Zl9ZhTfDiJlSqI9V39PpDTUehp6pjOkONTL3kz8z+skGFz3Ui7jBEGyxaIgETZG9iwC2+cKGIqpIZQpbm612ZAqytAEVTIhuMsvr5LmRdV1qu79ZaV2k8dRJCfklJwTl1yRGrkjddIgjCjyTF7Jm/VkvVjv1seitWDlM8fkD6zPH4Vjkyk=</latexit><latexit sha1_base64="VJwQzaduWMfTc+tF9Un0/eoArdA=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6LHoxWMF+wFtLZvNpF262YTdSW0J+R9ePCji1f/izX/jts1BWx8MPN6bYWaeFwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6ihRDBosEpFqe1SD4BIayFFAO1ZAQ09AyxvdzvzWGJTmkXzAaQy9kA4kDzijaKTHST/tIkwwpf44y/rlilN15rBXiZuTCslR75e/un7EkhAkMkG17rhOjL2UKuRMQFbqJhpiykZ0AB1DJQ1B99L51Zl9ZhTfDiJlSqI9V39PpDTUehp6pjOkONTL3kz8z+skGFz3Ui7jBEGyxaIgETZG9iwC2+cKGIqpIZQpbm612ZAqytAEVTIhuMsvr5LmRdV1qu79ZaV2k8dRJCfklJwTl1yRGrkjddIgjCjyTF7Jm/VkvVjv1seitWDlM8fkD6zPH4Vjkyk=</latexit><latexit sha1_base64="VJwQzaduWMfTc+tF9Un0/eoArdA=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6LHoxWMF+wFtLZvNpF262YTdSW0J+R9ePCji1f/izX/jts1BWx8MPN6bYWaeFwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6ihRDBosEpFqe1SD4BIayFFAO1ZAQ09AyxvdzvzWGJTmkXzAaQy9kA4kDzijaKTHST/tIkwwpf44y/rlilN15rBXiZuTCslR75e/un7EkhAkMkG17rhOjL2UKuRMQFbqJhpiykZ0AB1DJQ1B99L51Zl9ZhTfDiJlSqI9V39PpDTUehp6pjOkONTL3kz8z+skGFz3Ui7jBEGyxaIgETZG9iwC2+cKGIqpIZQpbm612ZAqytAEVTIhuMsvr5LmRdV1qu79ZaV2k8dRJCfklJwTl1yRGrkjddIgjCjyTF7Jm/VkvVjv1seitWDlM8fkD6zPH4Vjkyk=</latexit>

(The objective represents a complex 
model like a neural network)

We are looking into directions that 
move away from the minimum
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xadv = x+ ✏ · sign (rf(x, ytrue))
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   the gradient information. E.g., in this attack

  is disturbed or nullified (through transformations that disturb the back- 
  Propagation (=gradient calculation)



Application: Adversarial examples in NN training
(A quick description)

- This problematic behavior created a series of defenses to adversarial attacks

xadv = x+ ✏ · sign (rf(x, ytrue))
<latexit sha1_base64="kNglZJ8zdndAYTkgrP9/JExkqjY="></latexit><latexit sha1_base64="kNglZJ8zdndAYTkgrP9/JExkqjY="></latexit><latexit sha1_base64="kNglZJ8zdndAYTkgrP9/JExkqjY="></latexit><latexit sha1_base64="kNglZJ8zdndAYTkgrP9/JExkqjY="></latexit>

- A large class of such defenses is based on the idea of ``obfuscating`` 
   the gradient information. E.g., in this attack

  is disturbed or nullified (through transformations that disturb the back- 
  Propagation (=gradient calculation)

- However, the forward operation remains intact: this means that the 
   function evaluations are normally computed



Application: Adversarial examples in NN training
(A quick description)

- SPSA attack (Simultaneous Perturbation Stochastic Approximation)

``Adversarial Risk and the Dangers of Evaluating Against Weak Attacks``, Uesato et al., 2018



Conclusion
- We studied algorithms beyond gradient descent: Newton’s method,  
    quasi-Newton algorithms, derivative-free optimization, and natural 
   gradient descent method

- Which one to use depends on the problem at hand (accuracy, complexity) 

- While thee methods match or even overcome the lower bounds,  
   we have been “cheating” by exploiting exact or approximate second-order 
   information

Next lecture

- We will discuss a bit about acceleration and stochasticity in optimization


